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Abstract. In this paper, we investigate the bifurcation results of the fractional Kirchhoff-
Schrodinger—Poisson system

M([u)?)(=A)u+ V(x)u+ ¢p(x)u = Ag(x)|ulPu + [u|>2u  in R,
(—A)tp(x) = u? in R3,
where s, t € (0,1) with 2t +4s > 3 and the potential function V is a continuous function.

We show that the existence of components of (weak) solutions of the above equation
associated with the first eigenvalue Ay of the problem

(=A)P*u+V(x)u=Ag(x)u inR>.

The main feature of this paper is the inclusion of a potentially degenerate Kirchhoff
model, combined with the critical nonlinearity.
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1 Introduction and main results

In this paper, we investigate the bifurcation result of the fractional Kirchhoff-Schrédinger—
Poisson system

M([u]2) (— A1+ V (x)u + pu = Ag(x)|ul? "+ [ufF 2, in R, .
(=8)'¢ = u? in R?,
where s,t € (0,1) with2t+4s >3, A € R, p € (0,1), g(x) € P( )OL%(IR?’)isaweight

function, the non-local coefficient M : ]RJr — R" defined by M(t) = a + bt, where a,b > 0,

and the Gagliardo semi-norm
. 1/2
= ([, -oyiufax)
R3
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Here, we assume that (—A)? is the fractional Laplacian which, up to a normalization constant,
is denoted as () — u(y)
s o u(x) —u(y 3
(=ayutx) =28m | 0w Te—ypre W XER,
for every u € C°(IR%), where B(x) is the ball of R3 centered at x € R® with radius ¢ > 0.

The Kirchhoff-Schrodinger—Poisson (KSP) system, including () as a special model, de-
scribes the interaction of a quantum particle with an electromagnetic field. The (KSP) system
consisting of a Schrdodinger equation coupled with a Poisson equation and a Kirchhoff function
has been studied extensively in various settings, such as Euclidean spaces, fractional spaces,
and Heisenberg groups, due to its strong applications in physics. Some of the main topics
of interest are the existence, multiplicity, and asymptotic behavior as well as the qualitative
properties of the (weak) solutions such as regularity, symmetry, and concentration. For more
information and references, one can consult the following papers [2,6,8-11,23].

The fractional (KSP) system is a generalization of the (KSP) system that involves fractional
derivatives of order s in (0,1). The fractional part of the system introduces new challenges
and difficulties involving fractional derivatives and nonlocal and nonlinear properties. Various
methods and techniques have been developed to deal with these problems, such as variational
methods, the Nehari manifold, Ekeland variational principle, the concentration-compactness
principle, and the mountain pass theorem. We refer the readers to [12,16,22,23]. Benci and
Fortunato in [3] first introduced the Schrodinger—-Poisson system

—Au+V(x)u+¢u= f(x,u), inRR3
—Ap =12, in R?,
to describe solitary waves with an electronic field. More recently, the authors in [16] used

variational methods to obtain nonnegative solutions for an Schrodinger-Choquard-Kirchhoff
type fractional p-Laplacian

|uypi,s
v |x —yl¥

(a4 Dl DY (=AY + V() [l 2] = Af (x,) + (/R dy> ulP's 2y inRY,
where the nonlinearity f satisfies super-linear or sub-linear growth conditions and the param-
eter A is large or small enough. In particular, it can be seen as a special case of the fractional
Kirchhoff-Schrodinger—Poisson system.

On the other hand, bifurcation analysis is an important method of mathematics that studies
how the qualitative behavior of solutions changes as a parameter varies, and moreover, a
bifurcation point may correspond to the appearance or disappearance of the solutions or a
change in their stability or symmetry. For instance, He, in [7], studied the nonhomogeneous
semi-linear fractional Schrodinger equation with critical growth

(=AYu+u=u>"1+A(f(x,u) +h(x)), x€RN,
u€ H(RN), u(x)>0 x € RV,

where s € (0,1), N > 4s and A > 0 is a parameter. They showed that there exists a positive
bifurcation value of the parameter such that the problem has exactly two positive solutions
for smaller values, no positive solutions for larger values, and a unique solution at the bi-
furcation value. Furthermore, many recent works investigate the bifurcation results for the
fractional Kirchhoff or Schrodinger or Poisson equation under different assumptions on the
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potential functions and the non-linearities. Very recently, for p € (1,2) and A is small, Ruiz
[19] demonstrated the existence of a branch of positive radial solutions to the problem

{—Au+u+A¢u = u’i

—Ap =u?, Lm0 ¢(x) = 0.

After that, in [24], Xu, Qin, and Chen established bifurcation results for positive solutions by
using the local and global bifurcation techniques, a priori bounds for elliptic equation, and the

properties of the principal eigenvalues to the Kirchhoff-type problem involving sign-changing
weight functions

—(a(x) + b(x)||u]>)Au = Am(x)u + h(x)u? in Q,
u=20 on dQ).

In [14], the bifurcation results and the regularity for the (weak) solutions of the Schrodinger—
Poisson system

—Au+1(x)pu = Aa(x)|u|P~u+ f(A,x,u), inRS,

—A¢p = 1(x)u?, in R3
are proved, where g, | are weight functions and f satisfies the subcritical and critical growth
condition, respectively.

Motivated by the above works, especially by [19], this paper is dedicated to investigating
bifurcation results to the (weak) solutions of the (KSP) system (P), while overcoming the
challenges due to the lack of compactness in critical case as well as the degenerate nature of
the Kirchhoff coefficient. To our knowledge, no such general results are provided for (P).

More precisely, we put the hypotheses in the following:

(V1) V € C(IR3®) satisfies inf,.s V(x) > Vy > 0, where V; > 0 is a constant;
(V2) meas{x € R3: —co < V(x) < ¢} < +oo forany ¢ € R;

(My)" M € C(Ry) satisfies that for any T > 0, there exists k = x(7) > 0, such that M(t) > T
forallt > t;

(g1) g € L¥/GP(R?) NL¥2(R%) NL®°(R%) and g(x) > 0 a.e. in R3.

It is worth stressing that the degenerate case of Kirchhoff nonlinearity is included in the
assumption of (M;)'.

Before stating our main results, let us introduce some notations. Firstly, thanks to the
Fourier transform, the fractional Sobolev space H*(IR%) is defined by

HR) = {u e ) s [ (e + lafde < o,
R
which is equipped with the standard norm and inter product
1/2
Julle = ( [ 06+ DIaRag) ", o) = [ e+ e
R3 R3

In fact, Plancherel’s theorem in [5] guarantees that ||u||, = ||ii]|, and |||E]°%]2 = ||(=A)2u],
and then

, 1/2 , g
[ullps = (/RS (I(=A)2ul? + ]u|2)dx> , (u,v) = /]1{3 ((=A)2u(—A)20 + uv)dx.
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Furthermore, Proposition 3.4 and Proposition 3.6 in [5] imply that

502 — 2s 2 |u(x ()|2
Iayiul = [ EPIRRE = o5 [ e sy

By virtue of [5, Theorem 6.5], the embedding H*(R3) — LP(IR®), with p € [2,2}], is continu-
ous, where 27 is the fractional Critical Sobolev exponent, defined as 2} = 6/(3 — 2s). Moreover,
let D5(R®) = {u € L% (R3) : [gs |(—A)2u|?dx < oo} be the completion of C*(R%) with respect
to the norm [u]s. The continuous fractional Sobolev embedding D*(R3) «— L% (R?) yields that
there exists a best Sobolev constant

f]R 2u|2dx

S* == ¥
weD(RC)\ (0} ( f]Rs Iu\2~ dx)?/2

so that

Jul2: < clu]s, (1.1)

where ¢ = S, 1/2,

considered as

1/2
E= {u € H¥(R3) : ||u|| = </]R3 (J(=A)2ul® + V(x)|u|2)dx> < oo}.

In this paper, the main solutions spaces E is the subspace of H*(R?),

Obviously, E is a uniformly convex Banach space, see for instance [16].
Now, we state the main results of this paper in the following theorems.

Theorem 1.1. Suppose that s, p € (0,1) and the hypotheses (V1)—(V2), (M1)" and (g1) hold, equation
(P) has the unique bifurcation point (0,0), and there exists an unbounded component C of positive weak
solutions emanating from (0,0).

Notation:
¢ — and — denote the strong convergence and the weak convergence, respectively.

e [P(R%),1 < p < +00, denotes a Lebesgue space, and the norm in LP(IR?) is denoted by

- llp-

¢ C, C; are various positive constants.

2 Preliminaries

In this section, as preparation for proving the main results, we intend to introduce some
fundamental notations, definitions and properties which are essential to the fractional setting.

Lets,t € (0,1), with 2t +4s > 3. Then, it follows that the embedding H*(IR?) — L% (IR%)
is continuous, due to the fact that Bf% <325 =2;. Foranyu € H f(IR®), we define the linear
functional I, : D'(R®) — R by

I,(v) = /3 u?vdx, for any v € D'(R®).
JR
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Obviously, from the continuous embedding H*(R3) — L%(H@) in the above, there exists
Cy1 > 0, such that

342t 3-2t

6 6
@ < ([ leltax) ([ el ) © <o ullel = alulifl, @)

by (1.1) and the Holder inequality, where ¢y = ¢S 172 Hence, according to the Lax-Milgram
theorem, for any u € H'(IR?), there exists a unique ¢/, € D'(IR®) satisfying

/]R3 w?vdx = /H{E}(—A)%(pi(—A)%vdx, for any v € D'(R?), (2.2)

which concludes ¢!, is the (weak) solution of (—A)!¢!, = u? in R3. Consequently, ¢!, can be
represented as

2
b u*(y) _ 1 2 3
cpu—ct/]R3 ]x—yP—thy_Ct\xP—Zt*u' x € R’

where ¢; = T'(3 — 2t)/(73/?2%T(t)) is the t-Riesz potential. Together with (2.1), taking ¢/ as a
test function of (2.2), we deduce that

O = [ gtdx <colulfletl [ dhtax < Slullly. @3

Now, substituting ¢!, in problem (P), it follows that the fractional Kirchhoff-Schrédinger-
Poisson equation

M([u]?)(—A)su + V(x)u+ qbflu = Ag(x) ]u|”_1u + |u|2i_2u in R3.

Definition 2.1. We call that u € H*(R3) is a (weak) solution of problem (P), if for any v € E,
there holds

/]123 (M([u]2)(—A)2u(—A) 20 + V(x)uv + ¢l uv)dx = A/H;Sg(x)|u|p_1uvdx - /]R3 u|*2uvdx.

Furthermore, if there exist sequences (A,), C R and nontrivial (weak) solutions (u,), C E
of problem (P), such that (A,,u,), — (A,0) as n — oo, then (A,0) is a bifurcation point of
problem (P).

For more information on bifurcation, see, for instance [18]. Along this paper, let (D*(IR%))*
be the dual space of D*(IR%) and for each u € D5(IR3), let a functional L : D%(R3) — (D*(R3))*
be the weak formulation, defined by

(L(u),v) = /3(—A)%u(—A)%vdx, for any v € E.
R
Note that, by using the Holder inequality,

[(L(u),0)| < [uls[ols,  (L(u),u) = [u]2. (2.4)

A simple observation of (2.4) yields that L is a bounded linear operator in D*(IR®). Moreover,
write for brevity,

1/2
(u,v)y = /3 V(x)uvdx, lu|ly = </3 V(x)|u|2dx> , forany u,v € E.
R R
Of course, arguing as (2.4), it follows that

[, o)v] < llullvllollv,  (wu)y = ull}.

Now, we are in the position to state some useful lemmas.
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Lemma 2.2 ([13, Proposition 1.3]). If X is uniformly convex and (2.4) holds, then L is of type (S),
i.e. every sequence (u;); € X such that

up —u, (L(uj),uj—u)y —0
has a subsequence that converges strongly to u in X.

Lemma 2.3 ([21, Lemma 2.3]). For any u € H*(R3), the function ¢!, defined in (2.2) satisfies the
next properties.

(i1) L, is continuous with respect to u.
(i) @}, > 0in R® and ¢, = G¢py for any & > 0.

(i3) Ifuy — uin E and u, — u in LP(R3), with p € [2,2%), as n — oo, then for any v € E

o P (Ot (X)o(x)dx = | g (x)u(x)o(x)dx +o(1),

and

/1123 Gbit,l(x)”':}dx — /]R3 ¢! (x)u(x)?dx, asn — oco.

Lemma 2.4 ([15, Lemma 1.1]). Assume that s € (0,1) and (V1)—(V>) hold. If p € [2,2}], then the
embeddings
E — H*(R®) — LP(R®)

are continuous, with min{1, Vo } [u]s < ||u||, for all u € E. Particularly, there exists a positive constant

C,, such that
lullg < Cqllul| forallu € E.

Ifq € [2,2%), the embedding E — L1(IR®) is compact. Furthermore, if g € [1,2%), then the embedding
E — L9(BR) is compact for any R > 0.

Furthermore, to prove the main results, we need the following embedding theorem due to
Lemma 2.1 in [4].

Lemma 2.5. Let s € (0,1) and w € L3/?(R3) N L°(R®). Then the embedding
D*(R%) — L*(R®, wdx)

is continuous and compact, and ||u|2 < Coluls, for all u € D*(R3), with C,, = S;V2||lw]|3)5 > 0.

3 The subcritical case

In this section, we shall demonstrate the bifurcation results of the fundamental problem

M([u]2) (=D u+ V(x)u+ ¢iu = Ag(x)|ulP'u in R?, (3.1)

S

which is of significance in substantiating the proof of the main result. To this aim, let us
consider the property of the first eigenvalue A; () of the problem

(=A)u+V(x)u = Ah(x)u, (3.2)

where h € L32(IR%) N L*(IR3) is a strictly positive function.
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Lemma 3.1. The eigenvalue problem (3.2) has the first eigenpair (A1 (h), 11), where

ol _ Jro I 2v|2+V( )|v[?)dx

0< Aq(h) = = ,
1) = min, Iol1Z, v fw x)|o|dx

and the first eigenfunction u; has one sign. Furthermore, A is decreasing map with respect
to h,ie. if 0 < by < hy € L32(R3) N L*(R?), then Aq(hy) > Ay(hy).

Proof. Let (vi)x C E\ {0} be a minimizing sequence of A;(h) in Calculus of Variations. It can
be normalized so that [p; ii(x)|vk[*dx =1, and

A1(h) = lim (/}m (- )%vk|2dx+/ |Uk|2dx> (3.3)

k— o0

Moreover, the fact that [|v|]s < [v]s for any v € E guarantees that (|vk|)x is also a minimizing
sequence, then we can further assume that vy is positive. Since ||vg||? is a real convergent
sequence in (3.3), we have

0 < logl®> < A+ 1

Consequently, the sequence (v )i is bounded in E. The reflexivity of E yields the existence of
0 < 7 € E such that vy — 7in E and vy — 7 a.e. in IR?, up a subsequence if necessary. Thanks
to Lemma 2.5, we obtain that

/h|vk|2dx—>/ hloPdx  as k — co. (3.4)
R3 R3

Moreover, by the weak lower semi-continuity of the norm | - || and by (3.4), it follows that

0 < ||9]] < liminf||vk]|.
k—o0
Thus, A1 = [|7]|* and 7 is a critical point of ¢(v) = ||v||*/]v]|3,, i.e. for any v € E

/R3 ((=A)3T (—A)20+ V(x)5v)dx /W h(x)|5]2dx
- / (I(=4)29]* + V(x)|z?\2)dx/ h(x)ovdx = 0.
R3 R3

In conclusion, 7 is the first eigenfunction corresponding to Aq, provided that & # 0.
Clearly, the definition of A1 implies at once that Aq(h1) > Aq(hy). O

Proposition 3.2. Let P = {v € E* : v > 0} and let f(x) € P. If (My)" and (V1)—(V2) holds, then
equation
M([u])(=A)P¥u+V(x)u = f(x) inR> (3.5)

has a unique weak solution u in E. Furthermore, the operator K : E* — E, defined by K(f) = u, where
u is the unique weak solution of (3.5), is continuous.

Proof. Of course, if f = 0, then u = 0 is a unique (weak) solution of equation (3.5). Next, put
f #0and set R = [u]? > 0. Then, the problem (3.5) becomes

M(R) (=AY u+V(x)u = f(x) inR>. (3.6)

Problem (3.6) has a variational structure and | : E — R, denoted as

J(u) = +/ (x)|u?dx — (f,u), forallu € E,
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where (-,) is the duality of E, is well defined and of class C}(E). It is easily deduced that
the critical point of J(u), defined by ug, is a (weak) solution of (3.1). We first claim that J is
coercive, bounded below, and sequentially weakly lower semi-continuous in E. Indeed, by
Lemma 2.4 and (M;)’, the Holder inequality implies that

J() > Bty [ Ve =g ul

> —min{x, V0}||u||2 — CfHuH.

»—\NM—\

N |

Consequently, J(u) — oo as ||u|| — oo and so ] is coercive in E. Now, for any minimizing
sequence (uy), in E, with J(u,) — inf,cg J(u) as n — oo, the coerciveness of | guarantees that
there exists K > 0, such that ||u,|| < K. Thus, for all n, it follows from the Holder inequality
that

1 1
()] < max {1, 2M(R)} ital|? + Cpl ]| < max {1, ZM(R)} K2+ CK,

which infers that

1
2M(R)} K? — C4K.

inf J(u;) > —max< 1,
ueE]( n) - {
Hence, | is bounded below. Moreover, if v, — v in E, in view of the weakly lower semi-
continuity of || - ||,

J(0) < timint (MR o+ [ VElen P (,00) ),

n—00

We thus deduce that | is weakly lower semi-continuous. Consequently, it guarantees the
existence of the unique global minimum ug for the functional | in E, and moreover, ug is
obviously a (weak) solution of equation (3.6).

Next, let us turn to imply that ug is also a (weak) solution of problem (3.5). Let R; — R
in R4 and let (ug,); be (weak) solutions of (3.5) with R replaced by R;. Once again, by (M)’
the Holder inequality and Lemma 2.4, we have

min{x, Vo}ug[|> < M(R))[ur )3 + llur |l = (f, ur;) < Cyllug,|. (3.7)

Thus, {ug,} is bounded in E. The reflexivity of E, Lemmas 2.4 and 2.5 yield that, there exists
u € E, such that up to sequences, as j — oo,

(a) ug, ~uinE; (b) ug, — u in L*(R?, wdx); (c) ug, —> u in L1(R%) with g € [2,2}).
(3.8)

Recalling that R; — R and M € C(RR%) in the hypothesis (M;)’, one has

N\w

MR) [ (~)5u(-

zvdx + / x)uvdx
IR3

= lim <M(RJ-)( A)iug (— A)%U+V(x)uR,v> dx

]~>oo R3 U

= (f,v) foranyv € E,
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and so u is also a weak solution of (3.6). Moreover, taking the test function v = ug — u in the
weak form of (3.6) and applying the Holder inequality, we deduce that

= M(R) (L(u) — L(ug),u — ugr) + (u — ug, u — ug)y,
= M(R) ([u]f = (L(u), ur) — (L(ug),u) + [ur]?) + ull}; = (u,ur) — (ur,u) + urlf (3.9)
> M(R)([u]? = 2[ulslur]s + [ur]?) + ull} = 2lullvlurllv + lur]l7
M(R)([uls — [ur]s)* + (lullv — llurllv)* > 0.
We thus have [u]? = [ug]? and ||u|ly = ||ur]||v. Consequently,
(f,u—ugr) = M(R) (L(u) — L(ug), u — ug) + (u — ug,u — ug)y, =0,
and so u = ug a.e. in R® due to the assumption that f # 0. Hence,
u=ugr inkE, (3.10)
and ug; —~ugin E due to (3.8)-(a). Now, we claim that
MR]. —ug in E. (3.11)

From (3.8),
M(R;) <L(uR].),uR]. — uR> = (f,uRj — UR) —/ V(x)uRj(uRj —ugr)dx — 0, asj— oo.
R3

Combining with (2.4) and the fact that D*(IR%) is a uniformly space, ug; — ug in D*(R®) by
applying Lemma 2.2, and moreover ug; — ug in E by using (3.8)—(b). Therefore, the claim
holds and the (weak) solution ug of (3.6) is continuous with respect to R.

Define h : R — R by

W(R) = MzR)<f,uR> ~ ugl?.

Note that, according to the continuity of mappings R — ( 7 by (M;) and R +— ug, h(R) is

also a continuous mapping. Observe that h(0) > 0. In fact, we first claim that 1, with R = 0,
is not a constant. Otherwise, ||ug||y < Cy[upls = 0 for some C; > 0, due to Lemma 2.4, which
implies in particular that uy = 0 a.e. in IR®. Moreover, since u is the (weak) solution of the
problem

M(O)(~A)ug + V(x)ug = f

and f # 0, there is a contradiction with 1y = 0 a.e. in IR3. For such uy,

(0) = 31757 - 0) = lalfy = [wal? > .

Similarly, by using the same argument of (3.7) that ug is bounded in E, there exists a positive
constant C, such that

1 1
|h(R)| = m(ﬂ“R) — Jlug||F] < ;CfH“RH + [lur|ly < Crxllurll + [|url* < C.

Now, denote /11(R) : R — R as h; = h(R) — R. Combining all facts in the above, there exists
Ry > Cf, such that

hl(O) = ]’1(0) >0 and hl(Rl) = h(Rl) — Ry <.
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The intermediate value theorem yields at once the existence of zero-point for h;. In other
words, there exists R > 0, such that

R=h(R) = M}R)<f,uR> — Jug )3 = [ux]?

Consequently, ur is a weak solution of (3.1).

Consider the uniqueness of the (weak) solution of (3.1). Assume at first that there are
distinct (weak) solutions uq,uy € E of (3.1). Let v = uy — uy be the test function for the weak
form of (3.1), which follows that

(a4 bli1]3) (L(ur),u1 — ) + (1,11 — )y, = /Rsf(ul — up)dx
and
(a4 blua]?) (L(uz), u1 — ) + (up, g — )y, = /Rsf(“l — up)dx

being u; and u; are the (weak) solutions of (3.1), where a,b are the constant given in the
definition of Kirchhoff function M. As a consequence,

a(L(uy) — L(uz), uy — u2) + bJy(uy, uz) + (u1 — uz, uy — uz)y, =0, (3.12)

where
J1(u, u2) = [a)3 ([ua)s — (L(u1), u2)) + [u2)3 ([u2]; — (L(u2),u1)).

By virtue of the Holder inequality,

Ji(ur, u2) > [un]2([wa]2 — [wa)s[uals) + [a]3 ([ua]3 — [ua]s[unr]s)
> ([u1]s = [ua]s) (1] — [u2]3) > 0.

Then, clearly, by using the same argument of (3.9), from (3.12), [u1]s = [u2]s and 1]y =
|luz||v. Similar to (3.10), it can be concluded that 1y = u; in E.

Finally, it remains to prove that the operator K is continuous. Let (f;); C E*, f € E* satisfy
fj — f strongly in E* and u;,u € E be the (weak) solutions of (3.1) corresponding to f; and
f, respectively. We only need to prove that #; — u in E. Arguing as in the proof of (3.7) and
(3.11), we conclude that u; — u in E and u; — u a.e. in L(R%), with g € [2,2}), up to a
sequence if necessary. Consequently,

M(u;) (L(uj),uj —uy = (fj,u; — u) — (uj,uj —u)y
= (fi = fruj) + (f,uj—u) — (uj,u; —u)y

—0, asj— oo,
which yields that #; — u in E by Lemma 2.2. This completes the proof. O

We next prove the bifurcation results of (3.1). For any fixed A, first denote the operator
N, : E — E* pointwise for all u, v € E as

(Na(u),0) = [ [Ag()|ul" e — glarfod,
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where (-, ) is the duality of E. We assert that N (u) is a compact operator. Suppose that (u;);
is a bounded sequence in E. Lemma 2.4 yields that there exist a subsequence of (u;); (still
defined by (u]-)]-) and u € E, such that for any R > 0, as j — oo,

(a1) uj—u inE (a2) uj —u in L1(R%), with g € [2,2}) (a3) uj —u ae. in IR3,

(3.13)
By virtue of Lemma 2.3—(i3), obviously it follows that
sup / (¢1,uj — pru)vdx — 0, asj— oo.
o<1 /R
Further, for all R > 0,
sup /3g(x)(|uj|”_1uj - ]u|”_1u)dx (3.14)
lof| <1 1/IR
< sup | [ g(o) (P = ul M| + sup | [ g (gl — Jul? )]
lol|<1 1/ Br ol <1 1/R*\Br

Since g € L% 5-P)(R3), for any & > 0, there is a constant R > 0 so large that

sup /]R3\BR g(x)(|uj|”’1uj — |u|f”1u)vdx

o]l <1
( 1g(x)|77d - (|l + |ulP)?d %H [
< su / xSPx) (/ ui|” 4+ |u Vx) v
o Urogy R\By °
6 _
< sup llgl o 27 ()2 + D) olle

lol<t L7 (R3\Bg)

< 9plop+1 (P p
< P8l ([[ui|P + [[u]|”) sup [[o]]

6
LSTP(]R3\BR) HUHSl
<eg/2.

On the other hand, note that for all R > 0, the embedding E — L7(Bg), with q € [1,2}), is
compact by using Lemma 2.4. Hence, take a subsequence (u; )x C (u;);, such that u; — u in
L9(Bg,) for all g € [1,2}), then up to a further subsequence, still denoted by (u;,)x, we have
that u;, — u a.e. in Bg,. Thus, g(x)|u; [P — g(x)[u[P™ a.e. in Bg,. Furthermore, for each
measurable subset Bg C Bg,, with the help of (1.1), Lemma 2.4 and the Holder inequality, we
have

Py < P < C)P+1

[, sl iax < ligh e, ™ < 07 gl e,

being (u;); is bounded in E. Therefore, (g(x)|uj,[P™), is integrable and uniformly bounded
in L'(Bg,), since g € L% 5-P)(R?) by the assumption. The Vitali convergence theorem shows
that

lim g(x)|uj, [P dx = / g(x)|ulPdx, (3.15)

k— o0 Br, Br,

and so g(x)[u;|PT — g(x)|u|P*! in L!(Bg,), since the sequence (u), )i is arbitrary. Therefore,

sup
l[oll<1

— 0, asj— oo,

[ 8G) (17— ul? o
Br
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and further (3.14) hold. Together with Proposition 3.2, we deduce that the operator Ko N, :
E — E is compact. For the fixed A, let K, : E — E, defined by

K/\:]I—KON/\,

where I is the identity operator. Note that the zeros of K are exactly the (weak) solutions of
the problem (3.1).

Having completed all necessary preparations, now, we are ready to show Theorem 3.3.

Theorem 3.3. Let s, p € (0,1). If (V1)-(Va), (My)" and (g1) hold, equation (3.1) has the unique
bifurcation point (0,0), and there exists an unbounded component Cy of (weak) solutions emanating
from (0,0).

Proof. We first let A < 0. For a fixed A, consider the operator H;(r,-) : E — E as follows
Hy(r,u) = Na(r(Ag()[ul?'u = gla)),  r e [0,1]

We claim that there exists §; > 0, such that
u = Hj(r,u), foranyu € B;,u#0andr € [0,1]. (3.16)

Conversely, if there exists sequences (i), and (r,),, with |[u,|| — 0, u, # 0and r, € [0,1],
such that u, = Hy(ry, u,). In other words, it follows that

S M (=802 V () + gl s = o [ Ag() P Hdx <0 (317)

by the definition of A. Thanks to (M;) and (V7), we get M([un]?)[un]? + ||un||? > 0, and so
lunll = ([un)? + ||un|?)?/? = 0 by Lemma 2.3—(i2). Of course, this is a contradiction with the
assumption that u, # 0 in E and the claim is achieved. Therefore, we can choose ¢ € (0,47),
such that

deg(Ky, B;,0) = deg(I — Hy(1,-), B;,0) = deg(I — H1(0,-), B;,0) = deg(I,B,,0) =1 (3.18)

by applying the homotopy invariance of Hj.
On the other hand, let A > 0 and let ¢y € E, with ¢ > 0. For this fixed A and for any
r € 10,1], denote Hy(r,-) : E — E as

Hy(r,u) = N/\(Ag(x)|u|p_1u - (,b{,u + ).

We claim that there exists 6, > 0, such that u # Hy(r,u) for any u € B;, \ {0} and for any
r € [0,1]. Let us argue by contradiction that if there exists a sequence (v;); C E, with v; > 0
and [[vj|| — 0, as j — oo, such that for any r; € [0,1],

Uj = HQ(T’]‘, Uj), (319)
which yields at once that
M([Uj]?)(—A)SU]' + V(x)vj + 4>f]jvj = /\g(x) ’U]"pflv]' + le/)(x). (3.20)

Moreover, there exists a positive constant Cy, such that [|v;]| < Cp and [v;]s < ||vj|| < Co, being
lvjll = 0 as j — co. Furthermore, up to sequence,

v; =0 ae inR’ (3.21)
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by Lemma 2.4. Consequently, M([v]?) < max{1,a+ bCo} := C}, and then

M(g(x)(max{1, M([0]2)}) ") < M1((Cp) g (x))-

For any € > 0, taking the test function as a first eigenfunction w; > 0, by virtue of (1.1) and
the Holder inequality, since g € L/ ®~P)(R®) by the assumption (g;) and v; is bounded in E,
there exists R, > 0 so large that for all j

x)|vj|Pwrdx < i||P||w
Jrorg, SN < gl o ol am

< cptl villPlwq | < e/2.
81,5 g5, 2110t < 27

Thus, arguing as the proof of (3.15),
/ g(x)[vj|Pwidx = o(1) asj— co.
Bg,

Similarly, according to the assumption (g2), it is easily to see that g(x)|vj|w; — 0 in L!(Bg,)
as j — oo and

Jeos, 8OO < 8l 5 g Wlelnlls < Pl g o ol <6 323

being ¢ € L3/2(R%) by the assumption. In conclusion, from (3.21), (3.22) and (3.23), there is R,
so large that as j — oo

A/ x)|vj|Pwidx — A1((Cy) ™ g(x))/]RSg(x)v]-wldx—/]R3 Po,vwrdx
_/\/ ]U]|”w1dx—|—}\/ (x)]vj\”wldx—Al((Cé)’lg(x))/B g(x)vjwrdx
()5 [, 8 W ondeClaFlo

> /\/ ) oj[Pwydx — A1 ((Ch)~ g(x))/B g(x)|oj|widx — Ce > 0.

Re

(3.24)

Since 1 > 0, (3.20) and (3.24) yield that as 1 — oo, we estimate
M(g(x) (max{L, M([o2)1) ) [ gx)ojmwdx
— max{M([v;?),1} (/ (—A)io;(— )2w1dx+/ v]wldx)
> M(2) [ (~8)io(~8)imdx+ [ V(xojunds
= A [ (Sl orwr + rp(x)aon — g oo ) dx
> M((C) 'g(x)) [ gx)ond,

and so
{A1(g(x) max{1, M([vj]3)} ") — A ((Cp)"g(x)) } /R3g(X)vjw1dx > 0.

Since [ps g(x)vjwidx > 0, we have Aq(g(x) max{1, M([0;]2)} ) > A1((Cy)'g(x)). This is an
obvious absurdum, and we proved the claim.
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Hence, choosing € € (0, d;), we can find the homotopy invariance of Hy, i.e.
deg(Ky, B;,0) = deg(I — H»(0,-), B;,0) = deg(I — Hx(1,-),B;,0) = 0. (3.25)

It follows from (3.18) and (3.25) that (0,0) is a bifurcation point of (P).

Now, it is sufficient to prove the existence of the unbounded component of (weak) solutions
of (3.1). It is important to note that while the classical global bifurcation theorem [17, Theorem
1.3] is relevant to our argument, we cannot apply it directly because the operator K, lacks
the differentiability at u = 0 and of odd-multiplicity eigenvalue. However, by modifying
the global bifurcation theorem in Proposition 3.5 of [1] and replacing these conditions with
the topological degree proofs for (3.18) and (3.25), we can derive an efficient version of [17,
Theorem 1.3] for the assertion below.

For Ay # 0, we claim that (A¢,0) is an isolated (weak) solution of (3.1). Set A < 0. Similar
to the analysis of (3.17), there are no nontrivial (weak) solutions of equation (3.1). Let A > 0.
Assume that there exists a sequence of (weak) solutions (A, u,), C R x E of (3.1), such that
Ayw — Ag and |ju,|| — 0, as n — co. Hence, arguing as (3.24), for any ¢ > 0, there exists
N = N(e) > 0, such that for any n > N(¢),

M (g) (max{ 1, M( ) )Y [ g(x)ojnd
> M([v]-]g)/]R3(—A)%v]-(—A)%wwlx+/]R3 V(x)vjwidx
> (Ao —e) /ng(x)|vj]r’—lvjw1dx — /]R3 4>f,jvjw1dx

> M((C)g(x) [ s(x)vumndx,
which yields an absurdum A (g(x)(max{1, M([v;]?)})~") > A1((C) 'g(x)). Therefore, (0,0)
is a unique bifurcation point of equation (3.1).

Furthermore, if Cy is bounded in R X E, by [17, Lemma 1.2] there is a bounded open set
O C R x E such that (0,0) € O and O contains nontrivial solution other than those in B, C E,
with € > 0 sufficiently small.

Now, we can argue as (1.11) of [17] to conclude that the existence of ¢ > 0 and values A
and A, such that —e < A < 0 < A < e and i(K,,0) = i(Ky,0). Therefore, owing to (3.18) and
(3.25), we have

1=1i(K,,0) =i(Ky,0) =0,

which is an obvious contradiction. Then, Cy is an unbounded component. ]

4 Main result

To determine the bifurcation results of problem (P), for any fixed A, we define pointwise for
u,v€ E, Ty : E— E* by

(Ta(w),0) = [ {ACe) ul? ™+ uf® 2 = gl } o

Suppose that (u,), C E is a bounded sequence in E. Then up to a subsequence, (3.13) also
holds for some u € E by the reflexivity of E. Recalling the compactness result for the operator
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N,, as shown in section 3, it remains to prove that for any v € E,
/3(|un\2;’2un — |u|*2u)vdx — 0 asn — co. (4.1)
R

Since |uy|%*2u, € L&) (R%), v € E and E C L% (R?), the definition of weak convergence
yields at once that (4.1) is achieved. In conclusion, the operator K o T) is also compact using
Proposition 3.2.

Proof of Theorem 1.1. Let Hy : E — E be defined as H) (1) = Ko T, (u), where K is the operator
introduced by Proposition 3.2. Clearly, Theorem 3.3 guarantees the existence of the positive
constants ¢ and J, such that

1, A€ (—¢0),

deg(K,, By, 0) =
8(K, B5,0) {0, Ae(0,¢).

We claim that for any A, with 0 < A < ¢, there exist 41, such that for any r € [0,1] and for the
operator, defined by

r _ p—1,, _ .t 252
(Ty(u),v) = /]1{3 {/\g(x)]u\ u— ¢,u+rlu| u}vdx,
the problem
u—KoTy(u)=0 (4.2)

has no (weak) solutions with ||u|| = ;. Otherwise, if there exists a sequence of nontrivial
(weak) solutions (1), of (4.2), with |lu,|| — 0 and u, > 0, then it yields that

M (a2 lunl? el + [ i = [ {AgCe)anl? 4}
R R

Thanks to (3.24), taking the test function as the first eigenvalue w;, we have

M) (max{L M) )™ [ g(xpumonda
— M([un]2) /H{S(—A)%un(—A)%wldx—k/Rs V(%) unwrdx
_ /1R3 (Ag(x) |un [P uywn — @, upwr + || Loy ) dx

> M((C)'8() [ g(miwndy,

which implies an absurdum that A; (g(x)(max{1, M([ux]?)})™') > A1((C}) 1g(x)). The claim
holds. Hence, the homotopy invariance of the topological degree shows that for any A € (0, ¢)
and R € (0,47)

deg([ — H)\, BR,O) = deg(KA, BR,O) =0. (43)

Fix A < 0. Applying the same argument of (3.24), it follows that

/]R3 {Ag(x)|ulP™ + [u|> }dx < 0.
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Now similar to the analysis of (3.17), there are no nontrivial (weak) solutions of (4.2). Conse-
quently, there exist ¢ > 0 and § > 0, with ¢ < ¢; and § < 4y, such that for any A < € and for
any R <

deg(I — H,, Bg,0) = deg(K;, Bg,0) = 1. (4.4)

By utilizing (4.3) and (4.4), we get (0,0) is a bifurcation point of equation (7). Moreover, simi-
lar to the argument in Theorem 3.3, we imply that the existence of an unbounded component
C of weak solutions of (P). O

References

[1]

(2]

3]

[4]

[5]

[6]

[7]

8]

[9]

[10]

A. Amsroserri, P. Hess, Positive solutions of asymptotically linear elliptic eigen-
value problems, J. Math. Anal. Appl. 73(1980), 411-422. https://doi.org/10.1016/
0022-247X(80)90287-5; MR0563992; Zbl 0433.35026

Z. BINLIN, G. Motica Biscr, M. Xiang, Multiplicity results for nonlocal fractional
p-Kirchhoff equations via Morse theory, Topol. Method Nonlinear Anal. 49(2016), 445-461.
https://doi.org/10.12775/tmna.2016.081; MR3670468; Zbl 1370.35270

V. Bencr, D. FORTUNATO, An eigenvalue problem for the Schrodinger-Maxwell equations,
Topol. Methods Nonlinear Anal. 11(1998), 283-293. https://doi.org/10.12775/TMNA. 1998.
019; MR1659454; Zbl 0926.35125

M. Caroni, P. Puccr, Existence theorems for entire solutions of stationary Kirchhoff
fractional p-Laplacian equations, Ann. Mat. Pura Appl. 195(2016), 2099-2129. https:
//doi.org/10.1007/s10231-016-0555-%; MR3558321; Zbl 1359.35212

E. D1 NEzza, G. Paratuccy, E. VaLpinoct, Hitchhikers guide to the fractional Sobolev
spaces, Bull. Sci. Math. 136(2012), 521-573. https://doi.org/10.1016/j.bulsci.2011.
12.004; MR2944369

X. Dong, A. MAo, Quasi-linear Schrodinger-Poisson equations involving a nonlocal term
and an integral constraint, Sci. China Math. 65(2022), 2297-2324. https://doi.org/10.
1007/s11425-020-1885-6; MR4499518

X. HE, W. Zou, Bifurcation and multiplicity of positive solutions for nonhomogeneous
fractional Schrodinger equations with critical growth, Sci. China Math. 63(2020), 1571-
1612. https://doi.org/10.1007/s11425-020-1692-1; MR4125734; Zbl 1448.35126

S. Liang, P. Pucci, B. Zrang, Multiple solutions for critical Choquard-Kirchhoff
type equations, Adv. Nonlinear Anal. 10(2021), 400—419. https://doi.org/10.1515/
anona-2020-0119; MR4141373; Zbl 1465.35215

S. FENG, L. WANG, L. Huang, Least energy sign-changing solutions of fractional
Kirchhoff-Schrédinger-Poisson system with critical and logarithmic nonlinearity, Com-
plex Var. Elliptic Equ. 68(2023), 81-106. https://doi.org/10.1080/17476933.2021.
1975116; MR4519265; Zbl 1504.35005

S. JiaNG, S. Liu, Infinitely many solutions for indefinite Kirchhoff equations and
Schrodinger-Poisson systems, Appl. Math. Lett. 141(2023), Paper No. 108620. https:
//doi.org/10.1016/j.aml.2023.108620; MR4548433; Zbl 7701304


https://doi.org/10.1016/0022-247X(80)90287-5
https://doi.org/10.1016/0022-247X(80)90287-5
https://www.ams.org/mathscinet-getitem?mr=0563992
https://zbmath.org/?q=an:0433.35026
https://doi.org/10.12775/tmna.2016.081
https://www.ams.org/mathscinet-getitem?mr=3670468
https://zbmath.org/?q=an:1370.35270
https://doi.org/10.12775/TMNA.1998.019
https://doi.org/10.12775/TMNA.1998.019
https://www.ams.org/mathscinet-getitem?mr=1659454
https://zbmath.org/?q=an:0926.35125
https://doi.org/10.1007/s10231-016-0555-x
https://doi.org/10.1007/s10231-016-0555-x
https://www.ams.org/mathscinet-getitem?mr=3558321
https://zbmath.org/?q=an:1359.35212
https://doi.org/10.1016/j.bulsci.2011.12.004
https://doi.org/10.1016/j.bulsci.2011.12.004
https://www.ams.org/mathscinet-getitem?mr=2944369
https://doi.org/10.1007/s11425-020-1885-6
https://doi.org/10.1007/s11425-020-1885-6
https://www.ams.org/mathscinet-getitem?mr=4499518
https://doi.org/10.1007/s11425-020-1692-1
https://www.ams.org/mathscinet-getitem?mr=4125734
https://zbmath.org/?q=an:1448.35126
https://doi.org/10.1515/anona-2020-0119
https://doi.org/10.1515/anona-2020-0119
https://www.ams.org/mathscinet-getitem?mr=4141373
https://zbmath.org/?q=an:1465.35215
https://doi.org/10.1080/17476933.2021.1975116
https://doi.org/10.1080/17476933.2021.1975116
https://www.ams.org/mathscinet-getitem?mr=4519265
https://zbmath.org/?q=an:1504.35005
https://doi.org/10.1016/j.aml.2023.108620
https://doi.org/10.1016/j.aml.2023.108620
https://www.ams.org/mathscinet-getitem?mr=4548433
https://zbmath.org/?q=an:7701304

Bifurcation analysis of fractional Kirchhoff-Schridinger—Poisson systems in IR 17

[11] Z. L1y, D. ZuANG, A new Kirchhoff-Schrodinger—Poisson type system on the Heisen-
berg group, Differential Integral Equations 34(2021), 621-639. https://doi.org/10.57262/
die034-1112-621; MR4335243; Zbl 1513.35179

[12] T. MukHERJEE, P. Puccr, M. X1anG, Combined effects of singular and exponential non-
linearities in fractional Kirchhoff problems, Discrete Contin. Dyn. Syst. 42(2022), 163-187.
https://doi.org/10.3934/dcds.2021111; MR4349781; Zbl 1483.35094

[13] K. PERERA, R. P. AGARWAL, D. O’'REGAN, Morse theoretic aspects of p-Laplacian type operators,
American Mathematical Society, Providence, RI, 2010. MR2640827; Zbl 1192.58007

[14] P. Pucct, L. WANG, B. ZHANG, Bifurcation and regularity analysis of the Schrodinger—
Poisson equation, submitted for publication.

[15] P. Pucci, M. X1ANG, B. ZuANG, Multiple solutions for nonhomogeneous Schrodinger—
Kirchhoff type equations involving the fractional p-Laplacian in RN, Calc. Var. Partial Dif-
ferential Equations 54(2015), 2785-2806. https://doi.org/10.1007/s00526-015-0883-5;
MR3412392; Zbl 1329.35338

[16] P. Pucci, M. X1aNG, B. ZHANG, Existence results for Schrodinger-Choquard-Kirchhoff
equations involving the fractional p-Laplacian, Adv. Calc. Var. 12(2019), 253-275. https:
//doi.org/10.1515/acv-2016-0049; MR3975603; Zbl 1431.35233

[17] P. RaBiNowiTrz, Some global results for nonlinear eigenvalue problems, . Funct.
Anal. 7(1971), 487-513. https://doi.org/10.1016/0022-1236(71)90030-9; MR0301587;
Zbl 0212.16504

[18] P. RaBinowitz, Minimax methods in critical point theory with applications to differential equa-
tions, American Mathematical Society, Providence, RI, 1986. MR0845785; Zbl 0609.58002

[19] D. Ruiz, The Schrodinger-Poisson equation under the effect of a nonlinear local
term, J. Funct. Anal. 237(2006), 655-674. https://doi.org/10.1016/j.jfa.2006.04.005;
MR2230354; Zbl 1136.35037

[20] R. SeErvaDEL, E. VaLDINOCI, Variational methods for non-local operators of elliptic type,
Discrete Contin. Dyn. Syst. 33(2013), 2105-2137. https://doi.org/10.3934/dcds.2013.
33.2105; MR3002745; Zbl 1303.35121

[21] K. TeNG, Existence of ground state solutions for the nonlinear fractional Schrodinger—
Poisson system with critical Sobolev exponent, |. Differential Equations 261(2016), 3061-
3106. https://doi.org/10.1016/j.jde.2016.05.022; MR3527623; Zbl 1386.35458

[22] L. WANG, V. D. RADULEscU, B. ZHANG, Infinitely many solutions for fractional Kirchhoff-
Schrodinger-Poisson systems, J. Math. Phys. 60(2019), No. 1, 011506, 18 pp. https://doi.
org/10.1063/1.5019677; MR3898172; Zbl 1410.35208

[23] M. X1aNG, E. WANG, Fractional Schrodinger—Poisson—Kirchhoff type systems involving
critical nonlinearities, Nonlinear Anal. 164(2017), 1-26. https://doi.org/10.1016/j.na.
2017.07.012; MR3712016; Zbl 1374.35430

[24] X. Xu, B. QIn, S. CHEN, Bifurcation results for a Kirchhoff type problem involving sign-
changing weight functions, Nonlinear Anal. 195(2020), 111718, 14 pp. https://doi.org/
10.1016/j.na.2019.111718; MR4042717; Zbl 1437.35320


https://doi.org/10.57262/die034-1112-621
https://doi.org/10.57262/die034-1112-621
https://www.ams.org/mathscinet-getitem?mr=4335243
https://zbmath.org/?q=an:1513.35179
https://doi.org/10.3934/dcds.2021111
https://www.ams.org/mathscinet-getitem?mr=4349781
https://zbmath.org/?q=an:1483.35094
https://www.ams.org/mathscinet-getitem?mr=2640827
https://zbmath.org/?q=an:1192.58007
https://doi.org/10.1007/s00526-015-0883-5
https://www.ams.org/mathscinet-getitem?mr=3412392
https://zbmath.org/?q=an:1329.35338
https://doi.org/10.1515/acv-2016-0049
https://doi.org/10.1515/acv-2016-0049
https://www.ams.org/mathscinet-getitem?mr=3975603
https://zbmath.org/?q=an:1431.35233
https://doi.org/10.1016/0022-1236(71)90030-9
https://www.ams.org/mathscinet-getitem?mr=0301587
https://zbmath.org/?q=an:0212.16504
https://www.ams.org/mathscinet-getitem?mr=0845785
https://zbmath.org/?q=an:0609.58002
https://doi.org/10.1016/j.jfa.2006.04.005
https://www.ams.org/mathscinet-getitem?mr=2230354
https://zbmath.org/?q=an:1136.35037
https://doi.org/10.3934/dcds.2013.33.2105
https://doi.org/10.3934/dcds.2013.33.2105
https://www.ams.org/mathscinet-getitem?mr=3002745
https://zbmath.org/?q=an:1303.35121
https://doi.org/10.1016/j.jde.2016.05.022
https://www.ams.org/mathscinet-getitem?mr=3527623
https://zbmath.org/?q=an:1386.35458
https://doi.org/10.1063/1.5019677
https://doi.org/10.1063/1.5019677
https://www.ams.org/mathscinet-getitem?mr=3898172
https://zbmath.org/?q=an:1410.35208
https://doi.org/10.1016/j.na.2017.07.012
https://doi.org/10.1016/j.na.2017.07.012
https://www.ams.org/mathscinet-getitem?mr=3712016
https://zbmath.org/?q=an:1374.35430
https://doi.org/10.1016/j.na.2019.111718
https://doi.org/10.1016/j.na.2019.111718
https://www.ams.org/mathscinet-getitem?mr=4042717
https://zbmath.org/?q=an:1437.35320

	Introduction and main results
	Preliminaries
	The subcritical case
	Main result

