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Abstract. In this paper, we consider of the following second-order Hamiltonian system
ii(t) — L(H)u(t) + VW(t,u(t)) =0, Vt € R,

where W(t, x) is subquadratic at infinity. With a competition condition, we establish the
existence of homoclinic solutions by using the variational methods. In our theorem, the
smallest eigenvalue function I(t) of L(t) is not necessarily coercive or bounded from
above and W(f, x) is not necessarily integrable on R with respect to f. Our theorem
generalizes many known results in the references.
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1 Introduction
In this paper, we consider the following Hamiltonian system
ii(t) — L(H)u(t) + VW(t,u(t)) =0, vVt e R, (1.1)

where W € C! (IR x RN, ]R), L ecC <]R, ]RN2> is a symmetric matrix valued function and

VW(t,x) denotes the gradient with respect to the x variable. A nontrivial solution u(t) of
problem (1.1) is homoclinic if u(t) — 0, 1(t) — 0 as t — £oco and u(t) # 0.

The importance of homoclinic solutions for Hamiltonian systems in studying the dynamic
behavior has been recognized. In recent years, many mathematicians used the variational
methods to show the existence and multiplicity of homoclinic solutions for systems (1.1) with
different growth conditions on W(t, x). In this paper, we only consider the subquadratic cases.
In [5], Ding assumed
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(L) letting I(t) = infj;_1(L(t)q,q), there exists ¢ > 1 such that
|t|C1(t) — 400, as |t| — +oco.

By (L), Ding showed a compact embedding theorem from H'(R) to LP(R) for p € (1,+oo].
Under some other subquadratic conditions on W(t, x) with respect to x, Ding obtained the
existence and multiplicity of homoclinic solutions for systems (1.1). This result has been
generalized by many mathematicians. For example, in [19], Zhang introduced condition

(L") There exists a constant Iy > 0 such that I(¢) + Iy > 1 for all t € R and
/ (I(t) + Io) " dt < o, (1.2)
R

By (L"), the embedding H'(R) < L!(R) is compact. Obviously, (L") is weaker than (L’)
and both of these two conditions yield that ~!(t) decays fast at infinity. When [~1(¢) has a
slow decay at infinity, it is difficult for us to obtain such compact embeddings. In this case,
we can consider the decaying rate of W(t, x) at infinity with respect to t. Let us consider
the pure power nonlinearities with weight functions, i.e. W(t,x) = a(t)|x|'(v € (1,2)). In
[23], Zhang and Yuan assumed that a(t) belongs to L?(R,R") N LZ%V(IR, R™) to make sure
the corresponding functional is well defined and show the convergence of the (PS) sequence.
This condition is weakened by Sun, Chen and J. Nieto [12] by just requiring a € Lz (R,R™).
In 2014, Lv and Tang [11] obtained homoclinic solutions for systems (1.1) with more general
weight functions where a € L?(R,R) for some p € (1, %] The readers are referred to
[1-3,6-10,13-18,20-22] for more details.

From above papers, we know that, the decaying rates of /~!(t) and a(t) at infinity are
important for us in finding homoclinic solutions of (1.1). There is an interesting question
that whether systems (1.1) possesses homoclinic solutions when a(t) is unbounded or I(t) is
oscillating (which means lim inf}_,o, I(t) < +co and lim supyy Lo l(t) = 400)? Motivated by
the above analysis, we are encouraged to find a twisted condition between I(t) and a(t) which
can be stated as follows:

(WO0) PFor b € [1,2] and u € (1,2), there exist y € (b,%] and k € [0,%2] such that

=~
—(f((j)))k € L'(R).

More precisely, we obtain the following theorem.
Theorem 1.1. Suppose that (WO0) holds for b = 2 and
(L1) one of the following statements holds:

(i) L € C3(R,RN*) and ((L"(t) — kL(t))x,x) < 0 for all |t| > 71 and x € RY;
(i) L € CY(R,RN*) and |L'(t)x| < x|L(t)x| for all |t| > 7, and x € RN

with some x > 0 and 71 > 0, where L' (t) = (d/dt)L(t) and L"(t) = (d*/dt?)L(t);
(L2) there exists Mo > 0 such that I(t) > My for all t € R, where I(t) = infy,|—; (L(t)u, u);
(W1) W(t,0) = 0, there exists a € C (R,R") such that [VW(t,x)| < a(t)|x|*~1;
(W2) there exist A € (1,2), 7 > 0, { > 0 and open set Q) C R such that
W(t,x) > 5|x|*, V(t,x) € Q xRV, x| <.

Then system (1.1) possesses at least one nontrivial homoclinic solution.

(L1) is assumed to show all the critical points of corresponding functional for systems
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(1.1) are classical homoclinic solutions, which is introduced in [5]. In [11,13,18], the authors
only considered the homoclinic solutions in sense of u(t) — 0 as |t| — oo while we consider
the classical ones. To obtain the asymptotic behavior of the solutions at infinity, we can also
consider the following condition

(L3) there exist 6 >0, D >0, g € [1,2] and rg > 0 such that
o
/ [1(s)ds < D
t

for all |¢| > ro, where [(t) = sup|u‘:1(L(t)u,u).

It is easy to see that (L3) holds if all the eigenvalues of L(t) are bounded from above. Then
(L3) can be seen as a generalization of the following bounded condition

(L4) there exists R > 0 such that

(L(t)u,u) < R|ul?, Y(t,u) € R x RV,

Then we obtain the following theorem.

Theorem 1.2. Suppose (L2), (L3), (W1), (W2) and (WO0) hold with b = g, then system (1.1)
possesses at least one nontrivial homoclinic solution.

Remark 1.3. In our theorems, condition (W0) is a class of competition conditions between
a and I. When 0 < inf;cg [(t) < sup, g [(t) < oo, (WO0) reduces to a(t) € L"(IR), which is
required in [12,13,18,22]. There are examples satisfying the conditions of Theorems 1.1 and
1.2 but not the results in [2,5,7-14,16-23].

Example 1.4 (Oscillating example for Theorem 1.1). Let L(t) = I(t)Idx and W(t, x) = a(t)|x| 5,
where

(1) = sin (In2) +1 for |t| <1,
| (sin (In(2+1)) +1) +1 for [t| > 1,

1

a(t) = t5 (sin (In(f2 + 1)) +1)

and Idy is the identity matrix of order N. It is easy to see that

liminfl(t) =1, limsupl(t) =400, liminfa(t) =0 and limsupa(t) = +oo.

[t|—00 |t —o0 |t|—ro0 [t|—>o0

Hence [(t), a(t) are neither coercive nor bounded from above and [7(t), (a(t))? ¢ L(R) for
any p € (1,5]. However, this example satisfies the conditions of Theorem 1.1 with ¢ = 5 and
k= %. Here, we only need to show condition (L1) is fulfilled while the other conditions can
be easily checked. To check (L1), we show (ii) holds, which can be verified by the following
inequality

13

(?t; sin (In( 4+ 1)) + tzZt_:lcos (In(# + 1))) x| < (tg (sin (In(# +1)) +1) + 1) |x|

for all x € RN and |t| large enough.
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Example 1.5 (Coercive example for Theorem 1.1). There are also examples in which /(t) and
a(t) are both coercive. Let L(t) = (t°+ 1) Idy and W(t, x) = t5]x|2. If we choose y = 4 and
k = 1, (W0) is fulfilled. Moreover, other conditions of Theorem 1.1 can be easily checked.

However this example does not satisfy the results in

[2,5,7-14,17-23].

Example 1.6 (Oscillating example for Theorem 1.2). Let

17

219 (n5 +1)[t] —2n° (n5 +1),
lgl

8(t) =9 =203 (% + 1)t +2n° (n5 +1) 4205,
0,
and
217 (15 +1) |t — 207 (n5 4 1),
m(t) = { —2n7 (n5 +1)|t] + 217 (n5 + 1) + 2n7

0,

< |t 1
n<| |<n+2(n%+l)’

nt —a— < |t < n+

2(n9+1) n%+1

otherwise

< 1
n < |t| <n+2(ng+1),

7 Tl++§|t|§n+%,
2 n9+1

(n9+1)

otherwise

(1.3)

(1.4)

foralln € NU{0}. We see that g(t), m(t) > 0and g ¢ L(R), m ¢ L(R). Leta(t) = m(t) +e Il

and L(t) = I(t)Idy, where I(t) = /g(t) + 1. Obviou

liminfl(t) =1, limsupl(t) = 4o, liminfa(t) =0,

|t‘4>oo

|t| o0 |t| o0

sly,

[t|—c0

Choosing g =2 and = %, we deduce from the definitions of [ and g that

i+

IS,

t+1 t+3i
/ ! P(s)ds = / ' 1?(s)ds
t t

IN

’

IN

I
N N = S

(g(s) +1)ds

Nellos)

!
4

1

LR 0 + 1

limsupa(t) = +oo.

for |t| is large enough. Then (L3) is checked. Moreover, [ 71(¢t) , (a(t))? & L(R) for any p > 1.

Here we only give the proof for (a(t))? ¢ L(R). It follows from the definition of a(t) that

TR

/]Rap(s)ds > :Zo/n (w5 41) mP (s)ds
o
_ ;0 / (v

-

Ol

A
n7z

I
]

n=02(p+1) (ng + 1)

(0]

_l’_

+1) (21171*2 (ng + 1) s—2nn (n% + 1)>p ds
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which implies (a(t))? ¢ L(R) for all p > 1. Finally, we show (W0) is fulfilled with b = q = 2.
Set W(t,x) = a(t)|x|2. Choosing y = 4 and k = §, from (1.3) and (1.4), we infer that

8 (m4(s) + 6_4‘5‘)

= /1R g(s)+1 #
m*(s) —4|s|
§8/1R g(s>ds—|—8/]Re4 ds

z

§16Zn’m/ 27t (27172 (rz§—|—1)52—2n72 (719—1—1)) ds
n=0 n
7

00 Ntk 73 2

+16 ) n’%/ nglﬂ <—2n712 (ng +1) s+2n” (ng +l) +2n712) ds+4
- ot
n=0 " Z(ng+1)

&N

32 & n-

nzong‘f’l
< + oo

+4

Then all the conditions of Theorem 1.2 are satisfied. However, since a is not integrable or
bounded, () is not bounded or coercive, our example does not satisfy the theorems in [2,5,
8,9,11-14,17,18,20-23].

2 Proof of Theorem 1.1

Set
E .= {u S H1(]R,]RN) : /]R(]u(t)]Z + (L(t)u(t), u(t)))dt < oo}
with
wmwaA«wmwwkuwwmuw»m

By (L2), the embedding E < L (]R, RN ) is continuous for all p € [2,+0c0]. Hence, for any
p € [2,+00],

[ullp < Cpllull, Vu e E (2.1)

for some C, > 0. Furthermore, let I : E — R be the functional of (1.1) defined by

I(u) = /R (;]u(t)lz + %(L(t)u(t),u(t)) - w<t,u(t))> dt. 2.2)

First, we give the following useful estimate.
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Lemma 2.1. Let u € E. Forany 6 > 0and q € [1,2], the following inequality holds

14 t+6 % 1 t+6 %
u(t)] < 67 </ \u(s)|‘7ds> o7 </ yu(s)wds) . WteR  (3)
t t

Furthermore, if u € C2(R,RN), there holds

14 t+6 % 1 t+6 %
iu(t)] < 07 </ \u(s)wds) + 07 </ ya(s)|‘7ds> , VteER, (2.4)
t t

where%+q%:1(q*:+oo, ifg=1).

Proof. Forany t, T € IR,

()] < u(e)| + | [ as)ds

Integrating over [t, t + 0], we get

Olu(t)| g/tt+9|u(r)|dr+/tt+9 /:u(s)ds

1 t+6 7 46
< o7 </ yu(s)wds) vo [ lus)ds
t t

I T 1 [ [ 7
<07 </ ]u(s)|‘7ds> + 07 (/ |L’t(s)\‘7ds) ,
¢ t

dt

which implies

Then we obtain (2.3). Similarly, we can also obtain (2.4). O
Lemma 2.2. Suppose (L2), (W0)—(W2) hold, then I € C'(E,R) and

(I'(u), ) =/]R[(ﬂ(t),f?(f))+(L(t)u(f)/v(f))—(VW(t,M(t))rv(t))]dt- (2.5)

Moreover, all the critical points of I are homoclinic solutions of (1.1) if (L1) holds with b = 2 or (L3)
holds with b = q respectively.

Proof. First, we show that I is well defined. By (W1), we infer that

IW(tu(t))| = /Ol(ku,su(t)),u(t))ds < Za®)u®)lF,  V(tu) e RxRN.  (26)

1
L

First, we consider a general case, i.e. 7 € (1, 2%”] and k € [0, 7771) For any A C R, it follows
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from (WO0) and (2.1) that

(LG ) (o)

- (/, <(f<(f))>k>7df)$ (/A(lu))f%|u(t>|$kl\u<t>\%2ﬁ”dt)”1

< (L)) [Cfomorna) ™ (fporeia) ]

< ([ () o) 2, b o
When k = =2, we have

IN

IA
2=
~
N

[N
/N — N /N

u -1
Coo T [fufl”. (2.8)

0, 77_1] for all b € [1,2], (2.7) and (2.8) also hold

Since (b,%] - (1,% .
when 7 € (b, 7725 and k € [0, 521].

Choosing A = R, we see [ is well defined. Similar to Lemma 3.1 in [22], one shows
I € CYE,R) and (2.5) holds. Finally, we show all the critical points of I are homoclinic
solutions for (1.1), i.e. we need to show u(t) — 0 and u(t) — 0 as t — oo if u(t) is a critical
point of I. We can easily deduce from (2.5) that L(t)u — VW(¢t,u) is the weak derivative

of 1. Since E C CY (R, RY)(the space of continuous functions), W € C! (R x RY,R) and
LeC (IR, ]RN2>, we know u is indeed in C2(IR, RY). Obviously,

£+ 2y [ [0 3
/ Iu(s)|7ds < 072" </ |u(s)|2ds) 0 as|t| = oo 2.9)
t t
and

F+6 2y [ [HHO 3
/ li(s)|7ds < 677" (/ \u(s)|2ds) 0 as |t — too 2.10)
t t
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for any 6 € R. It follows from (2.3) that u(t) — 0 as |t| — +co. In order to prove #(t) — 0 as
|t| — +o00, we show a useful estimate as follow. For any b € [1,2], it follows from (W0) and
(2.1) that
/ VWt u(t))["dt
R

< /Rgb(t)’u(t)’b(yfl)dt
b
N /lR ((la((tt)))k> (L)) k u (1) [PV g

% (/Ra(t»% ()] ”dt)”

IA
N
S

b(u—1-2k)
b'y by(p—1-2k) ‘ ‘ ‘ ‘
y—b—Dbky

(2.11)

g(/R

A
N
N
—
=|=
-
~— | T
v\/
=~
N———

<

&

N——— N——— N———
== 2=
—
Yl
\

A

:

§

o

Q

~
\/
Q

?

Q

§

Q..

~
N———

E
| I |
|

/|VW(t,u(t))|bdt§ /ab(t)|u(t)|h(”_1)dt
R R

a(t) d)s i 5 vyib) %b
< </R(<z<t>>”f> ) (oo a)

a) \" ) b ka
< d U] oo u d
) </R(<z<t>>”f> ) [ fronora

NS -
: </ ( aa)w) dt) I e, (2.12)
RA@() 7

The following proof is divided into two cases.

Case 1. (L1) holds with b = 2. Let A be the self-adjoint extension of —(d?/dt?) + L(t)
with ®(A) C L2(R,RN). Since we have (L2) and (i)(or (ii)) of (L1), similar to Lemma
23 in [5], ®(A) is continuously embedded in W??(IR,RN). Making estimates as (2.9) and
(2.10), it follows from (2.4) that u(t) — 0 as [t| — +oo if u € D(A). Subsequently, we
show all the critical points of I belong to ©(.A). By (2.11) and (2.12) with b = 2, we see
| Aul|2, = [ [VW(t,u(t))[?dt < co. Then u € D(A), which shows u is a homoclinic solution
for (1.1).

Case 2. (L3) holds with b = g. Since u € C*(R,IRY), we deduce from (L3) and (2.4) that
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By (2.10), we only need to consider ft (s)|9ds. Similar to Lemma 3.1 in [22], (2.11) and

(2.12), for any 7y € (g, 2+q‘7_qy] and k € [0, quq]

t
q
t+0 T N7 5 9
<217'My </t (Jl(gss)y{) ds) || ae]|1#—1) 4 24~ 1/ ((L(s)u(s))TL(s)u(s) " ds
B t+0 als i % t+6 1
= 2171 M, </t <(l((s)))k> ds) e ]| 1 —1) 4 29— 1/t ‘(u(s))TLz(s)u(s) " ds
—1 0 1 a(s) \" i (#=1) S [T 3
— 271, </t <(l(s))k) ds) [l 751 420 /t (L2(s)u(s), u(s))|* ds
q
- B0 a(s) \7 L\ i - 5,
1 1 1
21-1p, (/t ((l(s))k> ds) |71 429 [sg\u(s)w]/t (s)ds
— 0 as |t — +oo,
where ok
Bra ke [05),
1= T )
c1r=D=75 = 171
oo 7 qr)/
Thus u is a homoclinic solution for (1.1). O

In the next lemma, we show the functional I satisfies the classical Palais-Smale ((PS) for
short) condition. We say that I satisfies the (PS) condition, if any sequence (u;); in E such that

(I (u;)); is bounded and I’ (1;) — 0,
admits a convergent subsequence.
Lemma 2.3. Under (L2), (WO0) and (W1), I satisfies the (PS) condition.

Proof. Let {u;};cpy C E be a sequence such that {I (u;)};.n is bounded and I’ (u;) — 0 as
i — +oo. Then there exists B > 0 such that |I (u;)| < B. By (2.2), (2.7) and (2.8) with A = R,
we have

Jul? = 21 () +2 [ W tul())dt<ZB+2MZ</R< a(t) >Wdt>;HuiHV,

Z (1(t))*
where o’
-1
CHV Wy 7 k e O,WT),
M, = T
Coo T ’ = 1

which implies {u;};. is bounded in E. Hence, there exists 1o € E(up to passing to a subse-
quence) such that u; — ug in E and

(I'(u;) — I'(uo), u; — uo)
= |lu; — uo||* — /]R (VW (t,u;i(t)) — VW(t,uo(t)), u;(t) — uo(t)) dt — 0 (2.13)
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as i — co. Moreover, there exists M3 > 0 such that

sup ||4illee < M3z and  ||uplle < Ms. (2.14)
jeN

For any ¢ > 0 it follows from (WO0) that there exists T > 0 such that

</t>T ((la((tt)))" > W dt) % = (2.15)

It follows from (W0) and Sobolev’s compact embedding theorem in bounded domain that
/II (VW (t,u;(t)) — VW(t,uo(t)), uj(t) — uo(t)) dt
H<T

< [ a0 (1P + o) o) = (o) a

- (</f<T ’ui(t”H) % " </f|<T |uo(t)fy> Vﬁl) </|f<T ’ui(t) - uo(t)lf’);

<e (2.16)

for i large enough, where ap = max<ra(t). By (W0), (2.7) and (2.8) with A = R\ [T, T,
one has

/t|>T (VW (£, ui(t)) = VW(t,uo(t)), ui(t) — uo(t)) dt
< /M YW (£ ui(t)) — VW (¢, uo ()| (£) — w0 (£)]t
SﬁyﬂWQMWWHwMMW$UMM+mew

<3 Mﬂﬂ(f) ([i ()" + fuo(t)[*) dt

§3Nh</¥q<0§gy>yﬂ>iUWM”+Muﬂ”% 2.17)

By the arbitrariness of ¢, (2.15) and (2.17), we obtain
/t>T (VW (t,u;(t)) = VW(t,u(t)),u;(t) —up(t))dt - 0 asi— +oo. (2.18)
Together with (2.16), we obtain
/11; (VW (t,u;(t)) — VW(t,u(t)), uj(t) —uo(t))dt - 0 asi— +oo.
Consequently, we infer from (2.13) and (2.18) that ||u; — ug|| — 0 as i — +oo. O

Proof of Theorem 1.1. By (2.2), (2.6) and (2.7) with A = R, for any u € E, we get

1) = gl = [ Wit,u(n)ds
1

1
> el = [l

o ) )

v
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which implies that I(#) — +o0 as ||u|| — +oo. Thus I is bounded from below and satisfies
the (PS) condition. Then there exists i such that I(i7) = ¢ = infg I(1). We also need to show
that 7 # 0. Letting ¢ € CF°(Q,RN) \ {0} and s > 0, it follows from (2.2) and (W2) that

52

L) = 5 gl = [ W(t,sg(t))dr
= loll* [ W tsp()at
=5 llol* = | Witse
<5 loll* 15" [ o) at
_2 Q 7

which implies I(s¢) < 0 when s > 0 small enough. Then we can deduce that infg I(1) < 0,
which implies that 7 # 0. O

Proof of Theorem 1.2. The only difference between Theorems 1.1 and 1.2 is the way to obtain
the asymptotic behavior of the solutions for (1.1) at infinity. This has been shown in the proof
of Lemma 2.2. The remaining part is similar to Theorem 1.1, we omit it here. O
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