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Abstract. In this paper, we devote ourselves to considering a modified zero energy
critical point theory for a specific set of functionals denoted as ®,, defined within the
confines of a uniformly convex Banach space. Integrating the nonlinear generalized
Rayleigh quotient approach with Ljusternik-Schnirelman category, we establish the
nonexistence and multiplicity of zero energy critical points of the involved function-
als. In particular, the modified zero energy critical point theory can be applied to more
nonlocal problems. Our main results improve and complement the existing results in
the related literature.
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1 Introduction

In the past decades, researchers have used classical variational methods to deal with various
nonlocal problems and obtained various properties of their solutions, such as existence, mul-
tiplicity, asymptotic behavior and so on. However, although the classical variational methods
have been properly modified, it seems still difficult to be directly effective for some compli-
cated or special nonlocal problems. Based on this situation, the research on new variational
methods has aroused increasing interest. It is worth mentioning that in this process, the ex-
istence of the number and index theory makes the Ljusternik-Schnirelman category theory
more widely used. For more detailed applications of this theory, we refer to [18,33] and ref-
erences therein. Along this direction, in this paper we employ the Ljusternik-Schnirelman
category theory and the nonlinear generalized Rayleigh (NG-Rayleigh) quotient method to
forge a critical point theory at zero energy levels for the energy functional (1.1). By means of
this theory, we deal with several kinds of nonlocal problems, and present the nonexistence and
multiplicity of their solutions at zero energy levels. More precisely, we consider @, : X — R

®,(u) = ;N(u) - ;‘A(u) - ;B(u) + iR(u), (1.1)
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the setting is within X, a uniformly convex Banach space endowed with the norm | - |x, where
1 < n < v < B. Moreover, the functionals N, A, B, and R are considered to be homogeneous,
nonnegative, and even, belonging to the class C!(X).

Throughout this paper, the following assumptions are imposed on the above-mentioned
nonnegative even functionals:

(M1) For any u € X\{0}, there exists C > 0 such that the following inequalities hold:
Clulll > A@w) >0,  Cluly > B@w) >0, R@) >0, N(u)=Cull;

(My) N(tu) = t'N(u), A(tu) = t"A(u), B(tu) = tPB(u), R(tu) = t"R(u), for any t > 0;

(M3) If u, — uin X, then A’(u,) — A’(u) and B'(u,) — B'(u) in X*. Moreover, for any
Uy, u € X, it holds that R'(uy) (1, — u) > 0.

(My) Let N be weakly lower semicontinuous, and there exists C > 0 such that for every
uy, u € X, the inequality

(N"(un) = N' (1)) (st — 1) > C ([l 771 = (a7~ (]| = [Je]])
holds true.

According to assumption (M), we know that A(u) > 0 for all u € X\ {0}. Therefore,
®,(u) = 0 is equivalent to

b= polu) = A !, forany u e X\ {01,

where po(u) is called the Rayleigh quotient, the functional is derived using the NG-Rayleigh
quotient approach. For any u € X \ {0},

if and only if ), (u) = 0.

We will search for the critical points of yy by considering the fibering map t +— puo(tu).
Obviously, po(tu) € C?(0,0) for every u € X\ {0}, u — pf(tu) € C1(X\ {0}) for every t > 0.
In order to get the critical point of po(fu), from (My) it follows that

po(tu) = XEZ; - Zi((z)) 1 4 Ziiui 77, forany u € X\ {0}, t > 0.
Let
po(tu) = —(f — n)Zi((Z)) P11 (y = q)zmtvvl =0.
Then ]
- (458

that is p((to(u)u) = 0. Since pj (to(u)u) < 0, we obtain that to(u) is a non-degenerate global
maximum point of po(tu).
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Define
Al) = poltafu) = (gih = 20 )P -+ L S0y )
_N@) o R
A() 7 A(u)B(u)F

as a NG-Rayleigh quotient. It is obvious that to(u)u can be considered as the zero energy
critical point of ®,, where y = A(u). One may easily check that A € C'(X\{0}),

A(u)N'(u)v — N(u)A’'(u)v

AN (u)o= A
CoQ() (g:,’ZHu)A(wR’(wv — G RODAGB (W) - B(u)R(u)A/(u)v> :
for every u € X\{0},v € X, where
_nB-v y—nBp _ R@FT
CO_’Yﬁ_’?(ﬁ_W’)’)ﬁ >0 Q) A(u)zB(u)g%Z'

To better utilize the Ljusternik-Schnirelman category theory, we first denote A as A on
S = {u € X\{0} : ||u|]| = 1}, where S is considered as a unit sphere in X and is a symmetric
C! manifold. According to [28, Proposition 2.3], the critical point of A is also the critical point
of A. Since N(u), A(u), B(u), R(u) are even functionals, A is also an even functional. Now, let
us recall the concept of Krasnoselskii genus. Given a set F C S, it is closed, nonempty and

symmetric. We define
y(F):=inf{n e N:3h: F - R"\ {0} odd and continuous}.
to represent the Krasnoselskii genus of F. Setting
Fn = {F C S : F is compact, symmetric, and y(F) > n},
for every n € IN. Define the critical value of A:

Uy := inf sup A, if A is bounded from below on S.
FeF, ueF

It is well-known that the Krasnoselskii genus of the unit sphere in an infinite dimensional
Banach space is infinite (cf. [13, Corollary 2.3]), namely, ¢(S) = oo.

Next, let us sketch some recent advances concerning the zero energy critical point theory.
Recently, Quoirin et al. studied qualitative properties of zero energy critical points in [28],
which means that at this point, the energy function and its derivatives are both zero. Fur-
thermore, the authors in [28] established a new zero energy critical point theory using the
NG-Rayleigh quotient method and Ljusternik-Schnirelman critical theory [2], and effectively
applied it to several types of elliptic partial differential equations, resulting in the existence,
nonexistence, and multiplicity of zero energy critical points. For more details on the NG-
Rayleigh method, we refer to [19,20] and references therein. Undoubtedly, the zero energy
critical point theory established in paper [28] provides us with a new idea and perspective
for solving nonlinear partial differential equations. As one of the advantages of this theory, it
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has a wide range of theoretical applications, that is, it can directly handle many types of non-
linear non-local problems, such as concave-convex problem, Schrodinger—Poisson problem,
Kirchhoff-type problem, (p, q)-Laplace problem, and other elliptic problems. As a pioneer pa-
per on zero energy critical point theory, the authors in [28] applied this theory to solve several
local and non-local problems. For example, the following p-Laplacian problem with concave
and convex nonlinearity was investigated in a bounded domain ) C RY:

{—Apu = ulu|T2u+ flu"?u, inQ, (12)

u=20 on o),

where 1 < g < p <r < p* f,g € L*(Q) with g > 0in O, A, is p-Laplaian operator,
and f > 0 in some subdomain Q' C Q). With the help of the NG-Rayleigh quotient method
and Ljusternik-Schnirelman theory, the authors obtained the existence, non-existence and
multiplicity of zero energy solutions for concave and convex problems in [28].

On the other hand, the authors in [28] also considered the properties of the zero energy
solution for the Schrodinger-Poisson system, which is physically meaningful. To elaborate, the
authors conducted a comprehensive investigation into the intricacies of the following system:

{—Au +wu + pdu = |u|P~?u, in R3,
(1.3)
—Au + a?A*u = 4mu? in R?,

where p € (2,3),w > 0, and a > 0. In particular, the authors established the existence,
non-existence, multiplicity and sign-changing properties of the zero energy radial solution of
system (1.3). Subsequently, Quoirin et al. in [29] established the existence, multiplicity and
bifurcation results of the critical points for a class of functionals with prescribed energy along
the same technical route as in [28]. The authors first applied the corresponding critical point
theory of prescribed energy to eigenvalue problems involving nonhomogeneous perturbations
in [29], and its energy functional can be given by:

1 1, .
D, (u) (I1Vull = plulh) — ;]u\ﬁ, ueW,”(Q), wherel <r<p*

1

p
The authors made a noteworthy discovery regarding the Schrodinger—Poisson system. Specif-
ically, for ¢ > 0 (respectively, ¢ < 0) and by choosing p < r (respectively, p > r), the study
revealed the existence of an infinite number of pairs (., Unc) € R X Wé’p(ﬂ) \ {0} satisfy-
ing @y, (Func) = c and &), (Func) = 0. In other words, +u, represent prescribed energy
critical points.

The authors next investigated the prescribed energy critical point of the Schrodinger—
Bopp-Podolsky problem in [29]. The following represents the energy functional for this par-
ticular problem:

L s @ [ P [ a1 [ up
D, (u) = 2/]R3]Vu] dx + 5 /Ra]u\ dx—|—4 11{3¢u dx ) ]R3\u\ dx, where p € (2,3),w > 0.

The authors obtained the existence and multiplicity of the critical point with prescribed energy
by the critical point theory. Besides, the authors also conducted relevant research on the
concave-convex problem in [29], and we will not elaborate on it here.

Motivated by [28,29], we are interested in making appropriate modifications and exten-
sions according to the existing zero energy critical point theory so that it can be applied to
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some specific situations. Along this direction, we propose a suitable class of energy func-
tional (1.1). We point out that the purpose of this paper is to address the problem of energy
functional (1.1) in the following situation:

P, (u) =0, D, (u) =0.
Let g = infx\ {oy A(u). Then the primary result of our article can be stated as:
Theorem 1.1. Suppose that (Mq)—(My) hold.
(i) If u < do, then there is no critical point having zero energy for the energy functional ®,,.

(ii) If u > do, then the energy functional ®, has infinitely many zero energy critical points which
change sign.

Remark 1.2. At the beginning, we attempt to investigate the qualitative properties for some
nonlocal problems in RN by employing Theorem 1.1. But the embedding H} (RY) — LP(RVN)
is compact only for 2 < p < 2*, we cannot verify assumption (M3) if problems under con-
sideration are involved the critical exponents. Inspired by [28], we give a modified version of
Theorem 3.1 in [28], so that we are able to deal with Schrodinger-Poisson systems with critical
nonlinearity.

Remark 1.3. In order to deal with Kirchhoff-type problems with critical growth in bounded
domains, we follow the idea of proof in Lemma 3.3 of [21] to detour the compact embed-
ding theorem, hence assumption (M3) can be verified, which leads to the nonexistence and
multiplicity of zero energy critical points for the following Kirchhoff problem with critical
nonlinearity.

Notations. Throughout this paper, the following notions are employed:
e Denote | - |, for the L7(RN)-norm for g € [1, o0];

e Denote various positive constants by C, Cy, C1,C3,Cs, .. .;

NI—=

e Let D'?(R?) be the completion of C§°(R®) with the norm [|u|p12(rs) = (fs [Vu[*) .

2 Proof of Theorem 1.1

In this proof, we refer to the technical approach demonstrated by [28] to prove Theorem 1.1.
In order to supplement and enrich the zero energy critical point theory, we give a modified
result, which can be applied to a wider range of nonlocal Lapalcian equations. Based on
the Ljusternik-Schnirelman category (see [32, Theorem 5.7]), we only need to prove that A
satisfies the Palais-Smale condition and is bounded from below on the unit sphere S.

Lemma 2.1. Assume (M) holds, then A is bounded from below on S.

Proof. From (M), forallu € S,

B—1
-1 Ui B—ry
S " _ 1 R

Clfu|] c’ B(u)ng(u)

<

N(u)
A(u)
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Then ;
-1
~ N R(u)p 1
A = A(u) + C() (u) 'yﬁy,q > @
(u) A(u)B(u)F
Therefore, A is bounded from below on S. O

A crucial proposition required to validate the Palais-Smale condition for A(u) is as follows:
Lemma 2.2. Assume that (u,) C S, A'(u,) — 0, then A’ (u,)(uy, — 1) — 0as n — o,

Proof. Since (u,) C S = {u € X\{0} : ||jul]| = 1}, we see that |ju,|| = 1. According to S is
weakly closed and (u,) is bounded in S, we can attain u, — u in S. Let Ts(u) = {v € X :
i’ (u)v = 0}, at the point u, Ts(u) represents the tangent space to the set S, where i(u) = J|ul|%.
Note that, for any w € X and any n € IN, the pair (t,,v,) € R X Ts (u,) is uniquely identified,
ensuring w = vy, + t,u, and subsequently, i'(u,)w = i'(u,)v, + i’ (uy)tyut,. According to
the definition of 75(u), we can obtain that i’ (u,)v, = 0,1 (u,)u, = ||us|*> = 1. Therefore,
i" (up)w = tyi’ () un = t,. Then, (t,) is bounded, consequently, (v,) is also bounded.
Since A’(u,) — 0, namely, |A'(u,)v,| < en||vn|| for any v, € Ts(u,) with e, — 0, we have
N (1) vy — 0. According to the Lemma 2.1 of [28] we obtain that A’(u,)u, = 0. We conclude
that A'(u,)w — 0 for any w € X. Taking w = u, — u, we get that A’(u,)(u, —u) — 0, as
n — oo. U

Lemma 2.3. Assume that (My), (M3), (My) hold, then A satisfies the Palais—Smale condition.

Proof. Choose (u,) C S such that (A(u,)) is bounded and A/(u,) — 0,i.e. |A (u,)v] < e,]7]|
for any v € Ts(u,), with e, — 0. By Lemma 2.2, together with the fact that (u,) C S,
N (uy) — 0, we know that

U, —u in§, A (uy) (ty — u) — 0.
Then, for any u,,u € S,

AN (uy) (g —u)
A it )N (1) (1t — 18) — N () A’ (1) (1 — 1)

A(uy)?
+ COQ(”n) <‘§:Z/B(un)A(un)Rl(l’ln)(”n - u) 2.1)
— VTR (1) A1) B (1) (15 — 1)

— B(un)R(uy) A (uy) (uy — u)) — 0.

According to (M), we can infer that A(u,), B(u,) is bounded, N(u,), R(u,) is bounded
away from zero. Since (A(uy)) is bounded, we know that Q(u,) is bounded. In the light of
(M3), we can obtain

A (uy) (g —u) =0, B’ (uy) (uy — u) — 0.
The above analysis leads to the following conclusion:

(N"(un) + R’ (un)) (un —u) — 0.
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According to (M3), we obtain R’(u,)(u, — 1) > 0. From (M), we have
(N'(ttn) = N () (1t = 1) = C(lfan "~ = [l ") ([ | = [ful]) >0

for every u,, u € S. Moreover, u,, — uin S, we have N’ (u) (1, —u) — 0, then N'(u,,) (1, —u) >
0. Therefore, we can conclude that N’(u,)(u, — u) — 0. Since (N'(u,) — N'(u))(u, —u) — 0,
we obtain ||u,|| — ||u||. Note that X is a reflexive Banach space and u, — u in S, which imply
that u, — u in S. This completes the proof. O

Proof of Theorem 1.1.

1) We prove that there is no critical point having zero energy when u < §;. Note that u
p P & 8y K
is a critical point of A, if and only if, to(u)u is a zero energy critical point of ®, with
# = A(u). In other words, this means that

bo= inf A(u) <u< sup Alu),
0 XW}()_ﬂ_ﬂ& (u)

which yields the desired conclusion.

(2) According to Lemma 2.1, we know that A is bounded from below on §. Moreover,
Lemma 2.3 implied that A satisfies the Palais-Smale condition. Note that §(S) = oo,
we get from Ljusternik-Schnirelman category (see [32, Theorem 5.7]) that there exists a
sequence (u,) C S such that A’(u,) = 0, A(u,) = ,. Therefore, the energy functional
® has infinitely many zero energy sign changing critical points (u,) C S.

3 Applications of Theorem 1.1

In this section, we shall prove the nonexistence of solutions and the existence of infinitely
many solutions for three non-local problems, we confirm that these are just a small part of
applications of Theorem 1.1.

3.1 Critical Schrodinger-Poisson system in the whole space

In this subsection, let us consider a Schrédinger-Poisson system with p-Laplacian:

{_AP“ P24 Agu = [l 2+ plul 2, in R, 61)

—Ap = u?, in R3,

where A > 0 is a constant, 12/7 < p < 3,p* :=3p/(3 — p), and A, = div (|Vu|P~2Vu) is the
p-Laplacian. The p-Laplacian operator appears in nonlinear fluid dynamics, and the range of
p is related to the velocity of the fluid and material. For more information on the physical
origin of p-Laplacian, we refer to [9]. For any given u € WP(IR?), there exists a unique

1 ‘”(y)|2 1,2 (123
(Pu(x)_E/]m |x—y|dy’ ¢MGD (IR)/

satisfying —A¢, = |u|? (see [17]).
The system (3.1) can be viewed as a perturbation of the system
—Apu+ |ulP72u + Au = |u|7%u, inR3,
—A¢p = u?, in R3.
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Du, Su and Wang first considered this system in [16], they established the existence of nontriv-
ial solutions through the mountain pass theorem. Systems like (3.2) originate from quantum
mechanics models [10, 12, 23], semiconductor theory [24,25]. They described the interaction
between quantum particles and electromagnetic fields. After the seminal work of Benci and
Fortunato in [7,8], many researches have been conducted on systems such as (3.2) in the past
few decades, as shown in [3,4,6,14,15,22,26,27,31] and their references.

Inspired by the above work, we are committed to studying the existence of solutions for
system (3.1) in R3. Specifically, by using the nonlinear generalized Rayleigh quotient method
and Ljusternik-Schnirelman theory, we obtain that there exist infinitely many zero energy
sign changing weak solutions.

First of all, we give the variational framework for system (3.1). Let W'?(R3) denote the
usual Sobolev space equipped with the norm

1
lul| = (/ IVl + |uypdx>”
IR3

One may easily get that the corresponding functional of (3.1) is ®;(u) : W'P(R%) — R

1 1 . A
D, (u) = p/ﬂ{3(|Vu|p+ \u|"’)dx—l;/IRS |u|Pdx — p*/IR3 |u|P dx+1/]R3q>u2dx.

It is standard to verify that ®, is C'. Then, for every u € W'?(IR%)\{0}, we have

p*
oGy = L2 p Ml | Ap Jyo prdx
wlh Pt ulh 4 Julp
then *
P
O e AL ST L
|ulp P fulp 4 |ulp
Let *
Fep=1( % “July _ A Ppudx
Hy(tu) =~V PN (pr - ) Py g ”(4—19)4MR3P:
q |”|p |u’r,

It is easy to see that

1
b A fge pudx \ T
ot — (A2 M)
p-—pr |14

that is p((to(u)u) = 0. Since p (to(u)u) < 0, to(u) is a nondegenerate global maximum point
of uo(tu). Therefore, we have

[P 4 (4 “\ 7 (A [, qbuzdx)*'???Z
_ _ pp — < —pPr )” B RR3 B
Aq(u to(u)u) = =

[
For simplicity’s sake, we call ]\v1 the restriction of A to S;, where
S1 = {u e WP(R)\{0} : [lul = 1}.

Now it is in a position to state our main result in this section as follows.
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Theorem 3.1. Let §; = ianLp(]R3)\{0} A1(u).
(i) If u < 61, then there is no nontrivial weak solution having zero energy for system (3.1);
(ii) If u > 61, then system (3.1) has infinitely many zero energy sign changing weak solutions.

To prove Theorem 3.1, according to Ljusternik-Schnirelman category, we only need to
prove that A; is bounded from below and A; satisfies the Palais-Smale condition.

Lemma 3.2. /Tl is bounded from below on Sj.

Proof. Since the embedding W'?(IR®) < L?(R3) is continuous, there exists C > 0 such that
Cllul[P = |ulh. Because 2 < p < 3,p* > 4, one may check that

4

(A fyo puPdx)

N [4 * . *
A1(u) = H|Z|Hp +ZZ*_;L,<;«_’;Z)]” e >%.
P ]u\§|u p*” -
Therefore, lTl is bounded from below on S;. O

In order to prove that A, satisfies the Palais-Smale condition, we require the following
proposition.

Lemma 3.3. If u, — uin Sy, then for any v € WYP(IR®) there holds
/ |y |P2u,vdx — / |u|P~2uvdx, / lun P 2upodx — / lulP" " 2uvdx, n — oo.
RR3 R? RR3 RR3

Proof. Since u, — u in S;, we derive that u,(x) — u(x) a.e. in R3. Note that the embedding
WP (R?) < L*(R3) is continuous for s € [p, p*], there exists a positive constant C such that

p—2 pfl p—1
“un| un‘ dx < |t |
R3 R3

p*
o dxﬁ/ “un‘p*_l
R3

P
P dx:/ ity |Pdx < Cllun]?,
]RS

|un|p*_2un P

‘U*
e dx:/ |un |7 dx < Clluy
R3

Je

Therefore, {|u,|"~?uy,} is bounded in L%(Rg’) and {|u,|” ~2u,} is bounded in L#(]R?’). It
follows from [34, Proposition 5.4.7] that |uy,|F~2u, — |u|P~2u in L%(IR3) and |u, | ~2u, —

|u|P"~2u in LiT (R3). Thus for any v € W'?(IR%) we have
/ |un|’”’2unvdx — / |u|f”2uvdx, / |un|f’*’2unvdx — / |u\p*’2uvdx, n— oo,
R3 R3 R3 R3

as required. N

Lemma 3.4 (See [17, Proposition 2.1]). For any u € WY (IR3), the following properties are applica-
ble:

(1) ¢u > 0and for any t € R, dpp, = tP ¢y

(2) There exists a positive constant C such that

Veuld = [ gululrdx < ClulP.
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(3) In the case of uy, — u in WY (R3), it follows that ¢y, — ¢y in DV*(R?) and

/1R3 o, 1l U pdx — /]R3 Py updx, for any ¢ € WYP(R3).

Lemma 3.5. A; satisfies the Palais—Smale condition.

Proof. Choose a sequence (u,) C Sq such that (A1 (u,)) is bounded and /Tll(un) — 0, that is
|Af(un)v| < &,||v|| for any v € Ts, (un), with e, — 0. With the help of Lemma 2.2, if there is a
sequence (u,) C Sq and /A\Jll(un) — 0, we can obtain that u, — u in §; and A/ (1) (1y —u) —
0 as n — co. Then, for any u,,u € Sy,

A () (uy — u) (3.3)
. unlh [gs (IVun|P2V 1,V (1 — 1)+ |1 [P 2105 (u — 1)) dx— || ||P [iga [0 |7~ 200 (10 — 1) dx

2
|”n|pp

4 .
Mn!ﬁ/w iy (uy—u)dx—p* o _Z!uﬂf,/w ¢u%dx/]R3 P 21y (1 —u)dx

+GZ:ﬂW

—p|un|§: /IRS pu’dx /1123 |t |P 210 (1 — u)dx> C1Q(uy) — 0, asn — oo,

p*
p*

where

F_4 fd—p p\ra ([, cpuzdx)%
G :)\E P* < * : Z) ’ Qun) = R wPp
4p*—p\p*—p Pt

2
|un|pp|”n|p*

Next, we claim that

/3 (|Vun|P2V1un V (1 — 1) + |1 [P~ 21 (g — 1)) dx — 0, asn — oo.
R
Therefore, we need to show that |u, |5I, |tunl, [gs pudx and Q(u,) are bounded and

/ ]un]p’zun(un —u)dx — 0, / |un|f’*’2un(un —u)dx — 0, / P, un(Uy —u)dx — 0
R3 R3 R3

as n — oo. Indeed, since (u,) C S and the embedding W' (IR®) — L(IR®) is continuous for
s € [p, p*], we can obtain

0< |un|5* < Cllua||P” =C, 0 < |uplh < Cillun||? = C.
This implied that |u, ]Zi and |u, |, are bounded. By means of Lemma 3.4, we have
0< / pu2dx < Colun|l* = Co.
R

Then [ps ¢pudx is bounded. We can deduce the boundedness of Q(u,) from the fact that
(A1(u,)) is bounded. According to Lemma 3.3, given v = (1, — 1) € S1, we can attain that

/1[{3 (|ttn P~ 2un — [uP~2u) (uy — u)dx — 0, /1[{3 (|un|p*’2un — |u|p*’2u> (y —u)dx — 0,
as n — oo. Through Lemma 3.4, given ¢ = u, — u, we obtain

/]R3 (4)74;11’[7’1 - (Pllu) (uﬂ - u)dx — 0, n — oo.
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Inasmuch as u,, — u in S1, one can conclude that
/11{3 || P21 (uy — u)dx — 0, /1R3 [P 21y (1 — u)dx — 0, /]R3 $u, un(tty —u)dx — 0,
as n — oo. Therefore, we obtain the following conclusion:
/]1{3 (|Vun|P 2V u, V (g — ) + [tn|P 2w (un — u)) dx — 0, asn — 0.

Notice that p(u) = [ps |Vu|P + |u|Pdx, according to the Holder inequality, one has

(P (un) = (), tw — 10) > il + [l [P = ol [P H[aal| = NP~
= (lunllP= = aelP=H) (latall = ffull) > 0.

Owing to u, — u in Sy, it follows that (p’(u,) — p'(u), uy —u) — 0, as n — oo. Therefore,
|ltn|| = ||u]| in S1. According to the uniform convexity of W' (IR®), we can obtain that u,, — u
in S;. Consequently, there exits a sequence (u,) such that u, — u in S; up to a subsequence.
Therefore, le satisfied the Palais—-Smale condition. O

Proof of Theorem 3.1.

(i) We prove that there is no critical point having zero energy when p < ;. A crucial
observation is that u being a critical point of A; is equivalent to to(u)u being a zero
energy critical point of ®;,, where = A;(u). In other words, this means that

sh= inf Au)<pu< su A1(u),
WLP(IR3)\ {0} : wl,rf(IRSI;\{o}

which yields the desired conclusion.

(ii) According to Lemma 3.2, we know that A; is bounded from below on S;. In the mean-
time, we obtain that A; satisfies the Palais—Smale condition from Lemma 3.5. Note that
4(S1) = oo, Ljusternik-Schnirelman category (see[32, Theorem 5.7]) yields that there

exists a sequence (u,) C S; such that /Tll(un) = O,ITl(un) = yy. Therefore, the energy
functional ® has infinitely many zero energy critical points (u,) C S;. Since Ai(u) is an
even functional, E’(iun) = O,Z\Vl(j:un) = i, Hence, system (3.1) possesses infinitely
many zero energy sign changing weak solutions. O

3.2 Critical Schrodinger-Poisson system in bounded domains

The purpose of this subsection is to study the existence and nonexistence of solutions for
a Schrodinger-Poisson system with critical nonlinearity in bounded domains. Here is the
system under consideration:

—Au+AP|u|T%u = pu — [u|> 2u  inQ,
—Ap = |ul? in Q, (34)
u=¢=20 on 0(),

where A = —1, QO € RN(N > 3) is a bounded domain with smooth boundary 9Q), u is a
real parameter, 1 < N/(N —2) < g < 2N/(N —2) = 2*. It is well known that problem (3.4)
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is equivalent to a nonlocal nonlinear problem related with famous Choquard equations in
bounded domains. For more related results, for instance we refer to [1,5,11,30].

Now we start the analysis of problem (3.4). One may easily get that the corresponding
functional of (3.4) is as follows:

_ 1 2, M 2 _1/ g 1/ 2 1
CDP,(u)—Z/Q\Vu] dx 2/0\u| dx 2 Q(plu\ dx—i—z* O|u] dx, u € Hy(Q).

This Hilbert space Hj(Q)) provides a suitable framework for our analysis, capturing the es-
sential properties of functions under consideration. Given the norm

1
ue]] = </ |Vu\2dx>2.
Q

It is apparent that the functional ®, is C'. Then, for every u € H}(Q)\{0},

1 o oluldx 2 Julz

po(u) = ) Fiy

wg g Ju T 2* [ul3
(tu) = M - th—ZEM tz*—zi uf3.
Ho - 2 > TRE

Let pj(tu) = 0, we obtain

1
2 —229 [ufz  \"7

£ = —

o() <2q—22* Jo ¢lul9dx =0

that is p(to(u)u) = 0. In the meantime, on account of p((to(u)u) < 0, we can deduce that
to(u) is a nondegenerate global maximum point of yg(tu). As a result, we can obtain that

- * ﬁ

Jul | 22q-2* (2 —22q\¥F  (julg)n
Ao(u) = po(to(u)u) = uE T2 an— (o2 _
i 7 L U2 f,, plulidx) 57

For clarity, we call /’\vz the restriction of A; to Sy, where
S = {u € Hy(Q)\{0} : [|uf = 1}.
As for our central discovery in this subsection, it can be phrased as:
Theorem 3.6. Let 6, = infpyy ), o3 A2 (1)
(i) If u < 6y, then there is no nontrivial weak solution having zero energy in system (3.4);

(ii) If u > 6,, then system (3.4) has infinitely many zero energy sign changing weak solutions.

As mentioned earlier, to achieve our goal, we only need to prove the boundedness from
below of A; on S; and verify that A, meets the Palais—-Smale condition.

Lemma 3.7. /Tz is bounded from below on Ss.
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Proof. According to the embedding theorem, H}(Q)) < L?*(Q) is continuous, there is a con-
stant C > 0 such that |u[3 < C|lu||®. Note that 1 < N/(N —2) < g < 2*, one may verify
that

2q—2
ool 2292 (2* 22q>2q B (jug)n 1
2 - 2 7* * .
3 2¢29-2 \2q-22 WB ([ glufidn) i C
That is to say, As is bounded from below on S». 0

Lemma 3.8. A, satisfies the Palais-Smale condition.

Proof. Choose a sequence (u,) C Sp such that /Tz(un) is bounded and /A\;/(un) — 0. In other
words, for any v € Ts, (uy,), we have |A)(u,)v| < €,]|v||, where ¢, — 0.

—
With the assistance of Lemma 2.2, assuming a sequence (u,,) C S, satisfies Ap (u,) — 0, we
can conclude that u, — u in Sy and A} (u,)(u, — 1) — 0 as n — oo. Then, for any u,, u € Sy,

a3 o VunV (uy — w)dx — |Jun||? [y 1 (n — u)dx
|13
29 -2
+Ca00n) (2 A2l [ ol [ 2y, — )

2% -2 B
o zqzq DY |u” 2*’””’2/ ¢|un|q un(un — M)dx

—2|un|2*/ q>|umdx/ o )dx>

*_ —2

2292 (z*—zzqff* Q) = (uaB5

Prir oo / n) = e

2 2q-2 A2 22 a4y 1) 5

In order to prove Lemma 3.7, we first verify that fQ Vu,V(u, —u)dx — 0, asn — oo.

Therefore, on the one hand, we need to show that |uy,|3, |u,|3., Q(1,) is bounded. On the
other hand, we need to prove

Ay (up) (uy —u) =2

where

2 =

/un( dx—>0/<pu|un| 2(uy —u)dx — 0, asn — oo.

Q

In fact, we know that 1, # 0 from (u,) C Sy. According to Lemma 3.4, we can obtain
0< /Q¢un|un|qu < Colun||? = Co.

Therefore, [, ¢u,|un|7dx is bounded. On the basis of the embedding theorem, H}(Q) —
L(Q)) is continuous for 2 < s < 2*, we have

0< i < Clug®=C,  0< fusfs < Cllun? =€,

which implied that |u,|3 and |u,|5. are bounded. Note that A (i) is bounded, one may check
that Q(u,) is bounded. Thanks to the embedding H}(Q)) < L?(Q) is compact, one has

/ up(uy, —u)dx — 0, asn — oo.
0
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With the aid of Lemma 3.4, it holds
/Q<puH|un\””2un(pdx — /Q<pu|u]q’2u(pdx, for any ¢ € H}(Q).
Let ¢ = u, — u. Then we obtain
/()¢un\un\q72(un —u)dx — /Qcpulu\q’z(un —u)dx — 0, asn— oo,
Since u, — u in H{(Q), we have [, ¢, |u|72(u, — u)dx — 0. Consequently,
/ngun|un|‘7_2(un —u)dx -0, asn — oo.
The analysis leads to the following conclusion:
/Q Vu,V(u, —u)dx + /Q un|® 21y (1, — u)dx — 0.

In order to obtain [, Vu,V (1, — u)dx — 0, we will use the Holder inequality to derive

/Q Vu,V(u, —u)dx >0, /Q |t |* 21 (uy — u)dx > 0.
For convenience, put p1(u) = [ |Vul*dx, p2(u) = [ |u|* dx. One may check that

(P () — P (), g — 1) = |Jun||® + |Ju]|? — /Q Vu,Vudx — /Q VuVu,dx,

2+ u %i—/ |un|2*—2unudx—/ u[? 2updz.
(@) (@)

(P2 (un) — pa(u), un — 1) = |1

By virtue of the Holder inequality, we have

2 >
/ Vu,Vudx < </ ]Vu]%lx) (/ \Vunlzdx> = [Jun]|||u]|,
o o 0

1
¥

21
= 7
/Q lun)® “2uudx < (/Q |un|2*dx) </Q \u|2*dx) = |un |3 Hulos,

1
3

2%
/ lu|® “2uu,dx < </ ]u\z*dx> : (/ |un|2*dx>2 = |u
0 0 0

(P (un) = pr(u), un — 1) = (un || = [l (el = [Jull) >0,

(P2 (un) = pa(0),1n — 1) > (et = ul > 71) (o] = ]} = 0.

Since u, — u in Sy, we have (p/ (1), u, —u) = 0, (p}(u), uy —u) — 0, as n — oo. From which
it follows that

%iil‘”n

2%.

Therefore,

/ Vu,V(u, —u)dx >0, / un|?® 21 (1, — u)dx > 0.
Q Q
As a result, we can draw the following conclusion:
/ Vu,V(u, —u)dx — 0, asn — co.
Q

Moreover, since (pj(un) — py(u), un —u) — 0, we have [[u,| — [[ul| in Sp. By the uniform
convexity of Hé(Q), we deduce that u,, — u in S». Therefore, A, satisfied the Palais—-Smale
condition. O
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Proof of Theorem 3.6.

(i) We show that there is no critical point having zero energy when y < J,. Note that u
is a critical point of A, if and only if, fo(u)u is a zero energy critical point of ®, with
1 = A(u), this means the desired conclusion.

(ii) According to Lemma 3.5, we know that /Tz is bounded from below on S,. Moreover,
/f\vz satisfies the Palais—Smale condition due to Lemma 3.7. Note that §(S;) = oo, it
follows from Ljusternik—-Schnirelman category (see [32, Theorem 5.7]) that there exists a
sequence (u,) C Sy such that /Tz/(un) = O,ZTz(un) = . The remainder is the same as
the proof of Theorem 3.1, here we omit it. O

3.3 Kirchhoff-type problems with critical growth

Now, let us consider the following Kirchhoff-type problem:

{—(a +b [, |[Vul?)Au = pu+ [ul*u in Q, (3.6)

u=2~0 on dQ),

where Q) C R3 is a bounded domain with smooth boundary 02, a,b > 0, u is a real parameter.

Inspired by the works described above, in this paper we study the existence of zero energy
solutions for a class of Kirchhoff problem with critical growth in bounded domains. In recent
years, Kirchhoff-type equation is an extension of the classical D’Alembert’s wave equation.
It was firstly proposed by Kirchhoff in 1883. Various problems of Kirchhoff-type are usually
named nonlocal problems in virtue of the appearance of the nonlocal term a + b [, |Vu|? and
have been extensively investigated up to now. In [28], Quoirin et al. investigated qualitative
properties of solutions for a Kirchhoff-type problem with subcritical growth as an application
of their zero energy critical point theory. However, their theory seems difficulty to deal with
the problem like (3.6) involving the critical exponent. For this purpose, we explore a new
strategy (Theorem 1.1) to solve this problem.

As usual, one can get that the corresponding functional of (3.6) is @, : H}(Q)) — R:

2
_4 2,. K 2 _1/ 6 b/ 2
@V(u)_z/ﬂwm dx 2/0|u] dx— [ Jul dx+4<Q|Vu] dx) .

It is evident that ®, is C'. Then, according to the previous preliminaries, for every u &

Hy(Q)\{0}:
_aful®  1fulg | bu®

o) =g 3R T2l

R i Sy
WB 3B 2 [l

1
3b||u||*\ 2
o = (2

and to(u) is a nondegenerate global maximum point of p(tu) via ug (fo(u)u) < 0. Therefore,
we have

Let py(tu) = 0, we obtain

Ayt AP, 3 @l
wB 16 [ululg”
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For simplicity, we call A3 the restriction of A3 to S3, where
S = {u € Hy(Q)\{0} : [|u]| = 1}.
The main result we have derived in this section is expressed as:
Theorem 3.9. Let 03 = infpyy )\ o3 A3 (1)
(i) If u < 63, then there is no nontrivial weak solution having zero energy in problem (3.6);
(ii) If u > 63, then problem (3.6) has infinitely many zero energy sign changing weak solutions.

To verify this result, according to Ljusternik-Schnirelman category (see [32, Theorem 5.7]),
it is necessary to prove that A3 is bounded below and satisfies the Palais—-Smale condition.

Lemma 3.10. /A\; is bounded from below on S3.

Proof. Since the embedding H}(Q)) — L?(Q) is continuous, there exists C > 0 such that
C||u]|? = |u|3. Hence, one can obtain that

a3 bl
A3(u) = —
e P AP

S 2
CI
which yields that /Tg) is bounded from below on Ss. O

Lemma 3.11. If (u,) C S, then u, — u in H}(Q)\{0} up to a subsequence. Therefore,

/]R3 || pdx — /1113 lul*updx, asn — oo,

for any ¢ € CF(R3).

Proof. We employ the strategy outlined in Lemma 3.3 from [21]. In fact, it is related to a result
from the Lebesgue Dominated Convergence Theorem. First we notice that

lun|*unp — |ul*ug asn — oo,
almost everywhere in the compact support () of ¢, and

H”n|4“n(PXQ| < ‘”n‘5‘(l’|7€0,

where xq represents the characteristic function of Q. Given that u, — u in L} (IR®) for all
5 < s < 6, utilizing the Holder inequality yields

s=5

: ;
ol? d<</ d></ sfsd> ,
[ tmaPlglax < ([ juapiax) ([ lgl5ax

which means that |u,[°|¢|xq € L' (R®). According to Lebesgue dominated convergence theo-
rem, it follows that

/]123 || pdx — /]R3 lu|*updx, asn — co.

The proof is now complete. O

Lemma 3.12. Aj satisfied the Palais—Smale condition.
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Proof. Choosing a sequence (u,) C S3 such that (As(u,)) is bounded and /’\Vgl(un) — 0,
that is [Af(u,)v| < e4|v|| for any v € Ts,(u,), with e, — 0. In view of Lemma 2.2, if

there is a sequence (u,) C Ss and /Tg,/(un) — 0, we can acquire that u, — wuin Sz and
N (uy)(uy —u) — 0 as n — oo. Then, for any u,, u € S,
0y unl3 [o ViunV (1 — u)dx — |Jun||?* [ tn (10n — u)dx

|3

AN () (uy —u) =

3b

+220(uy) 4|un|§|un|g/ |Vun|2dx/ ViV (it — u)dx
16 Q Q

=l 4 o o = ) = 2t 4 [ 10 = ) ) 0,

as n — oo, where

4
o) — bl

4 (Jun[§)?
Since (u,) C Sz and the embedding H}(Q)) < L*(Q)) is continuous for 1 < s < 6, there exists
a constant C > 0 such that

0 < |unl3 < Cllunl*=C, 0 < |ualg < Clluu||® = C.

Therefore, |u, %, ]un]g is bounded. Note that (/A\;(un)) is bounded, then Q(u,) is bounded.
Since u, — u in H}(Q)), one can easily deduce from the Sobolev embedding theorem that

/ Uy (g —u)dx — 0, asn — oo.
0

By means of Lemma 3.11, given ¢ = u, — u, thenas n — oo,

n4n n d_/ 4 n - d _>0.
/Q\u [*uy (10 — u)dx Q]u| u(uy, —u)dx

This yields that
/ |y |*un (uy — u)dx — 0, asn — oo,
Q

which leads to the following conclusion:
/ Vu,V(u, —u)dx -0, asn— oo,
0

which means that ||u,|| — [Ju|| in S;. By the uniform convexity of H}(Q), it follows that
U, — u in S3. In conclusion, A3 satisfied the Palais—Smale condition. ]

Proof of Theorem 3.9.

(i) We prove that there is no critical point having zero energy when yu < é3. Note that u
is a critical point of A3, if and only if, to(u)u is a zero energy critical point of @, with
1 = As(u), this yields the desired conclusion.

(ii) According to Lemma 3.10, it follows that /T;; is bounded from below on S3;. In the
meantime, /f\vg satisfies the Palais—Smale condition as per the Lemma 3.12. Note that
4(S3) = oo, Ljusternik-Schnirelman category (see [32, Theorem 5.7]) implied that there
exists a sequence (u,) C Sz such that /Tg,,(un) = O,//\vg,(un) = Hy. Analogous to the proof
of Theorem 3.1, problem (3.6) possesses infinitely many zero-energy, sign-changing weak
solutions. O
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