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Abstract. In this paper we define the notion of slow divergence integral along sliding
segments in regularized planar piecewise smooth systems. The boundary of such seg-
ments may contain diverse tangency points. We show that the slow divergence integral
is invariant under smooth equivalences. This is a natural generalization of the notion of
slow divergence integral along normally hyperbolic portions of curve of singularities in
smooth planar slow—fast systems. We give an interesting application of the integral in a
model with visible-invisible two-fold of type V3. It is related to a connection between
so-called Minkowski dimension of bounded and monotone “entry-exit” sequences and
the number of sliding limit cycles produced by so-called canard cycles.

Keywords: sliding limit cycles, piecewise smooth systems, regularization function, slow
divergence integral, Minkowski dimension.

2020 Mathematics Subject Classification: 34E15, 34E17, 34C40.

1 Introduction

The notion of slow divergence integral [6, Chapter 5] has proved to be an important tool to
study lower and upper bounds of limit cycles in smooth planar slow—fast systems (see e.g.
[5-7,10,11] and references therein). In this paper by “smooth”, we mean differentiable of
class C*. One of the main goals of this paper is to define the slow divergence integral in
regularized planar piecewise smooth (PWS) systems with sliding and to prove its invariance
under smooth equivalences (by smooth equivalence we mean smooth coordinate change and
a multiplication by a smooth positive function). This is a natural generalization of [25] where
the slow divergence integral is defined only for a PWS two-fold bifurcation of type visible-
invisible called VI3 and the switching boundary is a straight line (for more details about
two-fold singularity VI3 see [28] and Sections 2 and 3). In this paper we define the slow
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divergence integral along sliding segments with a regular sliding vector field [16] (Section
2.1), and extend it to tangency points when only one vector field is tangent to switching
boundary (Section 2.3), two-fold singularities of sliding type V'Vy, II;, VI, and VI3 [28], and
to a visible-invisible two-fold singularity when the sliding vector field vanishes at the two-fold
point (Section 2.2).

Consider a smooth planar slow—fast system
Xep = faYy +€Qy + O(€?)

defined on open set V. C R?, where 0 < € < 1 is the singular perturbation parameter,
A~ Ay €eR, fa is a smooth family of functions and Y, and Q, are smooth families of vector
fields. We suppose that X, has a curve of singularities C, for all A ~ Ay (Fig. 1.1). We
further assume that Vf,(p) # (0,0) forall p € {(x,y) € V| fa(x,y) = 0} and that Y) has
no singularities for each A ~ Ag. Then we have C, = {fy = 0} and C, is a smooth family of
1-dimensional manifolds.

The orbits of the flow of X;, are located inside the leaves of a smooth 1-dimensional
foliation F, on V tangent to Y, (F, is called the fast foliation of X;,). If p € C,, then
DX, (p) has one eigenvalue equal to zero, with eigenspace T,C,, and the other one equal to
div Xp A (p) (i.e., the trace of DX, (p)) with eigenspace Tl , (11, is the leaf through p). We
say that p € C, is normally hyperbolic if div X, (p) # 0 (attracting when div X1 (p) < 0 and
repelling when div Xy (p) > 0). We can define the notion of slow vector field on normally
hyperbolic segments of C,. Let p € C, be a normally hyperbolic singularity and let Q,(p) €
T, C, be the projection of Q A(p) on T,C) in the direction of Tyl ,. Q, is called the slow vector
field and its flow the slow dynamics. The time variable of the slow dynamics is the slow time
F = et where t is the time variable of the flow of X, ,. We point out that the classical definition
of the slow vector field using center manifolds is equivalent to this definition. For more details
see [6, Chapter 3].
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Figure 1.1: The dynamics of X, with the curve of singularities C, (blue) and
the fast foliation F,. A normally hyperbolic segment m, C C, (red) along
which the slow divergence integral can be defined.

We define now the notion of slow divergence integral (see [6, Chapter 5]). If m, C C, is
a normally hyperbolic segment not containing singularities of Q,, then the slow divergence
integral along m, is defined by
3
I(ma) = [ divXop (2 (F))dE (1.1)
f
where z, : [f1, F] — R?, 2/, (F) = Qa(z(F)) and z, (f1) and z, (f,) are the end points of m, (we
parameterize m, by f). This definition is independent of the choice of parameterization z, of
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m, and the slow divergence integral is invariant under smooth equivalences (see [6, Section
5.3]).

If both eigenvalues of the linear part of Xy, at p € C, are zero, then we say that p is a
(nilpotent) contact point between C, and F). The slow divergence integral can also be defined
along parts of C, that contain contact points, using its invariance under smooth equivalences
and normal forms near contact points (see [6, Section 5.5]).

We come now to a natural question: can we define the notion of slow divergence integral if
we replace the slow—fast system X, 5 with a regularized planar PWS system? In Section 2 we
give a positive answer to the question. Instead of X;, we consider a A-family of planar PWS
systems (2.1) defined in Section 2. The switching boundary ¥, defined after (2.1) plays the
role of the curve of singularities C,, and the Filippov sliding vector field Z§' on sliding subsets
of ¥, (see (2.2)) plays the role of the slow vector field Q, on normally hyperbolic portions of
C, (see Proposition 2.1). The function that will be integrated (Definition 2.2 in Section 2.1) is
the divergence of a smooth slow—fast vector field visible in the scaling chart of a cylindrical
blow-up applied to regularized PWS system (2.4) (for more details see [25] and the proof of
Proposition 2.1). The notion of slow divergence integral in the PWS setting is well-defined
when the sliding vector field Z§ has no singularities (see Definition 2.2).

We show that the slow divergence integral from Definition 2.2 is invariant under smooth
equivalences (see Theorem 2.4 in Section 2.1).

Vi vV

Figure 1.2: Limit periodic sets in planar PWS systems through two-fold points
with sliding (the VI3 case and the VV; case). They can be located in a region
with invisible fold point (green) or in a region with visible fold point (red).

In Sections 2.2 and 2.3 we define the slow divergence integral near tangency points, as
already mentioned above (tangency points in X, play the role of contact points between C,
and F),). We use the invariance of the slow divergence integral under smooth equivalence.
The extension of the slow divergence integral to tangency points has proved to be crucial
when we study the number of sliding limit cycles (i.e., isolated closed orbits with sliding
segments) of a regularized planar PWS system produced by so-called canard limit periodic
sets or canard cycles (for more details see [25]). In [25] only the VI3 case has been studied,
with canard cycles located in the region with invisible fold point (see the green closed curve in
Fig. 1.2). Canard cycles contain both stable and unstable sliding portions of the discontinuity
manifold (often called switching boundary). For example, it has been proved in [25] that the
number of sliding limit cycles (produced by the canard cycles) of regularized quadratic PWS
systems is unbounded.

A canard cycle can also be located in a region with visible fold point (for example, red
closed curves in Fig. 1.2), and again the slow divergence integral associated to the segment of
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the switching boundary contained in the canard cycle plays an important role when studying
sliding limit cycles (see [24]).

Besides sliding cycles, crossing limit cycles can exist for PWS systems and for example J.
Llibre and co-workers have obtained upper bounds for a number of classes [13,29,32]. See
also [2,4,17,18,20,21,30,31] and references therein.

Section 3 is devoted to applications of the slow divergence integral from Section 2. In
Section 3 we focus on the model used in [25] (visible-invisible two-fold VI3) and read upper
bounds of the number of sliding limit cycles and type of bifurcations near so-called gener-
alized canard cycles (Fig. 3.1) from fractal properties of a bounded and monotone sequence
in R defined using the slow divergence integral and the notion of slow relation function
(see Section 3.1). The main advantage of this fractal approach is that, instead of computing
the multiplicity of zeros of the slow divergence integral (like in [25]), it suffices to find the
Minkowski dimension [14] of the sequence. There is a bijective correspondence between the
multiplicity and the Minkowski dimension (see Section 4). A similar fractal approach has been
used in [8,22,23,26] where one deals with smooth slow—fast systems. See also [12,35] and the
references therein. We point out that there exist simple formulas for numerical computation
of the Minkowski dimension of the sequence (see e.g. [23]). In Section 3.2 we state the main
fractal results (Theorems 3.4-3.6), and in Section 4 we prove them.

For the sake of readability, in this paper we work in R? using the Euclidean metric. We
believe that the notion of slow divergence integral in regularized PWS systems on a smooth
surface could also be defined. We point out that the slow divergence integral [6] is defined for
slow—fast systems on a smooth surface.

2 The slow divergence integral in PWS systems with sliding

First we recall the basic definitions in PWS theory [9, 19] (switching boundary, sliding set,
crossing set, sliding vector field, tangency point, two-fold singularity, etc.). Then we define
the notion of slow divergence integral of a regularized PWS system along a sliding segment
(not containing singularities of the sliding vector field) and prove that the integral is invariant
under smooth equivalences (see Section 2.1). In Section 2.2 we extend the definition of the
slow divergence integral to segments consisting of a stable sliding region, an unstable sliding
region and a two-fold singularity between them. If the two-fold singularity is visible-invisible,
then we assume that the sliding vector field is regular or has a hyperbolic singularity in the
two-fold point. In Section 2.3 we define the slow divergence integral near a tangency point
where the tangency (quadratic or more degenerate) appears only in one vector field.

Consider a A-family of PWS systems in the plane

+ +
s {ZA (z) forzeXy, 2.1)

Z,(z) forzeXy,

where z = (x,y), A ~ Ap € R! and the switching boundary is a smooth A-family of 1-
dimensional manifolds X, given by

Yya={z€R?|hy(z) =0}NV,

with an open set V and a smooth family of functions /) such that Vi, (z) # (0,0), Vz € X,.
The switching boundary X, separates the open set £} = {z € V | hy(z) > 0} from the open



Slow divergence integral in reqularized PWS systems 5

set ¥, = {z € V| hy(z) < 0}. We assume that the A-family of vector fields Z; = (X, Y]")
(resp. Z, = (X, Y, )) is smooth in the closure of the A-family ZI (resp. X ). In this paper
“smooth” means “C*-smooth”.

The subset X5 C £, consisting of all points z € £, such that
Z§ () (2)Z5 (1) (2) <0

is called the sliding set, where Z3 (h))(z) := Vh,(z) - Zi(z) is the Lie-derivative of 1, with
respect to the vector field Zf at z. A sliding point z € X is stable (resp. unstable) if
Z¥(hy)(z) < 0and Z; (hy)(z) > 0 (resp. Z{(hy)(z) > 0 and Z; (h))(z) < 0). We write
T = ¥5 UZY where I (resp. TY) is the set of all stable (resp. unstable) sliding points. In 5
(resp. X%) the vector fields ZAi point toward (resp. away from) the switching boundary. We
call the set X§ C X, of all points z € X such that

Zy (h)(2)Zy (ha)(2) > 0

the crossing set.
At each point z € X the orbit of (2.1) crosses the switching boundary X, (it is the con-

catenation of the orbit of Z} and the orbit of Z, through z). Along the sliding set &, the flow
is given by the Filippov sliding vector field [16]

1

Zr =2 (ZH () Zy = Z3 (h)Z)) (2), z € 25, (22)

Z{(z) =

The sliding vector field Zj’ defined in (2.2) is tangent to ¥ ie., Zjl (z) is equal to the convex
combination TZ; (z) + (1 — 7)Z} (z) with

—Z, (hy)
(Zy = Zy) ()

We say that z € £ is a pseudo-equilibrium of (2.1) if Z§/(z) = 0.

A point z € X, where Z (h))(z) = 0 or Z; (hy)(z) = 0 is a PWS singularity called
tangency. We say that z € ¥, is a fold singularity (or a fold point) of Z} (resp. Z) if
Z{(hy)(z) = 0and (Z)%(ha)(z) # 0 (resp. Z; (hy)(z) = 0 and (Z; )?(hy)(z) # 0). The fold
point is visible if (Z})2(hy)(z) > 0 (resp. (Z;)?(hy)(z) < 0) and invisible if (Z)?(ha)(z) < 0
(resp. (Z7)2(hy)(z) > 0).

We say that z € %, is a two-fold singularity if z is a fold point of both Z{. A two-fold
singularity z € £, is said to be visible-visible (V'V) if z is visible in both Z7", invisible-invisible
(II) if z is invisible in both Z, and visible-invisible (V1) if z is visible in Z;\r and invisible
in Z; or visible in Z; and invisible in Z. Following [28], there exist 7 (generic) cases for
two-fold singularities taking into account the direction of the flow of Z; and Z$: 2 visible-
visible cases (denoted by VV; and V'V, in [28]), 2 invisible-invisible cases (II; and II;) and 3
visible-invisible cases (VI;, VI, and VI3). For more details we refer to [1,19,27,28]. In Section
2.2 we define the notion of slow divergence integral near two-fold singularities of sliding type
(VVy, 1L, VI and VI3). The four sliding cases are illustrated in Fig. 2.2. We also treat a
visible-invisible two-fold singularity where the sliding vector field points toward (or away
from) the two-fold singularity on both sides (Fig. 2.3).

T=T1)(z) = (z) €]0,1]. (2.3)

We consider a regularized PWS system [25]

z=¢(ha(z)e )Zi(z) + (1 — p(ha(2)e ™)) Z; (2) (2.4)
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where 0 < € < 1and ¢ : R — R is a smooth regularization function. We assume that ¢ is
strictly monotone, i.e.,
¢'(u) >0 forallu € R, (2.5)

and ¢ has the following asymptotics for u — foco:

(1) — {1 for u — oo, 26

0 foru — —oo.

Moreover, we assume that ¢ is smooth at oo in the following sense: The functions
1 for u = 0, ¢(—ut) foru >0,

¢+ () := . ;o 9-(u) =
$p(u=") foru >0, 0 foru =0,

are smooth at u = 0.

Using the asymptotics of ¢ given in (2.6), the system (2.4) becomes the PWS system (2.1)
in the limit € — 0. Combining this with the fact that ¢ is smooth at +-c0, we have that, for
z kept in any fixed compact set in V '\ X, the right hand side of (2.4) is an o(1)-perturbation
of the right hand side of (2.1) where 0(1) is a smooth function in (z,€,A) and tends to 0 as
€ — 0, uniformly in (z,A). Thus, the PWS system (2.1) describes the dynamics of (2.4), for
€ > 0 small, as long as z is kept uniformly away from X,.

Near ZS'AI, the dynamics of (2.4), with 0 < € < 1, is given by Proposition 2.1 (see also [33]).

2.1 Definition and invariance of the slow divergence integral

Proposition 2.1. Suppose that the PWS system (2.1) has a stable (resp. unstable) sliding point p €
Zf\lo. Then, for each 0 < € < 1and A ~ Ay, (2.4) has a locally invariant manifold near p with foliation
by stable (resp. unstable) fibers, and the reduced dynamics on this manifold (when € — 0) is given by
sliding vector field Z3! defined in (2.2).

Proof. Without loss of generality, we can assume that ag# (p) # 0. Then the switching bound-
ary X, (locally near p) is the graph of a smooth function y = f)(x). Using h)(x,y) = €y, the

system (2.4) multiplied by € > 0 becomes a slow—fast system

= e (@)X (x, /1 (x)) + (1= (@)X (x, fa(x)) +O(e)),
§=¢@Zy (1) (x, fo(x)) + (1 = @) Zy (ha) (x, fa(x)) + O(e).

When € = 0, the curve of singularities of (2.7) is given by § = ¢! (11 (x, fo(x))) where T, is
defined in (2.3). Each singularity (x,¢ ! (Ty(x, fa(x)))) is semi-hyperbolic with the nonzero
eigenvalue equal to the divergence of the vector field (2.7), with € = 0, computed in that
singularity:

(2.7)

(2§ = Z0) () (%, /()¢ (971 ((x, f1(x)))) - 8)

The reason why the eigenvalue in (2.8) is nonzero is because Z} (h))Z; (h)) < 0 and ¢’ > 0
(see (2.5)). The curve of singularities is attracting (resp. repelling) if p is a stable (resp.
unstable) sliding point. The result follows now from Fenichel’s theory [15]. Notice that the
reduced dynamics of (2.7) along the curve of singularities is given by the vector field

(TAX;{_ + (1 — TA)X)T) (x,fA(x)). (29)
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We divided the x-component in (2.7) by € and let € — 0 with § = ¢~ (Ta(x, fa(x))). We get
the same expression (2.9) if we use the definition of the slow vector field introduced in Section
1. This completes the proof. O

Following [6, Chapter 5] or Section 1 in the smooth slow—fast system (2.7) one can define
the notion of slow divergence integral along normally hyperbolic curve of singularities j =
¢! (tA(x, f1(x))) when the sliding vector field in (2.9) has no singularities: it is the integral of
the divergence in (2.8) where the variable of integration is the time variable of the flow of the
sliding vector field. This is our motivation for the definition of the notion of slow divergence
integral of regularized PWS system (2.4) (see also [25]).

Definition 2.2 (Slow divergence integral). Let m, C Zj’ be a bounded segment (Fig. 2.1) not
containing pseudo-equilibria of the PWS system (2.1). Let z, : [t1, 2] — R? be a solution of
Z/(t) = Z§H(z(t)) where z, (1) and z,(t,) are the end points of 11, (z, is a parameterization of
m,). Then we define the slow divergence integral of regularized PWS system (2.4) associated
tom, as

I(my) = /: Ex(za(1))dt (2.10)

where

Exz) = (Z{ = ZD) ()@ (97 (m(2),  zexf.

Remark 2.3. Note that the definition of the slow divergence integral given by (2.10) is inde-
pendent of the choice of z,. Indeed, if 2, is another solution to z'(t) = Z3 (z(t)) and p € m,,
then there exist f € [t1, ;] and f such that z) (f) = 2,(f) = p. Then we have z, (t) = £, (t + f—f)
due to uniqueness of solutions. Now, we get

ty+E—f to
/t Ex(24(s))ds = / Ea(za(1))dt,

1+HE=F t
where we use the change of variable s =t +f — I.

If m, is stable (resp. unstable), then I(m,) is negative (resp. positive).

The slow divergence integral from Definition 2.2 is invariant under smooth equivalences
(Theorem 2.4.1 and Theorem 2.4.2). Theorem 2.4.3 tells us how to compute I(m,) for an
arbitrary parameterization of m, (see also [6, Proposition 5.3]).

sl
Z'/\

my

Figure 2.1: A segment m, C 5 (blue).
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Theorem 2.4 (Invariance of the slow divergence integral). Let us denote the family of vector field
in (2.4) by Z. ) and let my C 5! be as in Definition 2.2. The following statements are true.

1. Let T:Vy — V, C V (w— z = T(w)) be a smooth coordinate transformation, with open sets
Vi, Vo C R2. Let I1(m,) be the slow divergence integral of Z. y along m, C V.. Then the slow
divergence integral 1(T~1(m,)) of the pullback of the vector field Z ,|v. along T~1(m,) C Vi
is equal to I(m,).

2. Let g be a smooth strictly positive function defined in a neighborhood of m,. Then the slow
divergence integral of Z,  along m, is equal to the slow divergence integral of the equivalent
vector field g.Z ) along m,.

3. Let py : [v1,v2] — R? be a parameterization of m). Then we have
i) [ a0
TE 2O I

where Py is a smooth A-family of nowhere zero functions satisfying
Z{ (pa(v)) = Pa(0)pa(v)-
Proof. Statement 1. The pullback of the vector field Z |y, can be written as
T*(Zealv.) (w) =¢(hy o T(w)e YWy (w) + (1 = p(hy o T(w)e™!)) Wy (w)

where Wi (w) = DT(w)~1(Z3 o T)(w). It is not difficult to see that the Lie-derivative of /iy o T
with respect to the vector field Wi is given by

Wi (hyo T)(w) = Zy (ha)(T(w)). (2.11)

Using (2.11) and Definition 2.2 we find that the slow divergence integral of T*(Z. ,|v.) along
T-1(m,) is given by
t
1T m)) = [ EA(T(wa(0)dt

t
where w) : [t1,f] — T~1(m,) is a solution of w'(t) = W5 (w(t)) (the Filippov sliding vector
field along T~!(m,) is given by W5 (w) = DT(w)~'Z5/(T(w))). Since T o w, : [t, ta] — my, is
a solution to z’(t) = Z3(z(t)), the result follows.

Statement 2. From Definition 2.2 it follows that the slow divergence integral of g.Z. ) along
m, is equal to

m) = [* Ex®)s(ab)d @12)

where 2, : [f1, ] — m) and 2} (F) = g(21(F))Z5 (21(F)). We make in the integral in (2.12) the
) bk

tp]. Then we have

Since (2y 0 p 1) (t) = Z$((2x 0o p~1)(t)), t € [0,p(F2)], this integral is the slow divergence
integral of Z. ) associated to m,. This completes the proof of Statement 2.
Statement 3. The proof of Statement 3 is similar to the proof of Statement 2. O
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Remark 2.5. It follows directly from Definition 2.2 that the slow divergence integral of —Z »
along m, is equal to the slow divergence integral of Z, , along m) multiplied by —1.

We will use the invariance of the slow divergence integral under smooth equivalences in
Section 2.2 and Section 2.3.

If my C X5 contains pseudo-equilibria, then the slow divergence integral associated to 1,
is not well-defined.

2.2 The slow divergence integral near two-fold singularities

In this section we suppose that the sliding vector field Z, given by (2.2), is defined around
a two-fold singularity. Our goal is to define the notion of slow divergence integral near such
a two-fold singularity. Since the slow divergence integral (2.10) is invariant under smooth
equivalences (Theorem 2.4), we use a normal form of (2.1), locally near the two-fold singular-
ity, in which h)(x,y) = y and the two-fold point corresponds to the origin p = (0,0). Notice
that such normal form coordinates exist because Vi, (z) # (0,0), Vz € ), in (2.1).

Using h)(x,y) = y the two-fold p satisfies
Zy (h)(0) = Y37 (0) =0, (Z;)*(ha)(0) = X3 (0)3xY; (0) # 0, (2.13)
and the sliding vector field Z§/ near p can be written as

det Z/\(X)
(Y)T - YI)(X, 0)

X (x) = (2.14)
where
detZ)(x) := (X]Y, — X;Y;{)(x,0).

Remark 2.6. The notation det Z, comes from [1]. In [25] a similar notation has been used for
—(X{Yy = XY,

Since we assumed that the sliding vector field X5’ is defined around the two-fold p, we
find that X (0)X; (0) > 0 if the folds have the same visibility (visible-visible or invisible-
invisible) and X} (0)X; (0) < 0 if the folds have opposite visibility. We have p € 9% N oXX.
These properties follow directly from (2.13) and the definition of visible and invisible folds
(see [1, Lemma 2.8]), and imply that d,(Y; — Y, )(0) # 0 and 9,Y; (0)9.Y; (0) < 0.

Using 0x(Y, — Y, )(0) # 0 it is clear that the sliding vector field in (2.14) has a removable
singularity in x = 0 and

(detZ,)'(0)
ax(YA__ )T)(O)

From [1, Lemma 2.9] and [1, Corollary 2.10] it follows that v # 0 and sgn(v) = sgn(X; (0))
if the folds have the same visibility (VV; and II; in Fig. 2.2), and that v # 0 and sgn(v) =
—sgn (X (0)(detZ,)’(0)) if the folds have opposite visibility and (det Z,)'(0) # 0 (V> and
VI3 in Fig. 2.2). If the folds have opposite visibility, we assume that v # 0 in (2.15) or x = 0 is a
hyperbolic singularity of the sliding vector field X§! (or, equivalently, x = 0 is a zero of multiplicity 1
or 2 of the function det Z,). We refer to Fig. 2.3 (the multiplicity of the zero x = 0 of detZ, is
2).

Xs(x) =v+0(®x), v= (2.15)
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72\

N
—- ,V >
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./

Figure 2.2: The different types of two-fold singularities with sliding: the folds
in VVj and II; have the same visibility, while the folds in VI, and VI3 have
opposite visibility.

From 9, (Y; — Y, )(0) # 0 and 9,Y; (0)9,Y; (0) < 0 it follows that the function 7, defined
in (2.3) has the following property when x — 0:
-Y; 9,Y, (0)

Hm T (x 0) = lim 3 == (0 = 3 =y Fy0)

€10,1[. (2.16)

Let us now compute the slow divergence integral along [xo, x1], with 0 < xp < x7. We
assume that x; is small enough such that [x, x;] does not contain any singularities of the
sliding vector field X§. We use Theorem 2.4.3. We take p)(x) = (x,0), x € [x0,x1], in
Theorem 2.4.3. Then we have

detZ,(x)
(Yy =Y{)(x,0)

pa(x) = , Ex(pA(2)) = (G = YD) (x,00¢' (¢7 (1a(x,0)) ).

This implies

x]f_++_fxll_ V-
1([x0/xﬂ)=/xO s ﬂe(fg”(gﬁ( O)q> (cp 1(&@,0)))% (2.17)

Finally, we define the slow divergence integral along [0, x1] (the left end point of [0, x1] is the
two-fold point).

Definition 2.7. Let m) = [0, x1]. Then the slow divergence integral along m, is defined as

I(my) = x(}g& I([x0, x1])

where I([xo, x1]) is given in (2.17).

Remark 2.8. Notice that the function x — ¢’ (¢~ (1A (x,0))) in (2.17) can be defined at x = 0
such that this function is smooth and positive on the segment m, (see (2.5), (2.6) and (2.16)).
If the folds have the same visibility, then I(m, ) is well-defined (finite) because v # 0 in (2.15).
Since we assume that the multiplicity of the zero x = 0 of det Z, does not exceed 2 when the
folds have opposite visibility, I(m,) is finite.

Remark 2.9. The slow divergence integral along m, = [xo,0], with xo < 0, can be defined in a
similar way: I(m,) = lim,, o I([x0, x1]) where I([xo, x1]) has the same form (2.17).
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NN A AN s
= N/

(@) (0)

Figure 2.3: Non-generic visible-invisible two-fold singularities. The (extended)
sliding vector field has a hyperbolic singularity at the two-fold points. (a) The
sliding vector field points toward the two-fold singularity. (b) The sliding vector
field points away from the two-fold singularity.

2.3 The slow divergence integral near one-sided tangency points

In this section we define the slow divergence integral near a tangency point p € 0X3 U 0X}
where both vectors Z (p) are nonzero and precisely one of them is tangent to £, at p (see e.g.
Fig. 2.4). Like in Section 2.2, the switching boundary X, is locally given by h,(x,y) = y and
p = (0,0). Since we suppose that p € 9X5 U0X}, there is a side of p (without loss of generality
we take x > 0) where the sliding vector field is defined, and given by (2.14). If the (nonzero)
vector Z (0) (resp. Z; (0)) is tangent to X, then X (0) # 0, Y;"(0) = 0 and Y, (0) # O (resp.
X;(0) #0,Y, (0) =0and Y; (0) # 0) and

XsH(x) = X3 (0) + O(x) (resp. Xl (x) = X; (0) + O(x)) . (2.18)

Since X (0) # 0 (resp. X; (0) # 0), the sliding vector field X5 in (2.18) is regular near x = 0.
Thus, the segment [xp, x1], with 0 < xp < x1, does not contain any singularities of Xf\l if xq
is small enough and we can define the slow divergence integral along [xo, x1] exactly in the
same way as in Section 2.2. The slow divergence integral is given by (2.17) and we use the
same notation I([xg, x1]).

DN b -
R A AT

(@) (b ()

-

Figure 2.4: (a) The sliding vector field is defined on one side of the tangency
point. (b) The sliding vector field is defined on both sides of the tangency point.
(c) A crossing region around the tangency point (in this case the slow divergence
integral near the tangency point is not defined).

We can now define the slow divergence integral near the tangency point p.
Definition 2.10. Let m, = [0, x;]. Then the slow divergence integral along m, is defined as

I(my) = i I([x0, x1])-
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Remark 2.11. The slow divergence integral I(m,) from Definition 2.10 is well-defined. Indeed,
lim, 100 ¢’ (1) = 0 (due to the smoothness of ¢ at £co given after (2.6)). Moreover, we have
(a) lim, 1 ¢~ (u) = +oo, (b) limy 04 ¢~ (1) = —oo (see (2.6)) and finally (c) %(x,O)
A A
tends to 1 (resp. 0) as x — 0+ when Z (0) (resp. Z; (0)) is tangent to X,. It follows from

(@), (b) and (c) that the integrand in (2.17) can be defined at x = 0 (0 for x = 0) and that the
integrand is continuous on the segment m,. This implies that I(m,) is well-defined.

3 Limit cycles and fractal analysis through visible-invisible two-
fold VI3

3.1 Model and assumptions

We consider a PWS system (2.1) where we assume that A ~ Ag € R, and h,(x,y) = y (the
switching boundary is the line y = 0).

Assumption A. Suppose that there are 7_ < 0 and 4 > 0 such that the PWS system (2.1) for
A = Ag has stable sliding for all x € [—,0[ (ie., Y} (x,0) < 0and Y; (x,0) > 0 for x € [57-,0])
and unstable sliding for all x €]0,7+] (i.e, Y3 (x,0) > 0 and Y (x,0) < 0 for x €]0,7+]).
Moreover, we assume that the Filippov sliding vector field Xf\l given by (2.14) is positive for
x € [n-,n4]\ {0} and A = A,.

Assumption A implies that Yi (0) = 0 and the origin z = 0 is therefore a tangency point
(see Section 2). We assume that z = 0 for A = Ag is a two-fold singularity. Moreover, we
suppose that the two-fold singularity is visible from “above" and invisible from “below", i.e.,
the orbit of Z/J{O through z = 0 is contained within y > 0 near z = 0, and the orbit of Z}_
through z = 0 is not contained within y < 0 (Section 2).

Assumption B. We assume that the origin z = 0 in the PWS system (2.1) is a visible-invisible
two-fold for A = Ag: YXE (0) =0and

{X;O(o) >0, {XAO(O) <0, 31)

,Y; (0) >0, |aY;(0) <o.
Additionally, we assume that (det Z,,)’(0) < 0 where detZ, is defined in (2.14).

Remark 3.1. From (3.1) it follows that dx(Y; — YIO)(O) < 0. This, together with (det Z,,)’(0) <

0 and (2.15), implies that X3 (0) > 0. Thus, X§ (x) > 0 for all x € [7-,7] (see Assumption
A).

Assumption B and the Implicit Function Theorem imply the existence of smooth A-families
of fold singularities z; = (x4 (A),0) from above and fold singularities z_ = (x_(A),0) from
below, for A ~ Ag, with x4 (Ag) = 0. The following assumption deals with non-zero velocity
of the collision between z; and z_ for A = A at the origin z = 0:

_a)\Y)—:) a)LY/\_O
aijO 0x Y,

X', (Ao) = x"(Ag) = ( ) (0) #0

where 0 /\on means the partial derivative of Yf w.rt. A, computed in A = Ag.
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Assumption C. We assume that
0)Y; Y #0,Y[ 9,Y, (3.2)

at (z,A) = (0, Ag).
We consider a regularized PWS system (2.4) with 1, (x,y) = y:

z=¢(ye 2)Z] (z) + (1— p(ye ?))Z; (2) (3.3)

where 0 < ¢ < 1T and ¢ : R — R is a smooth regularization function that satisfies the
assumptions given after (2.4). More precisely, we have

Assumption D. We suppose that ¢ satisfies (2.5) and (2.6) and that ¢ is smooth at £co.

It is more convenient to write € 2 in (3.3) instead of € ! so that we can directly use results
from [25] (see Section 4).

.

L)j//\
=1+ (s)
S \S

Figure 3.1: A fractal sequence (s, ),en near the canard cycle I'y.

Let S be an open section transversally cutting orbits of Z,, parametrized by a regular pa-
rameter s ~ 0 (Fig. 3.1). We assume that s increases as we approach the origin z = 0. For
A = Ag, let T's be the limit periodic set consisting of the orbit of Z) connecting (¢ (s),0)
and (¢_(s),0), and the segment [_(s), P4+(s)] C {y = 0} (Fig. 3.1). We suppose that
[_(s),p+(s)] C [y—,n4] for all s ~ 0. In [25] T is called a canard cycle. From the cho-
sen parameterization of S it follows that ¢’ (s) > 0 and ¢, (s) < 0. Following [25, Section 3],
to study the number of limit cycles of (3.3) produced by T’ for (e,A) ~ (0, Ag) one can use the
slow divergence integral associated to the segment [(_(s), 4 (s)]:

e (Y =Y )R (x0) L Yy
1(5)_/¢(S) ~dezym 0\ ) ) oh

Ao

Remark 3.2. In (3.4) we use Definition 2.7 and Remark 2.9. Note that
I(s) = I(mxy) + L(1i1,)
where m,, = [0, 9 (s)] and 1), = [p_(s),0].
Remark 3.3. We suppose that Assumptions A through D are satisfied and write

A:A0—|—€7t
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with A ~ 0. We say that the cyclicity of the canard cycle Iy inside (3.3) is bounded by N € N
if there exist g > 0, & > 0 and a neighborhood U of 0 in the A-space such that (3.3) has at
most N limit cycles, each lying within Hausdorff distance &y of T, for all (€,A) €]0,eg] x U.
We call the smallest N with this property the cyclicity of I'y and denote it by Cycl(Iy).

If the slow divergence integral I in (3.4) has a simple zero at s = 0, then Cycl(I'g) = 2 and,
for each small € > 0, the A-family in (3.3) undergoes a saddle-node bifurcation of limit cycles
near I') when we vary A ~ 0. Under the same assumption on I, there is a smooth function
A = A(e), A(0) = 0, such that (3.3) with A = Ag 4 eA(e) has a unique (hyperbolic) limit cycle
Hausdorff close to I'y for each small € > 0.

If I has a zero of multiplicity m > 1 at s = 0, then Cycl(Ty) < m + 1. When I(0) < 0 (resp.
1(0) > 0), then Cycl(I'y) = 1, and the limit cycle is hyperbolic and attracting (resp. repelling).

We refer the reader to [25, Theorem 3.1] and [25, Remark 3.4].

We say that the canard cycle I’y is balanced if s = 0 is a zero of I(s) defined in (3.4)
(I(0) = 0). If Ty is balanced, then there exists a unique function G(s) satisfying G(0) = 0,
G'(0) > 0 and

s 05, =Y Pw0) (L (Y _
/1p(s) —det Z,, (x) ¢l W(LO) dx =0 (3.5)

Ao

for s ~ 0. This follows from the Implicit Function Theorem because I(0) = 0, ¢' (s) > 0,
Y/ (s) < 0 and the integrand in (3.4) is negative for x < 0 and positive for x > 0 (see
Assumptions A and D). We call G defined by (3.5) the slow relation function.

Assumption E. We suppose that Iy is balanced and that s = 0 is an isolated zero of I(s),
meaning that s = 0 has a small neighborhood | — 5, 5[ (§ > 0) that does not contain any other
zero of I(s).

Assumption E implies that I is either negative or positive for s > 0 (I is continuous). Using
the above mentioned property of the integrand in (3.4) it can be easily seen that 0 < G(s) < s
for s > 0 when I is negative and G(s) > s for s > 0 when [ is positive. Let syp > 0 be small
and fixed. Thus, if I is negative (resp. positive), then the orbit of sy

Uy = {so,51,52,... } (3.6)

defined by s, 11 = G(s,) (resp. s,11 = G~ 1(sy)), n > 0, tends monotonically to the fixed point
s = 0 of G. We want to study the Minkowski dimension of Uj.

Let us first define the notion of Minkowski (or box) dimension (see [14,34] and references
therein). Let U C RN be a bounded set. We define the 5-neighborhood of U:

Us = {x ¢ RN | d(x,U) <6},

and denote by |Us| the Lebesgue measure of Uj;. The lower u-dimensional Minkowski content
of U, for u > 0, is defined by

and analogously the upper u-dimensional Minkowski content M**(U) (we replace lim inf;_,
with limsup;_, ). We define lower and upper Minkowski dimensions of U:

dimgU = inf{u >0 | M¥(U) =0}, dimpU = inf{u >0 | M*(U) = 0}.
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We have dimgU < dimpU and, if dimzU = dimpU, we call it the Minkowski dimension of U,
and denote it by dimp U.

The upper Minkowski dimension is finitely stable. More precisely,
dimp(U; U Up) = max{dimpll, dimpll,}, U;, U, C RV,

If U; C Uy, then dimyzU; < dimglU, and dimpl; < dimpll, (dimy and dimp are monotonic).

Furthermore, if 0 < M?(U) < M*(U) < oo for some d, then we say that U is Minkowski
nondegenerate. In this case we have necessarily that d = dimp U. Recall also that the notion
of being Minkowski nondegenerate is invariant under bi-Lipschitz maps. Namely, if ® is a
bi-Lipschitz map and U is Minkowski nondegenerate, then ®(U) is also Minkowski nonde-
generate (see [36, Theorem 4.1]).

We use these properties in Section 4.2.

Following [12], dimp U exists, it is independent of the choice of sp > 0 and can take only
the following discrete set of values: 0, %, %, %,. .., 1 (see also Theorem 4.1). The set Uy is
defined in (3.6).

3.2 Statement of results

In this section we consider the family (3.3) that satisfies Assumptions A through E and assume
that A = Ag + €A with A ~ 0.

Theorem 3.4. Let 5o > 0 be small and fixed and let Uy be the orbit of sg defined in (3.6). If dimp Uy =
0, then the following statements hold.

1. (A unbroken) There exists a smooth function A = A(e), A(0) = 0, such that (3.3) with A =
Ao + €A(€) has a unique (hyperbolic) limit cycle Hausdorff close to Ty for each small € > 0.

2. (A broken) We have that Cycl(To) = 2 and, for every small € > 0, the A-family (3.3) undergoes
a saddle-node bifurcation of limit cycles Hausdorff close to Ty.

Theorem 3.4 will be proved in Section 4.1.

Theorem 3.5. Let Uy be the orbit of s defined in (3.6), for a small sy > 0. If dimp Uy < 1, then

—dim
Cycl(To) < =g,

Theorem 3.5 will be proved in Section 4.1.

Theorem 3.6. Let Uy be the orbit of sg defined in (3.6), for a small so > 0, and dimp Uy = 0. The
following statements are true.

1. For A = A(e) given in Theorem 3.4.1 and for each small € > 0, the Minkowski dimension of any
spiral trajectory accumulating (in forward or backward time) on the unique limit cycle of (3.3)
near Ty is equal to 1.

2. For each small € > 0, the Minkowski dimension of any spiral trajectory accumulating (in forward
or backward time) on the limit cycle of multiplicity 2 of (3.3), born in a saddle-node bifurcation
of limit cycles Hausdorff close to I, is equal to % and moreover, the spiral is Minkowski nonde-
generate.

Theorem 3.6 will be proved in Section 4.2. A small (Hausdorff) neighborhood of Ty in
which we consider spiral trajectories in Theorem 3.6.1 or Theorem 3.6.2 does not shrink to I'y
as € — 0 (see Section 4.2).
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4 Proof of Theorems 3.4-3.6

4.1 Proof of Theorems 3.4-3.5

Let § > 0 be small and fixed. Suppose that F is a smooth function on [0,5], F(0) =
0 < F(s) < s for all s €]0,5[. We define H(s) := s — F(s) and the orbit of sy €]0, 5[ by H:

U:={s,=H"(sp) |[n=0,1,...}

where H" denotes n-fold composition of H. It is clear that s, tends monotonically to zero.
We say that the multiplicity of the fixed point s = 0 of H is equal to m if s = 0 is a zero of
multiplicity m of F (F(0) = --- = F"=1(0) = 0 and F")(0) # 0). If F"(0) = 0 for each
n=0,1,..., then we say that the multiplicity of s = 0 of H is co.

Theorem 4.1 ([12]). Let F be a smooth function on [0,5], F(0) = 0and 0 < F(s) < s for each
s €]0,5[. Let H = id —F and let U be the orbit of sy € 10,5 by H. Then dimp U is independent of
the initial point sy and, for 1 < m < oo, the following bijective correspondence holds:

1

M= I " dimp U

(4.1)

where m is the multiplicity of s = 0 of H (if m = co, then dimp U = 1).

If we denote by ® the integrand in (3.4) and (3.5), then we have

¥ (s) ¥+(G(s)) ¥+ (s) p1(s)
I(s) = / d(x)dx = / D(x)dx + P(x)dx = / D(x)dx
- (s) - (s) $+(G(s)) ¥+(G(s))

where in the last step we use (3.5). From ¢/ _(s) < 0, ®(x) > 0 for x > 0 and The Fundamental
Theorem of Calculus it follows that there exists a negative smooth function ¥(s) such that

I(s) =Y¥(s)(s — G(s)).

This implies that s = 0 is a zero of multiplicity m of I(s) if and only if s = 0 is a zero of
multiplicity m of s — G(s).

We will first suppose that the orbit Uy in (3.6) is generated by the slow relation function
G. If dimp Uy = 0, then Theorem 4.1, with H = G, implies that the multiplicity of the fixed
point s = 0 of G is 1. Thus, we have that s = 0 is a simple zero of I and Theorem 3.4.1
(resp. Theorem 3.4.2) follows directly from [25, Theorem 3.1] (resp. [25, Remark 3.4]). See also
Remark 3.3. If dimp Uy < 1, then the multiplicity of s = 0 of G is equal to m (see (4.1)).

Thus, s = 0 is a zero of multiplicity m of I and [25, Remark 3.4]) implies that

1 ~ 2—dimg U
1—dimgUy 1—dimgUy

Cycl(Tp) <1+

This completes the proof of Theorem 3.5.

If Uy is generated by G™1, Theorem 3.4 and Theorem 3.5 can be proved in the same way
as above (we use Theorem 4.1 with H = G~ ! and the fact that G and G~! have the same
multiplicity of the fixed point s = 0).
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4.2 Proof of Theorem 3.6

The Minkowski dimension of spiral trajectories accumulating on a hyperbolic or non-
hyperbolic limit cycle of planar vector fields (without parameters) has been studied in [35,37].
We prove Theorem 3.6 for spiral trajectories in a Hausdorff neighborhood of the canard cycle
Iy that does not shrink to I'y as € — 0.

We will first prove Theorem 3.6.1. We assume that dimp Uy = 0 and A(e) is given in
Theorem 3.4.1. Let V be a fixed neighborhood of T'y. Then the unique limit cycle of (3.3) with
A = A(e) is located in V for each € > 0 small enough (see [25]). For such fixed € > 0, let T
be any spiral trajectory in V accumulating on the limit cycle (in the forward time if the limit
cycle is attracting or in the backward time if the limit cycle is repelling). We write T = TUT
where T is the part of T sufficiently close to the limit cycle (we can apply the results of [35,37])
and T is the rest of T (of finite length). It is clear that dimp[ = 1 and dimgl' > 1. Since
dimy < dimp, dimy is monotonic and dimg is finitely stable (see Section 3.1), we have

dimT < dimg (T UT) < dimp(IF' UT) = max{dimpI, dimpl'} = dimpT. (4.2)

Since the limit cycle is hyperbolic (see Theorem 3.4.1), [35, Theorem 10] implies that dimp ' =
dim,T = dimpl’ = 1. Using (4.2) we obtain dimp I’ = 1. This completes the proof of Theorem
3.6.1.

The first part of Theorem 3.6.2 can be proved in the same way as Theorem 3.6.1. Since the
non-hyperbolic limit cycle is generated by a saddle-node bifurcation of limit cycles we have
dimp T = dimgl' = dimpl’ = % (see [35, Theorem 10] and [37, Theorem 1]). To prove the claim
about Minkowski nondegeneracy; first observe that M3/2(T) = 0 since dimp(T) =1 < 3/2s0
that this part does not affect the upper and lower Minkowski content of I' = I' UT; hence, it
is enough to show that I' is Minkowski nondegenerate. To see this, we observe that I' can be
partitioned into finitely many pieces I';; i = 1,.. .,k such that each I; is bi-Lipschitz equivalent
to [0,1[xU by the Lipschitz flow-box Theorem [3]. Note also that dimpU = 1/2 and it is
Minkowski nondegenerate which implies that [0, 1[x U is also Minkowski nondegenerate; see
the proof of [37, Theorem 4(b)]. Finally, the finite stability of Minkowski dimension and of
Minkowski nondegeneracy now complete the proof exactly as in the proof of [37, Theorem

4(b)].

Declarations
Ethical Approval Not applicable.
Competing interests The authors declare that they have no conflict of interest.

Authors’ contributions All authors conceived of the presented idea, developed the theory,
performed the computations and contributed to the final manuscript.

Funding The research of R. Huzak and G. Radunovi¢ was supported by: Croatian Science
Foundation (HRZZ) grant PZS-2019-02-3055 from “Research Cooperability” program funded
by the European Social Fund. Additionally, the research of G. Radunovi¢ was partially sup-
ported by the HRZZ grant UIP-2017-05-1020.

Availability of data and materials Not applicable.



18

R. Huzak, K. U. Kristiansen and G. Radunovié

References

[1]

(2]

[3]

[4]

[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

C. BoNET-REVES, ]. LARROSA, T. M-SEARA, Regularization around a generic codimension
one fold-fold singularity, J. Differential Equations 265(2018), No. 5, 1761-1838. https://
doi.org/10.1016/j.jde.2018.04.047; MR3800102; Zbl 1393.34029

D. C. Braga, L. FE. MELLO, Limit cycles in a family of discontinuous piecewise linear
differential systems with two zones in the plane, Nonlinear Dyn. 73(2013), No. 3, 1283-
1288. https://doi.org/10.1007/s11071-013-0862-3; MR3083780; Zbl 1281.34037

C. CaLCATERRA, A. BoLpt, Lipschitz Flow-box Theorem, |. Math. Anal. Appl. 338(2008),
No. 2, 1108-1115. https://doi.org/10.1016/j.jmaa.2007.06.001; MR2386485;
Zbl 1155.34033

V. CarMONA, F. FERNANDEZ-SANCHEZ, D. D. NovaEgs, Uniform upper bound for the num-
ber of limit cycles of planar piecewise linear differential systems with two zones sepa-
rated by a straight line, Appl. Math. Lett. 137(2023), 108501. https://doi.org/10.1016/
j.aml.2022.108501; MR4513619; Zbl 1512.34071

P. DE MaEgsscHALCK, F. DUMORTIER, Classical Liénard equations of degree n > 6 can
have [“51] + 2 limit cycles, J. Differential Equations 250(2011), No. 4, 2162-2176. https:
//doi.org/10.1016/j.jde.2010.12.003; MR2763568; Zbl 1215.37038

P. DE MagesscHALCK, F. DUMORTIER, R. Roussarig, , Canard cycles—from birth to transition,
Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge, Vol. 73, Springer, Cham,
2021. https://doi.org/10.1007/978-3-030-79233-6; MR4304039; Zbl 1515.34002

P. DE MaEgsscHALCK, R. Huzak, Slow divergence integrals in classical Liénard equations
near centers, J. Dynam. Differential Equations 27(2015), No. 1, 177-185. https://doi.org/
10.1007/s10884-014-9358-1; MR3317395; Zbl 1325.34040

P. DE MaEgsscHALCK, R. Huzak, A. JanssiNs, G. Rabpunovi¢, Fractal codimension
of nilpotent contact points in two-dimensional slow—fast systems, J. Differential Equa-
tions 355(2023), 162-192. https://doi.org/10.1016/j.jde.2023.01.030; MR4543564;
Zbl 1516.34087

M. p1 BERNARDO, C. ]. BuDpD, A. R. CHAMPNEYS, P. KOwALCZYK, Piecewise-smooth dynamical
systems: theory and applications, Applied Mathematical Sciences, Vol. 163, Springer-Verlag,
2008. https://doi.org/10.1007/978-1-84628-708-4; Zbl 1146.37003

F. DUMORTIER, D. PANAZZOLO, R. ROUSssARIE, More limit cycles than expected in Liénard
equations, Proc. Amer. Math. Soc. 135(2007), No. 6, 1895-1904. https://doi.org/10.1090/
S0002-9939-07-08688-1; MR2286102; Zbl 1130.34018

F. DUMORTIER, R. RoussarIg, Canard cycles and center manifolds, Mem. Amer. Math. Soc.
121(1996), No. 577, x+100. MR1327208; Zbl 0851.34057

N. ELezovi¢, V. Zuranovié, D. ZuBriNi¢, Box dimension of trajectories of some discrete
dynamical systems, Chaos Solitons Fractals 34(2007), No. 2, 244-252. https://doi.org/
10.1016/j.chaos.2006.03.060; MR2327406; Zbl 1133.37007


https://doi.org/10.1016/j.jde.2018.04.047
https://doi.org/10.1016/j.jde.2018.04.047
https://www.ams.org/mathscinet-getitem?mr=3800102
https://zbmath.org/?q=an:1393.34029
https://doi.org/10.1007/s11071-013-0862-3
https://www.ams.org/mathscinet-getitem?mr=3083780
https://zbmath.org/?q=an:1281.34037
https://doi.org/10.1016/j.jmaa.2007.06.001
https://www.ams.org/mathscinet-getitem?mr=2386485
https://zbmath.org/?q=an:1155.34033
https://doi.org/10.1016/j.aml.2022.108501
https://doi.org/10.1016/j.aml.2022.108501
https://www.ams.org/mathscinet-getitem?mr=4513619
https://zbmath.org/?q=an:1512.34071
https://doi.org/10.1016/j.jde.2010.12.003
https://doi.org/10.1016/j.jde.2010.12.003
https://www.ams.org/mathscinet-getitem?mr=2763568
https://zbmath.org/?q=an:1215.37038
https://doi.org/10.1007/978-3-030-79233-6
https://www.ams.org/mathscinet-getitem?mr=4304039
https://zbmath.org/?q=an:1515.34002
https://doi.org/10.1007/s10884-014-9358-1
https://doi.org/10.1007/s10884-014-9358-1
https://www.ams.org/mathscinet-getitem?mr=3317395
https://zbmath.org/?q=an:1325.34040
https://doi.org/10.1016/j.jde.2023.01.030
https://www.ams.org/mathscinet-getitem?mr=4543564
https://zbmath.org/?q=an:1516.34087
https://doi.org/10.1007/978-1-84628-708-4
https://zbmath.org/?q=an:1146.37003
https://doi.org/10.1090/S0002-9939-07-08688-1
https://doi.org/10.1090/S0002-9939-07-08688-1
https://www.ams.org/mathscinet-getitem?mr=2286102
https://zbmath.org/?q=an:1130.34018
https://www.ams.org/mathscinet-getitem?mr=1327208
https://zbmath.org/?q=an:0851.34057
https://doi.org/10.1016/j.chaos.2006.03.060
https://doi.org/10.1016/j.chaos.2006.03.060
https://www.ams.org/mathscinet-getitem?mr=2327406
https://zbmath.org/?q=an:1133.37007

Slow divergence integral in regqularized PWS systems 19

[13] M. EstEBAN, ]. LLIBRE, C. VALLS, The 16th Hilbert problem for discontinuous piecewise
isochronous centers of degree one or two separated by a straight line, Chaos 31(2021),
No. 4, 043112. https://doi.org/10.1063/5.0023055; MR4241107; Zbl 1470.34085

[14] K. FALCONER, Fractal geometry: mathematical foundations and applications, John Wiley and
Sons, Ltd., Chichester, 1990. MR1102677; Zbl 0689.28003

[15] N. FENicHEL, Geometric singular perturbation theory for ordinary differential equations,
J. Differential Equations 31(1979), No. 1, 53-98. https://doi.org/10.1016/0022-0396 (79)
90152-9; MR0524817; Zbl 0476.34034

[16] A.E FiLrerov, Differential equations with discontinuous righthand sides, Mathematics and its
Applications, Kluwer Academic Publishers, 1988. MR1028776; Zbl 0664.34001

[17] E. Frerg, E. Poncg, F. Robrico, F. Torres, Bifurcation sets of continuous piecewise
linear systems with two zones, Internat. ]. Bifur. Chaos Appl. Sci. Engrg. 8(1998), No. 11,
2073-2097. https://doi.org/10.1142/30218127498001728; MR1681463; Zbl 0996.37065

[18] A. GasuLL, ]J. TORREGROsA, X. ZHANG, Piecewise linear differential systems with an
algebraic line of separation, Electron. |. Differential Equations 2020(2020), No. 19, 1-14.
MR4072179; Zbl 1440.34032

[19] M. Guarpia, T. M. SEARA, M. A. TeEIxeira, Generic bifurcations of low codimension
of planar Filippov systems, |. Differential Equations 250(2011), No. 4, 1967-2023. https:
//doi.org/10.1016/j.jde.2010.11.016; MR2763562; Zbl 1225.34046

[20] M. HaN, W. ZuANG, On Hopf bifurcation in non-smooth planar systems, J. Differential
Equations 248(2010), No. 9, 2399-2416. https://doi.org/10.1016/j.jde.2009.10.002;
MR2595726; Zbl 1198.34059

[21] S. M. Huan, X. S. YANG, On the number of limit cycles in general planar piecewise linear
systems, Discrete Contin. Dyn. Syst. 32(2012), No. 6, 2147-2164. https://doi.org/10.
3934/dcds.2012.32.2147; MR2885803; Zbl 1248.34033

[22] R. Huzak, Box dimension and cyclicity of canard cycles, Qual. Theory Dyn. Syst.
17(2018), No. 2, 475-493. https://doi.org/10.1007/s12346-017-0248-x; MR3810561;
Zbl 1402.34063

[23] R. Huzak, V. Crnkovié, D. ViaH, Fractal dimensions and two-dimensional slow—fast
systems, |. Math. Anal. Appl. 501(2021), No. 2, 21 p. https://doi.org/10.1016/j. jmaa.
2021.125212; MR4242049; Zbl 1470.34150

[24] R. Huzak, K. ULpaLrL KrisTIANSEN, General results on sliding cycles in regularized piece-
wise linear systems, in progress.

[25] R. Huzak, K. ULpALL KRisTIANSEN, The number of limit cycles for regularized piecewise
polynomial systems is unbounded, J. Differential Equations 342(2023), 34—62. https://
doi.org/10.1016/j.jde.2022.09.028; MR4493144; Zbl 1512.34073

[26] R. Huzak, D. VLaH, Fractal analysis of canard cycles with two breaking parameters and
applications, Commun. Pure Appl. Anal. 18(2019), No. 2, 959-975. https://doi.org/10.
3934/cpaa.2019047; MR3917688; Zbl 1411.34083


https://doi.org/10.1063/5.0023055
https://www.ams.org/mathscinet-getitem?mr=4241107
https://zbmath.org/?q=an:1470.34085
https://www.ams.org/mathscinet-getitem?mr=1102677
https://zbmath.org/?q=an:0689.28003
https://doi.org/10.1016/0022-0396(79)90152-9
https://doi.org/10.1016/0022-0396(79)90152-9
https://www.ams.org/mathscinet-getitem?mr=0524817
https://zbmath.org/?q=an:0476.34034
https://www.ams.org/mathscinet-getitem?mr=1028776
https://zbmath.org/?q=an:0664.34001
https://doi.org/10.1142/S0218127498001728
https://www.ams.org/mathscinet-getitem?mr=1681463
https://zbmath.org/?q=an:0996.37065
https://www.ams.org/mathscinet-getitem?mr=4072179
https://zbmath.org/?q=an:1440.34032
https://doi.org/10.1016/j.jde.2010.11.016
https://doi.org/10.1016/j.jde.2010.11.016
https://www.ams.org/mathscinet-getitem?mr=2763562
https://zbmath.org/?q=an:1225.34046
https://doi.org/10.1016/j.jde.2009.10.002
https://www.ams.org/mathscinet-getitem?mr=2595726
https://zbmath.org/?q=an:1198.34059
https://doi.org/10.3934/dcds.2012.32.2147
https://doi.org/10.3934/dcds.2012.32.2147
https://www.ams.org/mathscinet-getitem?mr=2885803
https://zbmath.org/?q=an:1248.34033
https://doi.org/10.1007/s12346-017-0248-x
https://www.ams.org/mathscinet-getitem?mr=3810561
https://zbmath.org/?q=an:1402.34063
https://doi.org/10.1016/j.jmaa.2021.125212
https://doi.org/10.1016/j.jmaa.2021.125212
https://www.ams.org/mathscinet-getitem?mr=4242049
https://zbmath.org/?q=an:1470.34150
https://doi.org/10.1016/j.jde.2022.09.028
https://doi.org/10.1016/j.jde.2022.09.028
https://www.ams.org/mathscinet-getitem?mr=4493144
https://zbmath.org/?q=an:1512.34073
https://doi.org/10.3934/cpaa.2019047
https://doi.org/10.3934/cpaa.2019047
https://www.ams.org/mathscinet-getitem?mr=3917688
https://zbmath.org/?q=an:1411.34083

20 R. Huzak, K. U. Kristiansen and G. Radunovié

[27] K. ULpALL KRrisTIANSEN, S. J. HOoGAN, Regularizations of two-fold bifurcations in planar
piecewise smooth systems using blowup, SIAM J. Appl. Dyn. Syst. 14(2015), No. 4, 1731-
1786. https://doi.org/10.1137/15M1009731; MR3404676; Zbl 1353.37100

[28] Yu. A. KuzneTrsov, S. RINALDI, A. GRAGNANI, One parameter bifurcations in planar
Filippov systems, Internat. ]. Bifur. Chaos Appl. Sci. Engrg. 13(2003), No. 8, 2157-2188.
https://doi.org/10.1142/50218127403007874; MR2012652; Zbl 1079.34029

[29] T. L1, J. LLiBrE, On the 16th Hilbert problem for discontinuous piecewise polynomial
Hamiltonian systems, |. Dynam. Differential Equations 35(2023), No. 1, 87-102. https://
doi.org/10.1007/s10884-021-09967-3; MR4549811; Zbl 7735757

[30] J. LLiBRE, M. ORDORNEZ, E. PONCE, On the existence and uniqueness of limit cycles in pla-
nar continuous piecewise linear systems without symmetry, Nonlinear Anal. Real World
Appl. 14(2013), No. 5, 2002-2012. https://doi.org/10.1016/j.nonrwa.2013.02.004;
MR3043136; Zbl 1293.34047

[31] J. LLiBrE, E. PONCE, Three nested limit cycles in discontinuous piecewise linear differ-
ential systems with two zones, Dyn. Contin. Discrete Impuls. Syst. Ser. B Appl. Algorithms
19(2012), No. 3, 325-335. MR2963277; Zbl 1268.34061

[32] J. LLiBRE, M. A. TEIXEIRA, ]J. TORREGROSA, Lower bounds for the maximum number of
limit cycles of discontinuous piecewise linear differential systems with a straight line
of separation, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 23(2013), No. 4, 1350066. https:
//doi.org/10.1142/50218127413500661; MR3063363; Zbl 1270.34018

[33] J. SoromAYOR, M. A. TEIXEIRA, Regularization of discontinuous vector fields, in: Interna-
tional Conference on Differential Equations. Papers from the conference, EQUADIFF 95, Lisboa,
Portugal, July 24-29, 1995, pp. 207-223. MR1639359; Zbl 0957.37015

[34] C. Tricotr, Curves and fractal dimension, With a foreword by Michel Mendes France,
translated from the 1993 French original, Springer-Verlag, New York, 1995. https:
//doi.org/10.1007/978-1-4612-4170-6; MR1302173; Zbl 0847.28004

[35] D. ZusrINIC, V. ZuPaNoOVIC, Fractal analysis of spiral trajectories of some planar vector
fields, Bull. Sci. Math. 129(2005), No. 6, 457-485. https://doi.org/10.1016/j.bulsci.
2004.11.007; MR2142893; Zbl 1076.37015

[36] D. ZusrINIC, V. ZuraNoviC, Fractal analysis of spiral trajectories of some vector fields in
R3, C. R. Math. Acad. Sci. Paris 342(2006), No. 12, 959-963. https://doi.org/10.1016/7.
crma.2006.04.021; MR2235618; Zbl 1096.37010

[37] D. ZuBriNI¢, V. ZuPaNOVIC, Poincaré map in fractal analysis of spiral trajectories of pla-
nar vector fields, Bull. Belg. Math. Soc. Simon Stevin 15(2008), No. 5, 947-960. MR2484143;
Zbl 153.37011


https://doi.org/10.1137/15M1009731
https://www.ams.org/mathscinet-getitem?mr=3404676
https://zbmath.org/?q=an:1353.37100
https://doi.org/10.1142/S0218127403007874
https://www.ams.org/mathscinet-getitem?mr=2012652
https://zbmath.org/?q=an:1079.34029
https://doi.org/10.1007/s10884-021-09967-3
https://doi.org/10.1007/s10884-021-09967-3
https://www.ams.org/mathscinet-getitem?mr=4549811
https://zbmath.org/?q=an:7735757
https://doi.org/10.1016/j.nonrwa.2013.02.004
https://www.ams.org/mathscinet-getitem?mr=3043136
https://zbmath.org/?q=an:1293.34047
https://www.ams.org/mathscinet-getitem?mr=2963277
https://zbmath.org/?q=an:1268.34061
https://doi.org/10.1142/S0218127413500661
https://doi.org/10.1142/S0218127413500661
https://www.ams.org/mathscinet-getitem?mr=3063363
https://zbmath.org/?q=an:1270.34018
https://www.ams.org/mathscinet-getitem?mr=1639359
https://zbmath.org/?q=an:0957.37015
https://doi.org/10.1007/978-1-4612-4170-6
https://doi.org/10.1007/978-1-4612-4170-6
https://www.ams.org/mathscinet-getitem?mr=1302173
https://zbmath.org/?q=an:0847.28004
https://doi.org/10.1016/j.bulsci.2004.11.007
https://doi.org/10.1016/j.bulsci.2004.11.007
https://www.ams.org/mathscinet-getitem?mr=2142893
https://zbmath.org/?q=an:1076.37015
https://doi.org/10.1016/j.crma.2006.04.021
https://doi.org/10.1016/j.crma.2006.04.021
https://www.ams.org/mathscinet-getitem?mr=2235618
https://zbmath.org/?q=an:1096.37010
https://www.ams.org/mathscinet-getitem?mr=2484143
https://zbmath.org/?q=an:153.37011

	Introduction
	The slow divergence integral in PWS systems with sliding
	Definition and invariance of the slow divergence integral
	The slow divergence integral near two-fold singularities
	The slow divergence integral near one-sided tangency points

	Limit cycles and fractal analysis through visible-invisible two-fold VI₃
	Model and assumptions
	Statement of results

	Proof of Theorems ??–??
	Proof of Theorems ??–??
	Proof of Theorem ??


