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Abstract. In this paper, we consider the well-posedness and asymptotic behavior of
Dirichlet initial boundary value problem for a fourth-order equation with strong damp-
ing and logarithmic nonlinearity. We establish the local solvability by the technique of
cut-off combining with the method of Faedo—Galerkin approximation. By means of
potential well method and Rellich inequality, we obtain the global existence and the
decay estimate of global solutions under some appropriate conditions. Furthermore,
we prove the finite time blow-up results of weak solutions, and establish the upper and
lower bounds for blow-up time.
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1 Introduction

In this paper, we are concerned with the fourth-order parabolic problem

|ut4+A2u—Aut: |u]p72uln|u], (x,t) e QA x(0,T);

X

u(x,t) = Au(x, t) = 0, (x,t) € 90 x (0,T); (1.1)
u(x,0) = up(x), xeq,

where QO C RN (N >4) is a bounded domain with smooth boundary 9Q, 0 < T < oo,
ug € H3(Q), x = (x1,x2,...,xn) € RN with [x| = \/x%—kx%vt -+~ +x%, and parameter p
satisfies the following

§+2, N > 8,
2<p<p=4N
p<p 4
— 42, 4 .
N—4+’ <N <8
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Many scholars have been devoted to the topic on the global existence and blow-up phe-
nomena of the second-order partial differential equations (or a system of partial differential
equations) and there have been fruitful results (see [1-4,7,10]). However, there are fewer stud-
ies on higher order equations (see [6,15] and references therein). In particular, the fourth-order
parabolic partial differential equations have some applications in the fields such as materials
science, engineering, biological mathematics, image analysis, etc.

King et al. [11] investigated the fourth-order semilinear parabolic equation modeling epi-
taxial thin film growth

u+ANu—-V-(f(Vu)) =g, (x,t) € QA x (0, 400),

by using the technique of semi-discrete approximation, they obtained existence, uniqueness
and regularity of the weak solutions under appropriate conditions and derived the long-time
asymptotic behavior.

The authors of [5,16] considered the following p-biharmonic parabolic equation with log-
arithmic nonlinearity

uy — Aup + A (|Au|”72Au) = |u|"?ulnu, xe€Q, t>0;
u(x,t) =Au(x,t)=0, xe€od), t>0;
u(x,0) = up(x), x e Q.

Comert and Piskin [5] considered the case of 2 < p < g < p(1+ &), they obtained the
existence of the unique global weak solutions and decay polynomially of solutions by using
the potential wells method and logarithmic Sobolev inequality. For max {1, 1\%]4} <p<g<
p (1+ %), Liu and Fang [16] established the local and global solvability, infinite and finite
time blow-up phenomena of weak solutions in different energy levels. Moreover, the life span
in different energy cases and extinction phenomenon are discussed.

Do et al. [8] considered the following higher-order reaction-diffusion parabolic problem

‘u’t4+A2u:k(t)|u|plu, x€Q, t>0;
x

u(x,t) =~Au(x,t)=0, xedO), t>0;
u(x,0) = up(x), x € Q.

The main difficulty is that the methods of [9,14,19] are no longer valid due to the presentation
of singular potential. To overcome this difficulty, the authors of [8] combined the technique
of cut-off with Hardy-Sobolev inequality and Faedo—Galerkin approximation to establish the
local well-posedness. They also obtained the existence and decay estimation of a global weak
solution. What is more, they discussed the upper and lower bounds on the blow-up time of a
weak solution in [18].

In view of the works mentioned above, we consider the problem (1.1) with strong damping
and logarithmic nonlinearity. In fact, the third derivative term Au; can be regarded as a
damping term, which has effect on the qualitative properties such as blow-up, decay and
so on. Mathematically, the logarithmic nonlinearity does not satisfy monotonicity and may
change signs, thus the problem with logarithmic nonlinearity is more difficult than the one
with power source. To the best our knowledge, this is the first work in the literature that
takes into account a singular fourth-order equation with strong damping and logarithmic
nonlinearity.
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The paper is organized as follows. In Section 2, we introduce some potential wells, basic
definitions and important lemmas. In section 3, we prove the local existence and uniqueness
theorem. In Section 4, we prove the global existence and discuss the asymptotic behavior of
solutions. Finally, in Section 5, we discuss the finite time blow-up of weak solutions and give
the upper and lower bounds for blow-up time.

2 Preliminaries

In this section, we introduce some notations, basic definitions and lemmas that will be used
throughout the paper. For convenience, we denote the norms

fully == Nullory  Mully = Ml [[Bully = lullmq)

For u € H3(Q)), we define the potential energy functional and Nehari functional as

J) = 5 Nl + ol = [l d, eRY
I(u) = || Aul — /Q lul? In |u] dx. 2.2)
Then it follows from (2.1) and (2.2) that
1 1
I = St + (5= ) Iaul+ - ul}. @3)

Furthermore, we introduce the following sets
Wi={ueH}(Q)|J(u)<d}, Wo={uecHjQ)|](u)=d}, W=WUW,
Wi ={u€e Hj(Q) | J(u) <d I(u) >0}, W, ={ueHjQ)|](u)=dI(u)>0},
s = {ue Hy(Q) | () <d,1(w) <0}, W, = {ue H}(Q) | [(u) =d,1(u) <0},
WH=W,/UW}, W =W, UW,,
and the Nehari manifold
N = {u € H(Q)\{0}, I(u) = 0}.
The depth of potential well is defined as
d = inf .
nf J(u)
Next, we give some definitions.
Definition 2.1 (Weak solution). Let T > 0, the function u € L®(0, T; H3(Q))) is a weak solution
of problem (1.1) on Q) x [0, T), if

up € L*(0, T; HY (QY)), W € L2(0,T; L2(Q))),

u(x,0) = ug (x) € H3 (Q) and u(x, t) satisfies

<’;T4,v> + (Au, Av) + (Vuy, Vo) = <|u|”_2uln|u| ,v>,

for any v € H3(Q)) and t € [0, T).
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Definition 2.2 (Maximal existence time [20]). Let u(x,t) be a weak solution of problem (1.1),
we define the maximal existence time T}, as follows

Timax = sup {T > 0; u(x,t) exists on [0, T]}.
(i) If Tyax = 400, we say that the solution u(t) is global;

(i) If Tx < +oo, we say that the solution u(t) blows up in finite time and Ty is the
blow-up time.

Definition 2.3 (Finite time blow-up). Let u (x,t) is a weak solution of problem (1.1). We say
u (x,t) blows up in finite time if the maximal existence time T4 is finite and

t
lim
t—=Tpax /0

In order to deal with the singular potential, we introduce the cut-off function

2
u(7)

[x[*

+ || Vu (7)]3 | dt = +oo.
2

On (x):min{\x|74,n}, neNt,
and the following Lemma 2.4.

Lemma 2.4 (Rellich’s inequality [8]). Let N > 4 and u € H3(Q). Then W € L2(Q) and there

exists a constant Ry > 0 such that

/ i ‘dx< 16 s [ |aufdx = Ry [ P
0| N -4 /o 0

Next, in Lemma 2.5, we describe some basic properties of the fiber mapping | (Au) that
can be verified directly.

Lemma 2.5 ([5]). Assume that u € H3(Q)\{0}, then
(i) lim)\%m ](/\M) =0, lim/\%Jroo](/\u) = —00Q.
(ii) There exists a unique A* = A*(u) > 0 such that 5 J(Au)|,_,. = 0.

(iii) J(Au) is increasing on 0 < A < A*, decreasing on \* < A < o0, and attains the maximum at
A= A%

(iv) I(Au) > 0for 0 < A < A*, I(Au) < 0 for A* < A < 400, and [(A*u) = 0.
We introduce the following inequality to deal with the logarithmic nonlinearity.
Lemma 2.6. Let y be a positive number. Then we have the following inequalities:
sPIns < (ep) sPT#, foralls > 1,

and
sPIns| < (ep)™!, forall0<s < 1.

The next result is the Gagliardo—Nirenberg inequality.
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Lemma 2.7. For any u € H3(Q), it holds that:

0 1-6
poi < Co llaully ufly =0

el <

4
N(p+p—2)

where 0 € (0,1) is determined by 6 = A7)

depends on N, p.

,0<u< %+2—p,andtheconstant Cc >0

In order to prove the decay estimation of weak solutions, we will introduce the following
lemma.

Lemma 2.8 ([12]). let f : RY — R™ be a nonincreasing function and ¢ be a positive constant such
that:

—+o0
[ < L )f), Vo
t
Then we have

(i) f(t) < f(0)e'=, for all t > 0, whenever ¢ = 0.

(i) f(t) < £(0) (1i2%t)%,for all t > 0, whenever o > 0.
The following is the concavity lemma.
Lemma 2.9 ([13]). Suppose that a positive, twice-differentiable function ¥ (t) satisfies the inequality
Y)Y () — (14 0)(¥'(t)* >0,

where > 0. If ¥(0) > 0and ¥'(0) > 0, then ¥ (t) — oo as

bt <=

0¥ (0"

3 Local existence

In this section, we prove the local existence and uniqueness of weak solution to problem (1.1).

Lemma 3.1 ([16]). Let N > 4,2 < p < p. Then, for any n € Nt and any initial date u,o € Cy (Q)),
there exists a unique weak solution u, € L®(0,T; H5(Q)) and u,; € L?(0, T; H(Q)) satisfying the
following equation

0n (%) (un), + D21y — Mitn), = |un|P2unIn|u,|, x € Q,t>0;
up(x,t) = Aun(x,t) =0, x €90,t > 0; (3.1)
Uy (x,0) = uyo, x € Q.

Theorem 3.2. Let ug € H5(Q)\ {0}, 2 < p < p. Then there exist T > 0 and a unique weak solution
u(x,t) € L*(0,T; H3(Q)) of problem (1.1) with uy € L*(0,T; HY(Q)), 4 € L?(0,T;L*(Q))

7 |x|2

satisfying u (x,0) = ug (x). Moreover, u(x, t) satisfies the energy equality

[ (2]} + 19l )z + g = o), o<t <.
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Proof. We divide the proof of Theorem 3.2 into 3 steps.

Step 1. Local existence

We use Lemma 3.1 and approximation to prove the local existence of weak solutions to prob-

lem (1.1).
By Lemma 3.1, we know that u,9 € C§° (Q2) such that

Uno — to (x)  strongly in H (Q),

and
(pn ()1t ) + (Bitn, Ag) + (T, V) = (fitn| I fta ], 9)

Especially, taking ¢ = u, in (3.3), we get
(n (%) tint, Un) + (Duty, Muty) + (Ve Vuy,) = <|un|p72un In |u, | ,un> .

Integrating the above equation over [0, t], we have

3 Now Olun 0|2+ [ s (2) Btz + 3 190 1113

- % [low o) (0)‘(2+%|\Vun (0)H§+/Ot/Q it (T)|P 10 14 ()| dxdlT.

Let . % ) . , .
S (1) = 5 ||la () (1) + 5 1V ()] + /0 |Au, (1) 2 dx.
We observe that ,
S (1) = S, (0)+/0 /Q|un|pln|un|dxdr.

From Lemma 2.6, we get

[ ol i dx = [ it 1 14
Q M ={xe|u,(x)|>1}

lun|? In|uy| dx

+
Qo={x€|u,(x)|<1}

< _1/ Ptig
< (ep) Oy ={xeQ;|u, (x)|>1} i i

-1 +
< (ep) ™ lJunllpiy-

Then, by Lemma 2.7, Young's inequality and (3.7), we obtain

~1 +
I a0 e < Gen) ™ 2

- 4 1-6
< (e‘u) 1CG HAunHZ(Pﬂl) Hunué )(p+n)
2(1-6) (p+p)
< (ep)™"Cae [ A3+ (er) ' CaC (&) [,

2(1-0)(p+p)

< (ep) 'Cae || Aunf3 + (ept) " 'CoC (€) By || Ve, "7,

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

where B; is the best constant of the Sobolev embedding H}(Q) < L*(Q)), ¢ € (0,1), and we

choose y > 0with2 < p+pu < % + 2. Substituting (3.8) into (3.6), we get

Su () < Ci+C /Ot (S, (7)]%dT,

(3.9)
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where C; =

S (0) _ (ew)'CeC(e)2*By g = AHA-Np=Np+2N g 4(p+p)—-8 <1
1—(ep) ' Cge’ 2 1—(ep)'Cee ’ 8—N(p+u—2) 2(4+N)—N(p+p)
By direct calculation, we obtain

Sn(t) <Cr, (3.10)

where Cr is a positive constant dependent on T.
Now, multiplying the first equation of problem (1.1) by u,; and integrating on Q) x (0, f),
we obtain

L (et

By the continuity of the functional J (1) in H3 (Q) and (3.2), there exists a constant C > 0
satisfying

IV )T o () = T ), 0SEST. (G

J(un) < C, for any positive integer n. (3.12)
Applying (2.1), (3.5), (3.8), (3.11) and (3.12), we obtain

1 1 1
C > J (uo) > J (tn (1)) = 5 || Al + P 1}, = p/ﬂ |14 |7 I |14, | At
1 2 1 Cge 2 CeC(e) By 20
> 2 IA ot ]]? = ZEE [ A |2 — =EELEL
2 5 [ Auallz + 5 llually per [ Aun ], per IVuull;
1 CG8 2 1 CGC (8) Blz"‘ «
=) |IA _ p_==\")7"
> (57550 Dol -+ s ol - < B % )t
namely
A |3 + [|ua ], < C. (3.13)
From (3.11)—(3.13), it follows that
[0 () | Lo 0,7;2(0)) < €, for any positive integer 7, (3.14)
[ttn ()| 10,7500 () < €, for any positive integer 7, (3.15)
|| 4t (£) 20,712 )y < €, for any positive integer 7, (3.16)
1 e
H lon ()| 2ttt PO = C, for any positive integer n. (3.17)

By (3.14), (3.16) and the Aubin-Lions-Simon lemma (see [17], Corollary 4), we get
u, —u in C(0, T; L*(QQ)). (3.18)

Therefore, u,(x,0) — u(x,0) = up(x) in L?(Q). By (3.18), we have u, — u a.e. (x,t) €
Q x (0, T), this implies

[P 2w In | = |u|P 2 uln|u| ae. (x,t) € Qx (0,T).

On the other hand, by a direct calculation and the Sobolev inequality, we have

2 2
/ ‘|un|p_2unln|un| dx:/ ‘]un|p_2unln|un| dx
(9] Oy ={xe;|u, (x)|>1}

2
dx

+/ ‘\un\”’zunln!unl
Qo={x€;|u,(x)|<1}

_ 2(p—1 _
< (ep) P Hluallah 310 + T (p = 1] 210

< (ept) 2B | Aun |37 4 e (p - 1)] 72 1Qf < C,
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where B; is the best constant of the Sobolev embedding H2(Q) — L*P~1+1)(Q)). Here we
choose 0 < pt < 345 +2—p, p < 33 +2, we know that

H|un|”_ Uy In |1y

< C, for any positive integer 7. (3.19)

L*(0,T;L2(Q))

By (3.14)-(3.19), there exist functions u and a subsequence of {u,}, _; which we still denote
it by {u,},_; such that

Uy — U weakly star in L*(0, T; H3(Q)), (3.20)

Upt — Uy weakly star in L?(0, T; H} (Q)), (3.21)

]pn(x)|%unt — x| 2wy weakly star in L?(0, T; L*(Q))), (3.22)
1| 21 In 1| — |u|P " uln|u| weakly star in L®(0, T; L2(€2)). (3.23)

By (3.20)-(3.23), passing to the limit in (3.3), as n — +oo, it follows that u satisfies the initial
condition u(0) = uy,

<]x|_4ut,q)> + (Au, Ag) + (Vuy, Vo) = <|u|p_2uln |1 ,(p> ,
for all p € H3(Q)), and for a.e. t € [0, T].

Step 2. Uniqueness
Suppose there are two solutions #; and u; to the problem (1.1) with the same initial condition
uy (x,0) = uz (x,0) = ug (x) € H3(Q), we have

(x|, 0) + (Mg, 80) + (i, Vo) = (fn]”un In fur] 0, (3.24)

and
<|x]_4u2t,v> + (Aup, Av) + (Vuy, Vo) = <|u2|p_2u2 In |uy| ,v> . (3.25)

Let w = u; — up and w(0) = 0, then by subtracting the (3.24) and (3.25), we can derive
/ |x]_4wtvdx+/ AwAvdx—l—/ VwVodx = / (]u1|p_2u1 In Juy| — |uz|P~2uy ln|u2]) vdx,
0 0 0 0
Let v = w and integrating it on [0, t|, we obtain

g |P 2y In [uy | — Jun|P 21 In |us)|
w

1 _ 2 1 t
2 [+ [ nawldx+ 3 vl = | wdxdr,

then

]|Vw||2<2/ / fl) = F(¥2) 2ie,

where f(s) = |s|’"*sIn s|. By the Lipschitz continuity of f : Rt — R*, we have
2 ! 2
Vol <2Cu [ [ Vwl3dr.

Employing the Gronwall’s inequality, the above inequality yields that || Vw3 = 0. Thus, we
have w = 0 a.e. in Q) x (0, T). Therefore, the uniqueness of problem (1.1) can be deduced.

Step 3. Energy equality
Multiplying (1.1) with u; and integrating over Q) x (0, t) to obtain the energy equality

/Ot (H|x|—2utH§ + ||Vut||§>dr—|—](u (1) =] (u), 0<t<T. (3.26)

The proof of Theorem 3.2 is completed O
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4 Global existence and decay rate

In this section, we are concerned with the existence of global weak solutions to problem (1.1)
and show that the norm ||u(t)|| H2(qy) decays exponentially.

Theorem 4.1. Assume that uy € W™, then problem (1.1) admits a global weak solution u €
L*(0,00; H3(QY)), ur € L*(0,00; H}(Q)) with X5 € L2(0,00;L2(Q)), and u(t) € W+ for 0 <

|x|
t < oo. Moreover, if ug € Wi, then

3 ¢

C
1Aul3 < ||Aug|3e' ™ Gf, t>0,

2_
where C3 = 1 — (](zo)) P! Cy = w, By is the best embedding constant.

Step 1. Global existence

Proof. In order to prove the existence of global weak solutions, we consider two following
cases.

Case 1. The initial data uy € W;".
Combining J(up) < d with (3.26), then we get

q

where Ty, is the maximal existence time of solution u(t), we shall prove that T = +o0.
Next, we will show that

2
223

I«

+ Vuti) dt+J(u(t) =] (uo) <d, 0=t < Ty, (4.1)
2

u(x,t) € Wi forall 0 <t < Ty (4.2)

In fact, assume that (4.2) does not hold and let £, be the smallest time for which u(t.) ¢ W;".
Then, by the continuity of u(t), we have u(t,) € 9W;". Hence, it follows that

J(u(ts)) =d, (4.3)

I(u(t)) =0. (4.4)

Nevertheless, it is clear that (4.3) is invalid by (4.1). On the other hand, if (4.4) holds, by the
definition of d, we have

J(u(t)) = inf J(u) =d,

which also contradicts with (4.1). Hence, we have u(x,t) € W;" such that I (u(t)) > 0.
Consequently, it follows from this fact and (2.3) that

2

£ Ut 2 1 (1 1) 2 1

— || +||Vu dt+ =T (u)+ (= — = ) ||aull; + = ||u||? < d, (4.5)
/( + ) S0+ (5= ) w4 el
namel
' f ? 1 1 1

U 2 2 p

| ( o 2+w2)dr+<2p) ol + 2l < 46
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This estimation allows us to take T;;,x = +00. Hence, we can conclude that there is a unique
global weak solution u(t) € W, of the problem (1.1).

Case 2. The initial data uy € W,'.

Firstly, we choose a sequence {6}, _; C (0,1) such that %1_1}1 0,, = 1. Then we consider the

following problem

|u|t4+A2u—Aut: \u|p_2uln|u|, (x,t) € QA x (0,T);

x

u(x,t) = Au(x,t) =0, (x,) € 9Q2 x (0,T); 4.7)
u (x,0) = gy = Onio(x), xe Q.

Due to I (A (ug)) = I (up) > 0, we have A = 1. From lemma 2.5, it follows that A* > A = 1.
Hence, from 6,, < 1 < A* we can deduce that I(ugy) = I(6410) > 0 and J(uom) = J(Onip) <
J(uo) = d, which means u,, € Wl+ . Using the similar arguments as the Case 1. We find that
problem (4.7) admits a global weak solution u.

Step 2. Decay estimate

From uy € W;" and the conclusions of the global weak solutions, we know that u(t) € W;".
Hence, by (2.3), we have

1 1 1
(2 _ p) I+ el < J(u(8)) < J (o) < . (48)

Through a direct calculation, we arrive that

1 1 1
M| (5 ) Il lully] = Fvvue) = g @9)

where Ay = max{(1*)?, (1*)?}. Combining with (4.8), we get

>1, (4.10)

so we can infer that A, > 1, it implies

/\*2< a >p>1. (4.11)

~
—
=
o
S—

From (2.2), we have

0=I(A"u) = (A)? IIAullﬁ—(A*)p/ P In [ dx — (A)P In(A") [[ull}
Q

(4.12)
= (A1) = [(A) = ] dull3 = (A In(A*) [Ju].
In view of (4.11) and (4.12) we have
I(u) = [ulln (V) + [1= (A)2P] aul3 > Cs |lau3, (4.13)

where C3 =1 — ( d )%71.
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According to equation (2.2) and lemma 2.4, we obtain

T T 2
/ I(u)ds:/ (HAuHZ—/ yu\Plnyu\dx> ds
t t Q

2
1 T d u d 2
- -3/ (dt o 2+dtw2) ds
1w 1w
u u
=3 | HIVedIlz | -5 2|+ | Vu (1)) (4.14)
‘X’ 2 ‘x’ 2

2
2Ol a2
<P |,

<RN—|—B

< (BN5E) nau 0l = calaw ()15,

where Cy = w, By is the best embedding constant.

By (4.13) and (4.14), we get
T 2 Cy 2
/ |Au(s)||5ds < o |Au(t)||;, forallte [0,T], (4.15)
t 3
let T — +oc0 in (4.15), by virtue of lemma 2.8, it follows that
C
A (£)]13 < | dug 3!

The proof of Theorem 4.1 is completed. O

5 Blow-up phenomena of weak solutions

In this section, we consider the finite time blow-up results of weak solutions with ugp € W—,
and give the upper and lower bounds for blow up time to problem (1.1). For simplicity, we

shall write
1
L(t) ==
(v 2(

5.1 Upper bound for blow-up time

| 2

u(t)
|x

2
+Vum§)-
2

Theorem 5.1. Assume that uy € W=, 2 < p < p. Then the weak solution u(t) of problem (1.1) blows
up in finite time, the upper bound for blow-up time Ty, is given by

pv*
_Uo_

[

Tmax S

(=286~ (]} + 19wl2)

where

2 2
2+ | Vuoll3

(r—2)B

Up
2

Ed

pe (o001 tw)

}, b > max<0,
p—1
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Proof. We will divide the proof into two cases.

Case 1: up € Wy .

We claim that u(t) € Wy for t € [0, Tyuax] provided that uy € W, . Indeed, by contradiction,
there exists a tg € (0, Tyuay) such that I(u(t)) > 0 for t € [0,t9) and I(u(tp)) = 0. Recalling the
definition of d, it is clear that J(u(tp)) > d which contradicts with J(u(t)) < J(ug) < d. Hence,
we get u(t) € Wy for t € [0, Tyax).
From lemma 2.5, as I(u(t)) < 0, there is a A* < 1 such that I(A*u) = 0. Then
*\P
4T = 1)+ (02 (3= )l + S

p
- (5.1)

1
2 ) AullF - = P
< (2 p> I Aullz + 2 el

We show that Tj.y < 400. For any T € [0, Ty ), define the positive function
t
F(t) :/0 L(t)dT+(T—t)L(O)+§(t+b)2, (5.2)

where B > 0,b > 0. We compute the first-order differential and second-order differential of
F(t), respectively, as follows:

F'(t)=L()—L(0)+B(t+D)

:/Ot;tL(t)errﬁ(t+b)

£ u-u
- d /v Vudx | d E+ D),
/0 (/Q ]x|4 x+ A u-Vuy x) T+ p(t+D)

(5.3)

and
F't)=L"(t) +B=—I(u)+p

1
= =l + (5 1) laul3+ - fully +

2
2 5.5
+Vut§)dr+,8]}, (5-3)
2

2

(5.4)

From (5.2)—(5.4), through a direct calculation, we have

F(H)F" (t) — (1+0) [F'()]* = F (1) F" (t)

223

E

+(1+9){H(t)[2F(t)2(Tt)L(O)] {/Ot(

the definition of H(t) is following

n w%) dr+ﬁ(t+b)2] - {/Ot (

2

2
u

H{) = {/ot (

|x[?
- [/;/O <|m|li+Vu-Vut>dxdT+ﬁ(t+b)
X

Ut

=

2 2

+ wg) dt + B
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Applying the Cauchy-Schwarz inequality, Young’s inequality and Holder’s inequality, it is
easy to verify that H(t) > 0 for any t € (0, T). Therefore, choosing 6 = %2 > 0, there are

F(OF' (1) - L[F (1)

2
233

E

> F()F (1) - EF () —2(1 -0 L(0)] {/{f ( + V) dt+p

> F (1) | -p [ (

1
= F(t) |~pJ () + (2= 1) | 8u)3+ ~ [Jul?
2 p

2

2
- wti) dt — pﬁ}
2

(=

=F(t)g(t),

2
+ Vm%) dt+ (1 - p)ﬁ]
2

we denote ¢ (t) as follows

2
1 t
66y = —p )+ (5 =) Nl 4l —p | (' + V> dt+(1-p)p.
2

From (5.1) and u(t) € W; , when we chose 8 € (O, p(d;i(lu"))], we have

1
¢(t) = = pJ (o) + (5 = 1) lawl+fjully+ (1= p) p
Zp(d—J(u))+(1-p)p=0.
Hence, by the above discussions, (5.5) becomes that
F()F"(t) = (1+6) [F (1)]> > 0.

Therefore, Lemma 2.9 guarantees that F(0) > 0, F/(0) = Bb > 0, then there is a T; satisfies

0<Th < (pfg§22(0) such that F(t) — oo, t — T;, we can obtain that
2
Tmax S IBb 2 N ’
(=260 (|2 + 19l
where
e e
<l o
b >max<0,

(rP—2)B
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Case 2: up € W,

By the similar arguments as those in the proof of Case 1. When ug € W, , by continuity we see
that there exists a t; > 0 such that I(u(#)) <0, #Hi > 0 and HVutH% >0 forallt €[0,t).
From energy equality we get

2
h U
J (u(t1)) < J(uo) —/O ( ’x‘tz + V”t%) dt < J(up) = d.
2
The remainder of the proof is the same as Case 1. O

5.2 Lower bound for blow-up time

In this subsection, we shall derive a lower bound for the blow-up time Ty.

Theorem 5.2. Assume that ug € W=, 2 < p < p. Then the weak solution u(t) of problem (1.1) blows
up in finite time, the lower bound for blow-up time T,y is given by

Llfoc(o)
> 7
Tmax - CL([X _ 1)/

where C = 2°(ep) CaC (¢) By, & = LLAHENEON 5 g

Proof. According to the proof proof of Theorem 5.1, we can get u(t) € W~. From problem
(1.1) and equation (2.2), we obtain

L'(t) = / u'utdx—k/Vu-Vutdx
0 0

Jf*
= —[8ul+ [ Jul? inu|dx (50
= —1(u)>0.
Recalling the inequality (3.8) and combining (3.8) and (5.6), it follows that
L' (1) < | (ew) ' Coe =1 [ Aullh + (en) " CeC (¢) Ba | Vull3". (5.7)
In view of (ep) 'Cge—1< 0,0 = 4“;5&?;’;71’521\] > 1 and the definition of L(t), we get
L' (t) < (eu) ' CsC (€) Ba || Vu3* < CLL* (1), (5.8)

where C; = 2%(ent) ' CcC (¢) By. Integrating (5.8) over [0, ), we get

1 1-a 1-«
[ — <
T [L () —L (0)} Crt.
Since « > 1, letting t — Ty in the above inequality and recalling that lim_,1,  L(t) =
+00, we obtain
L'=%(0)
> .
Tonax 2 Cr(a—1)

The proof of Theorem 5.1 and Theorem 5.2 are finished. O
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