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Abstract. This paper is concerned with the existence of positive solutions for asymp-
totically periodic quasilinear Schrodinger equations. By using a Nehari-type constraint
and Moser iteration, we get the existence results which is a complement to the ones
in Chu and Liu [Nonlinear Anal. Real World Appl. 44(2018), 118-127]. Moreover, we
consider a new reformative asymptotic processes of the potential function and the non-
linearity term is only locally defined.
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1 Introduction and main results

We are concerned with the existence of solutions for the following quasilinear Schrodinger
equation

_ " Ay 2) _ N
Au+V(x)u 2\/14_7u2A( 14+ u?) = Ah(u), x € RY, (1.1)

which models the self-channeling of a high-power ultrashort laser in matter (see [2]).
The main mathematical difficulty with problem (1.1) is caused by the quasilinear term
z\/ﬁA(\/ 1+ u?), the natural functional corresponding to problem (1.1) maybe not well de-

fined for all u € H'(IRYN). To overcome this difficulty, various arguments have been developed,
such as a change of variables (see [1,4,5,11,15,17]) and a perturbation method (see [3]). Chu
and Liu [1] proved that (1.1) has a positive solution by using the monotonicity trick and a
priori estimate in the radial space. It is a little surprising that no condition is assumed on the
nonlinear term h(u) near infinity. For the periodic potential, there are references [4,5], they
discussed the following equation

xu
2(1+ u2)Ea)/2

—Au+ V(x)u — [A(1 + u?)*/?] = h(x,u), (1.2)
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where « is a parameter. Jalilian [4] considered equation (1.2) with 1.36 < a < 2 and proved
that (1.2) had infinitely many geometrically distinct solutions. Then, Li [5] extended the re-
sults to 1 < o < 2 and proved the existence of a ground state solution for equation (1.2). Shen
and Wang [11] studied the well potential and got the standing wave solutions for (1.1) with
subcritical or critical growth by using Resonance Theorem and Hahn-Banach Theorem. For
the steep potential well, one can see [15], the authors obtained the existence of a ground state
solution by using the Mountain Pass Theorem, and considered the concentration behavior of
the solution. In [17], the authors considered the constant potential and obtained the existence
and multiplicity of radial and nonradial normalized solutions for problem (1.1) when / sat-
isfies the well-known Berestycki-Lions condition. As far as we know, there are no results
concerning problem (1.1) with the asymptotically periodic potential except [16].

However, the related semilinear equation with the asymptotically periodic condition has
been extensively studied, see [6,8,13,18] and their references. We would like to point out that
in reference [6, 8], they discussed the asymptotically periodic potential and given reformative
conditions which unify the asymptotic processes of V, h at infinity. The asymptotic processes
is weaker than those in [13,18].

In the present paper, we borrow an idea from [1, 6] to discuss problem (1.1) with the
asymptotically periodic potential. Denote

Foi= {k(x) : Ve > 0, limy,| o meas{x € By(y) : [k(x)| > e} = o} .
Then, we give some assumptions on the potential V(x) and the nonlinear term h(s).

(V) 0 < V(x) < Vy(x) € L2(RN), V(x) — Vo(x) € Fo, inf,cgy Vo(x) > 0 and Vp(x) satisfies
Vo(x +z) = Vo(x) for all x € RN and z € ZN.

The function 1 € C(IR, R) satisfies

(hy) thereexistp > 2,5 € (0,1) such that the function s — ?,,(—f% is nondecreasing and h(s) > 0
on (0,4].

(hy) there exists g € (2,2*) such that liminf; o+ Hs(qs) > 0, where H(s) = [ h(t)dt and

2* = 2N is the Sobolev critical exponent.

Now we state our main result.

Theorem 1.1. Suppose that conditions (V') and (hy), (hy) are satisfied, then there is A1 > 0 such that
problem (1.1) possesses a positive solution for A > Aj.

Remark 1.2. (1) We emphasize that no condition is assumed on the nonlinear term /(u) near
infinity in Theorem 1.1. In all these previous works for problem (1.1), among other assump-
tions, the authors always assume that the nonlinear term /(1) has growth conditions near
infinity except [1]. However, Chu and Liu [1] investigated quasi-linear Schrodinger equations
in the radial space. They had the compactness and got certain solutions easily. In our cases,
we do not have compact embedding. Due to the lack of compact embedding, the existence
of ground states of problem (1.1) becomes rather complicated. we borrow an idea from [6] to
overcome this difficulty.

(2) Our results also can be seen as the extension of semilinear poroblem in [6] to the
quasilinear one.

(3) For simplicity, we will abbreviate [i,y k(x)dx as [ k(x).
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Notation: In this paper, we use the following notations.

e H!(RY) is the usual Hilbert space endowed with the norm

Julfy = [, (1902 +32).
RN

e L5(RN) is the usual Banach space endowed with the norm

lulls = [ Jul, Vs € [1,+e0)
RN

|1]lo = esssup, gy |1(x)| denotes the usual norm in L*(RV).

E={ueH(RN): [pnV(x)u? < oo} is endowed with the norm

HMFzéNwa+vwwﬁ-

B/(y) :={x e RN : |x —y| <r}.

C,Cy,Cy, ... denote various positive (possibly different) constants.

2 Some preliminary results

We note that the solutions of problem (1.1) are the critical points of the functional

Ju(u) = % - [(1+2(1L_’;2)> |Vu\2} +§/}RN V(x)u® — A o H(u).

Variational methods cannot be applied directly to find weak solutions of problem (1.1), since
the natural associated functional J;(u) is not well defined in general in the space E. To over-
come this difficulty, we borrow an idea from Shen and Wang [10].

Let F(u fo t)dt, where f is defined by
12

f(H) =4/1+ 0+ (2.1)

After the change of variables u = F~!(v) from ], we get a new variational functional
1 _ _
Iy(v) = 5/ (IVoP+ V) F (@)P) = A [ H(F~'(2)).
RN RN

Since f is a nondecreasing positive function, we obtain |[F~!(v)| < 0 = |v|. From this and

the conditions of #, it is clear that I, is well defined in E and I;, € C ( R) (see [2,10,11] for
details). Now, we give another equation

u2

—div (14 57— | Vu +V(x)u+7|Vu|2 Ah(u), 2.2)
2(1+u?) 2(14 u?)?
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which is equivalent to (1.1). In fact, we only need to show that

2
—div [(1 + M) w] + mwuﬁ = —Au~— 2\/1M+7A(\/1+7).
By a direct calculation, we obtain
u? u
— div [(1 + 2012 u2)> Vu] + (eI |Vu|?
L R S L L S
2(1 4 u?) 2(14u?)  2(1+4u?)?

u 2
% Ay
A+ T 2 VM

u u
= —Au— divVu +Vu-V
2V1 + u? <\/1+u2 \/1+u2>

u
= —Au— ——— A(V1+12).
2vV1 +u? ( )

If u is a weak solution of problem (1.1), then it is also a weak solution of (2.2) and should
satisfy

2
/]RN [(1 + 2(1u+uz)> Vu-Ve+ 2<1_Euz)2|Vu|2(p + V(x)up — /\h(u)cp} =0, (2.3)

for all ¢ € C(RYN). Let ¢ = f(lpu), then, it can be checked that (2.3) is equivalent to the
following equality

F(v) h(E(0) |\ _
/]RN <Vv -V + V(x)ml/) - /\Mw) =0. (24)

Therefore, in order to find the solutions of problem (1.1), it suffices to study the existence of
solutions of the following equation

Fi(w) h(F(0) y
FE@) ~ MfEI)y TR @)

Now, we summarize the properties of F~1, f.

—Av+V(x)

Lemma 2.1. The functions F~1, f satisfy the following properties:
(W 1< f(t) < \J3forall t € R;
(2) 1< OO <60 /Gforall t € R, t #0;
(3) \/31t] < [FN(8)] < |t forall t € R;
(4) %%1%1‘—)0;
(5) F_i(t) — \/gas t— oo;

(6) 0< L <5-2\6forall t € R;
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(7) The function FOED F( ) is strictly decreasing for all t > 0;
(8) The function g ) o M€ (2, p) is strictly increasing for all t > 0.

Proof. The proof of the items (1)-(6) have been proved in [11], we only need to prove items
(7)(8). Let I1(t) = W Since f(t) is strictly increasing in (0, +0c0), one has

0 < F(t /f )ds < tF(t). 2.6)

Then using item (6) and (2.6), we obtain

oy < FO 100 - %P<t><p<t>_tf<t>

f)F(t

The above inequality proves item (7).
Let [,(t) = ﬁﬁF(t)' lo(t) = [u — (5 —2V6)]F(t) — tf(t). It is following from item (6) that

500 = (uF ()~ 170 = 50 (- (6-2v8) - L) >0

We can get that Iy(t) is strictly increasing in (0, +00) and Iy(t) > Ip(0) = 0 for t > 0. Then,
using item (6) again, we obtain

ma—”q{Fm—qm—fm%@]>”4uo>o
T Form [ fi = fEm Y
The above inequality proves item (8). O
Lemma 2.2 ([8]). Suppose that condition (V) is satisfied. Then, the norms || - ||y and || - || are

equivalent in the space E and the embedding E — L*(RN) is continuous for any o € [2,2*].

Lemma 2.3 ([12]). Let E be a real Banach space and I € C'(E,R). Let S be a closed subset of E which
disconnects E in distinct connected components Eq, Ep. Suppose further that 1(0) = 0 and

(1) 0 € Eqy and there is > 0 such that I|g > « > 0.
(2) thereis p >0, e € Ey, |le|| > p, such that I(e) < 0.
Then I possesses a sequence {u, } C E satisfying
) »c>a, (L4 [ual) T ()] = 0, 7)
where c > a« > 0 given by

¢ = inf max I(y(t)), I'={yeC([0,1],E) : 7(0) = 0,7(1) =e}.
vel'te(0,1]

We call the sequence {u,} that satisfies (2.7) ia a (C). sequence of the functional I.

Lemma 2.4. Assume that condition (V') holds. If {u,} is bounded in E and u, — 0 in L{

& (RN) for
a € [2,2%), one has

A= [ (V) = Vo(x)) [ () P = (1),
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Proof. When k(x) € Fy, for any € > 0, there exists R > 0 such that
/ u? < Co/ u? + Cre?N|u||, Vu € E, (2.8)
lk(x)|>e Bre+1(0)

where Cy, C; are positive constants and independent on €. Inequality (2.8) has already been
proved in [8], we omit it here.

Let k(x) := V(x) — Vo(x) € Fo, then, |k(x)| < 2|Vo(x)| < 2||Vo||eo, by using Lemma 2.1-(3)
and (2.8), we have

Al < [ KIF )P < [ ki
RN RN

= k(x)u? +/ k(x)u?

Lk [ o

< 2|[Voleo [Co/ u%+C1€IZVI|unH%} +e/ | |?

Br.+1(0) RN
=o,(1) + CaeV + Cse.

Let € — 0, Lemma 2.4 holds. ]

Lemma 2.5. Assume that condition (V') holds, {u,} C E is bounded, |z,| — +oco. Then for any
@ € CP(RN), one has

-1 Uy
B i= [ (VI03) = Vo) s ol = ) = on 1)

Proof. Since ¢ € CF(RY), we get that
[ b=z =ou(1), 2.9)
Bre+1(0)

Let k(x) := V(x) — Vo(x) € Fo, by using Lemma 2.1-(3), (2.8), (2.9) and the Holder in-
k(x)F~" () k(x)F~" (un)

equality, we have
fOE= (un)) ! /k<e fE=H(un))

Bl < [
Ik|>e
<2Vollo [ fup(x =)l +e [ Jung(x—2,)]
k| >e |k|<e

k|

¢(x —zn) P(x = zn)

1/2
<2illalinlz( [, lol—z)  +elulalol

1/2
§C4<Co / |¢<x—zn>12+c1e2/N|r¢|r%) +Cse
Bge+1(0)
= 0,(1) + Cee"/N + Cse.

Let € — 0, Lemma 2.5 is proved. O

3 Proof of Theorem 1.1

By assumptions (k) and (hy), we get that p < g and
|h(s)s| < Cls|?, V|s| < 6.
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Then, we need to modify h(u) to prove our main results. Set

0, s <0,
g(s) =< h(s), 0<s <y,
CisP7t, s>4.

We can fix C; > 0 such that ¢ € C(R,R"). According to the definition of g, and we can get
the following lemma easily.

Lemma 3.1. Suppose that (hy) is satisfied. Then
(1) limg 4o @ = +o0, where G(s fo
(2) there exists C > 0 such that |g(s)s| < C|s|P and |G(s)| < C|s|? forall s € R.
(3) there exists u € (2, p) such that the function s — g ) s strictly increasing on (0, +00).

Let us consider the modified equation of problem (2.5) given by

-1 0 -1 0
—No+ V(x)f(FF_l((U))) = A?Ei—lgv;;’ x € RV (3.1)

We note that the solutions of problem (3.1) are the critical points of the functional

1
I(v) = */ (Vo +V@)[E (0)) =2 [ G(F7}(v)).
2 JRN RN
In order to prove our results, we need the periodic problem as follow
F (o) g(F~'(v)) N
—Av+ Vo(x =A , x € RY, (3.2)
MO FE) )

whose corresponding energy functional is denoted as

io0) = 5 [ |17+ WIF @] - [ 6o F (o)),
Define

N={ueE:{I'(u),u) =0u#0}, No={u€E: (Ij(u),u) =0,u #0},
R S R

Then we can deduce the following lemma.

Lemma 3.2. Suppose that conditions (V) and (hy), (hy) hold, then for each u € E, u # 0, there is a
unique t, > 0 such that t,u € N. Moreover, the maximum of I(tu) for t > 0 is achieved at t,,.

Proof. By Lemma 2.1-(3), Lemma 3.1-(2) and the Sobolev inequality, one has

CG(F(tu)) < C/ )P < CtP/ P < CHP||ul]”. (3.3)
R
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It follows from Lemma 2.1-(3), (3.3) and Lemma 2.2 that

Y (t) = I(tu) = 2/ [yv (tu) 2+ V (x)|[F~ 1 (tu) 12] A/ “1(ty))

| \/

[ IVup+ 3/ Yu2 — ACH ||ul|?

| \/

*Hullz ACH [u|.

Therefore, we can get ¥(t) > 0 whenever ¢ > 0 is small enough.

Let O = {x € RN : u(x) > 0}, then thanks to Lemma 3.1-(1), Lemma 2.1-(3)(5) and the
Fatou Lemma, we can deduce that

-1 -1 2
0 e GEN) PP,
t2 twoo Jo |[F1(tu)|? (tu)?

Hence, ¥(t) — —oo as t — oo and ¥ has a positive maximum.

The condition ¥'(t) = 0 is equivalent to

_ AG(E~M(tu))  V(x)F!(tu) ]
/IRN [vuf* = /]RN [tuf(Fl(tu)) f(F=1(tu))tu "

I?

. 1
lim sup < Z|lu
—00 2

Let

"~ f5)E(s)  f(5)E(s)
By Lemma 3.1-(3) and Lemma 2.1-(7)(8), s +— Z(s) is strictly increasing for s > 0, so there is a
unique #, > 0 such that ¥’(t,) = 0. The conclusion is true since ¥’(t) = ¢t~ (I'(tu), tu). O

Z(6) i 8 _ V(s

Lemma 3.3. Suppose that (V) and (hy), (h2) hold. Then
(i) there exists p > 0 such that ||u|| > p for allu € N.

(ii) the functional I is bounded from below on N by a positive constant.

Proof. (i) For any u € N, By Lemma 3.1-(1)(2), Lemma 2.2-(1)(3) and the Sobolev inequality,
we have

5 F1(u) g(F~'(u))
Sl < fo 190 VO ety = fo FEr

< AC/ P < AC||ul]?.
IRN

Hence, there exists p > 0 independent of u such that ||u| > p.
(ii) It follows from (3.3) and Lemma 2.1-(3) that

2 -1
2/ Vul g [ VEIET @R [ GE W)
> 3l = AC] ]

Since p > 2, there exists ¢ > 0 such that I(u) > %2 > 0 for ||u|]| = ¢ > 0. For any v € N, there
exists f; > 0 such that #]|v|| = . By Lemma 3.1-(1)(2), we obtain

o2
47
This completes the proof. O

I( ) > I(tﬂ)) Z
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Lemma 3.4. Suppose that conditions (V) and (hy), (hy) are satisfied. If u € N and I(u) = c, then u
is a ground state solution of problem (3.1) (see [8,16]).

It follows from [16] that the periodic problem (3.2) has a positive ground state solution u.
From Lemma 3.2, there is a unique ¢, > 0 such that t,u € N. Moreover, the maximum of
I(tu) for t > 0 is achieved at f,,. Thanks to V(x) < Vj(x), we obtain

c< I(tuu) < IO(tuu) < IO(”) = Co, (3.4)

hence ¢ < cp. Thanks to Lemma 3.3-(ii), we can also get ¢ > 0.
As the argument in [14, Theorem 4.2], we obtain the following lemma due to Lemmas 3.1-
3.3.

Lemma 3.5. Suppose that (V') holds, h satisfies (hy), (h2), then

= inf I = inf I(tu) = inf I(vy(1)),
¢ = inf I(u) = Infmax(fu) = inf max I(7(t))

where T = {y € C([0,1],E) : v(0) = 0,I(~(¢)) < 0}.

The above lemma is also valid for functional Ij.
Next, we will give the boundedness of the Cerami sequences.

Lemma 3.6. Suppose that conditions (V) and (hy), (hy) hold. Let {u,} C E be a (C). sequence for
the functional 1. Then {u,} is bounded in E .

Proof. Suppose by contradiction that {u,} C E be a sequence such that ||u,| — oo, I(u,) — ¢
and (14 ||un|)||I'(un)|| — 0. Set v, := ﬁ, then, there is a v € E such that v, — v in E,
vy, = vin L2 (RY) and v,(x) = v(x) a.e. in RV.

Ifv #0,let Q. = {x € RN : v(x) > 0}, then meas (). > 0. For a.e. x € Q,, one has

Up(x) — +oo as |uy|| — +oo,

since v, (x) = “) _ 5(x) > 0 for a.e. x € Q,, from Lemma 2.1-(5) and the fact that F~1(£) is

=
strictly increasing, we can deduce that for a.e. x € (),

F Y (u,) = 400 as ||uy| — +oo.

It follows from Lemma 2.1-(3)(5) and Lemma 3.1-(1) that

] I(uy)
0 = limsu
PR TE
Hunl®> = A fgn G(F!
< limsup QH“HH f]RNZ ( (un))
300 (A
R GIF () [F )P
=5 ~AMiminf | ( i) w2
= —0Q.
A contradiction, thus v = 0. Define
B := limsup sup vidx.

n—co  ycRRN Y Bi(z)
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If B = 0, by the Lions lemma [14, Lemma 1.21], we get v, — 0 in LF(RN) for p € (2,2%). It
follows from Lemma 3.1-(2) and Lemma 2.1-(3) that

/ G(F ' (ton)) < c/ Lton)|P < Ctp/ (oa]? = 0a(1), (3.5)
RN N
for any t > 0. Especially, set t = 4,/c, we obtain
[ G @v/eon) = 0,(1). 36
RN

By Lemma 2.1-(4), one has F~!(4+/cv,) — 4+/cvy,, since 4,/cv, — 0 a.e. in RN, Then, we can
deduce that

Jo V)[40~ [F (4ew,) ] = 0a(1). 7)
Setting
-1 -1
and
s 2 1
K(x,s) = [ k(x, 0t = AG(F(5)) = 3V (x)[F(5) P 4+ 5V ()
Then,

_ 1 2 2
I(u) = E/IRN[|W| V()] —/RN K(x,u). (3.8)
Thanks to (3.6) and (3.7), we can obtain that

/]R K(x,4+/cvy) A/ “(4v/cvp))
s / [(av/eo, = [F (420, ] = 0u(1).

By the continuity of I, there exists t, € [0,1] such that I(t,u,) = maxg<t<1 [(tuy). Since

lun|| — oo, we have ﬁlﬁ < 1 when 7 is large enough. Hence, one has
n

I(tyttn) + on(1) > I <mu> +on(1) = I(4y/c0n) + 0(1)

— 8¢||on || — /RN K(x, 4+/con) + 0n(1)
=8¢ +0,(1).

Note that I(u,) — ¢, s0 0 < t, < 1 and (I'(tyu,), tatty) = 0 when n is large enough. By
Lemma 3.1-(3) and Lemma 2.1-(7)(8), the function

ks Ag(Fs)
s T FEE)s W
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is strictly increasing for s > 0. Since {u,} is a Cerami sequence of I and the monotonicity of

k
@, we can conclude

= I(tyuy) — %(I’(tnun),tnun) +0,(1)

= I(tyun) + 0n(1)
> 8c+o,(1),

which is a contradiction for ¢ > 0.
If B > 0, by the definition of B, there is z,, € RY such that

p / 2
L < .
2 Bi(zn) n

If z,, is bounded, there exists R > 0 such that

B / 2
C <« ,
2 Bg(0) “n

which is a contradiction with v, — 0in L _(RN).

If z, is unbounded, up to a subsequence, |z,| — oo. Let w,(x) := v,(x +2z,) = “”ﬁfjﬁ”),
we have
B / 2
=< Wy, 3.9
2 Bl (0) n ( )

There is a function w € E such that w, — w in E, w, — w in L (RM) and w,(x) — w(x)
a.e. in RN. Moreover, by (3.9), one has w(x) # 0. Define Q.. = {x € RN : w(x) > 0}, then
measQy, > 0 and for a.e. x € )., we have

Uy (x4 2z4) — +o0  as ||uy|| — +o0.

Since F~1(t) is strictly increasing for t > 0, by Lemma 2.1-(5), we can conclude that for a.e.
X € Q**/
F M uy(x +24)) = +o0  as [uy|| — +o0.

Then, from Lemma 3.1-(1) and Lemma 2.1-(5), one has

lim inf f]RN G(E" (un)

oo [[aa 2

Jrw G(E ™ (un(x + z0)))

noo 2]

G(F (un(x +20))) [F~H(utn(x +20)) >
F o (un(x+z0)) P (un(x+20))> "

n—o00 s
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Combining the above inequality with Lemma 2.1-(3), we have

. I(un)
0 = limsu
et Tl
< 1—/\liminf1/ G(F (1))
-2 n—co HunHz RN "
= —OO’
this contradiction finished the proof. O

Lemma 3.7. Suppose that conditions (V) and (hy), (h2) hold. Then problem (3.1) has a positive
ground state solution.

Proof. It follows from Lemma 3.3-(ii) and (3.44) that
0<c<gy.
If c = ¢o, we can get from (3.4) that
co =c < I(tyu) < Iy(t,u) < Ip(u) = co.

Then t,u is a positive ground solution of problem (3.1).

If 0 < ¢ < ¢, we see that I satisfies the mountain pass geometry from the proof of Lemma
3.2. Then, we can get a Cerami sequence {u,} on level ¢ due to Lemma 2.3. Applying
Lemma 3.6, the (C). sequence is bounded. Then, we may get, up to a subsequence, u, — u
in E, u, — uin L2 _(RN) and u,(x) — u(x) a.e. in RN. By using the Lebesgue dominated
convergence theorem, through the standard discussion, we can get that

0= (I'(un), p) + 0n(1) = (I'(u), §),

for any ¢ € C(RYN), i.e. u is a weak solution of problem (3.1).
(i) The case u # 0. Since u is a weak solution of problem (3.1), I(#) > ¢ and u € N. By
k(x,s)
S

(3.8), the monotonicity of and the Fatou lemma, one has

Hence, I(#) = ¢ and I'(u) = 0, which implies that u is a ground state solution of prob-
lem (3.1). Moreover, we could deduce that u is a positive solution by applying the strongly
maximum principle.

(ii) The case u = 0. Define

B := limsup sup ul.
n—oo ;RN JB1(2)
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If B = 0, by the Lions lemma [14, Lemma 1.21], we get u, — 0 in L*(RN) for a € (2,2*). It
is similar to the proof of (3.5), we can deduce

/RN G(F (i) < 0n(1). (3.10)
Combining (3.10) with Lemma 2.1-(3), we obtain
c=I(un) +0,(1)
< Sl =2 [ GE () = on().

A contradiction, thus g > 0. By the definition of 8, up to a subsequence, there exist R > 0 and

z, € ZN such that 5
2 2

tz,) = / > P

/. o) = [ w0 > g

If z,, is bounded, there is R’ > 0 such that

2 2 :B
u 2/ u, > -,
/BR/<0> " Bz T2

which contradicts with u,, — u = 0 in leoc(]RN ). Thus, z, is unbounded, going if necessary

to a subsequence, |z,| — oo. Let wy,(x) := u,(x + z,), then there exists a function w € E\{0}
such that w, — w in E, w, — w in L} (RV) and w,(x) — w(x) a.e. in RM. It follows from
Lemma 2.5 that, for any ¢ € CF(RY), we have

0= (I'(un), @(x — zn)) +04(1)
= / Vun Vgo +/ n)))q}(x_zn)

$(F1(uy))
A Jr FE ) P
Ffl(un)

— /]RN Vun-Vgo(x—zn)%—/IRN Vo(x)m(p(x—zn)

1 u,
[ gt = 2) + (1)

Zn) +0,(1)

1 —1 w,
= o TS0 00 i fy Fiany o o)
_ (@) g(F1(w))
/Vw W’+/ YO FET @) ? ™ e FE T ()
— (Ij(w), 9),

i.e. w is a weak solution of the periodic problem (3.2).
On the one hand, it follows from Lemmas 2.4-2.5 that

= 1) - §<I'<un>,un> +ou(1)

1 F~Y(uy)
= 3 o VOIF 0~ 5 we T ()

g(F~ 1(”71)) _
+A o an_/\ - G(F Yuyp)) 4 0,(1)
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= 5 Jo VOIF P =5 [ v ;n)»””

g(F_l(un)) -
A Mun—/ﬂw G(F 1(un))—i—on(1)

1 _ F~'(wy)
— E/RN Vo(x) [|F Ywn) > - f(F—l(wn))wn]
g(Fl(wn))) Wy — G(F‘l(wn))] +on(1)

A Jr [Zf(P‘l(wn)
1 FYw)

= 3 o Vo) I @)~ s
“/RN [SE2), G 1)

2f(F~1(w))
1
Io(w) ~ 5 (Ij(w), v)
Ip(w) > co,
which is a contradiction with ¢ < ¢y. Hence, the case u = 0 cannot happen, this completes
the proof. O

Lemma 3.8. Suppose that (V) and (hy) hold. If u is a critical point of I, then u € L® (RN ). Moreover,
there is a constant C > 0 independent of A such that

1 5 2(22*717)
HMHOO S CAZ= /N |Vu‘ .
R

() = u(x), if lu(x)| <k,
YT £k i u(x) >k

Proof. For all k > 0, we set

We use ¢ = |ux[*F~Du with B > 1 as a test function and calculate (I’ (1), ¢;) = 0, namely,
/N 2D [V 4 2(B — 1)/ \uk|2(ﬁ’2)uukVu Vi
R
) 2(-1),, 2(B—1
+/ u A/ o 2By, (3.11)

According to the facts that u2|Vuk|2 < uk]Vu|2, B > 1, and the Sobolev inequality, we obtain
B / N <|uk|2(ﬁ_1)|Vu\2 +2(B = 1) |ue 2P Py Vu - Vuk)
R
> [ nPEITuR [ (8= 1R P

—|—/ g—1 ]uk|25 DV - Vi
2
_ B—1
= [ |7 (1l )
2\ &
> c(/ ) , (3.12)
]RN

[P
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By Lemma 2.1-(1)(3) and Lemma 3.1-(2), we have

g(F'(u))
R FOE(u ))|uk|2ﬁ 1)u</]RN

Using Lemma 2.1-(1)(3) again, we can obtain

F~'(u) 2 _
S VO gy 02 5 [ V@l 0

By (3.11)—(3.14) and the Holder inequality, we have

2
2%\ 2%
p—1
(o il

< CRA [ (Il g P

-2 2¥—p+2

B 2\ T
SCﬁz/\(/ Nluf*)z (/ o |2 > |
R R
p—2

Then, let k — o0, we obtain
1 ra
lullaz < (g% ([, 19u2) "l sz

p+

Set "
2 —p4+2\"
l%:<p+> ,  m=0,1,...
2
Then we get
2 * 2*ﬁm *
— =2 1.
2 —pra 2 Pm

It follows from (3.15) that

p72

1
Il < (B3N ([ 1908) " Jul

—2

Bt
= (en) gl ([ 1VuR) " Dl o

According to the Moser iteration, we obtain

gL L ) Y A
Julls < €S H T80 ([ 1vu) "

i=0
Since o = (2=2%2) > 1and B; = B!, we get
moq m 1 m ﬁl m 1 l}rl " iitrll
Y g =Yg LB =TI =B
i=0 M1 i=0 .BO i=0 i=0

We can see

SF M )| PEDu < C [ ful g PP,
R

15

(3.13)

(3.14)

(3.15)

(3.16)
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Then, letting m — oo in (3.16), we obtain that u € L*(RN) and
p—2

2*1 i} 2 2(2*-p)
lullo < CAZSBE ([ 17u2) T e

. N
<A ([ |vul . (3.17)
R

This lemma is proved. O

Proof of Theorem 1.1. According to Lemma 3.7, equation (3.1) has a ground state solution u and
u € N. By (3.8), Lemma 3.3-(i) and the Sobolev embedding, we have

c:mw—;uwmw

_ G_D/ (|Vu|?> + V(x) +/ — K(x,u)]

> (53w (318)

We can choose v € EN L®(IRYN) such that ||v]| < 1. By () and (3) of Lemma 2.1, there exists
a positive constant C; independent of A such that

G(F (tv)) > G |[F L (tv)|7 > C|to], t € [0,1].

Meanwhile, there exists Ag > 0 such that I(v) < 0 for A > A. It follows from the definition
of ¢, Lemma 3.1-(2) and Lemma 2.1-(3) that

¢ < max I(tv)
t€[0,1]

< — 2 _ -1
gﬁﬁzuéN]Vdch%—V() o) =2 [ G (1))
2

<mm—mw am/|w
teo,1] 2 RN

<CA =3 (3.19)
Combining (3.17), (3.18) with (3.19), one has

2% 2
llu]leo < cAT 77 ||lu = < CATFATT TG

Since p,q € (2,2*%), there exists A1 > Ay such that

2% —

9
||u||oo S CAl(Z**V)(Z*ﬂ) S (5

Therefore, by the definition of g, we can obtain that u is also a positive solution of equation
(2.5) for A > A4. This ends the proof. O
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