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1 Introduction

1.1 Problem setting

The fourth-order nonlinear Schrédinger equation (4NLS) or biharmonic cubic nonlinear Schro-
dinger equation
01y + Ay — A%y = Aly*y, (1.1)

has been introduced by Karpman [12] and Karpman and Shagalov [13] to take into account
the role of small fourth-order dispersion terms in the propagation of intense laser beams in
a bulk medium with Kerr nonlinearity. Equation (1.1) arises in many scientific fields such as
quantum mechanics, nonlinear optics, and plasma physics, and has been intensively studied
with fruitful references (see [2,12,16] and references therein).

Over the past twenty years, equation (1.1) has been deeply studied from a different math-
ematical viewpoint, including linear settings which can be written generically as

iy +abdy — pA%y = f, (1.2)
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with «,§ > 0 and different types of boundary conditions. For example, considering the
problem (1.2) several authors treated this equation, see, for instance, [1,10,17,19,20,22] and
the references therein. Inspired by these results for the linear problem associated with the
4NLS, a mathematical viewpoint problem is to study the well-posedness and stabilization for
solutions of the system (1.2) in an appropriate framework.

So, consider the equation (1.2) when « = f = 1 in a n-dimensional open bounded subset
of R". Our goal is to consider an initial boundary value problem (IBVP) associated with (1.2)
when the source term f is viewed as an infinite memory term:

f= —(—1)ji/00°f(s)Ajy(x,t —s)ds.

Thus, the goal of this manuscript is to deal with the following system

iy(x, £) + Ay(x,t) — A2y(x, £)+(—1)i / F(s)Ay(x,t —s)ds =0, (x,t) € QxR,,
0
y(x,t) = Vy(x,t) =0, (x,t) eI xR%,
y(x, _t) = yo(xr t)/ (x/ t) € Q) x 1R+1
(1.3)
where j € {0,1,2}, QO C R" is a n-dimensional open bounded domain with a smooth bound-
ary I, and f : Ry := [0,00) — R is the kernel (or relaxation) function. We point out that for
each j the memory term present in (1.3) is modified.
In (1.3), the memory kernel f satisfies the following assumptions:

Assumption 1. Consider f € C*(IR..). For some positive constant cy, we have the following condi-
tions
f'<0, 0<f"<—cof', f(0)>0 and lim f(s) = 0. (1.4)
S—00

Under the Assumption 1, let us introduce the following energy functionals associated with
the solutions of (1.3)

1 o j
B = 5 (Il + [ sto)labypas) a5

with j € {0,1,2} and ¢ = — f’, so g € C! (R} ), g is non-negative and
s0:= [ g()ds = f(0) € R

It is worth mentioning that the abuse of notation A% in (1.5) means the identity operator for
j =0, the V operator for j = 1 and the Laplacian operator for j = 2.

Therefore, taking into account the action of the infinite memory term in (1.3), the following
issue will be addressed in this article:

Problem 1.1. Does E(t) — 0, as t — o0? If so, can we provide a decay rate?

It should be noted that the answer to the above question is crucial in the understanding of
the behavior of the solutions to the fourth-order Schrodinger system when it is subject to an
infinite memory term. In other words:

Problem 1.2. Are the solutions to our problem stable despite the action of the memory term? If yes,
then how robust is the stabilization property of the solutions?



Biharmonic Schrodinger equation: stabilization results 3

1.2 Historical background

Distributed systems with memory have a long history and have been first introduced in vis-
coelasticity by Maxwell, Boltzmann, and Volterra [3,4,15,18]. In the context of heat processes
with finite dimension speed, these systems have been introduced by Cattaneo [7] (a previous
work of Maxwell had been forgotten).

In our context, to our knowledge, there is no result considering the system (1.3) in n-
dimensional case. However, considering the fourth-order Schrodinger system

i0iu + A%u =0, (1.6)

there are interesting results in the sense of control problems in a bounded domain of R or R"
and, more recently, on a periodic domain T and manifolds, which we will summarize below.

The first result about the exact controllability of the linearized fourth order Schrodinger
equation (1.6) on a bounded domain () of R" is due to Zheng and Zhou in [21]. In this
work, using an L2-Neumann boundary control, the authors proved that the solution is exactly
controllable in H*(Q)), s = —2, for an arbitrarily small time. They used Hilbert Uniqueness
Method (HUM) (see, for instance, [9,14]) combined with the multiplier techniques to get the
main result of the article. More recently, in [22], Zheng proved a global Carleman estimate for
the fourth-order Schrodinger equation posed on a finite domain. The Carleman estimate is
used to prove the Lipschitz stability for an inverse problem associated with the fourth-order
Schrodinger system.

Still, on control theory Wen et al. in two works [19,20], studied well-posedness and control
problems related to the equation (1.6) on a bounded domain of R”, for n > 2. In [19], they
considered the Neumann boundary controllability with collocated observation. With this
result in hand, the stabilization of the closed-loop system under proportional output feedback
control holds. Recently, the same authors, in [20], gave positive answers when considering
the equation with hinged boundary by either moment or Dirichlet boundary control and
collocated observation, respectively.

To get a general outline of the control theory already done for the system (1.6), two in-
teresting problems were studied recently by Aksas and Rebiai [1] and Gao [10]: Uniform
stabilization and stochastic control problem, in a smooth bounded domain () of R” and on
the interval I = (0,1) of R, respectively. In the first work, by introducing suitable dissipa-
tive boundary conditions, the authors proved that the solution decays exponentially in L?(Q))
when the damping term is effective on a neighborhood of a part of the boundary. The results
are established by using multiplier techniques and compactness/uniqueness arguments. Re-
garding the second work, the author showed Carleman estimates for forward and backward
stochastic fourth order Schrodinger equations which provided the proof of the observability
inequality, unique continuation property, and, consequently, the exact controllability for the
forward and backward stochastic system associated with (1.6).

Recently, the first author [5] showed the global stabilization and exact controllability prop-
erties of the 4NLS

{iatu +2u—%u = AulPu+ f(x, 1), (x,t) e TxR, a7

u(x,0) = up(x), xeT,

on a periodic domain T with internal control supported on an arbitrary sub-domain of
T. More precisely, by certain properties of propagation of compactness and regularity in
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Bourgain spaces, for the solution of the associated linear system, the authors proved that sys-
tem (1.7) is globally exponentially stabilizable, considering f(x,t) = —ia?(x)u. This property
together with the local exact controllability ensures that 4NLS is globally exactly controllable
on T.

Lastly, the first author showed in [6] the global controllability and stabilization proper-
ties for the fractional Schrodinger equation on d-dimensional compact Riemannian manifolds
without boundary (M, g),

i0pu + Agu + P'(Jul?)u —a(x)(1 — Ag)"2a(x)ou =0, on M x Ry, (18)

u(x,0) = up(x), x € M. '
Under the suitable assumption of the damping term a(x) they proved their result using mi-
crolocal analysis, being precise, they can prove propagation of regularity which together with

the so-called Geometric Control Condition and Unique Continuation Property, shows the main
results of the article. Is important to mention that when ¢ = 4 they have the equation (1.6).

1.3 Notations

Before presenting the main result let us give some notations and definitions. In what follows,
the variables x, ¢, and s will be suppressed, except when there is ambiguity and, throughout
this article, C will denote a constant that can be different from one step to the next in the
proofs presented here. We will use the notations (-,-) and || - || to denote, respectively, the
complex inner product in L?(Q)) and its associated standard norm, namely

(u,0) = Re (/Qu(x)v(x)dx> and  ||ul| = (/Q\u(x)|2dx>%.

Now, consider the following approximation

t s
7' (x,s) = / y(x,7)dt and 7°(x,s) = / yo(x, T)dT, x € Q,s,t€R;.
t 0

—S

This approximation ensures that ;' satisfies

ot (x,s) + 0yt (x,8) = y(x,t), x€Q, s teRy,

nt(x,8) =0, xeTl, s teRy, (1.9)
ﬂt(xlo) = 01 X € Q, t e R+.
To express the memory integral in (1.3) in terms of 5, we will denote ¢ := —f’. Thus,

according to (1.4), we have ¢ € C!(R;) and

¢>0, 0<—¢ <cog, Qo= / g(s)ds = f(0) >0 (1.10)
0
and
Slgilog(s) = 0. (1.11)

Now on, rewrite (1.3) into

idry(x,t) + Ay(x,t) — Azy(x, t) + i(—l)/ /Ooog(s)Ajiyf(x,s)ds =0. (1.12)
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Define the following sets

H;=({H\OQ), ifj=1,
H3(Q), ifj=2,
with natural inner product
(v(s),w(s)), ifj=0,

(v, wyw; = { (Vo(s), Vu(s)), ifj=1,
(Av(s), Aw(s)), ifj=2

and norm
[o(s)ll,  ifj=0,
[ollm, = { Vo), ifj=1,
[Ao(s)]|, ifj=2,

respectively'. Consider

U=(y,7)" and Up(x,s) = (yo(x,0),7°(x,5))T

where
2
yeL*(Q) and 7' €l

with
L;= L;(]RJF;H]-) = {v Ry — H / s)||v(s HH ds < +00}
Define the energy space as follows
H;=L*(Q)xL;, je{01,2},
with inner product and norm
((v1,02), (w1, w2))3; = (01, w1) + (02, W2) 1,

and :

I0(s), () 13, = (llo(s) 12+ (s IIE,)

respectively. Therefore, the systems (1.3) and (1.9) can be seen as the following initial value
problem (IVP)
orU(t) = AU
{ U(t) = A (1.13)

u(0) = Up.
Here, the operator A; is defined by

iy — iNy + (—1)F [ g(s) Ayt (-, s)ds
A;(U) = (1.14)
y =7
with domain
D(A;) = {U € H;; A;(U) € H;,y € Hj(Q),7'(x,0) = 0}. (1.15)

THere (Vo(s), Vao(s)) = Lj_; (9,0, dx,) and [ Vo(s)||? = T, [125,0(5)
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Remark 1.3. Observe that for the fourth-order Schrodinger equation, the natural domain to be
considered is H3(Q2) N H*(Q)). However, since we are working with a more general operator,
namely operator defined in (1.14) and (1.15), we need to impose .Aj(Ll) € H;. However, note
that the inclusion below

H3(Q) NHH(Q) x {1 € Lys (~1)) [ g(s)Ay' (- 5)ds € L(0Q), 5 (x,0) = 0} € D(A).
0
is verified. So, the operator A;(U) is well-defined.

1.4 Main result

As mentioned, some valuable efforts in the last years focus on the well-posedness and stabi-
lization problem for the fourth-order Schrodinger system. So, in this article, we present a new
way to ensure that, in some sense, the Problems 1.1 and 1.2 can be solved for the system (1.3)
in n-dimensional case. To do that, we use the ideas contained in [11], so additionally to the
Assumption 1 we have also assumed the memory kernel satisfying the following;:

Assumption 2. Assume there is a positive constant g and a strictly convex increasing function
G: Ry — Ry of class C1(R1) N C?(RY.) satisfying

G(0) =G'(0) =0 and lim G'(t) = o0 (1.16)
such that
g < —aog (1.17)
or )
s g g(s
ds + sup =" < 0. (1.18
h e . G (=g'6)) :

Additionally, when (1.17) is not veriﬁed, we will assume that v satisfies,

Aza d
temkE{(I)na;)fﬂ}/ G 1(—¢(s)) H/ fyo(-, T)dT

for j € {0,1,2}.

ds < . (1.19)

The next theorem is the main result of the article.

Theorem 1.4. Assume (1.10) and that the Assumption 2 holds. Let n € IN*, Uy € D(AJZ.”) when

j=0,and Uy € D(.A]g”“) when j € {1,2}. Thus, there exists positive constants w;,, such that the
energy (1.5) associated with (1.13) satisfies

lX.
Ei(t) < a;j»Gu (ft) ,  teR%, je{0,1,2}. (1.20)

Here, G, is defined, recursively, as follows:
Gu (s) = G1(sGu-1(s)), m=23,...,n, Gi=G,", (1.21)

where Go(s) = s if (1.17) is verified, and Go(s) = sG'(s) if (1.18) holds.
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Remark 1.5. Let us give some remarks about the Assumption 2.

i. Thanks to the relation (1.18), we have that (1.19) is valid, for example, if

ATyl k=0,1,...,n+1,
is bounded with respect to s.

ii. There are many class of function g satisfying (1.10), (1.11), (1.16), (1.17), (1.18), and (1.19).
For example, those that converge exponentially to zero as

g1(s) 1= dye™ 1 (1.22)
or those that converge at a slower rate, like
() :=dp(14s)" P (1.23)

with dy, g1,d2 > 0, and gq» > 3. Additionally, we point out that conditions (1.10) and
(1.17) are satisfied for g; defined by (1.22) with ¢y = a9 = g1, since

81(s) = —qudie " = —q181(s).

However, the conditions (1.10) and (1.18) are satisfied for g, given by (1.23) with ¢y = g2

_ g2+1
and G(s) = s”, for p > 2°=5.

Remark 1.6. Now, we will present the following remarks related to the main result of the
article.

i. When (1.17) is verified, note that G,(0) = 0, so (1.20) implies

t—c0

li <wir G (Y1) = 1.24
1mE]-(t)_0c]-,1 1 T =0. ( )

Since we have that D(A?) is dense in #;, when j = 0, and D(A}) is dense in #{; when
j =1,2 (see Lemma A.1 in A), we have that (1.24) is valid for any Uy € H;. Therefore, in
this case, (1.21) gives G,(s) = s" and from (1.20) we get

1
in\" _ (i)™ _
Ej(t) < ajp ( f) T Pt (1.25)

showing that the energy (1.5) associated with the solutions of the system (1.13) have a
polynomial decay rate.

ii. Given (1.18) verified, the relation of (1.20) is weaker than the previous case. For example,

when ¢ = g defined by (1.23), we see that G(s) = s? with p > Z;fé satisfies the

Assumption 2. Moreover,

Go(s) =sG'(s) = ps*, Gi(s) = ¢/ =,

S

Ga(s) = Gu(5Gr(5)) = 4 - 2 ()
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1 1
P}

Il
7 N\
< | ®»
N~
=
+
=

and so,

where p, =Y, p " = % + % + 4+ %. Therefore, the energy (1.5) associated with
the solutions of the system (1.13) satisfies

1, \P B
£ 0 (35) = B

with B;, = a]-,n(“%)p " > 0, showing that the decay rate of (1.20) is arbitrarily near of
t~", when p — 1, that is, p, — n when g, — oo.

1.5 Novelty and structure of the work

Among the main novelties introduced in this article, we give an affirmative answer to the
Problems 1.1 and 1.2, providing a further step toward a better understanding of the stabiliza-
tion problem for the linear system associated with (1.1) in the n-dimensional case. Here, we
have used the multipliers method and some arguments devised in [11].

Since we are working with a mixed dispersion we can consider three different memory
kernels acting as damping control to stabilize equation (1.3) in contrast to [5], for example,
where interior damping is required and no memory is taken into consideration, in a one-
dimensional case. Moreover, if we also compare with the linear Schrodinger equation (see
e.g. [8]) we have more kernels acting to decay the solution of the equation (1.3) since we have
more regularity with the mixed dispersion, which is a gain due the bi-Laplacian operator.

In addition to this, recently, using another approach, the authors in [6] showed that the
system (1.8) is stable, however considering a damping mechanism and some important as-
sumptions such as the Geometric Control Condition (GCC) and Unique Continuation Prop-
erty (UCP). Here, we are not able to prove that the solutions decay exponentially, however,
with the approach of this article, the (GCC) and (UCP) are not required. The drawback is that
we only provide that the energy of the system (1.3), with memory terms, decays in some sense
as explained in the Remark 1.6.

A natural issue is how to deal with the 4NLS system given in (1.1). The main point is that
we are not able to use Strichartz estimates or Bourgain spaces to obtain more regularity for
the solution of the problem with memory terms, therefore, Theorem 1.4 for the system (1.1)
with memory terms remains open.

Now, let us present the outline of our paper. In Section 2 we prove a series of lemmas
that are paramount to prove the main result of the article. With the previous section in hand,
Theorem 1.4 is shown in Section 3. Finally, for the sake of completeness, in Appendix A, we
present the existence of a solution for the system (1.13) in the energy space H,.

2 Auxiliary results

In this section, we will give some auxiliary lemmas that help us to prove the main result of
the article. In this way, the first result shows identities for the derivatives of E; given by (1.5).
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Lemma 2.1. Suppose the Assumption 1. Then, the energy functional satisfies

1 [ j
B =5 [ g@latyts,  je{o1,2). @)
0
Proof. Observe that (2.1) is a direct consequence of (A.3), and the result follows. O

Next, we will give a H Lestimate for the solution of (1.12).

Lemma 2.2. There exist positive constants cyj, j € {0,1,2} and k € {1,2} such that the following
inequality

1991 < 1 lln' 17, +ca; | [Re(w)Im(y) — Im(ye)Re(y)] i, @2
holds.

Proof. We use the multipliers method to prove (2.2). First, multiplying the equation (1.12) by
y, integrating over () and taking the real part we get

<t ([ e ) = |9y~ [yl +Re (1) [ g(o) [ afairas) <o, 23)

taking into account the boundary conditions in (1.3) and (1.9), for y(t,-) € H3(Q), for all
t € RY.

Note that the last term of the left-hand side of (2.3) can be bounded using the generalized
Young’s inequality giving

'(—1)ji/ooog(5)/()Afrytydxds

= ‘iW’y)Lj < Il llylle, < ellyllz, + Cle)lln'|Iz,

i j (2.4)
= gie I1A%yIP +C(e) ', = ellatyl* +C(o) I,

=0

for any 6 > 0. In addition to that, the first term of the left-hand side of (2.3) can be viewed as
Im </Q ytydx> = /Q (Re(y)Im(y) — Re(y:)Im(y)) dx. (2.5)
So, replacing (2.4) and (2.5) in (2.3), yields

IVy)? < /Q (Re(ye)Im(y) — Re(y)Im(y:)) dx — [[Ay[|* + 3l|A%y|* + C(8) 17|,

, (2.6)
< [ (Re(y)tm(y) — Re(y)tm(yn)) dx -+ 8|4yl + CO) I
We now split the remainder of the proof into three cases.
Casel. ] =0
Poincaré’s inequality in (2.6) gives
IVyl* < /Q (Re(y)Im(y) — Re(y)Im(y:)) dx + dc. | Vy||* + C(9)ll'[IZ - 2.7)

Picking § = »- > 0 in (2.7) yields

211 < [ (Re(y)tm(y) — Re(y)im(y)) dx -+ C(0) '],
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showing (2.2) with ¢;9 =2C(J) and cp9 = 2.

Case2.j=1
In this case (2.6) is giving by

1991 < [ (Re(ys)tm(y) = Re(y)Im(y:)) d + 6| V|1 + (&) I,

and taking 6 = % > 0, the inequality (2.2) holds with ¢17 = 2C(¢) and cp1 = 2.

Case3.j =2
Finally, just take any 6 > 0 such that 6 < 1. Therefore, using (2.6) we get (2.2) for ¢, = C(9)
and ¢y = 1, achieving the result. O

We need now define the following higher-order energy functionals

Eix(t) = % Hafu‘ (2.8)

2
;'

for Uy € D(AJZ-"+2) in the case when j = 1,2, and Uy € D(A3") with n € IN*. This is possible
thanks to the Theorem A.2 in A that guarantees U € C*(R; D(.A?*k )) fork € {1,2,3,4} when

j € {1,2}, and that U € Ck(R+;D(A]2*k)) for k € {1,2} when j = 0. In addition to that, the
linearity of the operator A; together with (2.1) gives

1 [ i
) =5 [ g/(s) 18tk s 29)

With this in hand, let us control the last term of the right-hand side of (2.2) in terms of the E ]/‘,1

and the L;j-norms of the A%iyft.

Lemma 2.3. The following estimate is valid

|, (Re(y)im(y) — Re(y)Im(y)) dx < e[ Tyl +cc [ g(s)l|abyfy|ds — ccEfy (1), (210
for any € > 0.
Proof. Differentiating (1.9) with respect to t, multiplying the result by g(s), and integrating on
[0, 00) we have

= glo/ooog<5) (ﬂft(S,x) +77£t(s,x)) ds,

taking into account the third relation in (1.10). So, we get

Yt

Ti= [ (Re(y)im(y) — Re(y)Im(y:)) dx
= /QRe <g10 /Ooog(S) (nfe + 1) dS) Im (y)dx 2.11)
- /QRe(y)Im <g10 /Ooog(s) (’ﬁt + 77£t) ds) dx.
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Now, let us bound the right-hand side of (2.11). To do that, reorganize the terms of the
(RHS) and note that

(RHS) = - ["5(5) [ (Re (1) Im(y) ~ Re(y)1m (1)) dxs
o [Tg') [ (Re () tm(y) — Re(y)tm (i) dieds
<[5 [ limiidxds + / °°<—g'(s>> [ Wylintlads

< [ s@lylInlds + / )l 7 s

(2.12)

The generalized Young inequality gives for any 6 > 0 that

lylllmill < 81yl + Callwil®

and
Iyl il < 8llylI* + Collnf: I

Substituting both inequalities into (2.12) yields

1 00
(RHS) < 6= [ g(5)lylPds+ Cor [ s(s) I P
(2.13)

[e e}

1 1
+6f/—’ s+ Co- [ (~'(5)) f|Pds.
2 Jo (=& (s))llyll~ds 20 Jo (=8 (s))llm:l"ds

Now replacing (2.13) into (2.11) we have

1 e T
T <o [ gs)llylPds +Com [ g(s) s
8o Jo 80 J0

1 [ 1 [
+0- [ (=g @) IlPds + Co— [ (—=g'(5)) InIPds
80 Jo 8o Jo

_ L 2~ L[ Ep2
=0 (1 ([T ons) ) P+ Co [ (ol .

1 (o]
+Co [ (=g (5D Int]12ds
80 Jo

<co (e ([Tegenas) I+ encsy [T gtolaby
80 0 8o Jo

1 [« i
+euCo [ (=gl Pas,
8o Jo

thanks to Poincaré inequality. Here,

1, ifj=0,
Csxx = § Cx, 1f] =1,
2, ifj=2,

(2.15)

and c, > 0 is the Poincaré constant. Finally, taking k = 1 in (2.9), we see that (2.14) leads to
(2.10) with e = ¢.6(1 + g%(fow(_gl(s))ds)) and ¢e = C**Caé. O
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Now, just in the case j = 2, we need an estimate H?-for the solution of (1.12) similar to the
estimate (2.2). This estimate is reported in the following lemma.

Lemma 2.4. When j = 2, there exist positive constants cyp, k € {1,2}, such that the following
inequality

18yl? < erally'l17, + 20 /Q [Re(y:)Im(y) —Im(y:)Re(y)] dx (2.16)
holds.
Proof. Multiplying equation (1.12) by ¥, integrating over we have

0=i [ yigdx— | Vyl2~ [8yIP+i [ a(s) | A%'gaxds,

since the boundary conditions (1.3) and (1.9) are verified and y(t,-) € H3(Q) for all t € RT.
Now, taking the real part in the previous equality give us

—Im </Q ytydx> —IVy|* = [|ay|1* + Re (i/o g(s) /()Aziytydxds) =0. (2.17)
Taking into account that

Im </Q ytydx> = /Q (Re(y)Im(y¢) — Re(y:)Im(y)) dx (2.18)

and, thanks to the generalized Young inequality, we have that

=i, y)al < llylla 'l

< gi€ [1ayl* + Cle)lln'lIz, = sllayl* + C@)lln'|IZ,-
_.5

. o 2 tf
1/0 g(s)/QA n'ydxds
(2.19)

We get, putting (2.18) and (2.19) into (2.17), that

1ay]? < /Q (Re(y)Im(y) — Re(y)Im(y:)) dx + 6[| Ay||* + C(8) 1'[IZ,.- (2.20)

> 01in (2.20) to get

N —

Finally, pick 6 =

1
§|\Asz < /Q (Re(y:)Im(y) — Re(y)Im(y:)) dx + C(8) 1717,
showing (2.16) with c¢;, = 2C(d) and ¢z = 2. O

As a consequence of (2.10), the last term of the right-hand side of (2.16) can be bounded
as follows.

Lemma 2.5. For any € > 0, we have the following inequality

| (Re(w)tm(y) — Re(y)Im{y)) dx < el[ay|* +cc [~ g(s) | |Pds = ccBs (1), @:21)

Proof. Using the Poincaré inequality in the first term of the right-hand side of (2.10), and
taking € = c*e, where c* is the Poincaré constant, the result follows. O
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The next lemma combines the previous one to get an estimate in H; for solutions of (1.12).

Lemma 2.6. There exist a positive constant ¢ = ¢(j) > 0, with j € {1,2} such that
|aZy|* < e(E;(0)) + Ej1(0) + E;(0)). (2.22)

Proof. Pick € = % in (2.10) and (2.21) when j = 1 and j = 2, respectively. So we have
2j

1 i @ i
| (Re(y)m(y) — Re(y)im(y)) dx < 5~ A%yl +cc [ () AT s — ccEfs ()
7] ¢

Replacing the previous inequality in (2.2) and in (2.16) for j = 1 and j = 2, respectively, we
get that

i 1,1 « i
8812 < cogll' I, + 5 1A% + cajee [ g(s) AT} s — cajecEf () (223)
Therefore, the properties (1.10) for the function g, together to the fact that E;x, given in (2.8),
is non-increasing and (2.9) give us
|8dy]12 <2en, |1, +2easce | g(s)lla by Pds — 2ca,ccE] 1 (1)

<cj4 (Ej(t) + Ej1(t) + Eja(t))

<c (Ej(0) + Ej1(0) + Ej2(0))
where ¢ = c(j) := cj4 = max{4cy j, 4cs jce, 2¢oCa jce }, for j € {1,2}, proving the lemma. O

Before presenting the main result of this section, the next result ensures that the following

norms ||A27f]|, |||, and ||7},]| can be controlled by the generalized energies Ei;(0) and the
initial condition yo, for t > s > 0. The result is the following one.

Lemma 2.7. Considering the hypothesis of the Lemma 2.6, the following inequality holds

IAS |12 < Mjo(t,s), (2.24)
where
¢ (E;j(0) +E;1(0) + Ej»(0)), if 0 <s<t,
M;o(t,s) = —t 2 (2.25)
H/O Aryo(-, T)dt| +2s%c (Ej(0) + E;1(0) + E;»(0)), if s >t > 0.
Additionally, for j = 0, we have
252Ep(0), if 0 <s <,
l']I* < Moo(t,s) := ot 2 (2.26)
2 H/o yo(-, T)dt|| +4s*Eg(0), if s >t >0
and
252Ep»(0), if 0 <s <t
71 < Moa(t,s) == (2.27)

s—t 2
2 H/ 02yo(-, T)dt|| +45%Eg2(0), if s >t > 0.
0
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Proof. Let us first prove (2.24). Holder inequality and (2.22), forj € {1,2}, gives that

< ([ 11t olar) <s ([ 1abyeofpar)

< ¢ (E (0) + Ej1(0) + Ej2(0)),

2 2

j B
[a27"|* = AZy(-,T)dT

for t > s > 0. Analogously,

Ity =] [ sty <2 2% (E0) + En(0) + Ea(0)

/ AZyg( T)dT

when s > t > 0. Consequently, (2.24) is verified.
Now, for j = 0, since ||y||? is part of Eq (see (1.5)), and the energy E is non-increasing, we
observe, using Holder inequality, that

= [ vemae < ([ 1 ivtoe) <s [ o

t t
< s/ 2Eq(7)dT < s/ 2E,(0)dt = 252Eo(0),
t—s t—s

for t > s > 0. On the other hand,

It = [ vt dr+/ v)it

<2 H/ yo(-, T)dT

<2H/ y() dT

+2H/

+ 4E,(0)s?,

for s >t > 0. Thus, (2.26) follows.
Finally, let us prove (2.27). To do that, observe that (1.13) is linear and V = 92U is solution
for (1.13) with initial condition V(0)(x,s) = (9?yo(x,0),%(x,s)), where

(x,s) / 2yo(x, T)d
Thanks to relation (2.25), for j € {1,2}, we get that
¢j5 (Ej2(0) + Ej3(0) + Ejs(0)), if 0<s<t,

Mjao(t,s) = 2 (2.28)

2| [ st |
+252 Cj5 (E, (0) + E]'Ig(O) + E]',4(0)) ,if s>1t>0,

and so,
I7il1P < Mja(t, s).

Therefore, inequality (2.27) follows using the previous inequality with j = 0, and thanks to
the relation (2.26), the result is proved. O

The next result is the key lemma to establish the stabilization result for the biharmonic
Schrodinger system (1.3).
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Lemma 2.8. There exist positive constants d;y, for each j € {0,1,2} and each k € {0,2} such that
the following inequality holds
Go(eoE;(t))
€0E]'(t)
or any €y > 0. Here, E;y = E;, E’, = E'(0) and Gy defined as in Theorem 1.4.
Yy Js 77 =50 j

Proof. Suppose, first, that the relation (1.17) is satisfied. So, thanks to the relation (2.9), we
have

/O 3(5)[| A2k [2ds < —d;xEL(£) + d;xGo(€oE; (1)), (2.29)

1 g i
Be=3 | g/ O)lakly s < — a0 [ g(o)llatab! s
for each j € {0,1,2} and each k € {0,2}, that s,

| s@latalyas < - g,

showing (2.29) for each d;; = D% and Gy(s) =
0
On the other hand, suppose now that (1.18) and (1.11) are verified. Let us assume, without
loss of generality, that E;(t) > 0 and ¢’ < 0in Ry. Let 7j.(t,s),0;(t,s),j € {0,1,2}, k € {0,2}
and ¢€) be a positive real number which will be fixed later on, and K(s) = G%(s), for s > 0.
Assumption 2 implies that

lim K(s) = lim B lim G(r) =G'(0) =0.
s—0* s—0+ G~ 1( ) =G 1(s)=0t T
Additionally, thanks to the continuity of K we have K(0) = 0.
We claim that the function K is non-decreasing. Indeed, since G is convex we have that
G~ !is concave and G1(0) = 0, implying that

S1 S1 S»
K(s1) = < 5 = =
G (2s+ (1-2)-0) ~ G (=) G(w)
for 0 < 51 < s, proving the claim.
Now, note that thanks to the fact that K is non-decreasing and by (2.24), (2.26), (2.28), and
(2.27), we get

= K(Sz),

K (=0;(t,5)8(5) 82057 |*) < K (<0,4(t,5)8' (5)M;x(1,5)) (2.30)
Inequality (2.30) yields that

[ snatatyPas = s [ 67 g o) oty
o Tj,k(t,S)f’j(:;/FE]S'()t))g(S)K <_9j,kg/(5)”A%a];77tH2) s
< GRE®) b O OOl P
x Tj'k(tis)f / j(:goz()t)) Sy (—Mjxb;x8'(s)) ds -
< GE®M) b TaEaC s @Ak

y M (t,s)Tii(t, )G’ (eoEj(t)) &(s)

ds.
G_l (—Mj,kOj,kg’(s))
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Denote the dual function of G by G*(s) = sup,cg, {sT — G(7)}, for s € Ry. From the
Assumption 2 we have

G*(s) =s(G)7'(s) = G((G)\(s),  sERy.
Observe also that
s152 < G(s1) + G*(s2), Vs1,8 € Ry,
in particular
s1= G (= 0;(t,5)g(5) |60y )

and
Mtk G'(eoEj(t))g(s)
—M;i(t,s)g'(s)8ix

Therefore, we obtain, by using the previous equality in (2.31), that

Sy =

* J k£ 1 /°° 1 / [k £
A < _0. A

1 e MpTipG (eoFi() 8(5)
+G/ (GOE](t))/O Tj,kG ( G-1 (_M]',kgj,kg/<5)) )ds

Using that G*(s) < s(G')~1(s), we get
[ s@latoyipas < o | [T (<o) 4P ds
0 ~ G (eoEi(t)) | Jo Tx \

©1 MG’ (eoEi(£)) 8(5) , 1 [ MixTixG' (eoE;(t)) &(s) )
+/0 Tk G (=Mjxkg’(s)) ) ( G (=M;b;x8'(5)) )d]'

Pick 0, = M%-,k’ to ensure that

* i 1 © 1 i
A okati2ds < / o () IIAR 12 d
fi solatehy s < oo [ g (e Gllatab|) ds

© Mikg(s) o [ MixTiaG (€oEi(D) 8(5)
b eregmn© ( GT(~£() )d-

Thanks to the fact that (G') ! is non-decreasing we get,

®© j 1 © 1 j
Alak t Zd < / ! A—ak t)2 d
fy 8Osty s < s | (e Glata?) ds

©  Mjkg(s) ~
r 1
oL G e (O M (e 1)
where my = SUP,cR, %. Note that (1.18) and (1.19), yields that

o M'k(S, t)g(s)
7
mi1 = su —dS < 00,

! sﬂ%i/o G 1(—¢(s))
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Thus, using that 7j(t,s) = and relation (2.1), we have that

mOM‘l,k(t/S)
[, s Iatat s < - s [T (g ) Iataf ) s

]kg
eoE / G )ds

:—WE]())E]](( )+€0ﬂ”l1E()

Finally, multiplying the previous inequality by G’ (eyE;j(t)) = %(/())) gives

Go (é‘oE]'(t))

QB [, 8EIATY Pds < —2mE] (1) +mGo (<Fi(1),

which taking d;x = max{2mo, m; }, ensures (2.29), showing the lemma. O

3 Proof of Theorem 1.4

Let us split the proof into two cases: a) n =1 and b) n > 1.

a)y n=1

Poincaré’s inequality gives us

lyll? < el Vyl? < llay?,
where ¢, > 0 is the Poincaré constant. Summarizing,
i
Iyl < cullnzyl,

for c.. defined by (2.15). From the definition of E; given by (1.5) we found that

Go (eoE ) 5 1 Go(GoE]'(t))
€0Cs GO(GOE](t)) = €0 E. ( ) HA H a €0E]'(t)
Thanks to the inequality (2.23), we have

2 Go(eoE;(t)) 2 * Jot2
G0(€0Ej(t) < Tj(t) (2C1,j||’7t||L]- +202,jce/0 8(S)||A2’7ft|| ds _2C2,jCeE]/',1(t))

1 Go(GoE]'(t))
e €0E;(t)

| s)laby s
0

| s)liaty s
0

Go(eoE;(t)) 0 it ,
= Teb(t) <2C2,jce/0 g(s)||A2ny||*ds —2cz,]-c€E]-,1(t)>
o(€oE;(t)) i 2
T (ZCU + c**) eoE; ( ) /0 g(s)[[A>n"||°ds. (3.1)
Combining (3.1) with (2.29), gives
Go(eoE;(t))
€0Cxx GO(GOEj(t)) < - Zczrjcedf/ZE]/',Z(t) + ZCZ,jcedj,ZGO (€0E]'(t)) — ZCZ’jTj(t)CGE;’l(t)

1 1
_ dj,O (2(21,]' + C**) E;(t) + dj,O <2€1,]‘ -+ C**> G0(€0Ej(t)).
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So,
2 1
(GOC 2y n— dig <zcl,j n )) GoleoE;(1))
Go (eoEj(t)) 1
S —2C2’]‘C€d]‘,2E]/‘/2(t) - 2C2’ch€E§’l(t) - d]’() <2C1’]‘ + C**) E]/(t)
_ Go(s) . _ . s : . . G()(E[)E]‘(t))
Observe that Hy(s) = ~%> is non-decreasing and E; is non-increasing for each j, thus “E (D)
7
is non-increasing for each j, and therefore by (3.2) we get
2 1
(eoc — 2c2,jcedj,2 — d]',() <2C1,]' + C>) GO(GOEj(t))
GO (GoEj(O)) 1
S _2C2/]‘ngjl2E§’2(t) - zczroj(())CeE;J(t) - d]’() <2C]/]‘ + C**> E]/(t)
For €y > 0 small enough we have
2 1
1= (GOC** — 2C2,]‘C6dj,2 — dj,O <2Cl,j + C**)) > 0.
Thus, dividing (3.3) by ¢; > 0 yields that
Go(eoE;(1)) < —c2 (E}(t) + Ef(t) + Eja(1)) (3.4)
h
where ) Go(eoEj(0)) d.o(2 1
{Zcz,jcedj,Z CZ’] EOE]'(O) Ce j.0 ( lej + a) }
€2 = max , , .
€1 €1 €1

Now, integrating (3.4) on [0,t], t € R%, and observing that Go(€oE;(t)) is non-increasing gives

tGo(eoEj(t)) = /Ot GoleoE;(t))ds < /Ot GoleoEi(s))ds < —cz /Ot (Ej(s) + Eja(s) + Eja(s) ) ds
= —0 (E]'(t) + Ej,l(t) + E]',Q(t)) “+ (E]'(O) + Ej,l (0) + E]‘,z(O))
o (Ej(O) + Ej,l (0) + Ej,z(o)) =:C3.

IN

Because Gy is invertible and non-decreasing, we deduce that
1 _ C3 1 C3 ni1
Ei(t) < —(G 1<7>:7G<7)<.G 41y,
=G (1) =6 (7)) =mn6 (5
for aj; = max {%, C3}, showing (1.20) when n = 1.

a)n>1

Suppose, for induction hypothesis, that for some n € IN*, we have that (1.20) is verified
when U € D(A]z”“) for j € {1,2} and Uy € D(AJZ-”) for j = 0. For j € {1,2}, let us take

Uy € D(.A?WHHZ) and for j = 0, take Uj € D(A];(n+1)). So when j € {1,2} we have

Uy € D(A];(ﬂ+1)+2> C D(A]Zn+2), ut<0) e D(A]Z(}H_l)_‘—l) - D(Ajz.”ﬁ),
and lltt(O) S D(A]z-n+2).
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Now, for j = 0, we found
Up € DAYy € D(A?),  U,(0) € D(A?*!) € D(A¥") and Uy(0) € D(AM).
So, it follows from the induction hypothesis that: there exists «;, such that
Ej(t) < &Gy (“ft) ,  VteR:.

Now, since U; and Uy are solution of (1.13) with initial conditions U;(0) € D(AJZ”“) and

uy(0) € D(A?”*Z), respectively, the induction hypothesis guarantees the existence of ,,; > 0
and 7y, > 0, such that

ﬁ.l * ’)/»[ ES
Ej1(t) < BjuGn (i” , VteRL and Ej(t) < 7juGn % , VtERY,

respectively. Thus, as G,,s are non-decreasing for tf]-,n = max{3«;,, 3B, 37jn}, We get

3 d;
E;(t)+Ej1(t) + Ej2(t) < d;uGy <1tn> .

Finally, how t € [T,2T], we have
Go(eoEj(ZT)) < Go(eoEj(t))
and from (3.4) we found the following
2T 2T
TGo(eoE;(2T)) < /T GoleoEj())dt < —c /T (Ej(t) + Eju (1) + Eja(1)) dt
= — 2 (Ej(2T) + Ej1(2T) + E;2(2T)) 4 2 (E;(T) 4+ Ej1(T) 4+ Ej»(T))

s d; d;
< 03 (E{(T) + Ejn(T) + Eja(T)) < cadjuG <]T> < d;,Gy <JT> ,

where dj,n = max{czz@-,n,cfjln}. Moreover, as Gg is non-decreasing, G; = G, 1 js also non-
decreasing. Therefore,

1 Zd]',n Zd]',n 1 B 5 1 B Kjn+1

EQ2T) < ?ocol ( 2T Gn ( 2T )) - Zocl (8Gn (8)) = ZOG"H (8) = @jn+1Guia <2T ) ’
where a;, 1 := max {:—O,Zdj,n}. In other words, there is a;, 11 > 0 such that (1.20) holds for
n + 1. By the principle of induction we have that (1.20) is verified for all n € IN¥, showing
Theorem 1.4. O
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A  Well-posedness via semigroup theory

This section is devoted to proving that the system (1.13) is well-posed in the energy space H,.
To do that, first, let us present some properties of .A;, defined by (1.14)—(1.15) and its adjoin
A? defined by

—iAv +iN?v + (— fo (s)AIZH(-,s)ds
A (V) = / (A1)
i, 8(s) _
SO
with
D(A}) ={V = (0,¢") € Hj; A*;(V) € Hj,v € H}(Q),{'(x,0) = 0}, (A.2)

for j € {0,1,2}. So, our first result in this section ensures that A]' (resp. A]’-‘) is dissipative, and

D(Aj) (resp. D(A7)) is dense in the energy space’.

Lemma A.1. A; and A7 are dissipative. Moreover, D(A;) and D(A}) are dense in H,, for j €
{0,1,2}.

Proof. Indeed, let (y,7') € D(A;) so

(Ai(y,n"), (v, 1)) = —Re (/Ooog(s) /Q AéﬁéAél’]tdde> .

As
Abpiaty = J(IAby' )+ im(Abylady),

integration by parts over variable s, ensures that
t t * Load i ; TSN
(At (') = =Re ([ g(s) [ (G085 2+ itm(abyiadyt) ) dxds
= 1Re (/ g’(s)/ ]Aéiytlzdxds) (A.3)
> g @ sty <o,
T2
since (1.10) is verified. So, .A; is dissipative. Similarly, A;‘ defined by (A.1) is dissipative.

Now, let us prove that D(.A]-) is dense on H;. Since we showed that .Aj is dissipative,
we need to prove that the image of I — A; is H;, since H; is reflexive. To do that, pick

(f1. f2) € Hj = L*(Q) x L;(]RJF;H(];(Q)), we claim that there exists (y,7") € D(A;) such that
(") = ity = 8%y + (<1 [ g()A (,)ds,y =) = (i, fo)

Or equivalently, we claim that there exits (y,7') € D(A;) satisfying

{yiAy+iA2y+ (-1) /Owg(S)Nﬂt(vS)dS =h (A4)

=y 4+l = fo

ZNow on, we will use the following Poincaré inequality ||y||? < c.||[Vy||%, vy € H}(Q), where ¢, > 0 is the
Poincaré constant.
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Indeed, multiplying the second equation of (A.4) by ¢° and integrating over s, we get
S
n'(x,8) = (1—e %)y +/O e" P h(t)dt = (1 —e %)y + fa(s). (A.5)

. S
Since f, € Lé(R+;Hé(Q)), taking f3 = / e *fo(t)dt we have
0

2
dxds

/ooog<s>uAéf3<s>||2ds= /Owg<s>e‘25/0 /0 L fo(r)dr

< /mg(s)e_S /Q /OS €T|A%f2(T)‘2dede

g(s)eSeT| A (1) |2drds

b
= | [ e e st fo) Pasae
/

_ 2
= WPelliy e ey =

thatis, f3 € L;(]RJF;H(];(Q)). Now, for y € H3(Q) holds that

s —eatylPas = [aty? [ g()(1 - e)s < ATy < +eo

since
(o)

g1= [ )1 —e s < [ glo)ds = go

So(1—e %)y € L3(Ry; H{)(Q)) Therefore, for y € H2(Q)), choosing 7' as in (A.5), follows that
nt e L;(IRJF; H)(Q)) and, so 1'(x,0) = 0. Thanks to (A.4) we get

nt = fo—n'+y € L3(Ry; H)(Q)).

Finally, let us prove that y € H3(Q)) satisfies

[ee]

y — by +id*y + (_1)j/(> g(s)An' (+,s)ds = fi, (A.6)

for * = (1 —e%)y + f5. This is equivalent to obtain y € H3(Q)) satisfying the following elliptic
equation

[oe]

y—iAy +iNy + (—1)g1My = f — (—1>j/0 g(s)N f5(-,8)ds, (A7)

which is a direct consequence of the Lax-Milgram theorem. Therefore, (y,#') € D(A;) is
a strong solution of (I — A;)(y,%") = (f1,f2) and I — A; is surjective, showing the result.
Similarly, it is shown that D(A}) defined by (A.2) is dense in ;. O

The main result of this section is a consequence of the Lemma A.1 and can be read as
follows.

Theorem A.2. Suppose that Assumption 1 and (1.9) are verified. Thus, for each j € {0,1,2},
the linear operator A; defined by (1.14) is the infinitesimal generator of a semigroup of class Co
and, for esch n € N and Uy € D(A;?), the system (1.13) has unique solution in the class U &€

Ni—o CK(Ry; D(AITF)).
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