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Abstract. In this manuscript previous results [Nonlinearity 25(2012), 905-930] are ex-
tended to a non-autonomous 3D Navier-Stokes—Voigt model in which a forcing term
contains memory effects. Under suitable assumptions on the function driving the delay
time, the existence and uniqueness of weak solution are proved. Existence and relation-
ships among pullback attractors in several phase-spaces are analyzed for two possible
choices of the attracted universes, namely, the standard one of fixed bounded sets, and
another one given by a tempered condition. Some regularity results for these attrac-
tors are also established. Compactness and attraction norms are strengthened. Since
the model does not have a regularizing effect, obtaining asymptotic compactness for the
associated process is a more involved task. Our proofs rely on a sharp use of the energy
equality, an energy method, bootstrapping arguments and by using bi-space attractors
results.
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1 Introduction and setting of the problem

Let QO C R? be a bounded domain with smooth enough (e.g. C?) boundary Q). We consider
an arbitrary initial time T € R, and the following non-autonomous functional Navier—Stokes—
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Voigt problem:
3 (u—a®Au) —vAu+ (u-V)u+Vp = f(t) + g(t,us) inQx (1,00),
divu =0 in Q x (T,00),
u=0 onodQx (T,0), (1.1)

u(x,t) =u"(x), xe€Q,
(u(x, T+s) =¢(x,5), x€Q,s€c(=h0),

where v > 0 is the kinematic viscosity, & > 0 is a characterizing parameter of the elasticity of
the fluid, u = (u3, up, u3) is the velocity field of the fluid, p is the pressure, f is a non-delayed
external force field, g is another external force containing some hereditary characteristics, and
u™ and ¢(x,s — ) are the initial data in T and (7 — h, T) respectively, where & > 0 is the time
of memory effect. For each t > 7, we denote by u; the function defined a.e. on (—#,0) by the
relation u;(s) = u(t +s), a.e. s € (—h,0).

The Navier-Stokes—Voigt (NSV for short in the sequel) model of viscoelastic incompresible
fluid, introduced by Oskolkov in [29], gives an approximate description of the Kelvin-Voigt
fluid (see [22,30]), and was proposed as a regularization of the 3D-Navier-Stokes equations
for the purpose of direct numerical simulations in [2]. The extra regularizing term —a?Au;
changes the parabolic character of the equation, making it a well-posed (forward and back-
ward) problem in 3D, but one does not observe any immediate smoothing of the solution, as
expected in parabolic PDEs. Moreover, the generated semigroup is only asymptotically com-
pact, similarly to damped hyperbolic systems. One of the studied topics about the problem
is the inviscid question in some different senses. It is also worth observing that, when v = 0,
the inviscid equation that one recovers is the simplified Bardina subgrid scale model of tur-
bulence. The relationship between the original and inviscid models was also addressed in [2].
On other hand, some questions on the inviscid regularization were used for the study of a 2D
surface quasi-geostrophic model in [21].

With respect to the non-delayed NSV model, the long-time behaviour of the solutions
has been studied by different authors. Namely, in the autonomous case, the existence of a
global compact attractor was proved by Kalantarov and Titi in [20]. Other related results have
been also analyzed, as the Gévrey regularity of the global attractor (again for the autonomous
model) when the force term is analytic of Gévrey type (see [19]), and the establishment of
similar statistical properties (and invariant measures) as for the 3D-Navier-Stokes equations
(cf. [23,31]). Moreover, in the non-autonomous case, the existence of minimal pullback at-
tractors in both V and D(A) norms, and some regularity properties of these attractors, were
obtained in [14]. We may also cite in this non-autonomous framework the paper [40], where
the existence of uniform attractor for a NSV model is studied.

On the other hand, in many physical experiments, the inclusion of measurement devices
to control properties of fluids (such as temperature, velocity, etc.) may incorporate additional
external forces to the model including also delay effects (e.g. for a wind-tunnel model). In this
sense, the study of 2D-Navier-Stokes models with delay terms — existence, uniqueness, sta-
tionary solutions, exponential decay, existence of attractors, et cetera — was initiated in the ref-
erences [6-8] and, after that, many different questions, as dealing with unbounded domains,
and models (for instance in three dimensions for modified terms) have been addressed (e.g.,
cf. [15,17,26,28,36] among others). In the past years, the asymptotic behaviour of the Navier—
Stokes—Voigt equations with delays or with memory have been studied in [3,12,24, 34, 35, 38].
It is worth pointing out that, in [24], the authors establish the existence of pullback attractors
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in V norm for a three dimensional NSV model when the forcing term containing the delay
is sublinear and only continuous. Since the uniqueness of solution is not guaranteed under
these assumptions, they use the theory of multi-valued dynamical systems and similar argu-
ments as in [28] for the proof of the asymptotic compactness of the process. In this work,
we suppose more restrictive conditions on the delay operator that assure the uniqueness of
solution, so we can apply the classical results of Dynamical Systems. However, in contrast
with [24], we modify the phase-space enlarging the set of initial conditions. Moreover, for
the associated single-valued process, we are able to obtain the existence of minimal pullback
attractors, with richer compactness sections and not only in (roughly speaking) V norm, but
also in D(A) norm. Moreover, some regularity properties of these attractors are also success-
fully established. This analysis is carried out by applying similar techniques as in [14], but
with the necessary modifications caused by the inclusion of a delay term.

As commented before, the difference between this model and the standard 2D-Navier—
Stokes model is that there exists a regularizing effect in the 2D-Navier-Stokes model, while
not here. For 2D-Navier-Stokes a continuous energy method can be applied thanks to the
extra estimates that hold in higher norms (e.g., cf. [28]), which does not seem to hold for the
NSV model. Some of the proofs in the previously cited references about NSV (e.g., cf. [20])
rely on splitting the problem in two, one with exponential decay, and the other with good
asymptotic properties in the domain of a suitable fractional power of the Stokes operator.
However, similarly as in [14], we will provide a simpler proof, which does not require the
above mentioned technicalities, but a sharp use of the energy equality, and the energy method
used by Rosa in [32]. Moreover, it is worth pointing out that our results in Section 3 do not
use the regularity assumption on d() at all, and the force term may take values in V' instead
of in L? as appears in [20].

The structure of the paper is the following. In Section 2 we recall some definitions of
classical functional spaces to state our problem in an abstract form, basic properties and
estimates of the involved operators. We also obtain a result on the existence, uniqueness
and regularity of the weak solution for problem (1.1). We start Section 3 with a brief recall
of the main definitions on the theory of minimal pullback attractors and bi-space attractors
for non-autonomous dynamical systems within the framework of universes. Then, we prove
the existence of pullback attractors in (roughly speaking) V norm and for two choices of
the attracted universes, namely, the standard one of fixed bounded sets, and secondly, one
given by a tempered growth condition. We also establish some relations among these families
and improve compactness and attraction norm results. In Section 4, extra regularity for the
obtained attractors will be deduced by using a bootstrapping argument that involves fractional
powers of the Stokes operator. Finally, in Section 5, the problem of attraction in D(A) norm is
studied although it is more involved (namely it fits out from the standard theoretical results).
Indeed under suitable assumptions, all attractors are proved to coincide.

2 Existence and uniqueness of solution

In this section we prove existence, uniqueness and regularity of the solutions to problem (1.1).
These results will be obtained in a similar way as in [14], but with the necessary changes due
to the inclusion of a delay term. We begin by stating the problem in an abstract setting, and to
do so we recall several definitions of functional spaces, operators and some of their properties
(for the details see [37]).

To start with, we consider the usual spaces in the variational theory of Navier-Stokes
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equations: H, the closure of V = {u € (C3(Q)))° : divu = 0} in (L2(Q2))? with norm |-|, and
inner product (-, -), and V, the closure of V in (H}(Q))® with norm |||, and inner product
((-,+)), that is, the L?-product of gradients, thanks to the Poincaré inequality.

We will use ||-||, for the norm in V' and (-,-) for the duality (V’, V). We consider every
element /1 € H as an element of V', given by the equality (h,v) = (h,v) for all v € V. It follows
that V C H C V’, where the injections are dense and compact.

Let us define the linear continuous operator A : V. — V' as (Au,v) = ((u,v)) for all
u,v € V, and we denote D(A) = {u € V : Au € H}. By the regularity of 0(), one has
that D(A) = (H2(Q)))* NV, and Au = —PAu for all u € D(A) is the Stokes operator (P is
the ortho-projector from (L?(Q))3 onto H). On D(A) we consider the norm | - |D(a) defined
by |u|p(a) = |Au|. Observe that on D(A) the norms || - [|(z2(q))> and | - [p(a) are equlvalent,
and D(A) is compactly and densely injected in V. We will also denote by {wj}]-zl C D(A)
a Hilbert basis of H formed by normalized eigenfunctions of the Stokes operator A, with
corresponding eigenvalues {A;};>1 being 0 < A; < Ay < ... and lim; ,,, A; = co. Recall that
the first eigenvalue of A satisfies

[o]]

A = inf . 2.1
' ey [of? @1)

For the fractional powers of A, we have the following inclusions with continuous injection
(cf. [33, Chapter III, Lemmas 2.4.2 and 2.4.3]):

D(AP) c (LG4 (0))%, Y0< B <3/4, (2.2)
D(A¥%) c (LP(Q)))3, V1<p<oo, (2.3)

and
D(AP) c (L*®(Q))3, V3/4<B<1. (2.4)

Now, we define

uvw Z/ w]dx

i,j=1

for every functions u, v, w : QO — R for which the right-hand side is well defined. In particu-
lar, b has sense for all u,v, w € V, and is a continuous trilinear form on V x V x V, i.e., there
exists a constant C; > 0 such that

b(u,0,w)| < Culfullllollwll,  vVu,oweV. 2.5)
Important properties concerning b are that

b(u,v,w) = —b(u,w,v), Yu,v,wevV,
b(u,v,v) =0, Yu,vevV, (2.6)
and, using Agmon inequality (e.g. cf. [10]), we can assure that there exists a constant C, > 0

such that
1b(u,v,w)| < Co| Au|*?||u|*?||v|||w|, VYu € D(A),v € V,w € H. (2.7)

For any u € V, we will use B(u) to denote the element of V' given by (B(u), w) = b(u, u, w)
for all w € V. Thus, by (2.5),

IBu)l, < Cillull?, VueV, (2.8)



Attractors for a delayed non-autonomous Navier—Stokes—Voigt model 5

and in particular, by (2.7) and the identification of H' with H, if u € D(A), then B(u) € H, with
|B(u)| < Co| Au'?|[u|?’?, Vu € D(A). (2.9)

In fact, from (2.4), one also deduces that if u € D(AP) with 3/4 < B < 1, then B(u) € H,
and more exactly

IB(u)| < Cip)|APulllull, VYue D(AP), V3/4<p<1. (2.10)

Analogously, if 0 < B < 3/4, from (2.2) one obtains that if u € D(Aﬁ) NV, B(u) €
D(AP~3/%), and more exactly

|AP3/4B(u)| < C(g)| APul|lull, VYu e D(AP)NV, VO<PB<3/4 (2.11)

Finally, in the case B = 3/4, from (2.3) one can see that if u € D(A3/#), then B(u) € D(A™?)
for all 4 > 0, and more exactly

|A7°B(u)| < C(3/4,5)\A3/4u]HuH, Yu € D(A¥*), V6> 0.

Now, we establish some appropriate assumptions on the term in (1.1) containing the delay.
Let (X, - |lx) be a Banach space. We will denote Cx = C([—h,0];X), the space of
continuous functions from [—£,0] into X, with the norm ||¢|lc, = max.e|_pq [[¢(s)]|x, and
L% = L2(—h,0; X), where the norm will be denoted by || - HLg{ . On the delay operator from

(1.1), we consider that is well defined as ¢ : R x Cy — (L?(Q))3, and it satisfies the following
assumptions:

(I) for all ¢ € Cp, the function R 3 t — ¢(t,¢) € (L?>(Q))? is measurable,
(I) g(t,0) =0, forall t € R,

(IIl) there exists Ly > 0 such that for all t € R, and for all , 7 € Cy,
18(£,8) = g(t, )| < Lgl¢ —nlcy,

(IV) there exists C; > 0 such that for all T < t, and for all u, v € C([T — h, t]; H),
' 2 2 [ 2
/T (s, us) — g(s,vs)|7ds < Ci /Ph lu(s) —v(s)|* ds.

Examples of fixed, variable and distributed delay operators can be found, for instance, in
[6, Section 3], [8, Sections 3.5 and 3.6], and [17, Section 3], and we omit them here just for the
sake of brevity.

Observe that (I)~(III) imply that given T > 7 and u € C([t — h, T]; H), the function g, :
[t,T] — (L*(Q))® defined by g,(t) = g(t,u;) for all t € [t,T], is measurable and, in fact,
belongs to L=(t, T; (L?(Q))?). Then, thanks to (IV), the mapping

G:u€C([t—hT;H) - gu € L*(1, T; (L*(Q))°)

has a unique extension to a mapping G which is uniformly continuous from L*(t —h,T; H)
into L2(7,T;(L*(Q))?). From now on, we will denote g(t,u;) = G(u)(t) for each
u € L*(t — h, T; H), and thus property (IV) will also hold for all u, v € L?(t — h, T; H).
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Since it will be used to deduce some estimates for the solutions of (1.1), we study the
autonomous equation u + a?Au = ¢. From the Lax-Milgram lemma, we know that for each
@ € V' there exists a unique u, € V such that u, + a?Au, = ¢. Therefore, the mapping

CueVeu+atAuecV

is linear and bijective, with C _1(p = uy. Moreover, by the definition of D(A), we also have that
C~1(H) = D(A). Now, reasoning as in [14], we obtain that

lugll < a”?|loll,, VeV, (2.12)

and
|Aug| < 207%|¢|, V¢ € H. (2.13)

Let us consider that u® € V, ¢ € L2, and f € L2 (R; V).

loc

Definition 2.1. A weak solution to (1.1) is a function u that belongs to L*(t —h,T;H) N
L*(t,T; V) for all T > 7, such that u(t) = u%, u(t) = ¢(t—71) ae. t € (t—h,7), and
satisfies

jt(u(t) +a?Au(t)) + vAu(t) + B(u(t)) = f(t) + g(t,us), in D'(t,00;V"). (2.14)
Observe that if u is a weak solution to (1.1), then u(t) + a? Au(t) € L?>(t,T; V') forall T > T,
and by (2.8), 4 (u(t) +a?Au(t)) € L'(t,T; V') for all T > 7. Therefore, by using (2.12) and
reasoning as in [14], we can deduce that u € C([1,); V'), whence the initial datum u(7) = u”
has full sense, and u’ € L?(t,T; V) forall T > .
Furthermore, the following energy equality holds:

A (P + 2 (®)) +vu(]? = (£, u(t) + (5w u(t), aet>T  (215)

Concerning the existence and uniqueness of weak solution to (1.1), we have the following
result.

Theorem 2.2. Let f € L2 (R; V'), and g : R x Cy — (L*(Q))? satisfying ()—(IV), be given. Then,

loc
foreacht € R, u™ € Vand ¢ € L2, there exists a unique weak solution u = u(-; T, u",$) of (1.1).

Moreover, if f € L2 (R; (L*(Q)))%) and u™ € D(A), then u has the following reqularity

loc

u € C([r,);D(A)), u' € L?(t,T;D(A)) forall T > T, (2.16)
and a.e. t > T satisfies

1d

5 g @ + 2 Au(B)[?) +v]Au(B)]* + (B(u(r)), Au(t)) = (f(£) +g(t,w), Au(t). (217)

Proof. Uniqueness. Consider two weak solutions u(1) and u(? to problem (1.1), corresponding
to the same initial data, and denote i = u() — 4. Observe that by (2.5) and (2.6),

bV (8), 1V (5), 2(s)) — b (5), u® (), a(s))] = [b(2(5), 1V (5), ()]
< Callu ()]l (s) 1
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Then, from the equation satisfied by i and the energy equality, it follows that
t
Iﬁ(t)!2+1x2!|ﬁ(f)||2+21// la(s)]1* ds
= —2/ ,11(s)) ds—l—Z/ (s, usl)) —g(s,us(,z)),ﬁ(s))ds

<zc1/uu )lllats ust+z/ 8(s,u") — g(s,u) [a(s)] ds

for all t > 7. Now, by the Young inequality and the assumption (IV) on g, taking into account
that i1(s) = 0 for s € (T — h, T), we obtain that

t
(O +a? a0 +2v [ a(s)|?ds
ot
<261 [ ) lae)Pds + [ Igts,u) - g(s,u®)Pds + [ as)as

<26, [ O ©)a(s) [ ds + A (G +1) [ ) [P ds

for all t > 7, and in particular

()P < a72@C+ A7 (G4 1) [ ()] +1) ) s

for all t+ > 7. Thus, from the Gronwall lemma, we conclude uniqueness.

Existence. We will follow a Galerkin scheme similarly as in [14, Theorem 4]. Let {w;};>1 C
D(A) be the Hilbert basis of H formed by normalized eigenfunctions of the Stokes operator
A introduced before.

For each integer m > 1, we pose the approximate problems of finding u™ € V,, :=
span(wy, ..., wy] with u™(t) = }i2; vm,j(t)wj, where the coefficients 7, are required to sat-
isfy the system

%(u’”(t) +a?Au™ (t),wy) + v((u" (), w)) + b(u" (t), u™ (1), w))
= (f(t),w;) + (g(t,uf"),wj), aet>1, 1<j<m, (2.18)
and the initial conditions
u"(t) = Pyu® and u"(t+s) = Pu¢p(s) ae.se€ (—h0),

where Py, is the orthogonal projector from H onto V},. Observe that, by the choice of the basis
{wj}j>1, the restriction Py, of P, to V belongs to L(V), ||Pu, |lz(v) < 1 for all m > 1, and
limy o0 ||u™ — Ppu™|| = 0.

The above system of ordinary functional differential equations with finite delay fulfills the
conditions for existence and uniqueness of local solution (see for example [18]).

Next, we will deduce a priori estimates that in particular assure that the solutions u™ do
exist for all time t € [T — h, ).

Multiplying each equation in (2.18) by 7,,,(t) and summing from j = 1 to j = m, we obtain
thatae. t > T,

:;lt(lu’"(t)\2 +a?[[u(0)|2) +2v]|u" (1)1 = 2(f (), u™ () + 2(g (¢, u"), u" (1))
< vl ()P + v @I+ gt uf) P+ (5,
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where we have used (2.6) to remove the nonlinear term b, and the Young inequality.
By integrating in time, from the assumptions on the delay operator g, in particular we
deduce that

™ (1) + a2 ()2

t t t
< [Put” P+ o |y P+ @2 s +C2 [ () Pds+ [ Ju(s) s
T T T
t t
< 0P+ 2P+ CElglEy + vt [ IF)I2 s+ AT (CE ) [ (s P ds

for all t > 7, and any m > 1. Now, by the Gronwall lemma we conclude that the sequence
{u™}>1 is bounded in C([t, T|; V) for all T > 7. Moreover, since u? = P,,¢ converges to
¢ in L?>(—h,0;H), in particular, thanks to (IV), the sequence {g(-,u™)},>1 is bounded in
L%(t, T; (L*(Q))3) forall T > 7.

Now from (2.8), (2.18) and by the choice of the basis, we obtain that v = Cu™ satisfies

1@™)' (D], < vilu™ O +Cullu™ O + 1Ol + A7 2g(tuf)], ae t>1,

which implies that the sequence {dv™ /dt},,>1 is bounded in L2(t, T; V') for all T > t. There-
fore, taking into account that du™ /dt = C~! (dv™ /dt) , we have that the sequence {du" /dt},,>1
is bounded in L?(7, T; V) for all T > 7.

Thus, by the compactness of the injection of V into H and the Ascoli-Arzela theorem, we
deduce that there exist a subsequence {u™ },y>1 C {u"},;>1 and a function u € W'2(t, T; V)
for all T > 7, with u; = ¢, such that

m Xy weakly-star in L*(7, T; V),

u
u™ — u strongly in C([t, T]; H),

" s uwae inQx(T,7T),

g(-,u™) — g(-,u.) strongly in L*(7, T; (L*(2))?), (2.19)
du™

du .12 .
— = weakly in L*(7, T; V),

m' m’
o™ =C (du) -~ (du) weakly in L?(7, T; V'),

u

dt dt dt

forall T > 7.

Now, using the same reasoning as in [14], we can obtain that B(u™) — B(u) weakly in
LZ(T, T; V'), for all T > 7. So, from all the convergences above, we can take limits in (2.18) and
conclude that u satisfies (2.14).

Notice also that u(T) = lim,y e 1™ (T) = limyy e Pwtt™ = u™. Thus, u is the weak solu-
tion to (1.1).

Finally, the regularity property (2.16) and the identity (2.17) follow from the corresponding
results proved in [14, Theorem 4] and the fact that, if f € L? (RR; (L2(Q))3), then the function

loc
£(-) + 8-, 1) belongs to L2, (t, o0; (LX(€2))?). 0
Remark 2.3. Observe that in the above proof, using the uniqueness of solution to the problem,
for any T > 7 we have that the whole sequence of the Galerkin approximations {u™} con-
verges to u in C([t, T|; H). Actually, all the convergences in (2.19), except the third one, hold
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for the whole sequence. Analogously, one also deduces that for any ¢t € [t, T|, u™(t) — u(t)
weakly in V.

In addition, if u™ € D(A) and f € L2 (RR; (L*(Q))%), then for any T > 7 the sequence {u™}
converges to u in C([t, T]; V), and weakly-star in L®(t, T; D(A)), for any t € [t, T], u™(t) —
u(t) in D(A), and the sequence {du™/dt} converges to du/dt weakly in L?(t, T; D(A)).

Remark 2.4. (i) The solution depends continuously on the initial data in the strong topology
of V x L%,. Moreover, when f € L2 (IR; (L?(Q))?), the solution depends continuously on the
initial data in the strong topology of D(A) x L?. Indeed, this can be proved similarly to the
proof of uniqueness of weak solution to (1.1), considering the difference of two solutions and
using the Gronwall lemma.

(ii) The existence and uniqueness part of Theorem 2.2 do not need any regularity assump-
tion on the boundary of the domain. In fact, this assumption is only required for the additional
regularity results.

3 Existence of minimal pullback attractors in V norm

Before to start, let us recall some abstract definitions and results on pullback attractors and bi-
space attractors theories. In fact, abstract existence results are omitted for the sake of brevity.
For instance, they can be found in [4,5,13,27] for pullback attractors (and references therein)
and in [11] for bi-space pullback attractors (see also [1,9,39] for the autonomous bi-space
attractors theory). They will be applied to a suitable dynamical system associated to (1.1), or
to a restricted version involving more regularity or because of better properties.

Consider given a metric space (X, dx), and let us denote RZ = {(t,7) € R? : T < t}.

A process U on X is a mapping R3 x X 3 (t,7,x) — U(t, T)x € X such that U(T, T)x = x
forany (7,x) e Rx X, and U(t,r)(U(r,T)x) =U(t, T)x forany T <r < tand all x € X.

A process U is said to be continuous if for any pair T < ¢, the mapping U(t,7) : X — X is
continuous. It is said to be closed if for any T < t, and any sequence {x,} C X,if x, - x € X
and U(t, T)x, — y € X, then U(t, T)x = y. It is clear that every continuous process is closed.

Let us denote by P(X) the family of all nonempty subsets of X, and consider a family of
nonempty sets Dy = {Dy(t) : t € R} C P(X).

The process U is pullback Dy-asymptotically compact if for any t € R and any sequences
{t} C (—oo,t] and {x,} C X satisfying 7, — —o0 and x, € Dy(1,) for all n, the sequence
{U(t, Ty)xn} is relatively compact in X.

A process U on X being pullback ﬁo—asymptotically compact possesses a family of non-
empty compact subsets of X, namely the atomized structure for the asymptotic behavior, the
omega-limit family Ax(Dy) = {Ax(Dg,t) : t € R} with

Do, mUZ/{tTDo

s<tT<s
It pullback attracts in X norm to Do (cf. [13, Proposition 3.4]), i.e

lim dlstx(Z/{(t, T)D()(T),Ax(ﬁo, t)) =0, vVt e R,
T—>r—00
where distx(-,-) denotes the Hausdorff semi-distance in X. In fact, it is the minimal family
of closed sections in X that attracts Dy. Moreover, if U/ is also a closed process on X, then (cf.
[13, Proposition 3.5]) it is invariant, i.e. U(t, T)Ax(Dy, T) = Ax(Do, t) for all T < t.
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Let be given D a nonempty class of families parameterized in time D = {D(t) : t € R} C
P(X). The class D will be called a universe in P(X).

Definition 3.1. A process U on X is said to be pullback D-asymptotically compact if it is
D-asymptotically compact for any D € D.

It is said that Dy = {Do(t) : t € R} C P(X) is pullback D-absorbing for & on X if for
any t € R and any D € D, there exists a Ty(t, D) < t such that U(t, T)D(t) C Dy(t) for all
T < 19(t,D).

The suitable combination of the above two ingredients leads to

Definition 3.2. Given a metric space X, a universe D in P(X), and a process U on X, a family
Ap = {Ap(t) : t € R} is called a pullback D-attractor for U if (i) Ap(t) is compact in X for
any t € R, (ii) Ap pullback D-attracts in X and (iii) it is invariant (i.e. U (¢, T)Ap(T) = Ap(t)
for any T <t).

Besides, it is said the minimal pullback D-attractor for ¢ on X if given any family C =
{C(t) : t € R} C P(X) of closed sets that pullback D-attracts under U, then Ap(t) C C(t).

Without minimality, pullback attractors are not unique in general (cf. [27]). Minimality in-
volves uniqueness and a clear candidate, after the definition of omega-limit families. Namely,
the following result is well-known.

Theorem 3.3 (cf. [13, Theorem 3.11]). Consider a closed process U : IR?Z x X — X, a universe D
in P(X), and a family Dy = {Dy(t) : t € R} C P(X) which is pullback D-absorbing for U, and
assume also that U is pullback Do-asymptotically compact. Then, the family Ap = {Ap(t) : t € R}

———X
defined by Ap(t) = Upcp Ax(D,t) is the minimal pullback D-attractor for U in X.

Remark 3.4. Under the assumptions of Theorem 3.3, the family Ay satisfies Ap(t) C Ax (Do, t)
for any t € R. Actually, if Do € D, then Ap = AX([A)O). Moreover, if Ap € D, then it is the
unique family of closed subsets in D that satisfies (ii)-(iii) in Definition 3.2. A sufficient
condition for Ap € D is to have that Dy € D, the set Dy(t) is closed for all + € R, and
the family D is inclusion-closed (i.e., if D € D, and D’ = {D'(t) : t € R} C P(X) with
D'(t) C D(t) for all t, then D’ € D).

We will denote Dr(X) the universe of fixed nonempty bounded subsets of X, i.e., the class
of all families D of the form D = {D(t) = D : t € R} with D a fixed nonempty bounded
subset of X.

Now, it is easy to conclude the following result.

Corollary 3.5 (cf. [27, Corollaries 20 and 21]). Under the assumptions of Theorem 3.3, if D contains
Dr(X), then the minimal pullback attractor Ap,(x) also exists and Ap, x)(t) C Ap(t) forall t € R.
Moreover, if for some T € R, the set Uy<1Do(t) is bounded, then Ap, (x)(t) = Ap(t) forall t < T.

Comparison results with different universes are also possible if the process U is well-
posed in several metric spaces with a connection between them. Namely, Theorem 3.15 in [13]
allows us to gain additional regularity about attractors. For the sake of brevity, we omit such
statement. Nevertheless, we will recall another one with previous definitions, which will be
analogously useful for our results (this is inspired from another study, cf. [25, Section 5]).

Theory of bi-space attractors (cf. [1,9,39] for autonomous setting and the references therein)
is close to the previous results but joining extra regularity of the solution operator involving
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two spaces. Since our context is non-autonomous, we borrow some of these results from [11],
settled in this framework also for closed processes. Consider given two metric spaces (Xj, dx,),
i = 1,2 (not necessarily related) and a process ¢ on Xj. It is said (cf. [11, Definition 2.12]) that
U is (X1, Xz) closed if for any 7 < t and {x,} C X3 N Xo with U(t, T)x, € X1 N Xy, if Xy, — x
in Xpand U(t, T)x, =y € Xo, thenx € Xy and U(t, T)x = y.

Given a parameterized-in-time family Dy C P(X1), a process U on X is said (Xj,X2)
pullback ﬁo-asymptotically compact (cf. [11, Definition 2.4]) if for any ¢ € R, sequence {1,} C
(—oo,t] and {x,} C X; with T, — —o0 and x,, € Dy(7,), the sequence {U (¢, T,)x, } is relatively
compact in X». Analogously to Definition 3.1, a process U on X is said to be (X1, X2) pullback
D-asymptotically compact if it is (X, Xz) pullback D-asymptotically compact for any D € D.

We may run parallel the construction of a family with the desired properties of minimal
pullback attractor for a universe D in P(X;), provided that for any D = {D(s) : s € R} € D
and t € R there exists Spy <t such that U(t,s)D(s) C X, for all s < SB,s (cf. [11, (2.2)]). In this
case, data comes from X; and the arrival attracting space is X, with its corresponding metric
[11, Definition 2.2].

Definition 3.6. Let be given a process U on X; and a universe D in P(X;). The family
Ap = {Ap(t) : t € R} is called a (X1, X,) pullback D-attractor if (i) Ap(t) C X; N Xy is
a nonempty compact set in X, for each t € R, (ii) it is pullback D-attracting using the Haus-
dorff semidistance in X, and (iii) it is invariant. Besides, it is said minimal if for any other
family C of nonempty closed time-sections with values in X, and pullback D-attracting in Xj,
then Ap(t) C C(t) for any t € R.

Similarly to Theorem 3.3, we may ensure the existence of the minimal (X1, X2) pullback
D-attractor under rather general conditions (cf. [11, Theorem 2.16]).

Theorem 3.7. Let be given two metric spaces X;, i = 1,2, a process U on Xy, and a universe D in
P(X1). Suppose that there exists a family By in P(Xy) that is pullback D-absorbing, such that for any
t € R there exists sg , < t such that U(t,s)Bo(s) C Xy for any s < sg . If the process U is (X1, X2)

closed and (X1, Xp) pullback go-asymptotically compact, then there exists .Zp the minimal (X1, X3)
—~ —X ~
pullback D-attractor for U, and it is given by Ap(t) = Up_pAx,(D,t) e Ax,(Bo, ).

Remark 3.8. If X, C X; with continuous injection, the following consequences are immediate:
(i) A process U on X; that is Xj closed, it is also (X3, X») closed. (ii) Given a universe D in
P(X;) and a process U (X, Xz) pullback D-asymptotically compact, then Ax, (D) = Ax, (D)
for any D € D thanks to the minimality properties of omega-limit families and that a compact
set in Xj is compact in Xj. (iii) A process U that has a (X1, X») pullback D-attractor /Tp, it also
has a (X3, X1) pullback D-attractor Ap just using the embedding X, C X; (same arguments
of minimality and compact sets than in (ii), even using different clousures). In this case we
make an abuse of notation, identifying both families without any extra notation, gaining extra
regularity in X for the sections of the attractor.

In view of Theorem 2.2 and Remark 2.4 (i), we will apply the above abstract results in the
phase-space X = V x L%, which is a Hilbert space with the norm || (4, ¢)[|% = |[u™|*> + ||4>||i2
H
for a pair (u%,¢) € X.
The first consequence after the Theorem 2.2 and Remark 2.4 (i) is the following
Corollary 3.9. Let f € L2 (R; V'), and g : R x Cy — (L*(Q))? satisfying ()—~(IV), be given. Then,
the bi-parametric family of maps S(t,7) : V x L3, — V x L2, with T < t, given by

S(t,T)(u", ¢) = (u(t;T,u’, @), us(-;T,u’,p)), (3.1)
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where u = u(-; T, u", $) is the unique weak solution to (1.1), defines a continuous process on V x L%{.
We will need the following continuity result for the process S in a weak sense.

Proposition 3.10. Let f € L2 (R;V’), ¢ : R x Cy — (L?(Q))? satisfying (D—(IV), and T < t be

loc
given. Then, for any sequence such that

(u™, ") — (u%,¢) weakly in V x L%

and

dg" _ d¢ 72
s ds weakly in Ly,

ds
the following convergences hold for the sequence of solutions u(-;T,u™",¢") towards the solution
u(t,u’,¢):

u(-T,u™", ¢") N u(-;t,u",¢) weakly-star in L*(t,t; V),

u(T,u™,¢") — u(-;t,ut,$) stronglyin C([t — h,t]; H), (3.2)
u(t; T, u™,¢") — u(t;t,u", ) weaklyin'V,

u(T,u™, ¢") — u(-;t,ut,¢) weakly in L*(t — h,t; V).

Proof. Taking into account that {¢"} is bounded in W'?(—h,0;V) C C([—h,0];V), and the
compactness of the injection of V into H, by the Ascoli-Arzela theorem we deduce that ¢"* — ¢
strongly in Cy. Therefore, the a priori estimates obtained for the Galerkin approximations in
Theorem 2.2 also hold for the sequence of solutions {u(-;T,u™",¢")}, and then all the conver-
gences in (3.2) hold. Finally, the fact that the whole sequence satisfies the above convergences
is a consequence of the uniqueness of solution for the problem (cf. Remark 2.3). O

Now, we introduce an additional assumption on g in order to obtain some asymptotic
estimates for the solutions to (1.1).

(V) Assume that vA; > Cg, and that there exists a value 0 < ¢ < 2(v — A 'Cq)(A; 1 +a2) !
such that for every u € L2(t — h,t; H),

t t
| eelgtsu)Pds <C2 [ eus)Pds, iz
T T—h

Lemma 3.11. Consider given f € L? (R;V') and ¢ : R x Cy — (L2(Q))3 satisfying conditions

loc

(D~(V). Then, for any (u%,¢) € V x L2, the following estimate holds for the solution u to (1.1) for all
t> T,

t
(D)1 < a2 max{A; ! + a2, Co}e” V[ (T, )15 o + 06_28_1/T "I f(s)lFds,  (33)

where
e=2v—o(A;'+a%) —2A7'C > 0. (3.4)

Proof. By the energy equality (2.15) and the Young inequality, we have

d
2 ([OF +a[u(®)]?) +2v]u()]?
< ellu(t)|? + e F O + Colu()? + Cg Mg (b ur)?, ae t> 1.
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Thus,

d _ _
2@ + a2 u(D)]7) + e (2v —e — (A7 +a?) = AT C) [u(®)|?
< e f(DIE+ e Cog(tu) P, ae t> T,

and therefore, integrating in time above and using property (V), we obtain
e (Ju(t) >+ a?lu(B)]|?) + (v —e —o(A; T +a?) — AT 1Cy) /Tt e’ ||u(s)||? ds
<O @)+ [ ef) Bds+C [ ePlu(s)P s
< (a4 G [ pRds) vt [ IFIRds A [ ol

for all t+ > 7, and from this last inequality and (3.4), in particular we deduce (3.3). O

From now on, being o > 0 given in (V), we will assume that f € L? (IR; V') satisfies

0
/_ooeffsuf(s)uids < . (3.5)

At the light of the previous result, we now define an appropriate concept of (tempered)
universe for problem (1.1).

Definition 3.12. Denote by D,(V x L%,) the class of all families of nonempty subsets D=
{D(t) : t € R} C P(V x L%) such that

lim (e sup [|(v, )|}, 2) =0.
H“"’( (09)<D(x) vt

According to the notation introduced in the previous section, we will denote by Dr(V x
L%) the universe of fixed bounded sets in V x L2, Observe that trivially Dp(V x L%) C
Dy(V x L%) and that D, (V x L%) is inclusion-closed.

Remark 3.13. Although from Lemma 3.11 it is easy to see that the family {EVXL%{ (0, ps(t)) =
t € R} C P(V x L) is pullback D,(V x L%,)-absorbing for the process S, where
t
P =1+ 2 (LA he e [ e f(s)]2ds,
we will need, in order to apply Proposition 3.10, to obtain a different pullback Dy (V x L%)-
absorbing family.

Lemma 3.14. Assume that ¢ : R x Cy — (L*(Q))? fulfills conditions (D—(V), and f € L2 (R; V")

~ 54 loc
satisfies (3.5). Then, for any t € R and D € Dy(V x L%{), there exist 7y(D,t,h) < t — 2h and
functions {p;}2_, such that for any T < (D, t,h) and any (u”,¢) € D(7), it holds

lu(r; T, u%, ¢)||> < p3(t), Vre[t—2ht], (3.6)

t
0%, g) 246 < g3(1), 7)
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where

t
Pt = 14 a 2 e ) [ o f(s) 2 s, 38)

t
p3() = 4o k(1) (v + CRO3(1) +22,2C2) +4a~* [ |1£(s) 245 (3.9)

and e is given by (3.4).

Proof. Let Tl(ﬁ, t,h) <t — 2h be such that

a2 max{A; ! +a?, Cg}e’”(t’Zh)e‘”H(uT,cp)H » <1 V1 <1(D,th), (u%,¢) € D(1).

2
VXL

Consider fixed T < 7(D,t,h) and (u7,¢) € D(t). The estimate (3.6) follows directly from
(3.3), using the increasing character of the exponential.

Now, from (2.8), (2.14), (2.1) and the fact that A is an isometric isomorphism, we obtain
that v = Cu satisfies

10/ (0) 11+ < vl[u(®)]| + Cillu(@)|* + I f(O)]l« + A; V|80, up)|, ae. 6> 1,
and therefore,
10" (0) 117 < 4v2||u(0)[1> + 4CT [[u(6)|* + 4[| F(O)[IZ + 471 M Ig(6, up) >,  ae. 6> .

Integrating in time and using properties (II) and (IV), we deduce

t t t
[ @) 2do <40 [ [lu(o)|2do+4CE [ [lu(6)* do

t t
4 / 0)[12 d6 + 47 2C2 / 0) |12 de,
w4 [ 1FO)Rde+42C [ uo)
whence, by (2.12) and (3.6), the estimate (3.7) follows. O

Remark 3.15. Observe that lim;_,_« ¢’ p1(t) = 0.

Corollary 3.16. Under the assumptions of Lemma 3.14, the family Dy = {D,(t) : t € R} C
P(V x L%) defined by

d -
Do(t) = {(w,w e Vx 15:3% e 1, @ )lly.y < polt),

< pz(t)} (3.10)

, =
Ly

ds
is pullback Dy (V x L2,)-absorbing for the process S on V x L3, defined by (3.1), where p,(t) satisfies

pa(t) = (L+h)pi(t), (3.11)
with p1(t) and py(t) given by (3.8) and (3.9) respectively. Moreover, Dy € Dy(V x L2).

Now, we prove that the process S is (V x L%J, V x Cy) pullback [A)g—asymptotically compact.
To this end, we will apply an energy method used by Rosa (cf. [32], see also [26] and [14]),
which does not require any additional estimates on the solutions in higher norms in contrast
with the energy continuous method (e.g., cf. [28]), or the method used in [20] with the fractional
powers of the operator A. Our proof here relies on a sharp use of the differential equality that
leads to the existence of an absorbing family, the use of weak limits in V x L%, in a diagonal
argument, and the convergences established in Proposition 3.10.
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Lemma 3.17. Under the assumptions of Lemma 3.14, the process S defined by (3.1) is (V x L2,V x
Cr) pullback Dg-asymptotically compact, where Dy = {D,(t) : t € R} is defined in Corollary 3.16.

Proof. Let us consider t € R, a sequence {1,} C (—oo,t] with 7, — —oo, and a sequence
{(u™,¢")} with (u™,¢$") € Dy(1,) for all n. We must prove that the sequence

{S(t, ) (u™, ")} = {(u(t; T, u™, ¢"), ue(; T u™, 9")) }

is relatively compact in V' x Cy.
First, we check the asymptotic compactness in the first component of S. By Corollary 3.16,
for each integer k > 0, there exists 75 _(k) <t —k such that S(t —k, 7) Do (7) C D¢ (t — k) for all

T < 7p, (k). From this and a diagonal argument, we can extract a subsequence {(uv,¢")} C
{(u™,¢")} such that

S(t—k, T ) (u™, ") — (wF, ¥*) weakly in V x L3, (3.12)
d . Ty o1\ i k : 2
%ut_k(-,'rn/, u', ") dsw weakly in Ly, (3.13)

for all integer k > 0, where (wk, ¢*) € D, (t —k).
Now, applying Proposition 3.10 on each fixed interval [t — k, t], we deduce that

(w®, y°) = (V x L3) — weak Lim S(t, T, )(u™ ,¢")

n'—o0

= (V x L%) — weak Lim S(t,t —k)S(t — k, Ty ) (u™ , ")
n'—oo

= S(t,t —k) [(V x L}) — weak Lim S(t —k, Ty) (u™ ,¢" )

n'—oo0

= S(t, t — k) (wF, p").

From (3.12) with k = 0, we obtain in particular that ||w®|| < iminfy e [|u(t; Ty, u™, ™ )|. We
will prove now that it also holds that

lim sup [|u(t; T, u™, ¢")|| < ||, (3.14)

n'—o0

which combined with the weak converge of u(¢; an,uTn’,gb”/) to wY in V, will imply the con-
vergence in the strong topology of V.

Observe that, as we already used in Lemma 3.11, for any T € R and (u%,¢) € V x L%, the
solution u(-; T, u",¢), for short denoted u(-), satisfies the differential equality

d
(€ (O + e u(B)[*) = o [u(t)* + aloe |u(t) | — 2ve|u(t)]*

+2e7(f(t), u(t)) +2e7 (g(t, us),u(t)), ae t>t. (3.15)
Since in particular 0 < ¢ < 2v(A; ! + a?)~1, notice that [-], with [0]> = (2v — a?0) 0| — o]o|?,

defines an equivalent norm to || - || in V.
We integrate the above expression in the interval [t — k, t] for the solutions u(-; Ty, u™ , ¢")
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with 7, <t —k, which yields

| (t; T, ™, ™) 2+ @2t T, u™, ¢ |12
= |u(t;t —k,S(t =k, T ) (1™, ¢" )2 + &2 |u(t; t —k, S(t — k, T ) (™, ¢" ) ||
= e (Ju(t = ks, u™, @) 2 @2 u(t — Ky, 1%, ) |?)

+2 tke"(s‘t) (f(s),u(s;t —k,S(t —k, 1) (U™, ¢"))) ds
.

t
+2 keﬂsff) (g(s,us(5t =k, S(t =k, ) (u™, ¢" ), u(s;t — k, S(t — k, T ) (u™, ¢™))) ds
t—

t /
— [ e stk S(t ) (™, ¢ ) P ds. (3.16)
t—k

On other hand, by (3.12), (3.13) and Proposition 3.10, we deduce that
u(t—k,S(t—k, ) (1™, ")) — u(;t —k,wk,¢*)  weakly in L(t — k, t; V).

From this, as e”('_t)f(-) € L(t — k,t; V'), it yields

t
lim [ e"CT(f(s), u(s;t =k, S(t —k,T) (u™,¢"))) ds
n'—oo Jt—k
t
= | ) ulsit — kwh, g)) ds.
tf

Since |, tt—k e”5=Dv(s)]>ds defines an equivalent norm in L2(t — k,t; V), we also deduce from
above that

t t .
/ e u(s; t — k, wk, ¢f))? ds < liminf " u(s;t —k, S(t—k, Ty ) (u™, 9" ))]? ds.
t

—k n'—oo Jt—k

Finally, again by (3.12), (3.13) and Proposition 3.10, it holds that
u(t—k S(t—k, Tn/)(urf”,([)n,)) —u(-;t—k, wk, gbk) strongly in Lz(t —k—h,t;H),

and therefore,

t ’ /
lim 30(57” <g(5; 1,[5(','t - k/S(t - k/ Tn’)(uTn,/(Pn ))),M(S;t - k/ S<t - k’ Tn’)(urnl’ (Pn ))) ds
n'—oo Jt—k
t
= [ (g (s, us (5t — K,k k), u(s; t — k,wk, k) ds (3.17)
t—k

From (3.16)—(3.17), taking into account (3.12) with k = 0, the compactness of the injection
of Vinto H, and (3.10), we conclude that
0’2

+ a? limsup ||u(t; T, uw,¢n,) [&

n’—oo

|w

t
< e AT+ a?)PA(t k) +2 / e"CI(f(s),u(s; t —k,w", y*)) ds
t—k

t
+2 [ eI (g(s, us(t —k, wh, k), u(s; £ — k, wk, b)) ds
t—k

t
—/ keg(s’t) [u(s; t — k,wk, *)]2 ds.
t—
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Now, taking into account that w® = u(t;t —k, wk, 1,0" ), integrating again in (3.15), we obtain

t
@ + a?|w® > = e (Jw* ] + a? k%) + 2/ e"CT0(f (), u(s; t —k,w", y*)) ds
t—k
t

+2 [ e (g(s,us(5t — k, wk, k), u(s; £ — k, wk, b)) ds
t—k

t
—/ "D [u(s; t — k, wk, p*))? ds.
-

Comparing the above two expressions, in particular we conclude that

0% + &® lim sup ||u(t; T, uTn’,4>”/) 1% < e“’k()\l_1 +a?)p2(t — k) + |@0°)? + a®||w®|%
n'—oo
But from Remark 3.15 and (3.11), we have that limy_,,, e ¥ 92 (t — k) = 0, so (3.14) holds, and
we conclude that

0

u(t; Tn/,uTn’,cpn/) — w~  strongly in V.

Finally, we prove the asymptotic compactness in the second component of S. From (3.12)
and (3.13) with k = 0, we have that

e (- T, u™, ") — 0 weakly in L%,

iut(';Tn/,LtT’;,CP"ll) — ;Stpo weakly in L3

ds

Thus, by applying the Ascoli-Arzela theorem, we can deduce that there exists a subsequence
(relabelled the same) such that u;(- ;Tn/,uTn’,47”,) converges to l[)o in Cy. So, the proof is fin-
ished. =

As a consequence of the above results, we obtain the existence of minimal pullback attrac-
tors for the process S on V x L%, defined by (3.1).

Theorem 3.18. Assume that ¢ : R x Cy — (L*(Q))? fulfills conditions (D—(V), and f € L2 (R; V")

loc

satisfies (3.5). Then, there exist the (V x L%,V x Cy) minimal pullback Dy(V x L%;) and Dp(V x
L3,)-attractors {ADU(VxL%i)(t) :t € R} and {ADF(Vng)(t) : t € R} respectively, both belonging to
Dy(V x L%;), which means that they have compact sections in V x Cy and pullback attracts in this
norm, and the following relations hold:

ADF(VXL%_{)(t> C 'ADg(VXL%{)(t) - AVXCH(ﬁUI t), Vt 6 R. (318)

Moreover, if f satisfies the stronger requirement

sup <e—f” [ :o || f(s)||§ds> <, (3.19)

r<0

then both attractors coincide, i.e.,
Appvxiz)(t) = Ap vz (t), VEeR (3.20)

Proof. The process S is continuous on V x L%, by Corollary 3.9. By Remark 3.8, S is (V x
L%,V x Cy) closed. There exists a pullback absorbing family D, € D,(V x L2,) by Corol-
lary 3.16, and the process S is (V x L2,V x Cp) pullback D,-asymptotically compact by
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Lemma 3.17. The existence of Ap (v, 2) and Ap . 2 follows from Theorem 3.7 (actu-
ally Theorem 3.3 and Corollary 3.5 could also be applied, but using the bi-space attractors
theory we strengthen compactness and attraction norm).

Moreover, the inclusion relation in (3.18) follows from Corollary 3.5.

The fact that Ap (v, 12,) belongs to Dy(V x L%) is due to Remark 3.4, since the pullback

absorbing family D, € D,(V x L%) has closed sections and this universe is inclusion-closed.
Finally, the equality (3.20) is a consequence of Corollary 3.5, since D,(t) C By, 12,(0, 0o (t))

for all t € R, and the assumption (3.19) is equivalent to have that sup,_; ps(f) is bounded for

any T € R. - O

Just splitted for the sake of clarity, with the same arguments as above, we obtain the
following result, which relates the above attractors for the universes Dr(V x L%) C Dy (V x
L%,) with new ones for the universes Dp(V x Cy) C Dy(V x Cq).

Corollary 3.19. Under the assumptions of Theorem 3.18 there exist the minimal pullback attractors
Ap,(vxcy) and Ap, v xc,y), both belonging to Dy(V x Cp), all time sections are compact subsets in
V x Cq, they attract in V x Cy norm, and the following relations hold:

Ape(vxcy) (t) C 'ADF(VXL%I)(t) C Ap,(vxcy) (t) = AD(,(VxL%)(t), vVteR.

Proof. Observe that S is well-defined on V x Cy by Theorem 2.2 and closed by Remark 2.4
(i). Observe that D, C P(V x Cy). Then the existence of attractors and its inclusion in
Dy(V x Cq) follows from Theorem 3.3 and Remark 3.4.

The equality relation of pullback D,(V x Cg) and D, (V x L%)-attractors follows from
[13, Theorem 3.15]. Indeed, observe that after an elapsed time h, by (3.3), S(- + h,-) maps
elements from D,(V x L%) into Dy (V x Cp).

The rest of inclusions follows from Corollary 3.5 or by minimality arguments. O

Remark 3.20. The stronger attraction and compactness properties of these results also apply
to several previous ones concerning asymptotic behavior of PDE with delays (e.g., cf. [16]).

Remark 3.21. Observe that by the invariance of the minimal pullback attractors under the
process S, and the regularity of the solutions, it is clear that the second component of any
time section of Ap, (v, 2y and Ap, (v, 2 lives in Cy. In fact, denoting RZ(t) = 2p%(t), from
(3.6) it holds that

‘ADU(VXL%I)(t) C BVXCV (0, Ro’(t)), VteR.

4 Regularity of the pullback attractors

The main goal of this paragraph is to provide some extra regularity for the attractors obtained
in the previous section. This will be obtained by a bootstrapping argument, and making the
most out of a representation of the solutions to the problem splitting it in two parts, the linear
part with an exponential decay, and the nonlinear part with good enough estimates. In order
to achieve these results, we will use the fractional powers of the Stokes operator, introduced
in Section 2.

Observe that for every T € R, (u%,¢) € V x L%, f € L2 (R;V’'), and ¢ : Rx Cy —

(L2(Q)))? satisfying (I)~(IV), by Theorem 2.2, there exists a unique weak solution u to problem
(1.1). Moreover, let us point out that the following representation of the solution holds:

u(t,t,ut,¢) =y, u',¢)+2(471,0,0), Vi>T,
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where y = y(;T,u", ¢) and z = z(+; 7,0,0) are solutions of
y € C([r,0);V)NL*(t —h,T;H) forall T > T,

i(y(t) + tszy(t)) +vAy(t) =0, inD'(t,00; V'),

at @.1)
y(t) = ut,
y(t) =¢(t—1) ae te(t—hr1)
and
z€ C([t,00); V)N L3(T —h,T;H) forall T > 1,
jt(z(t) +a?Az(t)) + vAz(t) = f(t) + g(t,us) — B(u(t)), in D'(t,00; V"), 2
z(t) =0,
z(t) =0 aete(t—hrT)
respectively.

The existence and uniqueness of weak solution to (4.1) and to (4.2) can be obtained rea-
soning as in the proof of Theorem 2.2.
For the problem (4.1) we have the following result.

Lemma 4.1. Forany T € R, (u%,¢) € V x L% and o fulfilling that 0 < o < 2(v — A{'Cq)(A] 1 +
a2)~Y, the solution y = y(+; T, u%, ¢) of (4.1) satisfies

lyI? < a2t +a)e TN, )], forall t > . (4.3)
Proof. It is analogous to the proof of (3.3), and we omit it. O

For the study of the problem (4.2), we will make use of the following lemma.

Lemma 4.2. Let me given F € L2 (R;D(AF)) with 0 < B < 1/2, T € R and o fulfilling that

loc

0 <0 <2(v—A7'Cq) (AT + a2) "L Then, the problem

z€ C([t,00); V)N L2(t —h,T; H) forall T > T,
jt(z(t) + 2Az(H) + vAZ(E) = E(t), in D' (1,00, V"),
z(1) =0,

z(t) =0 ae. te(t—h1)

has a unique solution z, which also satisfies z € C([t,0); D(A'"F)), and

t
|AYPz(1) > < oc’zs’l/ G APE(s) [ ds  forall t > T,

T

where ¢ is given by (3.4).
Proof. It can be done analogously as in [14, Lemma 26] with z = 0 in (T — k, 7). O

Now we can prove the following regularity result for the pullback attractors in V norm.
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Theorem 4.3. Consider given g : R x Cy — (L2(Q))3 satisfying conditions ()—(V). Assume that
fel? (R;D(AP)) for some 0 < B < 1/2, and that

loc

r

sup [ [I£(5)]]2ds < oo. (4.4)
r<0 Jr—1
Then:
(1) If f also satisfies
0
/ e |ATPf(s)[2ds < oo, (4.5)

and
r

sup |ATV4Ff(s)|%ds < 0o, if0 < B <1/4,
1

r<0 Jr—

4.6)
sup |A70f(s)[?ds < oo for some 0 < 8 < 1/4, if p=0,

r<0 Jr=1

then, for any ty < ta, the pullback attractor Ap (v, 2) = Ap,(vx 12,) fulfills that

UADU(VxL’g)(t) = UADF(VXL%I)(t) is a bounded subset of D(A'"P) x Cpar-y.  (47)

1 <t<tp H<t<t,

(2) If f also satisfies

r
sup |A7Ff(s)|?ds < oo, (4.8)
1

r<Q Jr—
then, for any to € R, it holds that
U ADU(Vng)(t) =U ‘ADF(VXL%i)(t) is a bounded subset of D(A'=F) x Cpare)-  (49)

t<t; t<tp

Proof. Let us fix t € Rand (v,¢) € Ap (y,2,)(t) = Ap,(vx2,)(t). By Remark 321 and (4.4),
we see that

U Ap, (vx13)(r) € Bvxcy (0, Ro(t)), (4.10)

r<t

where R2(t) =2 +2a 2 1> sup,, (e ["_ || f(s)||?ds), with e given by (3.4).

Let {T,},>1 C (—oo,t —h] be a sequence with 7, — —oc0 as n — co. By the invariance
of Ap,(vx1z,), for each n > 1 there exists (u™,¢") € Ap (y,12)(T) such that (v,¢) =
S(t, ) (u™,¢"), and therefore,

(0, 9) = Y(t, ) (u™, ¢") + Z(t,7:)(0,0),

where
Y (1) (u™, ¢") = (y(t; T, u™, "),y (4 T, ™, "))
and
Z(t,7,)(0,0) = (z(+;1,,0,0),z¢(+; 1,0,0))

are continuous processes on V x L%, associated to problems (4.1) and (4.2), respectively.
From (4.3) and (4.10) we deduce that || Y(t, T,) (u™, ¢")||vxc, — 0 as n — co. Thus,

lim [|Z(t,5)(0,0) — (0, ) |vxc, = 0. @11)
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Let us denote (u"(r),ul’(-)) = S(r, ) (u™,¢") for r > 7, and n > 1. By (4.10) and the invari-
ance of Ap (y,12),

(u"(r),ull(-)) € AD(,(Vng)(”) C Byxc, (0,Rs (1)), VYV, <r<t, Vn>1. (4.12)

Now we distinguish three cases.
Case1.If1/4 < B <1/2.
In this case, from (2.11), the continuous injection of V in D(A3/4=B) and (4.12), we deduce
that
|A™PB(u"(r))| < Cia/ap)| A4 Pu(r)| || (r)]]
< C(3/4—ﬁ)||”n(r)||2
<Ca/u pRo(t), Vo <r<t, Vn>1

Thus, if we assume (4.5), from Lemma 4.2, condition (V) on g, and the continuous injection of
H in D(A~F), we obtain that

t ~ -
|AY"P2(6;7,,0,0) > < 3a2e L™ (/ " ATB £ (s) |2 ds + 0’71C%3/475)R§(t)

t
+/ eO’(St)|Aﬁg(S,uZ)‘2ds>

t - -
< 3a 2 leh ( / " ATBf(s) |2 ds + U_1C%3/475)R3(t)

Tn t
GO ([T g =) s+ [ e (o))

n

for all 0 € [t — h, ], and then, from (4.12), we deduce that

1Z(t, rn)(o,o)H%)(Alfﬁ)XcD(Alfﬁ) < M2 (1), (4.13)

where

t
M?T,ﬁ(t) = 6a 2 1" (/

DA f(s)[ ds +0 1 Clyyap Ro(t) +2Cﬁca2’)‘1_1‘7_1ﬁ‘27(t)) '

From (4.11), (4.13) and the weak lower semi-continuity of the norm, we deduce that (v, i)
belongs to ED(AH;)XCD(AH%) (0, My g(t)), and therefore (4.7) holds.

Moreover, if f satisfies (4.8), then (4.9) holds, and more exactly,

U ‘ADg(VxL%i)(t) C ED(Al’ﬁ)XCD(Alfﬁ)(O’ Mg’,ﬁ<t2)), forall t, € R, (4.14)

t<t,

where

_ t
M?,,ﬁ(tz) = 6a e e ( sup "D ATFf(s) lzds

tStZ -0
+07'ClhyypRo(R2) + 2C5C§Af10_1ﬁg(t2)>.

Case2. If0 < B < 1/4.
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In this case, if f satisfies (4.6), as 1/4 < 1/4+ B < 1/2, from (4.14) we have that

U ADV(VXL%_I)(T‘) C ED(A3/475)XCD(A3/4_’B) (0’ MU,l/4+ﬁ(t))'

r<t
Thus, by (2.11) and (4.12), we obtain that
|APB("(r))| < Ciajap)| A4 Pu (r)| || (r)]]
S C(3/4_ﬁ)]\7.[0,1/4+'5(t)§(7(t), VTn S r S t, Vn Z 1.

Thus, if we assume (4.5), from Lemma 4.2 we deduce that

128, )(0,0) 3y < R24(1), (4.15)

“Cpar-p) ~

where
t
R3 5(t) = 6a 2™ ( [m 76| AP f(s))’ ds
LIy B (DRE(H) + 2CﬁC§/\1101§§(t)> .

Again, from (4.11), (4.15) and the weak lower semi-continuity of the norm, we deduce that
(v,) belongs to ED(Al—ﬁ)XCD(Aliﬁ) (0, R, 5(t)), and therefore (4.7) holds.
Moreover, if f satisfies (4.8), then (4.9) holds, and more exactly,

U Ap,vxz)(t) C ED(AP!*)XCD
t<t,

-p) (0,Ryp5(t2)), forallt, € R, (4.16)

where

- t
Rgﬁ(tz) = 6a‘25_1eah<sup e‘T(S_t)|A_’5f(s)|2 ds

t<ty, J—00©

+ 0'71C(23/4_ﬁ)]\7[§./1/4+/5(tz)ﬁg(tz) + ZCﬁC(é)\ll(Tlﬁg-(tQ)) .

Case 3. If B = 0.
In this case, if f satisfies (4.6), as 0 < § < 1/4, from (4.16) we see that

rL<Jt ADa(Vng)(V) - ED(Al—J)xCD(Al,,;) (0, ﬁa,&(t))‘
So, by (2.10) and (4.12), we deduce that
B(u" ()] < Cag)| A2 (r)[||u"(r)
< Ch_sRes(ORe(t), Vo <r<t, VYn>1.

Thus, if we assume (4.5), from Lemma 4.2 we deduce that

I1Z(t, ) (0,0) B ) xc S RZ 50(t) (4.17)

D(A

where

t ~ ~ ~
REso(t) = 6u 2 e ([ er017(s) P 01 RE(0RE(D) +2C30, TR ).
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Again, from (4.11), (4.17) and the weak lower semi-continuity of the norm, we deduce that

(v’ lp) € §D(A)XCD(A) (OI R(T,(S,O(t))’

and therefore (4.7) holds.
Moreover, if f satisfies (4.8), then (4.9) holds, and more exactly,

U ADU(VXL%I) (t) C ED(A)XCD(A) (O, ﬁg,&,o(tz)), forallt; € R,

t<t,

where

- t
RY 50(t2) = 6a2slegh<sup "D f(s)|* ds

tgtz -

Lo R ()R () + 2C§Afla_1§§(t2)>. 0

5 Attraction in D(A) norm

By the previous results, when f € L2 (R;(L?*(Q2))3), the restriction to D(A) x L%, of the
process S defined by (3.1) is a process on D(A) x L%. Now, we will prove that under suitable
assumptions on f and g, we can obtain the existence of minimal pullback attractors for S on
D(A) x L% and even more.

Proposition 5.1. Assume that f € L2 (R; (L?(Q)))3), and g : R x Cy — (L2(Q))? satisfying (I)-

(IV), are given. Then, the restriction to D(A) x L2, of the bi-parametric family of maps S(t,7), with
T < t, given by (3.1), is a continuous process on D(A) x L2,.

Proof. 1t is a consequence of Theorem 2.2 and Remark 2.4 (i). O

As in the previous section, we will need the following continuity result for the process S
in a weak sense.

Proposition 5.2. Let f € L2 (R;(L?(Q))3%), g: R x Cy — (L2(Q))3 satisfying (D—(IV), and T < ¢t

loc
be given. Then, for any sequence such that

(™, ¢") — (u", @) weakly in D(A) x L}

and
dg" _ do
ds ds

the following convergences hold for the sequence of solutions u(-; T, u™",¢") towards the solution
u(T,ut,¢):

weakly in LZD(A),

u(T,u™, ") = u(-; T, u, ) weakly-star in L (t,t; D(A)),
u(t,u™,¢") — u(-;t,ut,$) strongly in C([t — h, t); V),
u(t; T,u™,¢") — u(t;t,u’,$) weakly in D(A),

u(t,u™,¢") — u(-;t,u’,$) weakly in LZ(T —h,t;D(A)).
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Proof. It can be done analogously to that of Proposition 3.10. O

For the obtention of a pullback absorbing family for the process S restricted to D(A) x L2,
we first have the following result.

Lemma 5.3. Suppose that f € L7 (R; (L*(Q)))3) satisfies (4.4) and that g : R x Cyp — (L*(Q))?
fulfills conditions ()—(V). Then, for any T € R, (u%, ¢) € D(A) x L%, and 0 < ¢ < ¢/3, the solution
u=u(-;t,u",¢) of (1.1) satisfies

t
Au(B)P < & 2max{A! + e, Cler ™, @) g + 20 % [ 1) P
T

+4a72C.C3 (0 — 30) (e*?’g(f*ﬂ 1@ @IS, 12 + M;”’,g) (5.1)
forall t > T, where ¢ > 0 is given by (3.4),
Ce = 27C5(2e%) 7, (5.2)
C, = & > max {max{All +a?,Cq}, (21/ —oc(A{ +a?) - ZAfng> _1} , (5.3)
and .
Mig =sup | e £ (s)]|3ds. (54)

Proof. From Lemma 3.11, we have that
Ju()I? < Co (SN 9) g, + Mie) VT <5<t 5)
On the other hand, by (2.17),
%(e‘””u(t) 12 + a2e” | Au(t) ) + 2ve” | Au(t)|* + 27 (B(u(t)), Au(t))
= oe|u(t)||> + a?oe” |Au(t)|? +2e7 (f(t) + g(t, ur), Au(t)), ae. t>T.

Thus, taking into account that [|u(t)||> < A Au(t)[?,

2| (B(u(t)), Au(t)) | < 2Ca|lu(t)[[>%| Au(t) P>

< Cellu(®)]°+ 5| Au(t) 2,

2 (f(6), Au(t)) | < SlAu() P+ 2IF()P,
and

C A
2[(g(t, ur), Au(t))| < )Tg|AM(f)|2 + gllg(t/ut)|2,
1 8

we deduce that

e H(||lu()||* + a?|Au(t)|?) + (v — e — U(Al_l +a?) — /\fng) /Tt e | Au(s)|*ds
gf%@4+ﬁnAmF+2f{[aﬂﬂ@F%+w¢%£léﬂmgﬁm
+C8/Tte‘75|\u(s)|\6ds
ot ((A—l+a2)|AuT|2+cgy|¢|\§zv)+ze—1/ e\ f(s) |2 ds + AT 1c/ eS| Au(s)[? ds

+c/ % ||u(s) || ds
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forall t > 1.
From this inequality, since the choice of ¢ makes the term th e”| Au(s)|? ds disappear, using
(5.5) we easily obtain (5.1). O

Definition 5.4. For any o, ¢ > 0, consider the universe Dy(D(A) x L3,) N Dy(V x L%;) formed
by the class of all families of nonempty subsets D = {D(t) : t € R} € P(D(A) x L%) such
that

lim (em( sup H(Ur‘P)HZD(A)xL%/) = lim (g‘ff( sup H(U,q’)H%/ng) =0.

T v,9)€D(T) T v,9)€D(T)
Accordingly to the notation introduced in Section 3, Dr(D(A) x L?,) will denote the class
of families D = {D(t) = D : t € R} with D a fixed nonempty bounded subset of D(A) x L%,

Observe that the universe Dy(D(A) x L%) N Dy (V x L%;), which is inclusion-closed, contains
the universe Dr(D(A) x L%)).

Remark 5.5. Under the additional assumption

0
[ eS| (s)[? ds < oo, (5.6)

from Lemma 5.3 it is easy to see that, for 0 < ¢ < ¢/3, the family {ED(A)xsz (0,Ryp(t)) : t €
R} € P(D(A) x L2,) is pullback Dy(D(A) x L%) N D,(V x L2)-absorbing for the process S
on D(A) x L%, where

~ t
RZ,(t) =1+2a 2 1 (1+ A the™)e™"! / e”|f(s)|*ds+ (1+ A; *h)4a 2C.C) (0 —30) ' M,

However, in order to apply Proposition 5.2, we need to obtain a different pullback D, (D(A) x
L3) N Dy(V x L% )-absorbing family.

Lemma 5.6. Assume that f € L2 (R;(L%(Q))%) satisfies (4.4) and (5.6), and § : R x Cy —
(L2(Q))? fulfills conditions (I)~(V). Then, for 0 < ¢ < /3 and for any t € R and D € Dy(D(A) x
L2) N Dy(V x L%), there exist Ta(D,t,h) < t — 2h and functions {p;}*_ such that for any T <

(D, t,h) and any (u7,¢) € D(1), it holds

|Au(r;T,u%, ¢)|* < p3(t), Yre[t—2ht], (5.7)
ot

[ 1Au @, 9)Pde < gi(e), (5.8)

t—h

where
t
P3(t) = 14 202 e (=2 / e”|f(s)[*ds + 4a2C.C) (0 — 30) "' M}, (5.9)
t

pA(t) = 16a*hod(¢) (v2 + C3AT*/203(1) +2A72C2) + 160~ /t )P s, (5.10)

where ¢, C,, Cy and M are given by (3.4), (5.2), (5.3) and (5.4), respectively.
Proof. Let Tz(f), t,h) < t — 2h be such that

a2max{A; ! +a?, Cole 7T (uT, ¢) H%)(A)XL%/

+ 40 2C.Cl (0 — 3g)’1e’3g(t’2h)e?’ﬂ|\(uT,cp)H?,X% <1 V1 <n(Dth), (u%,¢) e D(1).
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Consider fixed T < Tz(f), t,h) and (u",¢) € D(7). The estimate (5.7) follows directly from
(5.1), using the increasing character of the exponential.
Now, from (2.9), (2.14) and (2.1), we obtain that v = Cu satisfies

[0'(0)] < v|Au(8)] + Col Au(6)[/||u(8)>% + £ (6)] + |g(6, uo)|
< v|Au(0)| + A4 Au(0)? + [£(0)] + |g(6,up)|, ae. 6>1,

and therefore,
10'(0)? < 4v2|Au(8)|> +4C2A3 2| Au(0)* + 4[£(0)> +4(g(0,up) >, ae. 8>

Integrating in time above and using properties (II) and (IV) on g, we deduce

t t
/ 10'(6) |2 d6 §41/2/ |Au(0)[2d0 + 4C2A+ 3/2/ |Au(6)[* do
t—h t—h

+4/ (0) 28 + 4] 2c2/ | Au(6)[2 d,

whence, by (2.13) and (5.7), the estimate (5.8) follows. O

Corollary 5.7. Under the assumptions of Lemma 5.6, for 0 < ¢ < 7/3, the family Dy y = {Dy ¢ (t) :
t € R} C P(D(A) x L%) defined by

D(r,g<t> = {(w,lIJ> S D(A) X Lz( A ?’b S LZ( Ay
dp

10,9 pgayers,, < Roelt), ||

D(A)

< ,04(t)} (5.11)

(A)
is pullback Dy(D(A) x L3,) N Dg(V x L% )-absorbing for the process S on D(A) x L2, defined by
(3.1), (and therefore Dp(D(A) x L3,)-absorbing too), where Ry (t) satisfies
Ree(t) = (1 +m)p3 (1), (512)
with p3(t) and p4(t) given by (5.9) and (5.10) respectively.

Now, we prove that the process S is (D(A) x L%, D(A) x Cy) pullback D,(D(A) x L?,) N
Dy (V x L%)-asymptotically compact. We will apply, under the natural necessary changes, the
same energy method used in the proof of Lemma 3.17.

Lemma 5.8. Assume that f € L2 (R;(L*(Q)))3) satisfies (4.4) and (5.6), and g : R x Cy —
(L2(QY))? fulfills conditions ()—(V). Then, for any 0 < ¢ < /3, the restriction to D(A) x L2, of the
process S defined by (3.1) is (D(A) x L%, D(A) x Cy) pullback Dy(D(A) x L%) N De(V x L)-
asymptotically compact.

Proof. Let us fix 0 < ¢ < /3. Let be given D € D,(D(A) x L3)ND,(V x L), t € R, a
sequence {7,} C (—oo,t] with 7, — —oo, and a sequence {(u™,¢")} with (u™,¢") € D(1,)
for all n. We must prove that the sequence

(5t 7)™, )} = {(u(t 70, 4™, §), 145 70, 4™, )}

is relatively compact in D(A) x Cy.
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First, we check the asymptotic compactness in the first component of S. By Corollary 5.7,
for each integer k > 0, there exists 15(k) < t — k such that S(t —k, 7)D(7) C Dy (t — k) for all
T < 15(k). From this and a diagonal argument, we can extract a subsequence {(u™, 4)”/)} C
{(u™,¢")} such that

S(t—k Tw) (™, ¢") = (wh,¢*) weaKly in D(A) x L}, 4, (5.13)
d . ’ n' N d k . 2
%ut_k(-,rn/, ut, $") %IIJ weakly in LD(A), (5.14)

for all integer k > 0, where (wX, p*) € D, (t — k).
Now, applying Proposition 5.2 on each fixed interval [t — k, t], we deduce that

(w,4°) = (D(A) x L)) — weak lim S(t, %) (™, ¢")

n'—o0

= S(t,t—k) | (D(A) x L}, 4,) — weak lim S(t —k, 7)(u™,¢")

n'—o0
= S(t,t — k) (w*, ¢").
From (5.13) with k = 0, we obtain in particular that |Aw®| < Hminf, . |Au(t; T, u™, ¢")|.

We will prove now that it also holds that
lim sup |Au(t; Ty, u™,¢" )| < |Aw|, (5.15)

n'—oo
which combined with the weak converge of u(t; T, u™,¢") to w in D(A), will imply the
convergence in the strong topology of D(A).

Observe that, as we already used in Lemma 5.3, for any T € R and (u",¢) € D(A) x L%/,
the solution u(-; T, u", ¢), for short denoted u(-), satisfies the differential equality
;t(e‘”Hu(f)H2 + e [Au(t)]?) = e Ju(t)|]* + aPoe” | Au(t)|* — 2ve” | Au(t)|?

— 27 (B(u(t)), Au(t)) +2e7 (f(t) + g(t, us), Au(t)) (5.16)

ae. t > 7. Since in particular 0 < ¢ < 2v(A;' + a?)~!, notice that [[]], with [[0]]? =
(2v — a®0)| Av|* — o||v]|?, defines an equivalent norm to | - [p(4) in D(A).

We integrate the above expression in the interval [t — k, t] for the solutions u(-; Ty, u™ , ¢" )
with 7,y <t —k, which yields

(s T, u™ , ¢ ) ||* + 0P| Au(t; T, u™, ¢ )|
= lu(t;t —k, S(t =k, T ) (1™, " ) ||> + 02| Au(t; t — k, S(t — k, T ) (u™, p™))|?
= e (Jlut = Kt w™, 9" P + 02 Au(t = kT, ™, "))

s t ea(sft) (f(S),AM(S;t _ k, S(t — k’ Tn,)(uTnI,(Pn’))) ds

t—k
t !/ 2

+2 (g (s, us (5t —k, S(t—k, T ) (™, 9™ ))), Au(s; t —k, S(t —k, T ) (u™, ¢™))) ds
t—k
t ! !

-2 e (B(u(s;t —k, S(t—k, T ) (u™, ¢™))), Au(s; t —k,S(t —k, T ) (™, ¢"))) ds
t—k

- /t keg(s’t) [[u(s;t —k, S(t — k, T ) (™, ™ ))]]? ds. (5.17)
—
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From (5.13), (5.14) and Proposition 5.2, in particular we have that
u(5t—k S(t—k, 1) (W, 9")) = u(;t —k,wk,¢*) strongly in C([t —k,t];V),  (5.18)
and also
u(t—k S(t—k 1) (W™, ")) — u(;t —kwk, ¢*) weakly in L?(t —k,; D(A)).  (5.19)

Then, it is not difficult to see that

t , /
lim [ "7 (B(u(s;t =k, S(t—k, ) (u™,¢"))), Au(s;t =k, S(t =k, T) (u™,¢"))) ds
n'—oo Jt—k
t
= [ eI (Bu(sit — k,wk, b)), Au(s;t — k,w*, ) ds. (5.20)
t—k

On other hand, as e”C =Y f(-) € L?(t — k, t; (L2(Q))?), it yields

t !
lim [ & (f(s), Au(sit =k S(t =k ) (W, ¢))) ds
n'—oo Jt—
t
= | (), Aulsit —kwh, gt ds.
t_

Moreover, from (5.18), in particular we also have that
u(st—k S(E—k,7) (U™, ")) = u(;t —k,wk,¢*) strongly in L2(t — k — h, t; H),

which jointly with (5.19), implies that

t / !
lim e (5=1) (g(s,us(5t—k St —k, ) (u™,¢p"))), Au(s; t =k, S(t —k, Ty ) (u™,¢"))) ds
n'—oo Jt—k
t
= "7 (g (s, us (5t — k, wk, X)), Au(s; t — k, wk, ¢*)) ds
t—k

Finally, as ftt_k =D [[v(s)]]? ds defines an equivalent norm in L?(t — k,t; D(A)), we also de-
duce from above that

/ tkeds”uu(s,-t — k,wk, k)] ds
t_

t !/
< liminf e [u(s; t —k, S(t—k, T ) (u™, ¢ ))])? ds. (5.21)

n'—oo Jt—k

From (5.17), (5.20)—(5.21), taking into account (5.13) with k = 0, the compactness of the injec-
tion of D(A) into V, and (5.11), we conclude that

|w°]|2 + a2 limsup | Au(t; T, u™, ¢ )|?
n’—oo0

t
<e AT+ a)R2,(t—K) +2 [ eTCI(f(s), Au(s;t — K, wF, ¢)) ds
A t—k

t
+2 [ eI (g (s, us(t — kwk, ¢h), Au(s;t — k,w¥, ¢F)) ds
t—k
t
5 " (Bu(s; t — k, wk, ¢)), Au(s; t — k, wk, ¢*)) ds
t—k

. /tkea(st)“u(s; t—k, wk, 1/)k)]]2ds.
t—
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Now, taking into account that w® = u(t;t —k, wk, gbk ), integrating again in (5.16), we obtain

¢
|0°]|? + a?| Aw® | = e 7K (||w"||> + tx2|Awk|2) + Z/tik e (5=1) (f(s), Au(s; t —k, wk, 1,t7k)) ds

t
+2 [ e (g(s (5t — K, wh, g)), Auls;t — k,wk, ) ds
t—k
t
) eU(S*i’) (B(M(S;t —k, wk’ l/)k)),Au<s;t —k, wk, 1/;")) ds
t—k

B /t k ea(s—t) [[M(S,'t —k, wk’ lle)HZ ds.
f—

Comparing the above two expressions, we conclude that

|@°]|? + &®lim sup |Au(t; T, uTn’,(p”,)\z < e“”‘()\l_1 + ucz)R(Z,,g(t — k) + [|[0°)|* + a?| Aw®)?.

n'—o0
But from (5.9) and (5.12), we have that lim e "*R2 _(t — k) = 0, so (5.15) holds, and we con-
k—o0 =

clude that

0

u(t; Ty, u™,¢") — w®  strongly in D(A).

Finally, we prove the asymptotic compactness in the second component of S. From (5.13)
and (5.14) with k = 0, we have that

ut(-;Tn/,uTn’,cp”l) — 1/)0 weakly in L%)(A),

d . (A NN d 0 : 2
%ut(-,rn/,u L") %lp weakly in L7 4.
Thus, by applying the Ascoli-Arzela theorem, we can deduce that there exists a subsequence
(relabeled the same) such that u;(-; T, u™, 4)”/) converges to ¢0 in Cy. So, the proof is finished.

Ul

Remark 5.9. Since S : R3 x D(A) x L3, — D(A) x L%, is a continuous process, by the regularity
properties established in Theorem 2.2 and Remark 2.4 (i), S : R3 x D(A) x Cy = D(A) x Cy
is a well-defined closed process. In particular, {Ap A)xcv(ﬁ/t>}t61R is meaningful for any
D € Dy(D(A) x L3) N Dy(V x L3;) by Lemma 5.8. Actually, by the embedding Cy C L2,
recalling Remark 3.8 (ii), it holds that AD(A)XCV([A), t) = AD(A)XL%/([A), t) for any ¢t € R, which
is therefore invariant for S.

In general, the pullback absorbing family D, , defined by (5.11) does not belong to the
universe Dy (D(A) x L3) N Dy(V x L%), and we do not know whether or not S is pullback
Dy o-asymptotically compact. Thus, we cannot apply Theorem 3.3 nor Theorem 3.7 to the
family D, ,. Nevertheless, collecting the proved results, we may construct by hand a minimal
pullback Dy (D(A) x L%) N Dy(V x L2)-attractor in a better norm than the natural one for the
phase-space D(A) x L2, namely in the D(A) x Cy norm.

Theorem 5.10. Assume that f € L2 (R;(L?(Q))3) satisfies (4.4) and (5.6), and g : R x Cy —

loc

(L2(Q))? fulfills conditions ()—(V). Then, for any 0 < ¢ < /3, the family Asy = { Ay (t) : t €
R}, given by

—~ D(A)XCV
A(T/g(t) = U AD(A)XCv(DI t) ’ Vt S R/
DeD,(D(A)xL3)NDe(VxL%)

satisfies the following properties:
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(a) lim,,_co distp(a)xc, (S(t, T)D(T), Agg(t)) = 0 for all t € R and any D € D,(D(A) x
L3) N Dy (V x L) (pullback attraction).

(b) Ay y(t) is compact in D(A) x Cy forall t € R.

(c) It is minimal in the sense that if C = {C(t) : t € R} € P(D(A) x Cy) (resp. C = {C(t) : t €
R} C P(D(A) x L%,)) is a family of closed subsets of D(A) x Cy (resp. D(A) x L2,) such that
lime, o distp(ayxc, (S(t, T)D(T),C(t)) = 0 (resp. lim¢—, oo distD(A)XL%/(S(t, T)D(7),C(t))
=0)forallt € Rand any D € Dy(D(A) x L3) N Dy(V x L%), then Ay y(t) C C(t) for all
teR.

(d) S(t,7)Av o (T) = Ay (t) for all T < t (invariance).

In particular, Aqy is the (D(A) x L%, D(A) x Cy) minimal pullback Dy(D(A) x L2) N De(V x
L%, )-attractor for the process S : R3 x D(A) x L}, — D(A) x L3,

Proof. 1t suffices to check (a)—(d).
Claim (a). The pullback D(A) x Cy-attraction property is an easy consequence of Lemma
5.8 (see also Remark 5.9).

Claim (b). Consider a sequence {y"} C A, ,(t). We will extract a converging subsequence
{y"} C {y"} with D(A) x Cy —lim,y y" € Ay (t).

By definition of A, (t) we may consider a sequence {x"}, with x" € Ap A)xcv(ﬁn/t)/
where D, € Dy (D(A) x L%) NDe(V x L), with distp(ayxc, (x",y") < 1/n. For each n € N,
this means that there exist sequences {z""},, and {7, },, with lim,, 7}, = —o0, 2" € D,(1})
and x" = D(A) x Cy — limy, S(t, 7,5 )z"™". We may consider m(n) such that

distp(ayec, (X", S(1, T )2"7) < 1/n, Vn > 1.

It is obvious that we are done if we obtain a subsequence {x" } converging in D(A) x Cy since
Ay (t) is closed in D(A) x Cy and then lim,, v = lim,y x* € Ay (t).

Now we rearrange the arguments of Lemma 5.8. For each integer k > 0, by the absorbing
property established in Corollary 5.7, there exists 75 (k) <t — k such that

S(t =k, T)Dn(7) C Doe(t —k), VT <715 (K).
From this and a diagonal argument we can extract subsequences (the notation T}Z’(n,) and
2"(")1" is shorten for simplicity) {7/} and {z"'} with 7, — —oc0 and z" € D,(1,) such that
S(t—k,Ty)z" — (w,y*) weakly in D(A) x LZD(A), forallk >0,

where (w*, ¢*) € Dy (t — k).
Now we can repeat verbatim the arguments from Lemma 5.8 to conclude that

D(A) x Cy —lim S(t, T,)z" = (w°, ")
n/

which is also the limit of ¥ and y", so Ay (t) is relatively compact and closed, therefore
compact in D(A) x Cy.

Claim (c). The minimality among the families of closed subsets in D(A) x Cy is obvious,
since Ay ¢(t) is the closure of omega-limit sets in this topology. For the case of D(A) x L%,
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observe that the omega-limit sets in this topology are those obtained in the D(A) x Cy topol-
ogy (see Remark 5.9 (ii)). Besides, from (b), we have that A, (t) is compact in D(A) x Cy,
and therefore also compact (in particular closed) in D(A) x L%,. So the minimality argument
is analogous.
Claim (d). We prove it by double inclusion. Let us first check that Ay, is negatively
invariant, that is,
Ao (t) CS(HT)Are(T), VT <L (5.22)

Consider y € Ay (t). Theny = D(A) x Cy — lim,, y" with y" € AD(A)XCV(ﬁn,t), where D, €
De(D(A) x L3) N Dy(V x L2;). As long as each Ap(a)xc, (Dn,t) is invariant for the process
S, there exists x" € Ap A)XCV(ﬁHIT) with y" = S(t,7)x". Observe that A, (7) is compact
(proved previously in (b)) in D(A) x Cy. Therefore there exists a subsequence {x"} C {x"}
with D(A) x Cy —lim,y x" = x € Ay, (7). In particular, by the D(A) x L?, continuity of S(t, T)
(in fact, it is also continuous in D(A) x Cy) it holds that 4 = S(t,7)x" converges to S(t,T)x
in D(A) x L%. So, by the uniqueness of the limit, y = S(¢,7)x and (5.22) holds.
Let us check the converse inclusion

S(t,T)Ave(T) C App(t), VT <H

Fix Tt < tand x € Ay (7). Then x = D(A) x Cy — lim, x" with x" € AD(A)xCV(ﬁmT)/ where
D, € Dy (D(A) x L3) N'Dy(V x L%). Using again the invariance property AD(A)XCV(BH/ t) =
S(t, T)AD(A)XCV(ﬁn,T), denote y" := S(t,7)x". As long as S(t, T) is continuous in D(A) x Cy,

Ao (t) D AD(A)xcv(ﬁn,t) >y" =S(t, T)x" — S(t,T)x,

and since A, ,(t) is closed in D(A) x Cy, we obtain that S(t, 7)x € A, +(t), which concludes
the positive invariance of A, .. O

Remark 5.11. Observe that [14, Theorem 35] can be improved analogously as we have pro-
ceeded here. The notation X,, coined in [14] -in a context without delay effects- for the
analogous role of A, , here, was used because at that moment we did not realize that this
family already had compact sections and therefore it was the minimal pullback attractor (in
several topologies).

Under the additional assumption

sup r |f(s)[?ds < oo, (5.23)

r<0 Jr—1

the pullback absorbing family D, defined by (5.11) does belong to Dy(D(A) x L}) N Dy(V x
L2,), whence now we can apply Theorem 3.3, and actually we have the following result.

Theorem 5.12. Assume that f € L2 (R;(L?(Q))3) satisfies (5.23), and ¢ : R x Cy — (L*(Q)))3

loc

fulfills conditions (I)-(V). Then, for any 0 < ¢ < c/3,
Ase = ADF(VxLZH)-

Actually, Ap, (v 12, is the unique family of closed subsets in D(A) x L% in the universe Dy(D(A) X
L3) N Dy (V x L) that is invariant for S and pullback Dy(D(A) x L23,) N Dy (V x L%)-attracting.
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Proof. Consider a fixed value ¢ € (0,0/3).

Observe that under the above assumption on f, the family Dy, = {Dy,(t) : t € R}
defined by (5.11)—(5.12) belongs to D, (D(A) x L%,) N Dy (V x L%,).

Let us prove the equality A; ¢ = Ap, (v, 2, by double inclusion.

By Theorem 5.10, Ay is well defined, and indeed, Ay () C Dy (t) for any t € R. By
(5.23), for any fixed t € R, the set J;<; Dy (s) is bounded in D(A) x L%)(A) since sup, ., R2 ,(s)
< oo. In particular, from the invariance of A, we conclude that

A(f,g(t) C A’DF(VXL%I) (t), Vt € R.

On the other hand, again by (5.23), from Theorem 4.3 we have that for any 7 € R,
Ur<e App(vxiz) (r) is a bounded subset of D(A) x L2, and therefore,

distpy( )12 (Ap,(vuiz,) (£, Ace(t)) < distp a2 (S(E T) U Appvxiz) (1), Aog(t)),

r<t

where the right-hand side goes to zero as T — —o0. So we conclude that

ADF(Vng)(t) C Asg(t)-
The final statement about uniqueness is a direct consequence of Remark 3.4. ]

Remark 5.13. Observe that, in particular, if f € L? (R; (L*(Q2))?) satisfies (5.23), by Corollary
3.5 the minimal pullback attractor Ap, p(a)x 12) does exist, and it also coincides with the
family Ap, (v, 12)- They have compact sections in D(A) x Cy and pullback attract in this

metric. Moreover, from Theorem 4.3 we have that

U Ace () = U Apy(vx12,)(t) is a bounded subset of D(A) x Cp(4) for any #; € R.

t<tp t<ty
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