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Abstract. We discuss the Lagrange stability for a class of impulsive Duffing equation
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1 Introduction

The stability theory plays a central role in differential equations for its practical value in
real world applications. It is well known that the longtime behavior of a time-dependent
nonlinear ordinary differential equation can be very intricate. For instance, the well-known
Duffing equation,
X+ 6% +ax + px> = ycos(wt),
is an example of dynamical system that exhibits chaotic behavior.
The generalized Duffing-type equation arises in a large class of practically important ap-

plied problems in mathematics, physical science and engineering such as the cubic—quintic
Dutffing oscillatory [9] and the Helmholtz—-Duffing oscillator [8], which takes the form of

=Y a;x(t), KCNis finite.
jeK

See [35] and the references therein for more details.

™ Corresponding author. Email: xlhe@hznu.edu.cn


https://doi.org/10.14232/ejqtde.2024.1.9
https://www.math.u-szeged.hu/ejqtde/

2 X. He, Y. Sun and ]. Shen

1.1 Lagrange stability of Duffing-type equation

In contrast to “Lyapunov stability” that is related to the chaotic nature of the system, we
pay special interest in this paper to the Lagrange stability of nonlinear systems, which means
that all the solutions stay bounded for all time. The Lagrange stability refers roughly to the
stability against the escape of a body from the system. We refer to the classical monograph
[14] for more details about the Lagrange stability.

The study of Lagrange stability of Duffing-type equation dates back to Littlewood [16],
Moser [20,21] and Morris [19]. In 1987, Dieckerhoff and Zehnder studied the Lagrange stabil-
ity for the generalized Duffing-type equation with time-dependent polynomial potentials

2n
42y Xpi(h) =0, n>1, (1.1)
i=0

where p; € CY(T') (0 < i < 2n) are 1-periodic with T! = R/Z, and proved that every
solution x(t) of (1.1) is bounded for all time, i.e., the solution x(t) exists for all t+ € R and
sup; g (|x(t)] 4+ %(t)|) < oo, if v is the smallest integer satisfying

4
v>1+;+[logzn]—>oo as n — oo.

There exist a lot of papers [12,15,17,18,32-34] devoting to the relaxation of the smooth-
ness of p; in (1.1) with respect to the t-variable when studying the Lagrange stability. How-
ever, there is an example in [31] showing that a continuous coefficient would result in an
unbounded solution.

As we know, a abrupt change at certain instant during the evolution process falls into the
scope of the impulsive dynamical system [1,13], which appear widely in applied mathematics.
The appearance of impulse forces may cause complicated dynamic phenomenons and bring
difficulties to study. There are many studies on the existence of periodic solutions of impulsive
differential equations [2,7,10,22-24] via different approaches. See also [11,26] for the periodic
solution of impulsive Duffing-type equation.

However, there are only few results on the Lagrange stability and the existence of quasi-
periodic solutions for impulsive differential equations (see [3-5,25,30]). Coming back to the
Duffing-type equation (1.1), the term Y7, x'p;(t) can be regarded as the perturbation of ¥ +
¥+ =0 (up to some transformations). Then the Lagrange stability of (1.1) show that all
solutions of nonlinear equation # + x*"™! = 0 is bounded under a periodic perturbation. It is
very natural to ask the following question:

“what happens when the nonlinear equation ¥ + x*"*1 = 0 is subject to
both periodic perturbation and an impulse at the same time?”

Choosing different impulsive functions may have different effects on the solutions. It
is also not surprising that an offhand choice of impulse force would destroy the Lagrange
stability even though the coefficients p; are sufficiently smooth. To establish the Lagrange
stability of impulsive Duffing-type equation, one needs to be careful on the impulse such that
the Poincaré map can be well organized in order to apply Moser’s twist theorem after some
symplectic transformations. We mention some progress in this respect. In 2019, [30] proved
the boundedness of solutions and the existence of quasi-periodic solutions for the impulsive
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Duffing equation

X2y oxip(t) =0, t# t, n>1,
Ax(t) :== x(tj*) —x(t;) = Li(x(t)),x(t;)), (1.2)
)

Ax(tj) == x(t;) —x(t;) = Ji(x(t)),2(t7)), j=+1,+2,...

with the low regularity in time
1
pi(t) e CN(TY), y>2—-,

and with the general sequences of impulsive functions I;, J; : R*> — R, where T! := R/Z.
Moreover, the following restricted conditions are needed: forj =1,...,k,

(i) the jumps I;(x,y) = o(1) as X241y — +oo;

(ii) the jump map ®; : (x,y) — (x,y) + (Ii(x,y),Ji(x,y)) is an area-preserving homeomor-
phism,

which enables us to apply Moser’s twist theorem. See [30, Remark 2.1] for the comparison of
different types of impulse forces and their roles when studying the Lagrange stability.

For the particular case of cubic Duffing-type equation, [25] extended the Morris’s bound-
edness result [19] to the impulsive Duffing equation

i+ +p(t)=0, t#t,
Ax(t;) := x(t;r) —x(t;) = 1(x(t;),%(t)),
Ax(t) := x(t]f) —x(t;) =J(x(t;),x(t))), j==L,£2,...,

where 0 < t; < 1,tj; =t;+1forj==+1,+£2,--- and p(t) is 1-periodic and integrable.

In 2020, [3] proposed some concrete and simple impulse forces, which do not satisfy the
above conditions (i) and (ii), and proved the Lagrange stability and the existence of quasi-
periodic solutions for the impulsive Duffing-type equation

E4a2t 4yl oxipi(t) =0, t#t, n>1,
Ax(tj) = (v; = 1) x(t;), (1.3)
Ak() = (VT =1) x(t)), j=41%2,..,

where 7; > 0 are some constants and the coefficients p; € C*(T") for technical simplicity.

In this paper, we pay special attention to the sharp regularity of the coefficients p;(t) in
the Duffing-type equation, together with the impulse forces given by (1.3), to establish the
Lagrange stability. More precisely, we will prove the Lagrange stability and the existence of
quasi-periodic solutions for (1.3) with low regularity in time

pi(t) €CUTY) (i=0,...,m), 7> 1—%.

1.2 Main result

To formulate our main result we have to introduce some notations and hypotheses. Let R, C,N
and Z be the sets of all real numbers, complex numbers, natural numbers and integers, re-
spectively. Denote by 7 the impulsive time sequence {t;},j = +1,42,..., and denote by A
the set of indexes j. We assume that the following condition (H) holds true.
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(H) There exists a positive integer k such that 0 < t; < fp < --- < #; < 1, and that t’s, ;s
are 1-periodic in j in the sense that tivk = £+ 1,94k = 7 forj < —(k+1)orj>1;
tivkrr =t + 1, vk =y for —k <j< -1

The main result in this paper is the following theorem.

Theorem 1.1. Suppose that condition (H) holds and that for each 0 < i < n, there is p;(t) € C7(T?)
with v > 1 — L. In addition, assume that

7 =1 (1.4)

~.
Il >
,_\:

Then the time-1 map P : (x,%)i—o — (x,%)s—1 of (1.3) possesses many (positive Lebesgue measure)
invariant closed curves whose radiuses tend to infinity, and thus every solution x(t) of (1.3) is bounded
for all time, i.e. it exists for all t € R and

StlelIlz(|x(t)| +2(H)]) < C < +oo,

where C = C(x(0), 2(0)) depends on the initial data (x(0),%(0)).

n+1 _ 1)

i y) are
homeomorphisms which are not area-preserving (when «; # 1), and |;(x,y)| = |(7; — 1)x| =
O(]x|) (when 7vj # 1). Thus, the conditions (i) and (ii) mentioned above in [30] are not satisfied.

Remark 1.2. In equation (1.3), the jump maps ®; : (x,y) — (x,y) + ((7; — 1)x, (

Remark 1.3. Equation (1.1) can be written as a Hamiltonian system with the Hamiltonian
function H = ho(x,y) + R(x,y,t). It is essential to regard R as a relatively small perturbation
with respect to hy. See [15] for the detail. Otherwise, the stability might have been violated
even without the impulse. Note also that the Duffing-type equation in (1.3) is simpler than
(1.1) since the terms p;(t)x’ (n +1 < i < 2n) are absent. For the general case of equation (1.1)
under the impulse given by (1.3), we refer to [3] for some discussions on the obstruction when
establishing the Lagrange stability.

Remark 1.4. When using KAM theory to (1.2), one of the main difficulties is the estimation of
“small property condition” of Moser’s twist theorem. In [30], the difficult was overcome when
the smoothness in time p; € C?(T!) with v > 2 — % is used. However, for equation (1.3), we
observe that the smoothness can be relaxed to C7(T!) with ¢ > 1 — %, which is closely related
to the almost sharp result in [34]. Our method is also based on the approximation techniques

used in [34].

The paper is organized as follows. In Section 2, we establish the global existence of solu-
tions for impulsive differential equations (1.3) and construct the associated time-one map. In
Section 3, we introduce the action-angle variables and apply a preliminary symplectic trans-
formation such that (1.3) becomes a nearly integrable Hamiltonian system. In Section 4, we
introduce the approximate lemma to approximate the smooth periodic function by a real an-
alytic function. In Section 5, we take further symplectic transformations such that Moser’s
twist theorem can be applied. In Section 6, we establish some estimates for the impulsive
functions after the transformation. Finally, in Section 7, we prove Theorem 1.1 by employing
Moser’s twist theorem.
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2 Global existence of solutions and time-one map

In this section, we establish the global existence of solutions for impulsive differential equa-
tions (1.3) and construct the associated time-one map. We begin with the general impulsive
differential equation

{u =F(t,u), t#t, o
Au(tj) == u(t].*) —u(ty) = Lij(u(t), jeA '
with the initial value condition

u(t) = uy, (2.2)

where T € R,up € R™,m € N, and where u(t") = u(7) if T ¢ 7. Suppose that

(H1) The function F : R x R™ — R™ is continuous, locally Lipschitz in the second variable.

H,) The function F is 1-periodic in the first variable. There exists a positive integer k such
P P g
that 0 <ty <t < - <t <1t =t +1, Lj+k(-) =Li(-)forj< —(k+1)orj>1;
tj+k+1 = t]' + 1, L]'+k+1(-) = L]() for —k S ] S —1.

(H3) The impulsive functions L; : R™ — R™ are continuous for all j € A.

Lemma 2.1 ([30, Lemma 3.2]). Assume that the conditions (Hy)—(Hs) hold and that every jump
equation
u=v+Lj(v), uecR™ j=1,...k (2.3)

has a unique solution with respect to v € R™. Assume in addition that all the solutions of the unforced
equation 1t = F(t,u) exist for all t € R. Then the following conclusions hold true.

(@) Forany T € R,ug € R™, there is a unique solution u = u(t; T, up) of (2.1) satisfying the initial
value condition (2.2), and it exists for all t € R.

(b) If the equation 1t = F(t,u) is conservative and the impulsive maps X; : u +— u + Li(u)(j € A)
are homeomorphisms of R™, then for t € R\ T, the map Q; : ug — u(t; T, up) is also a
homeomorphism.

(c) The solution satisfies the elastic property. That is, for any by > 0O, there is r,, > 0 such that the
inequality |ug| > ry, implies |u(t; T,ug)| > by, for t € (t,7+1].

In order to deduce a global existence result of the impulsive Duffing equation (1.3), by

letting ¥ = % and noting that x(tj’) = x(tj),y(tj’) = y(t;), we can rewrite equation (1.3) as an
equivalent system of the form

X=y, t#t

y=—x=lopi()x, t#t;

Ax(t;) = Li(x(t),y(t;)) = (v; — Dx(t)),

Ay(t) = Ji(x(t),y(5) = (Vi = Dy(ty), j=12,...k

For (2.4), each jump map

(2.4)

gj:{u:x+1j(x,y), | 2.5)
v=y+Ji(xy), j=1,...,k
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is a homeomorphism on R2. Note also that every solution (x(t),y(t)) of the unforced Duffing
equation

xX=1y,

§ = T ()
satisfying the initial value condition (x (o), y(to)) = (xo0,¥0) is unique and exists for all t € R.
Then using the implicit function theorem and Lemma 2.1, we obtain the following corollary.

Corollary 2.2. Suppose that condition (H) holds and that for each 0 < i < n,p;(t) € C(T1) with
v > 1— 1. Then the following statements hold.

(@) Forany t € R, (xo,y0) € R?, there is a unique solution

(x(t),y(t)) = (x(t;T, 0, ¥0), ¥(£; T, X0, o))
of (2.4) satisfying the initial condition x(t+) = xo,y(T") = yo, which exists for all t € R.
(b) The map Qy : (xo,y0) — (x(£ T, x0,Y0),y(£ T, X0, Y0)) is continuous in (xo,yo) fort € R\ T.

(c) The solution satisfies the elastic property. More precisely, for any by > 0, there is ry, >
0 such that the inequalities |xo| > 1y, |yo| > 1y, implies that |x(t;T,x0,y0)| > bo and
ly(t;T,x0,40)| > bo fort € (T, T+1].

In order to deduce the time-one map of impulsive Duffing equation (2.4), we denote
by (x(t),y(t)) = (x(t; x0,40),y(t; x0,10)) the solution of (2.4) satisfying the initial condition
(x(0),y(0)) = (x0,¥0)- Let

Py : (x0,90) — (x(h),y(t1)) := (x1, 1),

@y : (x1,y1) = (o + L(xa,p1), 1+ Ji(x, ) = (x(86),y(8)) = (97,
Py: (xf,yf) = (x(t2), y(t2)) == (x2,42),

D@y 1 (x2,42) = (x2+ La(x2,y2),y2 + Ja(x2,42)) = (x(83),y(1))) := (%3, y3 ),

Peor: (5 ) = (x(t), y(t) = (i i),
D x (e yie) = (+ I yi) v+ (e i) = (x(80), y(50) = (7, y0),
Pe: (xf,yf) e (x(1),y(1)).
Then the time-one map P : (xo, o) — (x(1),y(1)) of (2.4) can be expressed by
Pv:ﬁko¢k0"-0ﬁloq)10ﬁ0.

Remark 2.3. Under the condition (H), since the impulsive maps ®; : (x,y) — (x,y) +
(Iitx,y),Jj(x,y)), (j = 1,2,...,k) are homeomorphisms on R?, the time-one map P of (2.4)
is also a homeomorphism on R2.

From Corollary 2.2 and Remark 2.3, we have the following result.

Corollary 2.4. Suppose that the condition (H) holds and that for each 0 < i < n there is p;(t) €
C7(TY) with y > 1 — % Then the time-one map P of (2.4) is a homeomorphism on R2. Moreover, for
any by > 0, there is ry, > 0 such that the inequalities |xo| > 1y, |yo| > 1y, implies that |x(1; xo,yo)| >
by and |y(1; xo, y0)| > bo.
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3 Action-angle variables

In this section, we introduce the action-angle variables and apply a preliminary symplectic
transformation such that (1.3) becomes a nearly integrable Hamiltonian system. The trans-
formations are standard for the Duffing equation and can be found in [6, 30, 34] for instance.
Let

x = AX, (3.1)
Y=AT""X=A"li=A"T""1, (3.2)
AX(t) = X(t7) = X(t), AY(t) =Y(t]) = Y(t)). (3.3)

Then we see from equation (1.3) that

v JH*

X=%, t#4,

y JH*
Y=-5% t#t

. (3.4)
AX(t) = (v — 1) X(t) == L(X (), Y(¢7)),
AY(t) = (v = 1)Y(t) = Ji(X(5), Y (1)),
where j =1,2,...,k and
H*(X Y t) — A" 1Y2+; 2(n+1) Z p Al n— lXH-l. (3‘5)
T 2 2(n+1)
The similar formulation of (3.4) can be also found in Section 5 in [30].
Consider the auxiliary Hamiltonian system
. OHj . OHj
X = 5y Y——aX, (3.6)

where . .
H* X Y) = 7y2 7){2(714-1)‘
0 (X, Y) =5 +2W+U

Let (Xo(t), Yo(t)) be the solution of (3.6) with initial (X((0), Yo(0)) = (1,0). Then this solution
is clearly periodic. Let Ty be its minimal positive period. By the energy conservation, we have

(s1) (m+1)YF(t) + X523 (1)
(s2) Xo(—t) = Xo(t), Yo(—t) = =Yo(t);
(s3) Xo(t) = Yo(t), Yo(t) = —=X5" " (t);
(s4) Xo(t+To) = Xo(t), Yo(t + To) = Yo(t).

1;

We construct the following symplectic transformation

Yo: X =c*A"Xo(0Ty), Y = cPAPY(0Ty), (3.7)
where o« = nlﬁ’ B=1—a= Z—E, c= “170 and (A,0) € R* x T! is the action-angle variables.

By calculation, the Jacobian determinant det %(({5’;)) = 1. Then the transformation ¥ is indeed
symplectic.
By (3.7), we have

P AN CREN G (3.8)
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We claim that there exists the inverse function )N(O_ ! such that 6 = )N(_l( “AAT*X). Indeed,
from (3.7) we have Xo(6Tp) = ¢ *A~*X. In the case of 6 € [0, 3], by (s3) we get M =
ToYo(0Tp) < 0. Thus, we have

0 =T, Xy (e “A*X).

In the case of 6 € (3,1), by using (3.7), (sz) and (s4), we have
X = C“/\“Xo(QT()) = Ca)LaXO(—QTO) = Ca)LaXO((l — Q)To)

Let { = 1— 6 and we have %ETO) = ToYo(¢To) < O for ¢ € (0,3). Then we get & =
Ty ' Xy ' (c™*A~*X) and thus
0=1-Ty'X; (c*A7*X).

From (3.4), we have that for j =1,2,...,k

{mm X(1) + (X (6), Y (1)) = X (1) 69)
Y(H) = Y (1) + Ji(X(8), Y (1)) = 7Y (1)),
Then using (1.3), (3.7)—(3.9), we have that
AA(t) = A(t]) = Alt))
= LXP(E) 4 (n 4+ DY) A
= X )+ X, () P24 (et DY 1) + X7, Y1) P Y%~ Ay)
= LX)+ (14 )Y ()2 - AGh) (3.10)
= S{PRRER() 4+ (n+ DY) - A()
= I 2A(t) = Alty) = (7742 = 1A()
=: Jj (A(t)),6(t)))
forj=1,2,...,k
By using (3.7), we have that for j = 1,2,...,k there is
X(t) = ci2 Az ()Xo (0(4) To),  Y(t) = ch2 A2 () Xo(8(£) To), (3.11)
and
X() = cm2Amz (1) X0 () To),  Y(H) = FRARR () Xo(6() o). (312)

Then using (3.10) and (3.12) we have that for j =1,2,...,k,

X(£F) = 72 [M(k) + JF (A (1), 6(4)] 72 Xo(6(£) To)
= ez [A(t) + (77 = D(A(H)] 7 Xo (6(t ) To) (3.13)

Combining v; >0, (3.9), (3.12) and (3.13), we have that for j = 1,2,...,k,

X(t;) = cm2 Aw2 (1) Xo(0(t ) To). (3.14)
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Similarly, by (1.3), (3.9), (3.10) and (3.12), we have that for j = 1,2,...,k,

n+1

Y(t}f)zyﬁlcﬁiimﬂ(tj)yg(e(tj) 0) =7/ Y(H),

and thus
n+1

Y(t) = cFIATE (1) Yo (0( ) To). (3.15)
By (3.11), (3.14) and (3.15), we have G(t;r) = 0(t;). Then, forj =1,2,...,k,
AG(tj) = G(t]?“) —0(tj) = 0:= L7 (A(t)),0(t))- (3.16)
As a result, under the transformation ¥y, system (3.4) is changed into
el
0= al)LLIf t# tj,
} )
A==, t#£¢,

AB(tj) = 17 (A(t)), 0(t))),
AA(E) =T (M), 0()), j=12,....k

(3.17)

where I (A(t)), 6(t))) = 0,5 (A(t),0(t)) = ("2 = 1)A(;) and H(A,6,1) = Ho(A) +R(A,6, 1)
with .
_ g oan. 2(:+1) . 2(:+1)
Ho(A) =d- A" A 7wz, =i

and
)\ 0, t 2 p Al n— 1 Xo(eTo))i+l/\a(i+l).

4 Approximation lemma

In this section, we make use of the Jackson-Moser—Zehnder approximate lemma (see [28,29,34]
for the detail) to approximate the smooth periodic function R by a real analytic periodic
function R,. Some estimates of R, and the remainder R* = R — R, are also given for the later
application.

Let T = {t € C/Z: |Im t| < ¢} for any ¢ > 0. By the Jackson-Moser-Zehnder lemma (see
Lemma 6.1 in [30]), for each p; € Cc"(1Y),i=0,1,...,n,and any & > 0, there is a real analytic
function (a complex value function f(t) of complex variable t in some domain in C is called
real analytic if it is analytic in the domain and is real for real argument t) p;.(t) from T} to C
such that

sup |pie(t) — pi(t)] < Ce7l|pillcr

teT?!
and
sup |pie(t)| < Clipillcr
teT}
Write
R(A,6,t) = Re(A,0,t) + R5(A,6,t),
where

n

Re(A,0,t) = Z.i

— Al Xf)“ (QTO)/'\'I;+T12 Pie(t),
i=0



10 X. He, Y. Sun and ]. Shen

n
i+1

R0 = L g ARG OTA (1 (0) o)

Then, we have

H = HO(/\) + RE(/\/ 0, t) + RE(/\’ 0, t)/ (41)
where ,
o am y 2 _ 2r+1)
Ho(h) = d- A" AR, d = gt 4.2)

We introduce two definitions.

Definition 4.1. Given constants p and ¢, for a complex valued function f = f(A,6,t, A):
(A,0,t) € [1,+00) x Tt x T} — C, where A >> 1 is a large constant, we say that

f = 0:(APAY),

if fis C*in (A,0) € [1,+0o0) x T! and is analytic in t € T} and for all nonnegative integers k
and [, there is

sup  |(D))M(Dg) f(A,0,t,A)] < Co APATF, A >1,
(6,)€TIx T}

where Cy is a constant depending on k and I.

Definition 4.2. Given constants p and g, for a function f = f(A,0,t,A): (A,0,t) € [1,+00) X
T! x T! — R, where A >> 1 is a large constant, we say that

f=0(APAT),

if fis C®in (A,0) € [1,+00) x T and C! in t € T! and for all nonnegative integers k and I,
there is

sup  |(D))M(Dg) f(A,0,t,A)] < Co APATF, A >1,
(6,t)€TIXT!
where Cy is a constant depending on k and I.
Lemma 4.3.
() If fi = O(APA), f = O(APAT), then fy - fo = O(APP2AT2);
(i) If f = O(APAT), g(A) = O(A%2) satisfy [g(A)| > cA% for A > Ay, and ¢ > 0,q2 > 0, then
fr(A,0,8) := f(8(A),6,1) = O(APAT®);
(iii) If f = O(APAT),u = O(APAT),v = O(APA2) and q1 < 1,q2 < O, then f**(A,0,t) :=
fA+u,0+0v,t) = O(APAT).

Proof. (i). Since
k

(DADg)(f1- f) = EZCkC] (DX'Dy ' f1) - (DiD}fa),

i=0j=
by Definition 4.2, it follows that

fi- fo = O(APTIPATTE),
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(ii). Note that (DXD!)f(g(A),0,t) is a sum of the terms

(DsDf(8(A),0,1)) - (D}'8) - (Dy?g) -+~ (D}"g)
with Y7, m; = k. Direct computation leads to the estimate

sup (DY) (Dg)f(g(A),6,1))] < CeyAPATETE,

(6,1)€TIxT!

and consequently
F1(1,8,) = £(5(1),6,1) = O(APAT)
(iii). We observe that (D% ) (D)) f(A +u,0 +v,t) is a sum of the terms

Dy[(DgD}if (1,9)) (DY 1) (Dy*w) - - (D" 1) (D} ¢) (D) - - (Dy'9)],
where y =A+u, ¢ =0+0, 0<p+q<k Y m+Yl  n =k and

Dy[(DyDLf (1,¢)) (DY 1) (Dy2) - (D" ) (Dy'¢) (D329) - - - (D))
!

=) Cl(DyDyDLf (1, ¢)) - Dy [DY ) - (DY 1) (DY'9) - (Dy'9)],

i=1

where DéDZ,Dﬁ f(u, ¢) is a sum of the terms

(DS TP (1, 0)) (D ) (D) - (D" 1) (D' ) (D) - - (D),

with 0 < p+4 < i, ¥/

P i+ Y1 fi; = i. Noting that u = O(APAT), v = O(APA%),
g1 < 1,42 < 0, we have

sup |[(DX)(DL)fF(A+u,040,t)| < C APATE,
(0,t)eTtxT!

As a result, we obtain
(A, 0,t) = f(A+u,0+0v,t) = O(APAT). O

Let ¢ = A7V, where v > 0 will be specified later. By Definition 4.1 and Definition 4.2,
we have

Re(A,6,t) = O (A"Am2), (4.3)

n+l

RE(A,0,t) = O(A™1 V7 Ama). (4.4)

In the following, we will omit the constant d in Hy(A) (see (4.2)) without loss of generality.

5 Some transformations

Firstly, we look for a series of symplectic transformations ¥7,..., ¥y such that HN := Ho
Yio0---0¥yn = HY + O(eg), eg = A7, 5 > 0. The following lemma is similar to Lemma 7.1
in [30] and we refer to [30] for the proof.
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Lemma 5.1. Let H(A,6,t) be the same as (4.1). For A > 1, A > 1, then there is a symplectic
diffeomorphism Y1 depending periodically on t of the form

Y, . {/\ = ﬂ+u1(ﬁ1(l~)/t)r
1- ~ ~
0=¢+vi(iL, ¢ t),

with u; = Og(A_l_”ﬁﬁ) and v1 = O, (A"~ né). Moreover the transformed Hamiltonian
vector field ¥1(Xp) = X is of the form

H'(fi, ¢, t) = Hy(fi, ) + RE(ji, §,t) + R o Y1 (L, §, t),

where ey
Hy(fi,t) = Ho(f) + [Re](fi,t), Ho=dA" - jimz
[Ra] = O, (A 1}7%) Rg (]7[, (f), t) = O% (Aiz*n) + Oc (A” 1 n],[n+2)
RE oY1 (i, §,t) = O (A1~ w2
Let
>0, v<n(l+n1), (5.1)
and

= [C1A<”+2>T, czA<”+2>T} . > > 0.

Repeating the symplectic diffeomorphism in Lemma 5.1 for N times, we get N symplectic
transformations ¥4, ..., ¥y such that

HN (i, ¢,t) = Ho¥yo-+ 0¥y = HY (4, t) + RN (1, ¢, 1),
where
ue |:C1A(n+2)r, CQA(nJrZ)T] , € >c1 >0,
HY' (,t) = Ho(p) + Hi (i, t),
B 2(nt+1) N 1 Zﬂ
HO—d‘An-‘M"H, Hl_oﬁ\l( ‘M+2>

RN=0. (AflfN(lJrn)Vw) +O (A 1+N(v— n)ynﬂ )+O<A 1- ”yn+2>

oN

Now the corresponding unforced equation in (3.17) can be changed into

M OHo(i) | oHi(wt) | RN (wet)

(P - ou + ou + ou 4 (5 2)

o R -

F="" = g
where

oHo(4) _ J. 2n+2A";¢$
ou n+2

and we omit the constant 4 - 2’”“2 for simplicity in the following arguments. Define the diffeo-

morphism

Uz 2n 42

Y: p=
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and we get
. n(2n+2) - .
— Wﬂ n+2 ‘u_
Then we have

N n—1-Nn n—1

=0 (A—l—N(n+1)‘uH;7W> 40 (A—H-N(v—n)‘u = ) L0 (A—l—wyym) ,

—1-N(n+1)

p=p+r(pt)+0 (A*PN("H)P[ w2 ) +0 (AflfN(vwa*}%") L0 (Aflfmw;;z) ,

n

+2
_ OHi(ut) n+2 " Thus

where r(p, t) = o with = (5550)

e.t) = 0 (47p72) =0 (A_l (21122‘))}1) =0(apr).

Noting that u € [clA(”+2)T, czA(”+2)T], we have

M2 g o, 21 2A”T] . (5.4)

p6[61n+2 "Tn+2

It follows that
0= o) <A—1—N(n+1)+[n—1—N(n+1)]T) +0 (A—1+N(v—n)+(n—1—Nn)T) +0 (A—l—v7+(n—1)'r) ,
¢ =0+ T(P, i’) +0 <A[—1—N(n+1)](1+f)> +0 (A—1+N(v—n)+(—1—Nn)'r) +0 <A—1—v'y—r> )
When N > 1 and v < n(1+ 1), we have

—14+Ny—-n)+(n—1—-Nn)t=Nv—n(l+71)]+(n-1)T—1<0,
—1+Nv—-n)+(-1—=Nn)t=Nv—n((1+71)]—-(147)<0.

When N > 1 and T > 0, we have
—1-Nn+1)+n—-1-Nn+1)J]r<0, [-1-Nn+1)](1+71)<0.

Note that -1 —vy -1 < -1—-vy+(n—-1)t<n—1—-vy+ (n—1)7. Let

n—1-vy+mn-1)7 <0, (5.5)
Then, by (5.1) and (5.5), we have
(n—l)ly(l—i—r) <v<n(l+1). (5.6)

Since ¥ > 1— 1, we have (n — 1)/ < n. Then, when 7 > 0 and v € (W,n(l + 1)),
there is 6 > 0 and (5.2) can be changed into

{¢ =p+r(ot)+ fo. ¢, t) = p+r(pt) + O(A™), 57

0 =g(p, ¢, t) =0(A™),

where ¢ € T%, r(p,t) = O(AYp~#) and p € [c3A"T,c4 A™"] for ¢4 > c3 > 0 given by (5.4).
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Next we compute the transformed impulsive forces in (3.17). Based on the symplectic
transformation ¥; in Lemma 5.1, we see from the implicit function theorem that

i=A+u(Ar0,t), ¢=0+0v(A01).

Under the symplectic transformation Y1, we see that the jumps A0(t;) and AA(t;) in (3.17) can
be changed into

{Aé(t]’) =¢(t1) — d(t)) = I (7(t;), ¢(t))), (5.8)
: : (a(t;), @

wherej =1,2,... k.
In the same way, under the symplectic transformation ¥, the jumps A¢(t;) and Ajfi(t;) can
be changed into new forms

{A‘l_’(t]’) =¢(t]) — (t) = :f(ﬁ(fj),fl_’(tj)), 59)

where j = 1,2, ..., k. Repeating this procedure by the symplectic transformations ¥y, ..., ¥x,
the jumps in (3.17) are finally changed into

{Asb(tj) = g(t]) — (t) = L (u(t)), (1)),
Au(ty) = pu(t) —u(ty) = Ji* (u(t), ¢(t;)),

where j =1,2,...,k. Combining (5.2) and (5.10), we see that (3.17) can be transformed into

(5.10)

b= OHo(p) | 9Hi(wt) | ORY(ngh)

o oy o
— _aRé\](‘u,(P,t) t ?é toe
o I (5.11)
AP(tj) = I (u(ty), ¢(t7)),
Ap(ty) =T (u(t)), o), j=1,2,...,k
Similarly, under ¥ defined by (5.3), system (5.11) can be transformed into

¢=p+r(ot)+flp,¢t)=p+r(pt)+O0(A™),
)= g(p,¢,t) =O(A?), t£t;
p=8(p, ¢ t) =0(A™7), t# 5.12)

Ap(tj) = L (p(t)), ¢(t),
Dp(t) =T (p(t), (1), j=12,....k

where ¢ € T!, 7(p,t) = O(A~'p~#) and p € [c3A"T, c, A™).

It should be pointed out that, although we have not been able to formulate explicitly
Ij**l (o(t), ¢(t;)) and ]]?**1 (0(t;),¢(t;)), we can implicitly express them. We will calculate the
estimates of the impulsive functions I ]-**1 (o(t;), ¢(t;)) and | ]**1(,0(1‘]'), ¢(t;)) in next section.

6 Some estimates

In this section, we will establish some estimates for impulsive functions Ij**1 (p,¢) and

]]**1 (0,¢). To this end, we first give the estimates of I7*(u,¢) and J*(,¢). In this whole
section and in the sequel, all the occurrences of j mean j =1,2,...,k.
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Lemma 6.1. Assume that the conditions in Theorem 1.1 are satisfied. Let u(t;) = pu, ¢(t;) = ¢. We
have the following estimates

I (n,9) = O(A™ "),
I () = (Vf 2 =D+ fi(u, ¢)
with fi(u,¢) = O(A™1~ ”ynﬂ) where I**(y,(p) and ]7*(;1,47) are given by (5.10).

Proof. For (A,0) € [clA(”+2)T, czA(”+2)T] x T!, from Lemma 5.1, the symplectic diffeomor-
phism ¥ is of the form

Tl A= ﬂ + ul(ﬁ/(ﬁ/ t)/ 0= 43 + U](ﬁ, 47/ t)/ (61)

where (fi, §) € [t APTT, o AT TV, uy = O(A~ 1" i), 0y = O(A*P”ﬁ’%). By the
implicit function theorem, we have
fi=A+u(A0,t), $=0+0v(A0,1), (6.2)
where |u| < CA=17"A#2 and |v| < CA~1"A i,
Next we show that

~0 (A‘l‘"/\nl?) ., 0=0 (A—l—"A—%) . 6.3)
Indeed, we see from Lemma 5.1 that

{A i+ 5 as] =j+v(i,h,t),

6.4
¢—9+851—9+g(ﬁ,9,t), (6.4)

where 1
V(00 =0(A7 ), g(r00) =0 (AT ).
From (6.2) and (6.4) we know
u=—-v(A+ub,t). (6.5)

If ji and A are large, then |D;v| < 1/2, so that u is uniquely determined by the contraction
principle. Moreover, the implicit function theorem implies that u is C* with respect to (A, 0) €
[cp AT, e AU +2)T] 5 TT, We claim that

u=0 (A—l—";ﬁ) . (6.6)
Indeed, applying (D, )’ to equation (6.5), the right hand side is a sum of the terms
(D) (DY (A +w)) (D (A +w)) -+ (DY (A1), 67)

with 1 < p < I and Y ,j; = I. The highest order term is the one with p = 1, namely
(D;,V)Dj{u Note that |u| < CA~'~ ). Assuming that for j < n — 1 the estimates ]D] ul <

CA-1-"Aw27 hold true, then inductively, from (6.4) and (6.5) we can conclude that the same
estimate holds true for j = n. In fact, from (6.4) we have

Dhv| < CATI AT,
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which yields
(1 — Dav)Dhu| < CA™V A PAL A < CAT A,
It follows that
IDhu| < CA™ Az,

The estimates of (Dg)/(D,)'u can be proved similarly. Thus, the claim (6.6) is valid. Similarly,
one also has
0=0 (A7),

Under the symplectic transformation ¥y, the jumps Af(t;) and AA(t;) in (3.17) can be
changed into f]*(ﬁ(t]-),(ﬁ(tj)) and f]fk(ﬁ(t]-),gﬁ(t]-)) (see (5.8)). Then using (3.17), (5.8), (6.1) and
(6.2), we have

I (), ¢(t;) = (t) — p(t))
= e(tj*) + v()\(t].*),e(t].*),tj) —0(tj) — v(A(t)),0(t), t;)
= I; (A()),0(t))) + o(A(t) + 7 (A(t), 0(t;)), 0(t;)
M), 0(t), ) — o(A(E), 6(4), 1)
= o[y 2 () +ua (), (), 1)), () + o1 (k) (), £7), 1]
—o[fi(t;) +ur(f(t;), ¢(t)), 1)), p(t;) + o1 (fit;), p(t), £7), ;]

T (aty), ¢(ty) = a(t)) — flt))

= M)+ u(A(E), 0(E), 1) — A() — u(A (), 8(t), 1)

= J; (A(t;),0(t))) +u(A(t;) + I (A(t), (), 6(t})
+ I (A(t)),0(t))),t;) —u(A(t)), 0(t)), t;)

= (V2 = DA() +u(r]2A), 0(t), 1) — u(A(), 0(t), 1)

= (Y2 = D) + (772 = D (), (k). )
+u(yf (@) +un (), (), 4)), (k) + o1 (At), §(4), ), )
—u(fi(ty) +wr(i(t), p(t;), ), p(t)) + v (L)), (t;), ), 1))

= (V]2 =Dt + fi(aty), (¢))-

It follows from

and Lemma 4.3 that
(). at) = 0(A7 "), fiay),$(4) =0(A7 i), (68)

Similarly, under the symplectic transformation ¥, the jumps T]* (fi(t;), $(t;)) and
f]f‘(ﬁ(tj),cf)(t]')) can be changed into I (fi(t;), §(t;)) and J (fi(t;), P(t;)) (see (5.9)). Moreover,
there are

T (R(), (i) = O™ )
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and

with

[i(f(t)), o(t;)) = O(A‘“”g#z)_

17

Finally, by repeating this procedure and noting the fact that ¥ = ¥, 0¥, _10---0¥;

transforms (3.17) into (5.11), we have
ok —1—n —ntl
(), (1) = (A7 i)
and
I (), o)) = (0] = Dulty) + fiu(ty), ¢(t)))
with f;(u(t;), () = O(A_l_”y 2). This completes the proof of Lemma 6.1.
Lemma 6.2. Under the assumptions of Theorem 1.1, we have
*k n 771
1 p(), (1) = O(A7 7o),

and

T (), (1) = (v] = Dp(ty) + &(e(t), ¢(t;))

with g(p(t)), 9(t))) = O(A™"p=F), where I (p(t}), §(t})) and J*(p(t;), 9(t;)) are given by

(5.12).
Proof. By (5.3), (5.12), Lemma 6.1 and Taylor’s formula, we have

[ (0(t), (1)) = 9(t1) = 9(t) = 17 (k). ¢(1))

=1 ((211”1229“1‘)) = ,qb(t]-)>
and
00 9060) = 006 — ot = 22 61) ot
= 220 4 7 (el8), 9 ) — ()
2n—+2

= o )+ (V2 = D)) + fi(u(t), ¢ (1) 72 — p(ty)

¢
IR < i) ¢ <>>)"

n+2 n+2l4( ])

i

—p(t)

=77p(t) |1

n+2 ’Yn+2 (t]) 'Y]n+2.”(])
p sy ((B300) 7 006
= (o~ V() + —
5 () "

) 00)

n+2
W (Ge()
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=: (7] = Dp(tj) + &i(p(t)), ¢(t)))
by (6.8), where ¢ € (0,1). Then by Lemma 4.3 and Lemma 6.1, we have

L (o(t), (1)) = O(A*F”p%”-(f%%)) — O(A,l,np,%)’

< 2, qp mi2, S1ep -1
gilo(t), o(t)) :o(p AT M) =O<A 1ng )
This completes the proof of Lemma 6.2. O

7 Proof of Theorem 1.1

The following two lemmas are similar to Lemma 9.2 in [30] and Lemma 6.2 in [3], respectively.
We refer to [30] and [3] for the proofs. Let (p(t),¢(t)) = (o(t,p,¢), ¢(t,0,¢)) be the solution
of (5.12) with the initial value (p(0),¢(0)) = (o, $). Let p1 = (1), p1 = p(1).

Lemma 7.1. If all conditions of Theorem 1.1 hold, then the time one map ®! of the flow ®' of (5.12)
takes the form of
o - {qm = ¢ +alp) +Flp,9),
p1=p+Glo ¢).

Moreover, i(p) > 0 and for any non-negative integers r,s with r +s <5,

9" F(p, ¢) "G(p, ¢) ey
9079¢* soragr | A

where eg = min(t,8) >0, (0,¢) € [c3A",c4 A" x T, ey >c3>0,A>1,7>0,6>0.

7

Lemma 7.2. Assume that the conditions of Theorem 1.1 are satisfied, then the time-1 map ®' of (4.1)
has the intersection property on Q = {(p,¢) | p large enough, ¢ € T}, ie. if T is an embedded
circle in ) homotopic to a circle p = const. in Q, then ®(T)NT # @. In particular, ®' has the
intersection property on QO = {(p,P) | c3A"™ < p < c4 A", ¢ € T'}, where ¢y > c3 > 0,7 > 0.

Now let us state Moser’s twist theorem. Let D be an annulus given by
D:a<r<bh 0<a<h.

For convenience, we introduce for a function i € C'(D) the norm

am—i—n
M= sup |5 magn |-

D, m+n<l

Theorem 7.3 (Moser’s twist theorem). Let a(r) € C' and |9, a(r)| > v > 0 on the annulus D for
some | with | > 5, and € be a positive number. Then there exists a 6 > 0 depending on ¢,1,a(r), such
that any area-preserving mapping

M {91 =0+ 2ma(r) + f(r,0),
rn=r+g(r0)

of D into R*> with f,g € C' and
fli+lgh<vs
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possesses an invariant curve of the form
r=c+tu(g), 0=¢+0(f)
in D where u, v are continuously differentiable, of period 27t and satisfy
luly + o)1 <e,
and c is a constant in (a,b). Moreover, the induced mapping of this curve is given by
= Ci+tw,
where w is incommensurable with 27T, and satisfies infinitely many conditions

w P -7
— | >
2 g ‘ =714
with some positive <y, T, for all integers q > 0, p. In fact, each choice of w in the range of a(r) and

satisfying the above inequalities give rise to such an invariant curve.

Moser’s twist theorem above can be found in [21, pp. 50-54] (see also [27]). It should be
pointed out that the § does not depend on v. It should be also noted that the period 27 can
be replaced by any period T. In addition, “any area-preserving mapping” can be relaxed to
“any mapping which has intersection property”.

We are now in a position to prove Theorem 1.1. From Lemma 7.1 and Lemma 7.2, by
Moser’s twist theorem, ®! has an invariant curve I in the annulus (0, ¢) € [c3A"T, g A"T] x T,
cg >c3>0,A>1, 1> 0. It follows that the time-one map of the original system has an
invariant curve T 4,- Choosing a sequence Ay = A0 — o0 as m — oo, we have that there are
countable many invariant curves T4, clustering at co. Therefore any solution of the original
system is bounded. This completes the proof of Theorem 1.1.

Remark 7.4. Any solutions starting from the invariant curves r A (m=1,2,...) are quasi-
periodic with frequencies (1, wy,) in time t, where (1,w,,) satisfies Diophantine conditions
and w;;, > CAJj,. Actually, the frequencies can form a positive Lebesgue set in R.
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