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Abstract. In this paper, we prove the structural stability for a family of scalar reaction-
diffusion equations. Our arguments consist of using invariant manifold theorem to
reduce the problem to a finite dimension and then, we use the structural stability of
Morse-Smale flows in a finite dimension to obtain the corresponding result in infinite
dimension. As a consequence, we obtain the optimal rate of convergence of the attrac-
tors and estimate the Gromov-Hausdorff distance of the attractors using continuous
e-isometries.
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1 Introduction and statement of the results

The continuity of attractors is an important feature to study the stability of the semilinear
evolution equations. For a family of attractors {Ae}.c[o,1) the continuity at ¢ = 0 means that
the symmetric Hausdorff distance dp (A, Ag) — 0 as ¢ — 0. The work [8] obtained positive
results in the class of gradient systems, assuming structural conditions on the unperturbed
attractor, together with information on the continuity of unstable manifolds of equilibria. In
particular, if {u$},c(q] is the family of equilibrium points then d(u$, u9) — 0 as e — 0 for the
phase space metric d.
There is a natural question, as follows.

Question 1. Is the order in which dy (A, Ag) goes to zero the same as d(u¢, u?)?

There are many works concerning the rate of convergence of attractors to different situ-
ations, as we can see in [1,3,6] and [7]. The case of reaction-diffusion equation in a smooth
domain, [1] has been shown that

d(ut,ud) ~¢ and dy(A, Ao) ~€ef, 0<p<1. (1.1)
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In [3], the authors have analyzed the reaction-diffusion equation in a thin domain under
perturbations, where they have obtained

d(ué,ul) ~e and dy(A., Ao) ~ ¢|In(e)]. (1.2)

Notice that booth above problems does not provide an answer to Question 1 because the
rate of convergence of attractors is worse than equilibria.

The work [6] was able to answer Question 1 considering the reaction-diffusion equation
where the diffusion coefficient becomes large in all domains when ¢ — 0. The optimal rate
state

d(ut,u®) ~¢ and dy(Ae, Ao) ~ e (1.3)

The figure below shows (1.2) is better than (1.1) and (1.3) improves (1.2) as the parameter
€ goes to zero.
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The main argument to obtain (1.2) and (1.3) is the existence of a finite-dimensional in-
variant manifold that allows us to reduce the problem to finite dimension and, then we can
use properties of Morse-Smale dynamical systems in finite-dimensional closed manifolds.
For instance, [3] have used that in a neighborhood of the attractor, a Morse-Smale flow has
the Lipschitz Shadowing property to estimate dp (A, Ag) by the continuity of the solution
Te(-) = Tp(-) in a neighborhood of the U,.A,.

The purpose of this paper is to prove that the rate of convergence of the attractors for
the scalar reaction-diffusion equations is optimal. Inspired by the optimal rate obtained in
[6] and using the framework proposed by [3] we can reduce the problem to Morse-Smale
flows in finite dimension and we use the structural stability of Morse-Smale flows in a finite
dimension to obtain the corresponding result in infinite dimension. As a consequence, we
obtain the optimal rate of convergence of the attractors. We observe that our arguments
can be carried over to the problem addressed in [3] under appropriate adaptations. Another
consequence of the structural stability is the estimate of the Gromov-Hausdorff distance of
the attractors dgp(Ae, Aop). This subject has been introduced by reaction-diffusion equation
under perturbation of the domain in the paper [10]. Since structural stability means that there
is a topological equivalence «. : A, — Ap close to identity conjugating the flows, we have «;
a continuous e-isometry between the attractors. This is enough requirement that we need to
estimate dgy(Ae, Ap).
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Consider the following family of scalar reaction-diffusion equations

uy — (ag(x)us)x = f(uf),  (t,x) € (0,00) x (0, 71)
u(t,0) =0 = u(t, m), t € (0,00), (1.4)
ut(0,x) = uf(x), x € (0, ),

where ¢ € [0, ] is a parameter, 0 < gy < 1, the diffusion coefficients a, € C'([0, 7t], [mo, Mo]),
mo, Mp > 0, are continuous functions satisfying

|ae — al|eo := ||ae — al| o0 ) > 0 ase—0 (1.5)

and the nonlinearity f : R — R is a continuously differentiable function such that,

lim sup @ < 0. (1.6)

|s|—o00 5

It follows from [5, Theorem 14.2] that for each ¢ € [0,¢], the solutions of (1.4) defines a
nonlinear gradient semigroup T, (+) having a global attractor .4, such that

sup sup [[w|[pi ) <o and  sup sup [[w|[i=(,r) < co. (1.7)
e€[0,e0] wEA, e€(0,e0) wE A,
Moreover, we assume that the equilibrium points of (1.4) with € = 0 is hyperbolic. Hence,
there are finitely many equilibrium points and we denote them by & = {ul?, ..., uff’o}.
Under the above assumption, we have from [5, Chapter 14] that, for ¢y sufficiently small,
the semigroup T(-) has exactly p equilibria that we denote &, = {u}:s, e, uf’s} and the global
attractors are given by A, = Ulewu(ui,;e) and Ay = ULW“(ui’O), where W" denotes the
unstable manifold. The main results of [5, Chapter 14] and [1] state that the convergence of
equilibria can be estimate by

s = w2l g30,) < Cllae — aoll oo (1.8)
and the continuity of the global attractors can be estimated by
A (A, Ao) < Cllac — ao|f, (19)

where C > 0 and 0 < B < 1 are constants independent of ¢ and dy denotes the Hausdorff
distance in H& (0, ), that is,

dp(Ae, Ag) = max{ sup inf |u®— UOHHI(O,T[), sup inf ||u®— u0||H1(O,n) . (1.10)
ueede uedg T e g ute A, ’

Finally, we assume that T¢(-)| 4, is a group. It is well-known that under standard conditions
the solutions of (1.4) are backward uniquely defined inside the attractor.

The main result of this paper states as follows.

Theorem 1.1. The equation (1.4) is structurally stable at ¢ = 0. That is, given n > 0 there is ¢, > 0
such that for € € (0, &,], there is a homeomorphism x, : Ac — Ag such that

sup e (u°) — || gy 0,y < C(llac —aolleo +17) and  we(Te(Te(t, u%))u®) = To(t)xe(u),
ute A,

where t € R, u® € A, C > 0 is a constant independent of e and 7, : R x A, — R is a function such
that, 7.(0,u®) = 0 and 7.(-, u®) is a increasing function mapping R onto R.
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As an immediate consequence of the Theorem 1.1 and (1.10) we have the following result.

Corollary 1.2. For 17 > 0 there is &, > 0 such that for e € (0,¢,], the Hausdorff distance between the
attractors can be estimated by

dp (A, Ao) < C([|ae — aolleo +177), (1.11)
where C is a constant independent of e.

We say that a map i, : A, — Ay is a e-isometry between A, and Ay if

<, ut,v* € A, (1.12)

[lie(0e) = (@) 0.0 = 16 = ol

and B(i.(A:),e) = Ao, where B(ie(A:),e) = {u® € Ag : ||ic(uf) — uOHH(}(O,n) < ¢, for some
u® € A.}. Analogously we can define a e-isometry between Ay and A,. The Gromov-
Hausdorff distance dgy(.Ae, Ag) between A, and Ay is defined as the infimum of ¢ > 0 for
which there are e-isometries i, : A, — Ag and I, : Ay — A..

We have the following result as an immediate consequence of the Theorem 1.1.

Corollary 1.3. For 7 > 0 there is e, > 0 such that for ¢ € (0,¢,], the Gromov-Hausdorff distance
between the attractors can be estimated by

dcr(Ae, Ao) < C(|lae — aolleo +17), (1.13)
where C is a constant independent of e.

This paper is organized as follows. In Section 2 we introduce the functional setting to deal
with (1.4). In Section 3 we use invariant manifolds to reduce the problem to finite dimension.
In Section 4 we prove the Theorem 1.1.

2 Functional setting and technical results

Let ¢ € [0, &9]. We define the operator A, : D(A,) C L?(0, ) — L?(0, ) by

{D(Ag) = H?(0, 7r) N Hy(0, 1), 2.1)

Agtt = —(a.(x)uy)y, u € D(A,).

It is well-known that A, is a self-adjoint operator with compact resolvent. Hence, we can
define the fractional power spaces X%, 0 < a < 1, where X? = [2(0,7), X! = D(A,) and

1
XZ = H}(0, 7r) with the inner product

(u,v) :/Onue(x)uxvxdx (2.2)

1
X2
which produces norms uniformly equivalent to the standard H} (0, 7r) norm, since 4, is uni-

formly bounded in €. Therefore, estimates on Xé are transported to H} (0, 7) uniformly in e.
Since there are many estimates in the paper, we will let C be a generic constant which is
independent of ¢, but which may depend on 1, My, 1, &.
We summarize in the next theorem some useful estimates that can be proved as in [1] and
[5, Chapter 14].
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Theorem 2.1. Let ¢ € [0,¢9]. The operators A, satisfy the following properties.
(i) sup,eio.e) 1A | (120,13 07)) < C-
() A7 0 = A0y 0.y < €Ul = 200+ e — o), 0 € L2(0, ).

Gii) [[(5+ A0 — (5 + A0) iy 0y < ClIE = 10 1200,0) + 0 — aolloo), for e in the

resolvent set of A and Ag and u,u® € L2(0, 7).
Here, C > 0 is a constant independent of e.

Proof. The proof has been done in [1, Section 3] and [5, Chapter 14]. Since there is a difference
between these works due to the presence of an exponent 3, we outline the proof of item (ii)
here.

Let uf,u’ € L2(0,7r) and let v, v° be the respective solution of A.v¢ = uf and Ago® = uP.
Then,

/0 agvfc(pxdx:/o u‘pdx, and /o aovg(pxdx:/o odx, ¢ < H}(0, ). (2.3)

0

Taking ¢ = v* — v, we obtain

T T s
/ a0t (05 — %) dx — / agv? (v8 — %) dx = / (uf — u) (vf —0°) dx.
0 0 0

which implies
7T 7T 7T
/0 ae (v —09)% dx +/0 (ac — ag)d(v5 — 0%) dx = /0 (uf — u%)(vf — o) dx.

1
By (2.2) and the uniformity between the XZ? norm and H& (0, 1) norm, we get
107 = 0%l g1 0,0) < CllIu = 0] 20,7) + |2 — a0l 0),

for some positive constant C independent of .
Finishing we notice that A,v¢ = uf and Ap?® = 1 implies v* = A7 'uf and o° = A 'u’. O

We write (1.4) as an evolution equation in L?(0, 7r) in the following way

{%+&W=fW% 2.4

ut(0) = ug,

where we have used the same notation f for the nonlinearity of (1.4) and its functional f; :
H}(0,7r) — L2(0, ) given by f1(u)(x) = f(u(x)).
We denote the spectra of the divergence operator —A,, € € [0,¢0], ordered and counting
multiplicity by
e =AL < SAL < <A

and we let {¢$}°, be the corresponding eigenfunctions.

The resolvent convergence ||A;1 — Ag!| £(12(0,7),H1(0,7)) — 0 as &€ = 0 imply the conver-
gence of eigenvalues, that is, A;,, — /\21 ase —+ 0,m=1,2,... as we can see in [1, Proposi-
tion 3.3]. Moreover, by [1, Corollary 3.6], we obtain a constant C > 0 independent of & such
that,

AL, =A% < Cllac—alle, m=1,2,... (2.5)
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We take a closed curve I, contained in the resolvent set of —Ag around {—AY,...,—A9}.
By (2.5) we can take ¢ sufficiently small for that I';, be contained in the resolvent set of —A;
around {—Aj§,..., —A%,}. Thus, we can define

pr =

1 -1
= /rm(y +A) Ny, e (0,6, (2.6)
which is the spectral projection onto the space generated by the first m eigenfunctions of A..
It follows from (2.6) and Theorem 2.1 that there is a constant C > 0 independent of ¢ such
that,

1P = Pl gy 0, < ClIu = w2l i20,m) + lae —aolloo),  u5u° € Hy(0, ) (27)

and
sup  sup [P 0.0 < C.
e€(0,e0] uf€L2(0,7)
In the next section, we will fix m sufficiently large to obtain conditions for the invariant
manifold theorem. Thus, to avoid heavy notation, we omit the dependency of m on P and
we denote Q, = (I — P,) the projection over its orthogonal complement.

3 Invariant manifold and reduction of the dimension

The resolvent convergence ||A; 1 — Ay!| £(12(0,7),H1(0,7)) — 0 as € — 0 guarantees the spectral
convergence of the eigenvalues A;, — /\Qn ase — 0,m=1,2,.... But, the operator Ap has a gap
on its eigenvalues, that is, )\21 - )\9,1 — 00 as m — oo. Thus, for ¢y sufficiently small, we have
a similar gap on the eigenvalues of A,. This fact, enables us to construct inertial manifolds of
the same dimension given by rank(P;) = span[¢j, ..., ¢5,], where according with the previous
section, ¢f is the associated eigenfunction to the eigenvalue A;, m =1,2,....

For each ¢ € [0,¢0], we decompose H(%(O, ) = Y. ® Z;, where Y, = Pg(Hé (0,71)) and
Ze = Q.(H}(0, 7)) and we define Al = Ac|y, and A; = A¢|z. Using this decomposition we
rewrite (2.4) as the following coupled equation

{U? + Af0F = Pof (v +2°) 1= He(¢f, 27), (3.1)

z8 + A; 25 = Qef (v° 4 2°) := Gg(v5, 2°).

The invariant manifold theorem whose proof can be found in [5, Chapter 8], states as
follows.

Theorem 3.1. For sufficiently large m and ey > 0 small, there is an invariant manifold M for (2.4)
given by
M, = {u* € Hy(0,7); u® = Peu’ + s (Pau®)}, €€ (0,20,

where s 1 Yy — Zg is a Lipschitz continuous map satisfying
15.(5%) = 2@ 1 my0,0) < CUIT" = 8l 0,m) + |2 — aolloo| log(lla — aolle)]), (3.2)

where o¢ € Y., ° € Yy and C is a positive constant independent of e. The invariant manifold M.
is exponentially attracting and the global attractor A of the problem (2.4) lies in M,. The flow of
ug € M, is given by

Te(up = v*(t) +s.(0°(1),  tER, (33)
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where v*(t) satisfies
{Ug +Af0° = He(0°,55(v%)), tER, (3.4)

US(O) - Pgué S Yg.

For the proof of Theorem 3.1 we refer [5]. To see how obtain the estimate (3.2), we refer
[1,4].

Now, we use the theory developed in [4] to identify (3.4) as an ordinary differential equa-
tion in R™. This identification is made by an isomorphism between Y, and R". Since our aim
in the next section will be to construct a e-isometry between the attractors, it is convenient to
make the isomorphism Y, ~ R" an isometry. To accomplish this we follow the ideas of [4]
that modify the basis of Y.

Let € € [0,&0]. We consider in Y, the following set {Pg(p(l], een, Pg(p%}. It has been proved in
[4] that this set is a basis for Y;. We define L : Y, — R" by L¢(Y/~; a;P:¢?) = Y1 aje;, where
{e;}" | is the canonical basis of R™. This choices make L. a isometry between Y; and R” and
if we denote R the R" with the norm ||x||g» = (L1 x%Af)%, then ||ﬁ0||H3(0,7T) = ||L0ﬁ0|]]R6n.

Proposition 3.2. The following statements hold true:

(i) If @ € Ye and il € Yo are such that [|#|| g1 ) < C and 17 a0,y < C, where C is a
constant independent of e. Then || Lei¢ — Loii®||grm < C(||i¢ — ﬁOHH(l)(O,T[) + |lae — ao||), for a
constant C > 0 independent of e.

(ii) If ii¥, i’ € R™ are such that ||i€||gn < C and ||#€||gn < C, where C is a constant independent
of &. Then ||L;'af — Lo_ll’_lOHH%(O,n) < C(||a — dio||rm + ||ae — ao|co), for a constant C > 0
independent of .

Proof. The proof of item (i) follows as Lemma 5.4 of [4]. We prove (ii) using similar arguments.
Let if = (af,...,a5,) and #° = (af,...,a9) in R™. Then,

m
—1-¢ —1-0 _ ep 0 0 0
L, i —LO 1 —szin(pi — «; Pog;
i=1

m
i=1

m m
= (Pe—Po) }_aigi + ) _(af — ) Pogy}
i=1 i=1

which implies,
1L a* = Lo 2 3 0,m) < Cllae — aolleo + 17 — o[y O
The map s : Y, — Z; is obtained as the fixed point of the contraction ®; : ¥, — X, given
by
Ze = {5 Yo = Ze; 5] < D and [5°(0) — (0) 3009 < Allo ~ 0l 0,0 -
@) = [ G0,

—00

where D and A are positive constants independent of ¢ and v*(r) € Y; is the global solution
of (3.4) with 7 = P.ug. With the aid of L, we can define new invariant manifolds N, given by

Ne = {L71(x) + 0(x) : x € R},
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where 0 : R" — Z, is given by 6 = s¢ o L 1. Therefore, 6¢ is a fixed point of
0
0 (x) = [ e NIGU(w (1), B (Lt () d,

such that
165 — 62| < Cllae — ag|eo| log([|ac — aollo)],

for some constant C > 0 independent of .
By Theorem 3.1 the semigroup T(-) restrict to M, is a flow whose behavior is dictate by
solutions of (3.4) that can be transposed to IR as

{x§  LeAFLIY(x¢) = LeHo (L7 (xF), 05(xF)), tER, 35)

XE(O) - Lngl/l% = XS S Rm.
Theorem 3.3. The solutions of (3.5) generate a Morse—Smale flow in R™.

Proof. Since all equilibrium points of (1.4) are hyperbolic, the author in [9] has proved that the
semigroup T¢(-) is Morse-Smale. Therefore, T;(-)|x; is a Morse-Smale semigroup. Following
[12, Chapter 3] we obtain that the projected semiflow T;(-) of T¢(-) in R™ is Morse-Smale. [J

In what follows we prove several technical results that will be essential to prove the results
in the next section. Here is the moment that we take a different way of [3].

Proposition 3.4. The projection P, restrict to M is an injective map and P; Y| ry, restrict to the set

A¢ = P Ag is uniformly bounded in € and
1P — Py lqe () || < CU|8° = qe(@) 120, + l2e — aolle), 77 € Ae,  (36)
for any homeomorphism g, : A, — A.

Proof. Let uf,v* € M, such that P.u® = P.vf, then u® = Pou® + 55 (Peu®) = Ppv® + s5(Pevf) = 0°.
By (1.7), we have a positive constant C independent of ¢ such that,

sup sup ||P |10, < sup sup [|uf]|pon) < C.
e€[0,e0] i1 A, e€[0,e0] uF€EA;

Finally, if 7* € A, and Je : A — Ay is a homeomorphism, then
P — P(;lqﬁ(ﬁg)”Hé(O,n) = ||Py ' PoP; i — P(flqe(ﬁs>||Hg(o,n)

<112y 2 ap 0,70, 120, 1 PoPe 5 = e () || g3 0,
< N1Py 2 ap 0,70 1200, | PoPe i — PeP it + PePe Mt — e (i) || gy o,

< 1Py Ml e 0,220, 11 (Po = Pe) P8 [ g 0,y + P01l 2t 0,9, 2200, 18— e () 1 0, )
< C(llae — aolleo + [[7° = ge(7°) || 2(0,m) )

where we have used (2.7) to obtain a positive constant C independent of e. O
In what follows, we denote P,~! the inverse of P| M, Mg = Yo

Proposition 3.5. Let T.(-) be the flow given by solutions of (3.5) and T.(-) be the flow given by
solutions of (3.4). Then, it is valid the following properties
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(i) L T.(t)a¢ = T.(t)L;'at, a¢€R™, teR.
(i) Te(t)Leii® = L T.(t)a¢, @€Y, teR.
(iii) P.Te(t)ut = To(t)Peuf, uf € H{(0,7), t>0.
(iv) P T (t)af = T.(t)P ', af €Y, t>0.

(v) Given a function 7, : R x A, — R such that, 7,(0,u®) = 0 and 7.(-, u®) is a increasing function
mapping R onto R, there exist a function % : R x A. — R such that, %.(0, P.u®) = 0 and
T.(+, Peu®) is a increasing function mapping R onto R such that

PeTo(Te(t, uf))u = To(%(t, Peu®)) Peutt, u*€ A, teR.

(vi) Given a function . : R x A, — R such that, %.(0, i) = 0 and %.(-, 7€) is a increasing function
mapping R onto R, there exist a function T, : R x A, — R such that, T.(0, L) = 0 and
T.(+, L¢#i®) is a increasing function mapping R onto R such that

Lng(fg(t, ﬁ£)>ﬁ£ — Tg(fg(t, Lgﬁg))Lgﬁg, a£ S .'Z(g, t S :[R.
Proof. Let i € R™, then L' € Y, and T.(t)L; '@ is a solution of

vf + A0 = He(v5,s5(v%)), tER,
v¢(0) = L 'ii € Ye.

Defining ¢¢(t) = L; 1T, (t)i, we have ¢¢(0) = L, !T.(0)a* = L' and

¢+ AT (t) = L;liTg(t)ﬁg + ASLIT.(t)at
= L;l(;ﬁ(t)fﬁ + L AT LT (1) af).

Since x.(t) := T.(t)@* is a solution of

xf+ LeAF LY (xf) = LeHe (L7 (x9),05(xf)), tER,
x¢(0) = a* € R™,

we obtain
@f + A" (1) = He(9°(1), 05(9°(1)))-

The bijection between 6% and s enables us to conclude that ¢.(t) is also a solution of (3.7).
The result follows from the well-posedness of (3.7).

In the same way, we proof item (ii).

Item (iii) is immediate from (3.3) and (3.4) by noticing that P;T(t)u® = v*(t) and we
are denoting v(t) = T.(t)Puf. Item (iv) follows from (iii) using that P,uf = @€ if only if
u¢ = P 1, for some i€ € Y. Item (v) follows from (iii) defining % (t, P:uf) = 7:(t, u). In the
same way, we obtain (vi). O

Proposition 3.6. The set A, = P..A. is the global attractor for the semigroup Te(-) given by solutions
of (3.4).
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Proof. Since A is compact and P; is continuous, we have A, = P.A; a compact set in Y.
Proving the attraction, let B C Y, a bounded set and let v* € B. Then v* + s (v*) € M, and
Te(t)w® = T (t)v° + s&(Te(t)v°), for t > 0 and w® € P, ! (v¢). But T.(t) is a gradient semigroup,
then there is u° € A, such that, ||T(t)w* — ueHHé (o) — 0ast — oco. In fact, the attraction
property of the global attractor is uniform for the solutions starting at B. Hence, there is a
neighborhood of A, containing all trajectory starting at B after a time t5. We take ¢ € A,
such that i = P.u®. Thus,

17000 — @l < 1Tl — 8300 + 155 (Te()0) = 5 (@) 0
= C|ITe(t)0" + s(Te(t)0F) — Pete® — s5(Pei”) | gy 0, m)
= C||T:(t)w* — u€||H(1)(0,7T) — 0 ast— oo,
for a constant C > 0 independent of ¢, where the attraction property is also uniform for the
solutions starting at bounded sets.
It remains to prove that A is invariant. Let ##¢ € A, and t > 0. Writing w® = P.ii® for some

w® € A, we have by the invariance of A, that there is @° € A, such that T,(#)@° = w®, for
some f > 0. Thus,

0° + s (i°) = Pew® + 85 (Pew®) = w° = T (F)o* = To(F) Ped® + s (T (F) Ped®),
which implies ¢ = T,(F) P.@¢, where P.t¢ € A.. O
Proposition 3.7. The set A, = L.P. A is the global attractor for the semigroup T,(-) given by
solutions of (3.5).

Proof. Since L, is continuous and P;.4; is compact, we have A, = L.P.A; a compact set in R".
Let B a bounded set in R and #¢ € B, then L 'u¢ € L; !B which is a bounded set in Y. Since
Te(+) is gradient, there is @ € A, such that, || T, (t)L; '@ — @¢|| Hi(0x) — 0 @s t — oo, where the
attraction property is uniform for the solutions starting at bounded sets. Hence, L@ € A, is
such that,

ITe(t)a® — Leto®||ry = I Te(8) 2" — @[] gy 0,y

where we have used that L, is a isometry and Proposition 3.5.

It remains to prove that A is invariant. Let i € A,. Then L_ 13¢ € A, which is invariant.
Thus, there is @ € A, and f > 0 such that T,(F)@® = L;'a¢. Thus, L. T.(F)@* = @ and by
Proposition 3.5, we have T, (f)L @ = 7. O

4 Proof of Theorem 1.1

In this section, we prove the main result of this paper, the Theorem 1.1.

Theorem 4.1. The equation (3.5) is structurally stable at ¢ = 0. That is, for each ny > 0 there is e, > 0
and for ¢ € (0, ¢,] there is a homeomorphism he : Ae — Ay such that,

sup |he(a®) — a®||gm <7 and  he(Te(Te(t,a%))a®) = To(t)he (i), (4.1)

e A,

where 1° € A, t € Rand T : R x A, — R is function such that, T.(0,7°) = 0 and T.(-,4¢) is a
increasing function mapping R onto R.
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Proof. The works [1] and [5, Chapter 14] have obtained the continuity of the semigroups
T.(-) = To(-) as e — 0 in the H}(0, 7r) norm. Following [2] we obtain T,(-) — Ty(-) as e — 0
in the C! norm, since the invariant manifolds M, and M), are close in the C! topology. Thus,
T.(-) is a small C! perturbation of Ty(-) which is a Morse-Smale semigroup R™. The main
property of Morse-Smale flows in finite dimension stated in [11,14] and [13] is the structural
stability, that is, for each 77 > 0 there is ¢, > 0 and for ¢ € (0, 5,7] there is a homeomorphism
he : Ae — Ap such that, (4.1) is valid. O

Theorem 4.2. The equation (3.4) is structurally stable at ¢ = 0. That is, for each j > O there is &, > 0
and for € € (0,¢,] there is a homeomorphism je : A — Ay such that,

sup [|je(#°) = @l gy 0,x) < Clllac — aollo +17) and je(Te(Te(t, 1)) = To(£)je(1°), (4.2)

it A,

where 7€ € A, t € Rand % : R x A. — R is function such that, %.(0,i¢) = 0 and %(-,4¢) is a
increasing function mapping R onto R.

Proof. We define the map j; : A, — A by je = L, 16 he o L. Then, for i€ € A, it follows from
Proposition 3.2 and (4.1) that

@) = &l 0y = Lo e (Le(@)) = 813 0.
= (1L he(Le()) — L Lett |y 0
< C(lIhe(Le()) = Lot + [lac — ao]lo)
< C(y + lae — aoll).

Moreover, by (4.1) and Proposition 3.5, we obtain
Je(Te(Te(t, ) )i1") = 0l ohe o Le(Te(Te(t,
ILTW(( e, Leit®)

= Ly ' To(t)he(Leit®)
= To(t)Lg he (L)

i))a)
)Leii))

Hence, j; is a homeomorphism between A, and A, satisfying (4.2). O
Now, we are in a condition to prove the Theorem 1.1.

Proof. of Theorem 1.1. We define the map x, : A. — A by . = Py 1o je o P;. Similarly to the
proof of Theorem 4.2, we can prove that «; is a homeomorphism between A, and A satisfying

e (1) — 8 30,0y < 7 + e — ao]lo)

and

Ke(Te(Te (£, u®))u®) = To(t)xe(uf). O
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