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Abstract. We study the one-dimensional nonlocal elliptic equation of Kirchhoff type
with oscillatory nonlinear term. We establish the precise asymptotic formulas for the
bifurcation curves A(a) as &« — o0 and & — 0, where & := ||#, || and u, is the solution
associated with A. We show that the second term of A(«) is oscillatory as & — oo.
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1 Introduction

We consider the following one-dimensional nonlocal elliptic equation

—(b]|u'[|3 4+ 1)u" (x) = Mu(x)? + u(x)sin®u(x)), x € I:=(0,1),
u(x) >0, xel, (1.1)
u(0) =u(l) =0,

where p > 1,b > 0 are given constants, A > 0 is a bifurcation parameter and || - |2 denotes the
usual L2-norm.

The purpose of this paper is to establish the asymptotic formulas for bifurcation curves
A = Aa) of (1.1) as & — oo to understand well how the oscillatory term gives effect to the
bifurcation curves. Here a := ||u, || and u, is a solution of (1.1) associated with A > 0. When
we consider the case where b = 0, we use the following notation to avoid the confusion:

—0"(x) = u(v(x)P +v(x)sinv(x)), x €1,
v(x) >0, x€1, (1.2)
v(0) =v(1) =0,
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where p > 0 is the bifurcation parameter. A solution pair of (1.2) is usually represented
as (u,v,) € Ry x C3(I), where v, is a solution of (1.2) associated with . In this paper,
we adopt the explicit expression of the solution pair of (1.2), which was introduced in [12,
Theorem 2.1]. That is, the solution pair (y,v,) € R4 x C*(I) of (1.2) is parametrized by using
anew parameter & > 0. More precisely, let « > 0 be an arbitrary given constant. Then by using
the time map argument, we are able to obtain the unique solution pair (4, v,) € Ry x C*(I)
of (1.2) satisfying & = ||v,||c. Besides, u is parametrized by «, namely, y = p(a) and it is
a continuous function of «. The important point is that the solution pair (y,v,) satisfying
& = |[vyllco is parametrized by the supremum norm a = |[|vy ||« such as (pu(a),v,(,)). For
simplicity, we write vy := v,,(,) in what follows.

Equation (1.1) is the nonlocal elliptic problem of Kirchhoff type motivated by the problem
in [7]:

{A < /0 1(u’(x))‘7dx> W(x) = Af(u(x)), xel, .

u(0) =u'(1) =0,

where A = A(y), which is called Kirchhoff function (cf. [10, 15]), is a continuous function
of ¥ > 0. Nonlocal problems have been investigated by many authors and there are quite
many manuscripts which treated the problems with the backgrounds in physics, biology,
engineering and so on. We refer to [1-4,6-9,11,13,14], and the references therein. One of
the main interests there are existence, nonexistence and the number of positive and nodal
solutions. However, there seems to be a few works which considered (1.3) from a view-point
of bifurcation problems. We refer to [16-21] and the references therein. As far as the author
knows, there are no works which treat the nonlinear oscillatory eigenvalue problem such
as (1.2). Therefore, there seems no works which treat nonlocal bifurcation problems with
oscillatory nonlinear term, so our results here seem to be novel. Our approach are mainly the
time-map method and the complicated calculation of definite integrals.

The relationship between A(a) and p(«) is as follows. Let a > 0 be an arbitrary given
constant. Assume that there exists a solution pair (A(a),u,) € R x C3(I) with |luy]le = .
Then we have

Aa) ,

—ul(x) = 2 p 2 i 1.4

u, (x) bHu{xH%—kl(u“(x) + Uy (x) sin” 1y (x)) (1.4)

We note that ||y ||cc = «. Then we find that u, = v, and bH:’(ll\XZ)H = p(a), since the solution
wll2

pair (p(a),v,) € Ry x C3(I) of (1.2) with ||vy||ee = & is unique (cf. [12]). This implies
Ma) = (Bl|[vL]I* +1)p(a). (1.5)

Therefore, to obtain A(a), we need to obtain both y(a) and ||} ||2-
Now we state our results. We first consider the case p > 2.

Theorem 1.1. Consider (1.2). Let p > 2. Then as & — oo,

1
p(a) =2(p+1)a' 7 {Co,p + (C1 + 2C11> al P (1.6)
1 - 1 —(p+1) 2(1-p) 2(1-p) 2
+§<C12 + C21)oc P ECZZIX p + (Cz + C3)1X P) 4 O(IX p ) ,

where
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1 1
Cop = /O Nl (1.7)
_ _pt1 /1 1—s2
Cr = 8 Jo (1—srt1)3/2 ds,

/2
Cy1:= 2/ cos(2a sin?/ (1 9) sin3=7)/ (r+1) gg,
p+1Jo

— /2
Crp = 2{;_’_11) /0 (sin 2« — sin(2a sin?/ (P*1) 9)) sin1=P)/ (P+1) g4

p+1 /1 1—s

+ i Jo A=y sin(2as)ds,
/2
Cyp:= — ;Hl—l sin(2a sin?/ (P*1) ) sin®=7)/(P*1) gdp
0
4(p—1) (/2 . 2/(p1 . (1=p)/(p+1
Co 1= p—l—l/ (cos 2a — cos(2a sin?/ (P+1) 9)) sin(1=P)/ (P+1) g,
0
i IR AR
2 128 Jo (1—spt1)5/2™"
_ 3 N R
C3 = — 372(p + 1) /O </O Wdy COS<2IXS)dS.

Theorem 1.2. Consider (1.2). Let p > 2 and « >> 1. Then the following asymptotic formula for |0}, ||3
holds.

194113 = 4a®{Go + G1a* P + Goa P 4 Gaa~ P+ 4 Gua?(1-P) 4 o(a2(1-P))},
where
Go = CO,pEO,p/

1
G1 = CO,pEl + (Cl + 2C11> E(),p,

1

Gy = > (C12 + C12) Eop + Co pEa,
1

Gs = §C22E0,p + CopEs,

1
Gy = (Co+ C3)Eop + CopEs + <C1 + 2C11> E1,

1
Eop = /0 V1 —sptlds,

Cp+1 o1t

Eq = ds,
1 r7/2

E; := ~1 {sin2a — sin?/ ("*1) g sin(2a sin?/ (*1) §) } sin1=7)/ (P+1) g,

0

1

E3:= —% / {cos 20 — cos(2a sin?/ (P+1) g)} sin(1=P)/ (P+1) gg,

0

2 _ 22

E4 ::_(P‘f’l) / (1 S) dS,

128 Jo (1—spt1)3/2

2 1] —gptl

= ds.
p+1Jo /1—s4 )
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Remark 1.3. We should note that the order of the lower terms of y(a) in (1.6) changes accord-
ing to p. Indeed, if we expand the bracket of the r.h.s. of (1.6), then the terms with

C(% pr al_p, (xp’ D(_(p'i_l), 0(2(1_;7), al_Zp
appear. Then for a > 1, clearly, the first term is C(%,p and the second is a!~7. Besides, we have

2070 > 0P > 4% s o) (1< p<2),

a P~ “2(1*?7) > a*(erl) ~ p172p (p )

a P > a2170) > g (P s 412 (2<p<3), (1.8)
a P> af(p‘kl) ~ “2(1717) > al=2p (p )

P> am (Pt 02070 . 0172 (p > 3).

Therefore, if p > 2, then the third term in the bracket of the r.h.s. of (1.6) is a77. However,
if 1 < p < 2, then the third term is #>(1~7). Moreover, if p is very close to 1, then 1 — p = 0.
Therefore, we have the sequence of the lower term, which are greater than a7 in (1.6). In

principle, it is possible to calculate them precisely. However, since the calculation is long and
tedious, we do not carry out here.

Theorem 1.4. Consider (1.2).

(i) Let1 < p < 2. Thenas o« — oo,
1 2
pla) =2(p+1)a' 7 {CO,p + (Cl + 2C11> al 7P 4 (Co+ Cy)a?17P) 4 0(&2(1”))} .
(ii)) Let p = 2. Then as x — oo,

1 1 1 2
y((x) —6a ! {CO,p + (Cl + 2C11> a~! + (2C12 + §C21 +Co + C3> a? + 0(0(2(1—;7))} .

Theorem 1.5. Consider (1.2).
(i) Let 1 < p < 2. Then as o — oo,

0113 = 4a{Go + G1a' F + Gaa®17P) + Goa™F + o(a*17F)) .
(ii) Let p = 2. Then as x — oo,
04115 = 4a*{Go + Gia ™" + (G + Ga)a > 4 o(a %)}

Theorems 1.4 and 1.5 are obtained directly from Theorems 1.1 and 1.2. So we omit the
proofs.
We now consider (1.1).

Theorem 1.6. Consider (1.1) with b > 0.

(i) Let p > 2 and a > 1. Then the following asymptotic formula for A(«) holds.
1
Ma) =2(p+1)al? {Co,p + <C1 + 2C11> al

2
+5(Ciat Con)a 4 2 Coon ) 4 o219 o(uﬁ(lm)}

X {4bzx2{Go + G1a' P 4+ Goa P + Gaa~ P 4 Gua?(17P) 4 o(a217P)Y ) 4 1} .
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(ii) Let p = 2. Then as & — oo,

2
M) = 6a! {CO/P + (Cl + ;C11> a4 <;C1z + %Cﬂ +C+ C3> a2+ o(az(lv))}
X {4b“2{G0 + Gt + (G + Gya 2+ o(a )} + 1} .

(iii) Let 1 < p < 2 Then as &« — oo,

2
AMa) =2(p+ 1)“1—}7 {CO,p + <C1 + ;C11> al7P 4 Czaz(l_p) + O(“Z(l—p))}

X {4b0¢2{GO + G 4 G4a®07P) 402?077} 4 1} .

We see from Theorem 1.6 that, roughly speaking, the asymptotic behaviors of A(«a) as
x — oo are:
AMa) ~a’7P.

We obtain Theorem 1.6 immediately by (1.5), Theorems 1.1, 1.2, 1.4 and 1.5. So we omit
the proof.

Now we establish the asymptotic formulas for p(x) as @ — 0 to understand the entire
structure of y(a). We put

1—serl
p+1 1= stpn®

1 11—l 1 b 1
. _n2n=2(_q\n _
Hy = =277 {(Zn—l)!/o 1 —spn® (2n)!/0 (1—54)3/2ds}

for n > 3. Furthermore, let

. p+1 gt 1-¢
L= -2 /0(1_5’%)3/2515, (1.9)

1 1
- /0 T K(s)ds (1.10)

1 1-¢° 1 1—s°
o 3 7_
K(S) = =2 (p+1){5'1_sp+1 _al—sp"‘l +O(C¥ p)} (111)

Theorem 1.7. Consider (1.2).

(i) Let 1 < p < 3. Thenas a« — 0,
pla) =2(p+ 1)&1”’ {Colp + L3P+ Loa® P + O(oc7’?’)}2. (1.12)
(ii) Let p = 3. Thenas « — 0,
1 2
p(a) = 4a2 {Co,g + §H31x2 + O((x4)} . (1.13)
(iii) Let 3 < p <5. Thenas « — 0,

2
() = 802 {Coz+ Hra?® + Hza? + O(a) } . (1.14)
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(iv) Assume that p > 5. Then as a« — 0,
u(a) =8a2{Cos+ Hza® + o(zxz)}z. (1.15)
Finally, we establish the asymptotic formulas for A(a) as « — 0.
Theorem 1.8. Consider (1.1).
(i) Let 1 < p < 3. Thenas « — 0,

x {4ba® {EqCop+ (Eopls + CopEr)a® P +0(a®7)} +1}.

(ii) Let p = 3. Then as « — 0,

2
AMa) = 406_2(1 + 4bE0.3C0/30€2 + 0(0&2)) {Co,g, + %Hg)ocz + O(uc4)} .

(iii) Let 3 < p <5. Thenas « — 0,
2
Ma) = 8a~2 {C0,3 + Hya? ™3 + Hza? + O(zx4)}
x [4ba2 {c0,3 + HoaP~3 + Haa® + O((x4)} {Eos+ Esa?3(1+0(1))} + 1} .
(iv) Let p > 5. Then as « — 0,

/\(Dc) = 8a 2 {CQ,3 + H3062 + 0(062)}2
x [4ba*{Cos + H3a® +0(a?)} {Eos + Esa? 3(1+0(1))} +1].

By Theorem 1.8, we see that as a« — 0,
al7P (1< p<3),
Ma)~ 9,
a=* (p>3).
By Theorems 1.1, 1.4, 1.6 and 1.7, we obtain the qualitative shapes of y(a) and A(«).

0 o 0 o

Figure 1.1: The graph of p(a) Figure 1.2: The graph of A(a) (1 < p < 3)
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o

0

Figure 1.3: The graph of A(a) (p = 3)

2 Proofs of Theorems 1.1 and 1.2

0

14

Figure 1.4: The graph of A(«) (p > 3)

In this section, let p > 2 and we consider (1.2). In what follows, C denotes various positive
constants independent of « > 1. By [5], we know that if v, is a solution of (1.2), then v,

satisfies
vu(x) =0(1—x), 0O
= ol = o
vl (x) >0, 0<x<

We put

£(8) := 67 + 0sin? 6,

1
p+1 2
/ fly p+19 +49

19sir129 — %COSZQ—F 1

(2.4)

(2.5)

Let « > 0 be an arbitrary given constant. We write p = p(a) and vy := v,,(,) in what follows.

By (1.2), for x € I, we have

{08 (x) + uf (0a (%) }oi(x) =

By this and (2.2), for x € I, we have

%vfx(x)z + uF(vy(x)) = constant = uF (va <

By this and (2.3), for 0 < x < 1/2, we have

::vbyaxa)—fxuxxn>

)) = .

/ x)
= /pz_{_]/ll\/(od’+1 — vy (x)PF1) P 1— ! (a2 —

where

Aﬂmmyzﬂ}hmmM—m&ﬁm@M@»

By(v4(x)) := prl (cos2a — cos(2v,(x))).

8

0u(x)?) — Aa(va(x))

— By (va(x)),

(2.6)

2.7)

(2.8)
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Note that A, (v,(x)) < a?, By(vs(x)) < a?. By this and putting v, (x) = as, we have

1 1/2

\/ﬁ/l/z vy (x)dx
20 (&P = 0 (2)7) + 27 (02 = 00(x)?) = Au(0u(x)) = Ba(ou(x))

\/ﬁ (- p/Z/ ds
\/ 5P+1 —|—p+11x1 P(l )_ p+1A< ) #B“(lxs)

p+1 L1 p/Z/ ds ‘
2# \/1_5P+1 \/1+P+1 1— p 1 Aalas) 1 Ba(as)

Sp+l abT1 1_gp+1 abt1l 1_gp+1

This along with Taylor expansion implies that

\/»Z /2(p+1)0((1_p)/2 (29)

X/l 1 1 p+1 1P 1—s? -l-l 1 Ax(as) —1—1 1 Ba(as)
V1 — sptl 8 1—sptl  24ptl ] —gptl = 2P+l — gptl

2
3(p+1 e 1-s 3 L., 1-¢7 21—
+8< 4 pl—sp+1> _E(p+1)a P(1—5P+1>2Aa(as)+o(“( e

2(p +1)a1-0)/2 [Co,p £l T I Coa2P) g+ o(ocz(l_p))] ,

where

1 1 b Au(as)
— ) = 2, (ptD) _ a\?e)
I= a0 = a /0 ¢ _Sp+1)3/2d (2.10)
1 1 1 By(as)
— =L = Z (D) P\
I = Sa I = Sa /O (1_Sp+1)3/2d (2.11)
3 oy [P 1 52
= — E(p + 1)“ /0 W a(as) (212)
Lemma 2.1. Let « > 1. Then
L Ag(as) 5
h= | Ty = Cne? + G (213)
L By(as)
I, = /0 = iyards = G+ Co (2.14)

Proof. We first note that the definite integrals Ci;, Cip, Co1, Cop exist, since we have
1< (1-=p)/(p+1) < B=p)/(p+1). We first prove (2.13). We put s := sin® (P*1) g,
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Then by integration by parts, we have

sin 2o — sin(2as)

__p+1a/1 1
' 4 0 /1 —gptl 1 —sptl

prl, t 09
i 4 “/0 (1—5p+1)3/2 sin(2as)ds

I ds (2.15)

1 /2 1 2/( _
_ = - ; o ; p+1) i (1=p)/ (p+1)
= Za/o o0 Hstrx sin(2a sin 9)} sin 9} de

p+1l t (A-s)
+ IX/O (1_Sp+1)3/251n(21xs)ds

/2
= ;tx/ (tan @)’ HsinZoc — sin(2a sin?/ (P+1) 9)} sin(1=7)/(p+1) 9] do
0

p+1 ot (A-s)
+ zx/o (1_SP+1)3/zsm(2as)ds

::%“ Pane[{Shlz““sﬁNZKSHF/“”4>e}shﬁl—M/uH4>9]}ﬂ/2 (+)

0
l(x /2 gin 6 4
2 Jo cost p+1

p—1 (sin 20 — sin(2a sin?/ (P*1) 9)) sin=2*/ (P+1) § cos 9} a6

& cos(2a sin?/ (P11 9) sin2=27)/(P+1) g cos 0

Tprl
" 4 “/0 (1 —spt1)3/2 sin(2as)ds
__2 2 /n/2 cos(2a sin?’ (P+1 9) sin®=#)/ (7+1) g
p+1 0
- /2
+ 7_(};4_11)"‘/0 (sin2a — sin(2a sin?/ (P+1) 9)) sin(=P)/(P+1) 949
i 4 “/0 (1-— sp+1)3/2 sin(2as)ds
= anxz + ClZ“-

We remark that by 1’'Hopital’s rule and direct calculation, we easily obtain that () in (2.15)
and (+*) in (2.16) below are equal to 0. Next, we put s := sin? (?*1) §. Then by integration by
parts, we have

121 2/ (p+1) in(1=p)/(p+1)
I = 1 /0 p— {COS 20 — cos(2a sin 9)} sin 0do (2.16)
7T/2
= % / (tan @)’ {COS 20 — cos(2a sin?/ (P+1) 9)} sin1=P)/(P+1) g9
0
/2
= % [tan@ {cos 20 — cos(2a sin?/ (P+1) 9)} sin(1=p)/(p+1) O}Z (%)
/2
_ 1a/ sin(2a sin 1) 8) sin®)/ (741 g
p+1 Jo
_ /2
+ Hp=1) / (cos 2a — cos(2a sin? (P*1) 9)) sin(1=P)/ (+1) 49
p+1 Jo
=: Cy1a + Coo.

Thus the proof is complete. O
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Lemma 2.2. Let « > 1. Then
I = C3a®17P) 4 o(a?1-7)), (2.17)
Proof. by (2.7) and (2.12), we have
= — i( +1)%a"2P /1 i {asin2a — assin(2as) } ds (2.18)
= et o (1—srt1)5/2 :
1—s?

- _ 3 2., —2p+1 ! . i
= @(P—I—l) o /o W{smm sin(2as) } ds

3 2 2p+1/1 (1-8*)(1—5s)
64(P+1) o 0 (1—srt1y2

= — 634(;9 +1)2a2PHUIL + O(a2P D).

sin(2us)ds.

We show that III; ~ «. We note that (1 —y?)/(1 —yP™1)%2 < (1 —y?)"3/2for 0 <y < 1. By
this and integration by parts, we have

) 1-e 4 s 1— yZ ) )
1 = llgcl) . ds </0 (1_yp+1)5/2dy> {sin2a — sin(2as)} ds

. s 1—y? . .
- llgtl) [(/0 (1—yf’+1)5/2dy> {sin2a — sm(ers)}]
) 1-€ ] 1— yz
+ 2u lli;% 0 <‘/0 (1_yp+1)5/2dy> COS(ZDCS)CZS
1 S 1 — yz
=2ua(1+ 0(1))/0 (/0 (1—y”+1)5/2dy> cos(2as)ds.

By this and (2.18), we have (2.17). Thus the proof is complete. O

1—e

0

Proof of Theorem 1.1. By (2.9) and Lemma 2.1, for « >> 1, we obtain
_ 1 _
ViE=/2(p+1)all P2 {co,p +(Cr+ 5 Crn)a (2.19)
1 1
+§(C12 +Co)a P+ Eszzx’(”“) + (Cy + C3)a(1=P) 4 o(ocz(lf’))} :
By this, we obtain Theorem 1.1. Thus the proof is complete. O

We next prove Theorem 1.2.

Lemma 2.3. Let v, be the solution of (1.2) associated with y > 0 such that ||vy||e = & > 0. Then for
x>1

104]13 = 4a®{Go + G177 + Goa P + Gaa~PHY  G4a®17P) 4 o(a21-P))1, (2.20)
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Proof. By (2.6), putting v, (x) = as and Taylor expansion, we obtain

1/2
lofl3 =2 [ eh(xpel(x)ax @21)
0
2y
—92 [
p+1

p+1,,1 —s2 1 Ax(as) 1 Bu(as)
X \/1 + 4 & 1 —gptl abtl1 — gptl abtl1 — gpt+l ds

2u (p+3)/2 1 p+ 1 ,., 1- s? 1 A,X(zxs)
— i 7\/1 — gqpt1 p _
Aprt® /0 L I e Y s gy

2
1 Bg(as) (p+1)2a2(1_p)< 1—s? )

T 2aptTT—sptl 128 1_gpit
“‘l(P +1)% % 1= (asin2a — assin(2as)) + o(a?17P)) L ds.
64 1—sptl
By putting s = sin® (1) §, we have

Ay(as) g Pt 1 r1sin2a — ssin(2as)

S = 14
0 1 —gsprtl 4 0 V1 — gptl

1 /2
= Euc/ {sin2x — sin® (") g sin (2 sin® (P*1) 9) } sin1=P)/ (1) g,
0

ds (2.22)

B, (as) gs— Pt 1 /1 cos2a — cos(2as)
0 Vi—srtt 8 o V1—sptl
1
= 411 / {cos 2 — cos(2a sin?/ (PT1) 9)} sin(1=P)/(P+1) g,
0

ds (2.23)

By (2.21)—(2.23), we have

2
oL )13 =2 pflww Z{Eo,p FEja P 4+ Eaa P + Esa~ (D) 4 Eia20-0) 4 o(az(l—P>)}. (2.24)

By this, (2.19)—(2.24), we have
1 _ 1 _
10,15 = 4a® {Co,p + <C1 + 2C11) al=P 4 E(Cu + Co1)a P
+%C22(X_(p+l) + (C2 + C3)0€2(1_p) + O(az(l_p))}

X {Eo,p + Epal P + Epa P + Egof(p+1) + E41x2(1*7”) n 0(“2(17}7))}
= 40(2{G0 + G1p¢17P 4+ Goa 7P + GSIX*(erl) + G4oc2(1*7”) + 0(0(2(17;7))}‘

This implies (2.20). Thus the proof is complete. O
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3 Proof of Theorem 1.7

In this section, let 0 < &« < 1. We put w, := v,/«. By (2.5) and Taylor expansion, we have

1 1 1 1 * (1)t _
_ 4 oprr 2 1 _ 1 h3 =D N2t
F(a) p+1rx + 0t e {sz 3!(Zoc) —I—IES (2n—1)!(2(x) }
) e b e (5D |
3 {1 2'(2 ) +4'(20¢) +n§:3 @n)! (2u) +8’
1 1
_ p+1,.p+1 1 2 2
F(vg) p+1“ Wa + u Wy (x)
— —awy { 2aw (2aw,)® + Eoo ()" (2aw, )* 1
4" AT Y = (2n-1)! ¢
1)1 2 1 4, v (D)7 2n 1
3 {1 2l(20¢w,x) —1—4!(20&0“) +n§:3 @n)! (20w, ) +8

We put

— - (Z(H_i)ln)!ZZn?)aZn(l _wa(x)anl)/

We put
MlX(le) = Htx(wa) + ]oc(wvé<x))

— - __1\nn2n-3 —w x2n—1 - (1—-w x2n 0(211.
= 3z s 1w ) - - )

By this and (2.3), for 0 < x < 1/2, we have

Wl (x) = V20 | et (1 =, (x)PH) 4 Sat(1— () + Mawy). (3
p+1 4
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(i) Let 1 < p < 3. Then by (3.1), we have

ptl 1 1 —wy(x)*

where

1 1_w’xx5 1 1—wo¢x6
K(a0) = -2 D { g5~ 177

By (3.2) and Taylor expansion, we have

B (p-1)/2 _ /1/2 wi (%) i
0

3
2(p+1) V= w1+ P ladr D K (g (x) a5

_ P+13p1_s _1 5-p 5-p
_/0 m{l 3 1o 2K(s)(x +O(a>7P) b ds.

This implies from (1.7), (1.9) and (1.10) that

VIE=/2(p+1)a" P2 LCo, + Lia® P + Loa® P+ O(a” 7)) (3.3)

This implies (1.12).

(ii) Let p = 3. Then by (3.1), we have

\/7¢x_1\/ a4 (1 — wy (x)4) + My (wy(x))

—f&W\/ +20c—4 ((;C))z

This along with Taylor expansion implies that

P @)
V= "

\/1_—\/1 + za—éﬂ\l/[a ZZ‘:vt( )))
{1— M) o )}ds.

_a_l/l
0 v1—s4

By this, we obtain

| 11-s> 11-s
-1 2 _ 4
Vi =20 /0 m{u&x (5!1_54 6!1_S4>+O(a)}ds

=201 {Co,g + %ngxz + O(zx4)} :

This implies (1.13).
(iii) Let 3 < p < 5. Then by (3.1), we have

P, w,(x) )
2 2 _sz/o 2./ 7 4 p-3l-w, ()Pt x,
14 1—w“(X) \/1+m0€p W"‘Qa(w“(X))
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where
4 My (wy)
—4 4 a\ Wy
Qu(wa) t oz Wy (x)*
By this and Taylor expansion, we have
Byt 1
£ =2 /0 — (3.4)

2 15l 415 2418
1-— p=3 2 O(a*) b d
X{ 1 T TG Yo T OW) s

— 27! {Co,s 4 HpaP~3 + Hsa? + O(a )} .

This implies (1.14).

(iv) Assume that p > 5. Then by (3.4), we have

\/g =201 {Cos + Hza® +0(a?)} . (3.5)

This implies (1.15). Thus the proof of Theorem 1.7 is complete. O

4 Proof of Theorem 1.8

In this section, we assume that 0 < « < 1. By Taylor expansion, we have

00 n 122n 1
v, (x) sin® v, (x 2 Ty, (x)?" (4.1)
n=1
= o (x)° - %m(xf 20u(x) +O(0a(x)°).

(i) Let 1 < p < 3. Then by (2.6), (4.1), Taylor expansion and putting v, = 6 = as, we have

1/2
el =2 [ ool (x)dx @2
0

—2y [ ¢ @7 @) = ()4 (L4 0(1))0) ()

:2@/0“\/ ! (ucp“—GP“)+i(a4—94)(1+0(1))d9

p+1

) 1 1 1—s4
-9 pfla(pw)/z/o ,/1_Sp+1\/1+ Pl’ "‘341_5;1 (140(1))ds
SN p+3/2/ Vi i B S o b

/ fﬂ( (p+3) /2{EO +E1a3 p+0( 3— p)}




Global bifurcation curves of nonlocal elliptic equations 15

By this and (3.3), we have

2 _ _
[0, 113 = 24 ﬁ“(p+3)/2 {Eop+ E1a® P +0(a7)}

X \/2(p+ 1)a” P2 {Cop + Lia® P + Loa® 7 4+ O(&77) }

By this, (1.5) and Theorem 1.7 (i), we have

Mw) =2(p+1)a' P {Cop + L1a® P + Loa® P + O(oc7"’)}2
X {4b0€2 {EO/pCOrP + (EO,le + CO/pEl)D(?)*p —+ 0(&3*7’)} + 1} )

(ii) Let p = 3. Then by (4.2) and putting s = v,(x)/a, we have

1/2
o413 = 2y +0(1) [ \/ut — ou(x)0l (x)d
=2/u(1+0(1))a’ /01 V1= stds
=2/’ Eoz(1+0(1)).
By this, (1.5) and Theorem 1.7 (ii), we have
0% |13 = 2a®Eg3(1 4+ 0(1))2a {Co,g, + %H30(2 + O(oc4)}
= 4a”Eg3Co3(1+0(1)).

By this and Theorem 1.7 (ii), we have

1 2
A(Dc) = 40(72(1 + 4bE03C0/3(X2 + 0(0(2)) {CO,B + §H3a2 —+ O([x4>} .

We next consider the case p > 3. By (4.1), for 0 < x < 1/2, we have

1
p+1

0 (0)P1(1 +o(1))} - {ioﬁ TR SVESH +0(1))} .

Lol fL
o0+ { o)t + o

By this, for 0 < x < 1/2, we have

)= e o)

By this, (3.5) and the same calculation as that of (4.2) and putting v,(x) = as, we have

1 4 1 —gprtl
||v('x||%:\/2wc3/0 \/1—54\/1+p+1av—3 T (1+0(1))ds (4.3)

= \/2}{063 {Eo,3 + E506p_3(1 + 0(1))}
= 4a? {Co,3 + HpaP 3 + Haa? + O(zx4)} {Eop+Esa?3(1+0(1))}.
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(iii) Let 3 < p < 5. Then by (1.5), (3.5) and (4.3), we have

2
AMa) =8a~2 {Co,3 + Hya? ™3 + Haa? + O(a4)}
X [4b1x2 {C0,3 + HyaP 3 + Hza? + O(oc4)} {Eos+ Esa? (14 0(1))} + 1} :
(iv) Let p > 5. Then by (1.8), (3.5) and (4.3), we have

Aa) = 8a%{Co3 + Hza® + 0(“2)}2
X [4b0¢2 {Co/3 + Hza? + 0(062)} {EO,B + E50‘p73(1 + 0(1))} + 1] :

Thus the proof of Theorem 1.8 is complete. O
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