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Abstract. This paper is concerned with a predator-prey model with cannibalism and
prey-evasion. The global existence and boundedness of solutions to the system in
bounded domains of 1D and 2D are proved for any prey-evasion sensitivity coefficient.
It is also shown that prey-evasion driven Turing instability when the prey-evasion co-
efficient surpasses the critical value. Besides, the existence of Hopf bifurcation, which
generates spatiotemporal patterns, is established. And, numerical simulations demon-
strate the complex dynamic behavior.
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1 Introduction

Cannibalism, adult preying on juveniles of the same species, has an effective impact on the
regulation and equilibration of population density [7,23]. Numerous mathematical modeling
and analysis of cannibalism have been developed rapidly over the past few decades [5, 8].
These analyses focused mainly on the stabilizing-destabilizing effect of cannibalism, which
seems to strongly depend on the form of the model. For example, Kohlmeier and Ebenhsh
[13] found that cannibalism can stabilize population cycles. A high cannibalism rate may
cause the internal steady state to change from being unstable to stable due to the interac-
tion between logistic population growth of the prey and a Beddington-DeAngelis functional
response. In 1999, Magntsson [18] proposed an age-structured predator-prey model and
showed that cannibalism has a destabilizing effect. If the mortality rate of juveniles is high
and/or the recruitment rate to the mature population is low, then the equilibrium will be
stable for low levels of cannibalism. However, a loss of stability by the Hopf bifurcation will
take place as the level of cannibalism increases, and numerical studies indicate that a stable
limit cycle exists.
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In 2006, Buonomo and Lacitignola [3] introduced a predator-prey model with age structure
and cannibalism in the predator population

dA

d

d—{ = 1116AP — (1 —15.)0A] — (M +dj)], (1.1)
dP

o= 1P — P> — 6AP,

where A(f) and J(t) represent the densities of individuals of mature and immature preda-
tor populations at time ¢, respectively, and P(t) denotes the number of individuals of prey
population. Further, M is the constant maturation rate from juveniles to adults; J is the inter-
specific competition rate; ¢ is the cannibalism attack rate; 77; and 7, denote the coefficients in
converting preys into new immature predators (juveniles), and juveniles into new juveniles,
respectively. 71 and r; are the logistic coefficients, d4 and d; are the death rates.

By the following non-dimensional variables

u=20A/dy, v:M(S]/dz, w=1P/da, T =dut,
and denoting 7 by t again, system (1.1) becomes

du

— =01,
dt

0

_ _ _ 1.2
T auw — yuv — cv, (1.2)
di?,{) =TrTw — w2 — Uuw
dt ’

where a = '7712%:5, v = U(lg'lc), ¢ = M‘;:d/, r = L%. Obviously, if ar > ¢, then system (1.2) has a

unique positive equilibrium point @ = (7, 7, @), where

ar — ¢ - ar —c¢ ~ Yr—+c
0= w =

ﬁ: 7 7 *
a—+y a—+y a—+-y

(1.3)

Buonomo and Lacitignola derived that cannibalism is a stabilizing mechanism in the model
(1.2). That is, when cannibalism attack rate increases to a level that exceeds the critical value,
the coexistence steady state changes from being unstable to stable. Moreover, they provided
numerical simulations to demonstrate the mathematical analysis. The same conclusion has
been pointed out by Buonomo and coauthors [4]. They also found that the effects of cannibal-
ism and prey growth are opposite. Besides, numerical simulations showed that the higher the
uptake of prey by predators, the higher the critical value of cannibalism.

Recently, Jia et al. [10] discussed the corresponding pure diffusion system of (1.2) and ob-
tained the result that the effects of prey growth and predator cannibalism rate on the stability
of nonnegative constant steady state are opposite. They also proved the nonexistence and exis-
tence of nonconstant positive solutions and found that diffusion can cause a periodic solution
of spatial inhomogeneity which occurs in unstable area (also the unstable area of ODE). Very
recently, in another paper, we investigated the temporal, spatial and spatiotemporal patterns
of the corresponding cross-diffusion system of (1.2) in detail. We showed that cannibalism is
no longer a stabilizing effect, and cross-diffusion is the decisive factor of destabilizing positive
steady state.
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From biological characteristics, it can be seen that in addition to the random diffusion
of predators, the spatial movements between predators and prey can also be pursuit and
evasion,that is to say, predators pursuing preys and preys escaping from predators. Such
movement is not random but directed, that is predators move toward the gradient direction of
prey distribution (called “prey-taxis”), and/or preys move opposite to the gradient of predator
distribution (called “prey-evasion” or “predator-taxis”) [28]. These processes are well known
to be important in biological control and ecological balance such as regulating prey (pest)
population or incipient outbreaks of prey or forming large scale aggregation for survival
[20,31].

Tsyganov and coauthors [22] proposed a predator-prey model with both prey-taxis and
predator-taxis, and found that the taxis terms change the shape of the propagating waves and
increase the propagation speed. Since then, there are many mathematical literatures demon-
strating and explaining the pursuit-evasion phenomenon. Meanwhile, various reaction-
diffusion models with prey-taxis and (or) predator-taxis have been proposed to study global
existence, traveling wave, pattern formation, and bifurcation analysis [11,12,14,15,17,19, 24,
27,30]. Recently, Wu and coauthors [28] considered a reaction-diffusion predator-prey model
system with predator-taxis, which is a similar situation occurs when susceptible population
avoids the infected ones in epidemic spreading. They proved the global existence and bound-
edness of solutions in bounded domains of arbitrary spatial dimension and any predator-taxis
sensitivity coefficient. It is also shown that a smaller predator-taxis effect can destabilize the
positive constant steady state and generate non-constant spatial pattern.

Inspired by the above discussion, the main aim of this paper is to investigate the global
existence and dynamical behavior in a predator-prey model with both cannibalism and prey-
evasion

Uy — d1Au = —u+v, xeQ, t>0,

v — dpAv = auw — yuv — cv, xeQ, t>0,
wt—d3Aw—§V~(qu):rw—wz—uw, xeQ, t>0, (1.4)
Ju Jdv Jdw

D O

=30 = 31 0, x €, t>0,

u(x,0) = up(x), v(x,0) =vo(x), w(x,0) =wp(x), x€Q,

where —¢V - (wVu) is prey-evasion, which shows the tendency of prey moving toward the
opposite direction of the increasing predator gradient direction. (2 C IR" is a bounded domain
with smooth boundary 0Q). v is the outer normal directional derivative on 9(). The homo-
geneous Neumann boundary condition indicates that this system is self-contained with zero
population flux across the boundary. The initial values uo(x), vo(x), wo(x) are nonnegative
smooth functions which are not identically zero.

Our main results on the global existence and boundedness of solutions of system (1.4) are
as follows.

Theorem 1.1. Let n = {1,2} and QO C R" be a bounded domain with smooth boundary. For any
(10,00, wo) € [WYP(Q)]3 where p > n, satisfying ug(x) > 0,v9(x) > 0,wp(x) > 0 for x € Q, the
system (1.4) has a unique nonnegative and bounded global classical solution (u(x,t),v(x,t), w(x,t)),
and (u,0,w) € (C([0,00); WP(Q)) N C21(Q1 x (0,00)))°,

The rest of the paper is organized as follows. In Section 2, we obtain some preliminary
results. Section 3 is devoted to prove the global existence and uniform boundedness of the
classical solution of (1.4). The dynamical behavior and pattern formation of the prey-evasion
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system are studied in Section 4. And, numerical simulations are emphasized the theoretical
results. The last section is a brief discussion.

2 Preliminaries

2.1 Existence and uniqueness of local solutions
We first give a claim concerning the local-in-time existence of a classical solution to (1.4).

Lemma 2.1. Assume that the initial data g, vy, and wo be nonnegative and satisfy (uo, vo, wp) €
[WLP(Q)]3 for p > n. Then the following statements for the model (1.4) hold.

(1) There exists a positive constant Tmax (the maximal existence time) such that the problem (1.4)
has a unique local in time classical solution (u(x,t),v(x,t), w(x,t)) satisfying

(,0,w) € (C([0, Tmax); WY (€2)) N C*H(Q) x (0, Tmax)))’-
Moreover, u, v, and w satisfy the inequalities

u>0, v >0, w>0 inQx (0, Tyux)- (2.1

(2) If for each T > 0 there exists a constant C(T) (depending on T and || (uo, vo, wo)||wr.r () only)
such that
|| (u(t),v(t), w(t))||r> < C(T), 0 <t <min{T, Tmax}, (2.2)

then Tyax = +©0.

(3) The total mass of u(x,t),v(x,t) and w(x, t) satisfies

wdx < my := max / wodx, | Q| } , t € (0, Tmax), (2.3)
Q Q

/Q vdx < my 1= max {/Q(vo + awy)dx, a(r:— C)ml} , t € (0, Tmax), (2.4)

/ udx < m3 := max / uodx, mz} , t € (0, Trmax)- (2.5)
Q Q

Proof. We first let 7 = (u,v,w)7, then the system (1.4) can be reformulated as the abstract
form

n—V-(Am)Vny) =F(n), x€Q,t>0,
5=0 x €90, >0, (2.6)
’7(‘/0) = (uO/UO/WO)T, x e,
where
d 0 0 —uU+v
A(T]) = 0 dz 0 P f(ﬂ) = auw — yuv — co .
¢w 0 ds rw — w? — uw

System (2.6) is normally parabolic since all the eigenvalues of A(7) are positive. Then from
Theorem 7.3 and Corollary 9.3 in Ref. [1] or Theorem 14.4 and 14.6 in Ref. [2], we obtain that
there exists a unique classical solution. Next, the estimates (2.1) follow from the maximum
principle.
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Furthermore, since the system (2.6) is a lower triangular system, then we can invoke The-
orem 15.5 of Ref. [2] to conclude that Tyax = oo if (2.2) holds.

Finally, we show that the solution (u(x,t),v(x,t), w(x,t)) is bounded in L' (Q). Integrating
the third equation in (1.4) over Q) and using the Cauchy-Schwarz inequality we have

d/wdx:r/ wdx—/wzdx—/uwdx
dt Jao Q Q Q

1 2
< R — A
_r/dex o] </dex> , t € (0, Tmax)

By an ODE comparison principle, we derive

/ wdx < max{/ wodx,r|Q\} =:mj.
0 0

Then we have
/ (v + awy)dx = d/ (v+ aw)dx
0 dt Ja

= / [d2Av + dsaAw + EaV - (wVu)|dx + / (raw — aw* — yuv — cv)dx
0 0

= / [raw 4 acw — aw?* — yuv — c(v + aw)]dx
0

< / l[aw(r 4 ¢) — c¢(v + aw)]dx
0

since [ wdx < my, it gets

/ vdx < / (v+aw)dx < max {/ (vo + awp)dx, alr + C)ml} =: my.
o o 0 c

Similarly, it can be derived

/ udx < max {/ updx, mz} =: ms.
0 o)

This completes the proof of part (3). O

2.2 Relationship between bounds for #, Vv and w in the case n > 2

In this subsection, by using appropriate smoothing estimates for the Neumann heat semigroup
to the system (1.4), which have been inspired by Winkler [26], we establish some relationships
between the quantities

sup [lu(,s)|=,  sup [[Vo(,s)|s,  sup [[w(-s)|r,  t€ (0, Tmax),
s€(0,t) se(0,t) s€(0,t)

for suitably wide ranges of the free parameters p € (1,00] and g € (1,00) when n > 2.

Lemma 2.2. Assume that n > 2 and q > max{1,5}. Then for any e > 0, there exists C(e,q) > 0
such that

n2 te
Hu('ft)HL""(Q) < C(El q) + C(qu) ' {Supse(o,t) HVZ)('/S)HL‘I(Q)}Wrl 1 ’ t e (0/ Tmax)- (27)
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Proof. Since g > %, without loss of generality we may assume that ¢ satisfies (1 +1 — %)e <2
and (n+1— %)qe < 3q — n. Here the former property ensures that

r=r(eq) = "
= e '_2—(11—1—1—%)8
is a positive number satisfying r > 5 > 1 as well as
(n—q)r _ n—q n—q_ _
no 2 (nl-e g3 T

q

Hence, the Gagliardo—Nirenberg inequality gives c; = c1(g,q) > 0 such that with a :=
a(e,q) = ni}% € (0,1) we have
q

¢l < el Vel el +eallpla, ¢ € WH(Q), (28)

and moreover we can employ smoothing estimates for the Neumann heat semi-group (/)<
[25] to find ¢2 = c2(g,q) > O fulfilling

e Pllimiqy < 21+t 2)|Pllr)y,  t>0, ¢ € L(Q). (2.9)

As Lemma 2.1 provides that with some m, > 0 we have [[0(-,t) | 1(q) < m2 forall t € (0, Timax),
based on a variation-of-constants representation we can combine (2.8) with (2.9) to see that
due to the maximum principle,

(s t)] ()

- ne“dlﬂ1>uo-+-/gte“s>wlﬂ1>v<»s>dsuLw(o>
ooy ¢z [ (1 (6 5) e ol 5) 1 s
< ol iy +erez [ (U4 (=) ) V00,9 a 100 ) i s
+ oo /Ot(1+(t—s)?r)e<fs>||v(-,s)y|L1ds
< Juo|| o) + {C1C2m;uHVUHiw((o,t);m(Q)) + ci1comy } - /Ot(l + (t—s) 3 )e 9)gs

—a a n
S ||u0||L00(Q) + {C1C2m% ||VUHL°°((0,1’);L‘7(Q)) + C1C27’712} . (1 + r (1 - Z))

for all t € (0, Tmax). Here I'(1 — ) is the Gamma function which is positive and real-valued
according to r > 7, this already entails (2.7) due to the fact that

@120 s
“= n+1-1 _n+1—g+e

by definition of 2 and r. O

A similar argument shows that the regularity of Vo depends on L” bounds for w and L*
bounds for u.



Global boundedness and stabilization in a predator-prey model 7

Lemma 2.3. Let n > 2. Assume that p € (1,00] and q > -5 be such that (n — p)q < np. Then for
each € > 0 there exists C(g, p,q) > 0 such that

IVo(, D)l

nl—% £
< C(€/PIQ)+C(€IPI‘1)'{1+ sup IIw(-,S)Hm(o)} - sup [u(s,s)|i~q)

5€(0,t) s€(0,t)
nrl_fg +e
+Clep9)- {1+ sup va('rS)HM(Q)} - sup lu(-,s)|1=(0)
s€(0,t) s€(0,t)
nrl_fg +e
+Cl(e,p,q) - {1 + sup HVU(‘,S)HLq(Q)} , t € (0, Trmax)- (2.10)
s€(0,t)

Proof. Since (n — p)gq < np and thus % +1- % > 0, we assume that apart from (1 — %)s <1

n
the inequality (1 — %)s < % +1_ % holds about ¢, so that

1
A=Mep,q) =
% +1_(1-1)
is a positive number satisfying A < q. Moreover
A>——>1 (2.11)
g " n

thanks to the condition g > 5.
By applying Duhamel representation and smoothing properties of the Neumann heat
semigroup, for all t € (0, Tmax) One can estimate

IVo(, )0
t t
= ||Vet(d2A_1)vo+a/ Vel=) A1y (. sYaw(-,s)ds —’y/ Vel=9)@A 1y Yo (-, s)ds
0 0

+ (1= ) Ve @Ay (. 5)ds|| 1qq

+eol—cl | A+ (t— s)_%_f(}\_%))e’(t’s) [0(,$) || L (ayds- (2.12)
0
Furthermore, by the Holder inequality, since A < p we have

-, $)w(-,8) ey < Mo 8) 15 1o s) I (e 8)l (o

<my " w(-9) e 1uC9) i), s € (0, Tnax)
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with a1 = a1(¢,p,q) = 1_1 € (0,1), and with my := sup, (o1, ) [w(- t)|l11(q) being finite

according to Lemma 2.1. And the Gagliardo—-Nirenberg inequality yields
[oC, )l aay < o 8) ey
< o3| Vo(,, )7l )H1 ) tesllols)lino

§63m;7“2||Vv( )||Lq + c3mp

with ay = ay(¢e,p,q) = % € (0,1), and A < r which is given in Lemma 2.7.
q
Therefore, for all € (0, Tmax), (2.12) can be simplified as follows

Vo, )l < eillvollwieq) + acomy ™ - {Supsg(o,t) Hw('rs)HLP(Q)}
: —3-5(G =5\ ,—(t—s)
-{supsem,t) ||u('rs>HL°°(Q)} /O (1+ (t—s)"272G79))e(=5)gg

+ ey + calt = el) (cam} @ supy ) [1V0(,5) [ g + c5m2)

160)

that ¢y < oo thanks to the inequality 1 < % + 1 contained in (2.11), and then

(-1

_n(l—p3 +e,

we conclude as intended. O

a; =

Combining the previous two lemmata allows us to eliminate the dependence on u in (2.10)
as follows.

Lemma 2.4. Let 2 < n < 5. Assume that p € (1,00] and that q > ;5 satisfy q > " and
(n— p)g < np. Then for all ¢ > 0 there exists C(e, p,q) > 0 with the property that

(;171—%)(n+17%')

a-Iyeoaony TE
1Yo Dlliscey < Cle,pa) - {1+ supye oy 140,5) ey } ™ FE T, e (0, Tanar)
(2.13)

Proof. We note that n +1 — % > 2(n — 2) since the assumption that g > ., and that n — 1 —
g > 0 due to g > "5. Then, there exists € = &(p,q) > 0 such that

- n—1-¢ n+l—7
b(e1) := {,l(l_l}))+8}' (n+1——)(1—281) 2(n —2)
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is well-defined for all &; € (0, €), with
(11— 2)(n 41 2)

1q 17 as e \, 0.
n(1—?)(5—n—g)

For ¢ > 0, we can find &1 = €1(¢, p,q) € (0,€) such that

9(81) — 0y :=

B(e1) < 6p+e,

(2.14)

and then from Lemma 2.2 and Lemma 2.3 provide ¢; = ¢1(¢,q) > 0 and ¢ = c2(e,p,9) > 0

such that
L(t) :==1+ sup [w(,s)|r() t € (0, Tmax),
s€(0,t)
and
M(t) ‘= sup ||VU('IS)||L‘1(Q)/ te (0/ Tmax)z
s€(0,f)
as well as
N(t) := sup Ju(-,8)||= (), t € (0, Tmax),
se(0,t)
satisfy
nizn +&;
N(t) <ci+eM™ 1 (t),  t€ (0, Tmax)
and

n—1-1
n—2 n—2 +eq

(2.15)

—t+€ —r+ oW
M) < 2+l (M) +aM™ T UN@E) + oM™, e (0, Tmax). (2.16)

In the case of t € (0, Tmax) and M(t) > 1, from (2.15) we obtain that

n—2n +e1

N(t) < 2c;M™ "7 (t)
and by (2.16),

n-1-7 2(n—2
12 ey (122) 12¢;

— 1 4¢ n n—2
M(t) <c+ 2C1C2Ln(17%> 1(t)Mn+]7ﬁ (t) +2cicoM" T (t) + oM™

n—1-1

— L +e 21-2) o
< (202 +4erco)L"P (M (B,

because L(t) > 1 by definition. Since for any such t we therefore have

—1-n
2(n—2) "y te

() < (200 + 4erea) L0 (1),

1*28] —

and since
2n—2) (n+1-7)(1-26e)-2(n-2)
n+1-24 n+1-14

1—2e — >0

by positivity of 8(e7), from this we can infer that actually for arbitrary ¢ € (0, Tmax), regardless

of the sign of M(t) —1,
M(t) < czL0E) (1)

n+1—%

with ¢3 = c3(g, p,q) := max {1, (2c2 + 4c1c2) (”“’3)(1’2“)’2(”’2)} > 0. Once again since L(t) > 0
]

for all t € (0, Tiax), in view of (2.14) this establishes (2.13).
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Lemma 2.5. Let n = 2. Then whenever p € (;%5,00] and q > n, for all ¢ > 0 there exists
C(e, p,q) > 0such that

+e
leo(, Dl < Cle,p,a) +Cle,pa) - {suPsc(o ) IV0(,8) s } 7 (2.17)

forall t € (0, Tiax)-

Proof. Firstly, we observe that % <l<ly % < 1 thanks to the assumption that p > - and
g > n. Then the interval J; := (%,% + %] is not empty and

1
¢1(€) = 17 ceh
¢y
defines a positive function ¥; on J; which satisfies
pr(d 41 1 1
G ”):1 L < —F =1 (2.18)
p wt, -2 Tt
n P q q p q

Next, since g > n together with the inequality p > 1 infer that % + % < % + %, similarly, it
follows that J, := (% + %,% + %] #+ @, and

1-1
¢2(€):§_lil’ €€]2/
p q
is well-defined and nonnegative with
1
1 1 -5
¢2<n—%>:=1 L. (2.19)

p 77

According to (2.18), (2.19) and continuity of {; and ¢, we thereby see that for any & > 0 it is
possible to pick { = {(¢,p,q) € JiNJo = [, such that { < 1 + % and that ¢ ({) < p as well as

_1
Pr(0) < i_’i + &, where we can clearly moreover achieve that { > %.
noq
Setting u = u(e, p,q) = %, we can find a positive number p simultaneously fulfilling

1 1,1 1 _ 1, 1 1 1 1
w<p <q  ->-+>, <-4, and S<-+> (220
g He P q noq woonop
as well as
qr
PR (2.21)
qg—H P
and
1-1 1.1
P p
T 1_1>37_1t¢& (2.22)
M p q n q

Furthermore, y > 1 since p > .5 and the rightmost property in (2.20).
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Keeping this parameter y fixed henceforth, using a Duhamel representation, for all ¢ €
(0, Tmax ), we can estimate

IVu(-, H)lliq)

tHdiA—1 f t diA—-1
— || Vellha- >u0+/0 Vet =@ "Dp(.,5)ds||

Sy (—s
e lo(-, 5) || uyds

H

<cae ||| sy + €3 /t(1+ (t—s) 380

< cut-{casupeciog) V00 9)]18 oy 100, ) ) + eslloC ) sy )
(orGG50G-0)

St (CWé—ﬂO supse o, I VO(9)1 75 ) + C4m2) (1 +T G - g <:l - ;)))

< o5 (1+sup,0,) V20, 9) 20 )

ao

< 6 (1+supec o) I0(9) s )
< C6 + C6 SUPy¢ (g ) |Vo(.,s) HM(Q)

where ag = % € (0,1) sinceq >n,and T(3 — 2(% - 7)) < oo due to < + . Apart
q

from that, by the first inequality in (2.20) and regularization features of the Neumann heat

semigroup ([25, Lemma 1.3], [29, Lemma 3.3]) one can pick c; = ¢1(¢, p,q) > 0 satisfying

1
1629 - plliry < 1 (14427 2670) gy

for all t > 0 and each ¢ € C!(Q;R") such that ¢ - v = 0 on 9Q, which shows that for all
t E (0/ Tmax)/

t
[ 180G (o, 5)Fu(-, ) 1 s
0
t
< /0 (T+(t— S)_%_T(T‘_?))e’(t’s)Hw(-,s)Vu(-,s)|\U¢(Q)ds. (2.23)
Hence due to the second relation in (2.20), we may employ the Holder inequality shows

that again writing L(t) := 1+ sup,c (g [|w(-5)[|Lr(q) and M(t) = sup, oy [IVO(-5)|Le()
t € (0, Tmax ), for any such t we have

leo(,)Vae(,8)ll sy < N0 8) [ 0 8) 1 I, 8) e
<m0 (-, )%y (€6 + c6ll VO, ) 130

< cemi“LE(t) + cemi“LE(t)M(t), s € (0,t)
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1+1-2
with « = a(e, p,q) := 5 € (0,1).
p
The relation (2.23) indicates that with some ¢; = ¢7(¢, p,q) > 0,

¢ 1+
/ ||e(t—s)(d3A—1)v (w(-,8)Vu(-,
0

$))Lryds < 7L

1
B

l=i—

1
l+q }l

b+l T (OM(H) (2.24)
for all t € (0, Tmax)- In order to make appropriate use of this, we observe that from the third
equation of (1.4),

wy < dsAw —w+¢-V(wVu)+ (r+1)w in QX (0, Tmax)-

In view of the nonnegativity of w and an associated variation-of-constants formula, one can
obtain that

lw( )l )

<

t
(ds 1wo+§/ t=5)(d:A 1)V-(w(-,s)Vu(-,s))der(1’+1)/ =) (dsA=1)
0 0

LP(Q)
t
Jenlliriey + 121 [ 142V (e, 5)Tu(-,)) 1y ds
—|—(r—|—l)c8/ (14t 26 9))e(t9)

Using the Holder inequality, we have

Hw('/S)HL”(Q)dS/ € (0/ Tmax)- (2.25)

lw(-,5) [l < w915,

)_\

ol 9) 1 < m Pllw(9)fyq)

==

where § =

'm\»—“

. Therefore, by the Young inequality, we obtain that

t nel 1
(r—|—1)08/ (14 ¢ 26 D)e 9 lao(, 8) | o s
0

B
_ 1 1
< (r+ )egm " { sup ||w<-,s>||m>} (1 +T (1 -2 ( E )))
se(0,t

T
5 sup [|(-9)ll (0 + o

where ¢y = (r + 1)087111 ﬁ(l +T(1— (% - %))) and [(1—2(1 -1
valued due to ﬁ < ﬁ + 1

m p)) is positive and real-
In conjunction with (2.25) and (2.24), this infers the existence of c¢19 = c10(¢, p,4) > 0 such
that

1
I+7

L(t) <cip4col

1 l
I

1
47

(t) + c1oL 17% (H)M(t),

where the third inequality in (2.20) ensures that M
provide

I

€ (0/ Tmax)/

1
&

< 1 and Young inequality so as to

‘“

1
ClOL _% §1L<t>—|—C11,
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and

C10L

In light of (2.22), this yields (2.17). O

3 Proof of Theorem 1.1

3.1 Boundedness whenn = 2
Lemma 3.1. Let n = 2. Then there exists C > 0 such that
||u(/t)HL°°(Q) < C, t e (0, Tmax)- (31)

Proof. Without loss of generality assuming that p < n. Let
1

B 1—+ (n—1-ng)(n+1-ng)
9(68)-—{ﬁ_2+8}{ n(1—1)(5—n—ng) +€}/

—1
" }, e >0,

CEI:z(o,

noting that 6 is well-defined because ”T_l < 5_7” Since evidently 9(”7_1,0) = 0, and since

apart from that clearly % — 1 < =1 by means of a continuity argument we can choose { € |
and ¢ > 0 such that < ”T’l and

1 1
>——= (3.2)
p n
and that
0(g,e) <1, (3.3)
and thus { < 1. Writing g := %, therefore one can find that g > %5 and (n —p)g < np
as well as g > n, where the latter relation together with the inequality p > .%; enables
us to invoke Lemma 2.5, thus inferring the existence of ¢; > 0 such that for L(f) := 1+

SUPsc (o,1) |w(-,8)||rr() and M(t) := SUPse (0,1) [Vo(-,8)|[ (), t € (0, Tmax), we have

1

o te
L) <ci4+aMi i (£),  t€ (0, Tma)- (3.4)

On the other hand, using that (n — p)g < np and g > .4, and that thus also g > ., we may
employ Lemma 2.4 to find c; > 0 such that

(11+17%)(n—1—%)

wa-Iy5_a_ny €
M(t) < L "9 0 (1), t € (0, Tmax)- (3.5)
Combined with (3.4), this provides that

LGA(F), € (0, Tmax)
and thus shows that with some c3 > 0 we have
L(t) S C3/ t e (0/ Tmax)r

because 9(%,8) < 1 by (3.3). Through (3.5), the latter entails boundedness of (0, Tmax) 3 t —
[Vo(-, t)|lLa(q), so that Lemma 2.2 establishes the claim. O
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Lemma 3.2. Let n = 2. Then for all g > n there exists C(q) > 0 fulfilling
[, D)= () + V(D) |y < C4),
Proof. For each fixed q > n,

t € (0, Tmax)-

by a continuity argument we can pick € = ¢(q) > 0 appropriately small such that still

1 n—1-12
9::{2_1“}'{
n q

i } <1
n
satisfy

Then from Lemma 3.1, we may employ Lemma 2.3 with p := oo to find ¢; = c1(g) > 0 such
that L(t) := 1+ supyc g [|w(-5)||r(q) and M(t) := sup,c ) [VO(,8) (), t € (0, Tmax),

n—1-1
M(t) <L

(1), t € (0, Tmax)
which we combine with the outcome of Lemma 2.5, applicable since the inequality g > n,
which namely yields ¢; = c»(g) > 0 fulfilling

(3.7)

e
L(t) <cy4coMrTd (f),
Therefore

t € (0, Tmax)-

1

1+e
L(t) <cp+e !

1 C2 L9 (t) ,
boundedness of M.

AN

te (0/ Tmax)/
so that the inequality 6 < 1 guarantees boundedness of L and thus, by (3.7), also derives

3.2 Boundedness in the one-dimensional case

O
Lemma 3.3. Let n = 1. Then for all g > 1 there exists C(q) > 0 such that

[ )l () + 1VO( D) liaa) + [ Ollie @) < Clg),

t € (0, Tmax)-
Proof. In view of the boundedness of (0, Tmax) > t = [|o(+,#)[|11(q) asserted by Lemma 2.1,

(3.8)
straightforward application of L!~L*® smoothing estimates for the Neumann heat semigroup
in the present one-dimensional situation entails c; > 0 such that

||M(', t)||L°°(Q) <c, te (O/ Tmax)/
which again thanks to Lemma 2.1 ensures boundedness of (0, Tmax) 3 t = [[u(-, H)w(-, t)[|11(q)

(3.9)
and (0, Tmax) 2 t = [[u(-,#)v(+,t)|[11(). Accordingly, standard L®-W' regularization prop-
erties of (e!*);>¢ guarantee the existence of c; = c»(g) > 0 fulfilling

||UX('/ t)HL’?(Q) < ¢, te (0/ Tmax)/
therefore [[ux (-, )| () < ¢

(3.10)

(3.6)



Global boundedness and stabilization in a predator-prey model 15

To establish L®(Q)) bound for w, we can find some y = u(q) € (1,9) for any g, and again
combine the maximum principle with a known smoothing feature of the heat semigroup to
fix ¢4, c5 > 0 such that

t
(-, )l < @5 Dol vy +/0 et =89, (w(-, 8)ux (- 5) | Loy s

t
Fr1) [l B (. 5) [y s

1
w)e U w (-, 5)u (-, 5) || oy ds

1
2

t
< e lwnllimo s [ (1+(E=5)

t n
+¢s /O A+ (t—s)"2)e " w(,s)|wayds,  t€(0,Tmax),  (3.11)
where by the Holder inequality, for all s € (0, Tmax) One can estimate

(-, s)ux(cr8)llnoy < Nl s)ll o loweC9) sy

< (-1 8) Ty 0 )Ty it )

with 7 := % € (0,1) since ¢ > p. And

Hw<‘r5)“m(0) < Hw('IS)H(Sw(Q)Hw(‘ISH i?&)) < C6Hw(’IS>HL°"(Q) + ¢z
where c¢ := 2c5m1*5(1ir(17l))’ cy = 4176. In view of (3.10) and Lemma 2.1, from (3.11) we thus
2u
infer the existence of cs,co > 0 such that if now we let L(t) := 1+ supyc g [[w(-5)]|=(q)

t € (0, Tmax), then
t
L(t) < cs+cs- {/ (1+ (t— s)%zlw)e—ﬁ—sms} LV(E) + %L(t)
0

thus
L(t) < 2cg + 208C9L5<t), t e (O; Tmax)r

where ¢co < [57(1 —I—(T_%_Ziﬂ)e*"d(r =14+T(3 - ﬁ) is finite since ¢ > 1. As ¢ < 1, this
indicates boundedness of w and hence completes the proof. O

3.3 Proof of Theorem 1.1

Proof of Theorem 1.1. Using (2.3)=(2.5) and Lemma 3.3 when n = 1; combining Lemma 3.1 and
Lemma 3.2 when n = 2, the conclusion of Theorem 1.1 is obtained immediately. O

4 Dynamical behavior of prey-evasion system

In this section, we investigate the dynamic behavior of the system (1.4). We first consider the
local stability of the constant equilibrium solutions by linearized stability analysis. According
to the principle of linearized stability for quasi-linear parabolic problems (see [21] Th 8.6, [6]
Th 5.2), we know that the constant equilibrium (i7, 7, @) is locally asymptotically stable with
respect to (1.4) if and only if all the eigenvalues of the linearized elliptic problem of (1.4) at
an equilibrium are of negative real parts. To this end, we introduce the asymptotic stability of
(11,9,@) of kinetic system (1.2) in [3].
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Proposition 4.1. Suppose that ar > c. Let
f(®) = a(a+1)@° + (a®> +3a+1)@* + (a4 1 — ac — ar)w — c. (4.1)

Then there exists a unique y*, such that @ is asymptotically stable if v > ~* and is unstable if
0 < 7 < 7%, where v* = “2==¢ f(o) = 0.

r—w’

Linearizing the system (1.4) at an equilibrium solution (u, v, w), we obtain that

Pt @ Ag ¢
¢t = ﬁ(é) q) =D qu + ](u,v,w) ¢ (42)
P P Ay P

where

d 0 0 -1 1 0
D= 0 d 0 |, Juowy = | aw—yv —yu—co au . (4.3)
Cw 0 ds —w 0 r—2w—1u

The stability of i is determined by the following eigenvalue problem

{2)-(3)

that is
diAg — ¢+ ¢ = Ag, xeq,
dyAp + (aw — yv)p — (yu+¢)p +aup = Ap, x € Q,
CwAe +dsAp —we+ (r—2w—u)p =Ayp, x€Q, (4.4)
0 0 0
Tf:%:%:o/ x € Q.
Let —A have eigenvalues 0 = po < p1 < pp < --- and lim; , = oo under the Neumann

boundary condition, and let y;(x) be the normalized eigenfunction corresponding to ;. Sup-
pose that A is an eigenvalue of (4.4) with corresponding eigenfunction (¢, ¢, ), therefore
according to the Fourier expansion, there exists {a;}, {b;}, {c;} such that

o(x) = i apix),  9x) = i}bimx» px) = i i ().

By a straightforward computation, we have

a; a;
L@ v | =Aa0v |, i=012...
Ci Ci

_dllfli -1 1 0
Li(¢) = aw —yv  —dopti — YU —c au ) (4.5)
—Cwy; —w 0 —dapi +r—2w—u

with

Therefore, the local stability of positive constant steady states of the system (1.4) is given by
the following lemma.
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Lemma 4.2. Assume that ar > ¢,y > v*,d; >0 (i =1,2,3), ¢ > 0. Then for system (1.4), (i, 9, D)
is locally asymptotically stable if 0 < ¢ < Co and is unstable if & > Co, where

_ 1 3 2 |
S0 = iz, P1#i + Patii & Pai + Ba) > 0,
Bi (i =1,2,3,4) will be given in the following proof.

Proof. If constant equilibrium solution (u,v, w) = (i, 3, W), then

—dl‘u,‘ —1 1 0
Li(¢) = c —dopi — aw ail , (4.6)
—Cwp; — W 0 —d3p; — @

and the characteristic equation of £; is
D(A) = A= Li] = A%+ a1(§)A* + a2(E)A + a3(E) = 0 (47)
with
a1 = (dy+dy+ds)pu; +aw+w+1,
ay = (didy + dids + dodz)y? + ((dy + d3)aw + (dy + da)@ + da + d3) p; + aww? + vii + @, (4.8)
a3 = dydadsy? + (didza@ + dydot® + dods) y? + (d1a@* + ati0E + dsyii + do@) p; + (ar — ¢) .
Obviously, a; >0 (j =1,2,3) foralli =0,1,2,...,and

B(§) := ayap — &g = Pujt; + Bopt; + (B3 — add) i + Pa,

where
B1 = (d1 +d3)(d1 + d2)(d2 + d3),
B2 = (d1+d3)(dy + 2dy + d3)a® + (d1 + da)(dy + dp + 2d3)W + (d2 + d3) (2d1 + dp + d3),

B3 = (dy + d3)a*@? + 2(dy + dy + d3)aww? + (dy + da + 2d3)a® + (dy + dy) (il + @?)
+2(dy + dy + d3)W + dy + ds,
By=a(a+ 1)@+ (a*+3a+1)@* + (a+1—ac—ar)® —c.

It is easy to see that B(&) is monotonically decreasing with respect to ¢, that is B(¢) > 0 if
& < ¢o, on the contrary B(¢) < 01if ¢ > &, where B(p) = 0 with

Go = (B1p? + Bap + Bapti + Pa) > 0 (4.9)

AuwWU;
thanks to B4 = f(@) > 0 when v > 9*. By the Routh-Hurwitz criterion or Corollary 2.2 in

[16], the proof is completed, that is (7, 7, @) is locally asymptotically stable if 0 < & < &y and
is unstable if ¢ > &p. O

To illustrate our analysis of Lemma 4.2, we present the following numerical example.
Example 4.3. For (1.4),letn=1,Q = (0,7) and set
a=2, ¢c=1 r=29=05 dy=03 dy=02 d3=03.

Then the equilibrium point (i, 3, @) = (1.2,1.2,0.8). According to the Lemma 4.2, (i, 9, @)
is asymptotically stable if { < ¢p = 8.06 (k = 3), see Figure 4.1, and (7,7, @) is unstable if
¢ > ¢p = 8.06 (k = 3), see Figure 4.2.
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Figure 4.2: Unstable behavior with x =9 > x¢ = 8.06 for the model (1.4).

Remark 4.4. Lemma 4.2 illustrates that prey-evasion has a destabilizing effect.

Remark 4.5. Lemma 4.2 implies that there is no steady state bifurcation curve near (i, 7, @)

since a3z > 0.

According to the proof of Lemma 4.2, we know that the linearized equation (4.4) has a
pair of purely imaginary eigenvalues at { = o, then a Hopf bifurcation generating a family
of periodic orbits of (1.4) occurs if some transversality conditions are met. We next show that

the existence of periodic orbits of (1.4) for a certain parameter range.

To apply the Hopf bifurcation theorem (Theorem 6.1 of [16]), we first let the three roots of
(4.6) be 01, = 0(§) £i6(¢) and 65 satisfying o(&o) = 0, 6(Co) > 0 when & € (o — ¢, 8o + €).

From (4.7), we have
—a1(§) = 20(8) +05(%),
(&) = 0*(8) +6%() +20(8)0(Z),
—a3(8) = (0%(8) +6%(2))0s(Z)-

Differentiating (4.10) with respect to ¢ and using (4.8), we obtain

20°(¢) +65(¢)
20(£)0’(8) +26(8)8'(8) + 207 (£)65(Z) +20(8)05(8)

7

0
0

7

(20(2)0"(2) +25(2)8(£))05(C) + (07(2) + 6*(£))65(8) = —andp;.

Solving (4.11) with ¢ = {o by Cramer’s rule, we derive that
9' — _% < 0’
3(60) 52 + 95
and 1
0'(80) = —505(5o) > 0.

(4.10)

4.11)

(4.12)
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Moreover, it is easy to see that a3 > 0 for all i € IN if { > 0, then 0 cannot be an eigenvalue
for (4.4) when ¢ = {p. Besides, in order to illustrate that 6 = +ié(p) are a pair of simple
eigenvalues of (4.4) for 5(¢o) > 0, we need to assume that o # Coj, j 7 k. Then this shows
that (4.4) has no eigenvalues of the form ké(¢p)i for k € Z \ {£1}.

Therefore the existence of nontrivial periodic orbits of (1.4) would be stated in the follow-
ing theorem.

Theorem 4.6. Let ar > ¢,y > " and o # Coj,j # k. For some i € IN, assume that p; is a simple
eigenvalue of —A in Q) with Neumann boundary condition, and the corresponding eigenfunction is
yi(x). Then

i) (1.4) has a unique one-parameter family {p(t) : 0 < T < &} of nontrivial periodic orbits
near (G, u,v,w) = (Co,il,7,W). More precisely, there exist ¢ > 0 and C® function T —
(u;(7), T;(7),&(7)) from T € (—¢,¢) to CH(R, X3) x (0,00, R) satisfying

(u;(0), T;(0),¢:(0)) = ((i1,9,@),27/ o, Co),

and
u;(t,x,t) = (4,0,@) + Ty;(x) (eri‘g‘)t + Vi’e’iéot) +o(7), (4.13)

where

oy = \/(dldz + dyds + dzdg,)]/liz + ((dl + d3)[1?f0 + (dl + dz)ZT) +dy + d3)}li + aw? + Yy + 0,
and V= is an eigenvector satisfying L;(&)V= = iV,

ii) for 0 < |t| < ¢ p(7) = p(ui(t)) = {ui(t, -, t) : t € R} is a nontrivial periodic orbit of (1.4)
of period T;(T);

iii) if0 <1 <1 <g¢ then p(11) # p(m);

iv) there exists 1 > 0 such that if (1.4) has a nontrivial periodic solution @(x,t) of period T for some
¢ € R with

& — Coil <4, |T —21/d| <1, max _|a(x,t) — (iI,9,@)| <1,
teR,xeQ)

then ¢ = Go(7) and a(x, t) = u;(T,x,t + w) for some T € (0,¢) and some w € R.

We carry out numerical simulation in one-dimension to demonstrate the analytical results
of Theorem 4.6.

Example 4.7. For (1.4),letn =1, Q = (0,8), and choosea =2, r =2, c =01, v =0.5, d; =
0.3, dp = 0.2, d3 = 0.3. Then the equilibrium point (if, 7, @) = (1.56,1.56,0.44). It can be
calculated that Hopf bifurcation value { = 5.33(k = 3). This parameter set shows that the
occurrence of a Hopf bifurcation at (i, 3, @, ), and the expression (4.13) gives the oscillation
frequency, the eigenfunction y;(x) = cos % gives the spatial profile of the oscillation, see
Figure 4.3.
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Figure 4.3: Spatiotemporal patterns of (1.4).

5 Conclusions

In this paper, a predator-prey system with both cannibalism and prey-evasion is considered.
We first investigate the global existence and boundedness of the unique classical solution in
1D and 2D. The core steps are to establish some inequalities relating certain powers of the
quantities

sup [lu(,s)|[c=,  sup [[Vo(,s)|[s,  sup [[w(,s)lr, £ € (0 Tmax),
s€(0,t) s€(0,t) s€(0,t)

for suitably wide ranges of the free parameters p € (1, 00| and g € (1,00) when n > 2.

Then we obtain the result that Turing instability occurs when prey-evasion sensitive coeffi-
cient ¢ surpasses the threshold value &y. We also show the existence of periodic orbits of (1.4)
by treating prey-evasion ¢ as a bifurcation parameter, which gives spatiotemporal patterns.
This means that prey-evasion is the decisive factor in destabilizing positive steady state and
cannibalism is no longer a stabilizing effect.
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