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ON THE ASYMPTOTIC STABILITY OF A CLASS OF
PERTURBED ORDINARY DIFFERENTIAL EQUATIONS WITH
WEAK ASYMPTOTIC MEAN REVERSION

JOHN A. D. APPLEBY AND JIAN CHENG

ABSTRACT. In this paper we consider the global and local stability and insta-
bility of solutions of a scalar nonlinear differential equation with non—negative
solutions. The differential equation is a perturbed version of a globally stable
autonomous equation with unique zero equilibrium where the perturbation is
additive and independent of the state. It is assumed that the restoring force
is asymptotically negligible as the solution becomes large, and that the per-
turbation tends to zero as time becomes indefinitely large. It is shown that
solutions are always locally stable, and that solutions either tend to zero or to
infinity as time tends to infinity. In the case when the perturbation is inte-
grable, the zero solution is globally asymptotically stable. If the perturbation
is non—integrable, and tends to zero faster than a critical rate which depends
on the strength of the restoring force, then solutions are globally stable. How-
ever, if the perturbation tends to zero more slowly than this critical rate, and
the initial condition is sufficiently large, the solution tends to infinity. More-
over, for every initial condition, there exists a perturbation which tends to zero
more slowly than the critical rate, for which the solution once again escapes
to infinity. Some extensions to general scalar equations as well as to finite—
dimensional systems are also presented, as well as global convergence results
using Liapunov techniques.

1. INTRODUCTION AND CONNECTION WITH THE LITERATURE

In this paper we consider the global and local stability and instability of solutions
of the perturbed scalar differential equation

a'(t) = —f(z(t) +9(t), t=0; 2(0)=¢ (1.1)
It is presumed that the underlying unperturbed equation y'(t) = — f(y(t)) for t > 0
has a globally stable and unique equilibrium at zero. It is a natural question to ask
whether stability is preserved in the case when g is asymptotically small. In the
case when g is integrable, it is known that

Jim z(t,€) =0, forall £#DO0. (1.2)

However, when ¢ is not integrable, and f(xz) — 0 as  — oo examples of equations
are known for z(t,€) — oo as t — oo. However, if we know only that g(¢) — 0 as
t — oo, but that liminf|,|_ |f(x)| > 0, then all solutions obey (1.2).

In this paper, we investigate the asymptotic behaviour of solutions of (1.1) under
the assumption that f(z) — 0 as # — oo and g & L*(0,00), but that g(t) — 0 as
t — oo. In order to characterise critical rates of decay of g for which stability still
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pertains we stipulate that £ > 0 and g(¢) > 0 for all ¢ > 0, so that solutions always
lie above the zero equilibrium.

As might be expected, such a critical rate depends on the rate at which f(x)
tends to zero as x — oo, and the more rapidly that f decays, the more rapidly that
g needs to decay in order to guarantee that z obeys (1.2). Furthermore, regardless
of how rapidly f decays to zero, there are still a class of non—-integrable g for which
solutions obey (1.2), and regardless of how slowly ¢ tends to zero, there are a class
of f for which f(x) — 0 as z — oo for which (1.2) still pertains.

More precisely, if we define by F' the invertible function

71
F(x):/l md’u, ZL'>0,

it is shown that provided f is ultimately decreasing on [0,00), and g decays to
zero more rapidly than the non-integrable function f o F~!, then solutions are
globally stable (i.e., they obey (1.2)). This rate of decay of g is essentially the
slowest possible, for it can be shown in the case when f decays either very slowly
or very rapidly, that for every initial condition there exists a perturbation g which
tends to zero more slowly than f o F~!, for which solutions of (1.1) actually obey
x(t) — oo as t — o0o. Moreover it can be shown under a slight strengthening of
the decay hypothesis on g that for every g decaying more slowly than f o F~! that
all solutions of (1.1) obey z(t) — oo as ¢ — o0, provided the initial condition is
large enough. In the intermediate case when f tends to zero like z? for 3 > 0 as
x — oo (modulo a slowly varying factor) a similar situation pertains, except that
the critical rate of decay to zero of g is Af o F~!, where A > 1 is a constant which
depends purely on J3.

The question addressed in this paper is classical; under the assumptions in this
paper, we note that the autonomous differential equation

a'(t) = —f(x(t)) (1.3)

is the unique positive limiting equation of the differential equation (1.1) if either
g(t) = 0ast — oo or if g € L'(0,00). Therefore the problem studied here is
connected strongly with work which relates the asymptotic behaviour of original
non—autonomous equations to their limiting equations. Especially interesting work
in this direction is due to Artstein in a series of papers [4, 5, 6]. Among the major
conclusions of his work show that in some sense asymptotic stability and attracting
regions of the limiting equation are synonomous with the asymptotic stability and
attracting regions of the original nonautonomous equation. However, these results
do not apply directly to the problems considered here, because the non—autonomous
differential equation (1.1) does not have zero as a solution. Moreover, equation (1.1)
does not exhibit the property that its limiting equation is not an ordinary differen-
tial equation, so the extension of the limiting equation theory expounded in e.g., [4]
is not needed to explain the difference in the asymptotic behaviour between the
original equation and its limiting equation. Other interesting works on asymptoti-
cally autonomous equations in this direction include Strauss and Yorke [13, 14] and
D’Anna, Maio and Moauro [8].

Another approach which seems to generate good results one involving Liapunov
functions. Since the equation (1.1) is non—autonomous, we are inspired by the works
of LaSalle (especially [11] and [10]), in which ideas from Liapunov’s direct method,
as well inspiration from the limiting equation approach are combined. In our case,
however, it seems that the only possible w—limit set is zero, the equilibrium point
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of the limiting equation, and once more the fact that zero is not an equilibrium of
(1.1) makes it difficult to determine a ¢—independent lower bound on the derivative
of the Liapunov function. Some Liapunov—like results are presented here in order
to compare the results with those achieved using comparison approaches. However,
the methods using comparison arguments to which the bulk of this paper is devoted,
seem at this point to generate a more precise characterisation of the asymptotic
behaviour of (1.1).

The motivation for this work originates from work on the asymptotic behaviour
of stochastic differential equations with state independent perturbations, for which
the underlying deterministic equation is globally asymptotically stable. In the case
when f has relatively strong mean reversion, it is shown in [3], for a sufficiently
rapidly decaying noise intensity, that solutions are still asymptotically stable, but
that slower convergence leads to unbounded solutions. A complete categorisation
of the asymptotic behaviour in the linear case is given in [1]. It appears that the
situation in the scalar case for It6 stochastic equations differs from the ordinary
case (see [2]), even in the case when there is weak mean—reversion, but the situation
in finite dimensions may differ. The Liapunov—like approach we have applied here
is also partly inspired by work of Mao, who presented work on a version of LaSalle’s
invariance principle for It6 stochastic equations in [12], partly because the intrin-
sically non—autonomous character of the stochastic equation leads the author to
allows for the presence of an integrable t—dependent function on the righthand side
of the inequality for the “derivative” of the Liapunov function. A similar relaxation
of the conditions on the “derivative” of the Liapunov function for Itio equations
can be seen in [9, Chapter 7.4] of Hasminskii when considering the asymototic be-
haviour of so—called damped stochastic differential equations, which also form the
subject of [3, 1, 2] cited above.

The paper is organised as follows. Section 2 contains preliminaries, introduces
the equation to be studied, and states explicitly the hypotheses to be studied.
Section 3 lists the main results of the paper. In Section 4 a number of examples are
given which illustrate the main results. Section 5 considers extensions to the results
indicated above to include finite—dimensional equations or equations in which the
perturbation changes sign. A Liapunov—style stability theorem is given in Section
6, along with some examples. The proofs of the results are given in the remaining
Sections 7-13.

2. MATHEMATICAL PRELIMINARIES

2.1. Notation. In advance of stating and discussing our main results, we introduce
some standard notation. We denote the maximum of the real numbers x and y by
x Vy. Let C(I;J) denote the space of continuous functions f : I — J where I
and J are intervals contained in R. Similarly, we let C*(I;.J) denote the space of
differentiable functions f : I — J where f' € C(I;J). We denote by L'(0,00) the
space of Lebesgue integrable functions f : [0,00) — R such that

/ |f(s)]ds < +o0.
0

If I, J and K are intervals in R and f : I — J and g : J — K, we define the
composition go f : I — K : z +— (go f)(z) := g(f(x)). If g : [0,00) — R and
h:[0,00) — (0,00) are such that

9(x) _
w50 h(z)
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we sometimes write g(z) ~ h(z) as x — oo.

2.2. Regularly varying functions. In this short section we introduce the class
of slowly growing and decaying functions called regularly varying functions. The
results and definition given here may all be found in e.g., Bingham, Goldie and
Teugels [7].

We say that a function h : [0,00) — (0, 00) is regularly varying at infinity with

index o € R if
lim PA2) _ e
A5 )

We write h € RV (a).

We record some useful and well-known facts about regularly varying functions
that will be used throughout the paper. If h is invertible, and a # 0 we have that
h™1 € RV (1/a). If h is continuous, and a > —1 it follows that the function
H :[0,00) — R defined by

obeys H € RV (a + 1) and in fact we have that
H(z) 1

zl—»ngo xh(x) T a+1
If hy € RV (1) and hy € RV (ag), then the composition hyohg is in RV (1 a2).

2.3. Set-up of problem and statement and discussion of hypotheses. We
consider the perturbed ordinary differential equation

a'(t) = —f(z(t) +9(t), t>0; 2(0)=¢ (2.1)

We suppose that
feCR;R); zf(z) >0, x=#0; f(0)=0. (2.2)

and that g obeys
g € C([0,0); R). (2.3)

To simplify the existence and uniqueness of a continuous solutions on [0, 00), we
assume that
f is locally Lipschitz continuous. (2.4)
In the case when g is identically zero, it follows under the hypothesis (2.2) that
the solution z of (2.1) i.e.,

2(t) = —f(x(t), t>0; z(0)=¢, (2.5)
obeys
tlggo x(t;€) = 0 for all £ # 0. (2.6)

Clearly z(t) = 0 for all ¢ > 0 if £ = 0. The convergence phenomenon captured in
(2.6) for the solution of (2.1) is often called global convergence (or global stability
for the solution of (2.5)), because the solution of the perturbed equation (2.1)
converges to the zero equilibrium solution of the underlying unperturbed equation
(2.5). We see that if g obeys

g € L'(0,00), (2.7)
then (2.2) still suffices to ensure that the solution x of (2.1) obeys (2.6). On the
other hand if we assume only that

tlim g(t) =0, (2.8)
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but that g ¢ L'(0,00), (2.2) is not sufficient to ensure that 2 obeys (2.6). Under
(2.8), it is only true in general that

tlim x(t,§) =0, for all |¢], sup |g(t)| sufficiently small. (2.9)
—00 >0

This convergence phenomenon is referred to as local stability with respect to pertur-
bations, and is established in this paper.
An example which show that some solutions of (2.1) even obey

tlim x(t) = 00 (2.10)

in the case when g obeys (2.8) but g ¢ L'(0,00) and when f obeys (2.2) but the
restoring force f(x) as x — oo is so weak that
lim f(z) =0 (2.11)
are presented in Appleby, Gleeson and Rodkina [3].
However, when (2.11) is strengthened so that in addition to (2.2), f also obeys

There exists ¢ > 0 such that ¢ := 1|1n|1 inf | f(2)], (2.12)

then the condition (2.8) on ¢ suffices to ensure that the solution x of (2.1) obeys
(2.6). See also [3]. For this reason, we restrict our focus in this paper to the case
when f obeys (2.11).

The question therefore arises: if f obeys (2.11), is the condition (2.7) necessary
in order for solutions of (2.1) to obey (2.6), or does a weaker condition suffice.
In this paper we give a relatively sharp characterisation of conditions on g under
which solutions of (2.1) obey (2.6) or (2.10). In general, we focus on the case where
g & L'(0,00), once we have shown that x obeys (2.6) when g € L'(0, ).

To capture these critical rates of decay of the perturbation g, we constrain it
obey

g(t) >0, t>0, (2.13)

Our purpose here is not to simplify the analysis, but rather to try to obtain a good
lower bound on a critical rate of decay of the perturbation. To see why choosing g to
be positive may help in this direction, suppose momentarily that g(¢) tends to zero
in such a way that it experiences relatively large but rapid fluctuations around zero.
In this case, it is possible that the “positive” and “negative” fluctuations cancel.
Therefore an upper bound on the rate of decay of the perturbation to zero, which
must majorise the amplitude of the fluctuations of g, is likely to give a conservative
estimate on the rate of decay. Hence it may be difficult to ascertain whether a given
upper bound on the rate of decay of g is sharp in this case. Similarly, we constrain
the initial condition £ to obey

£€>0, (2.14)

as this in conjunction with the positivity of g and the condition (2.2) on f will
prevent the solution of (2.1) from oscillating around the zero equilibrium of (2.5):
indeed these conditions force x(t) > 0 for all ¢ > 0. This positivity enables us to
get lower as well as upper bounds on the solution.

Many stability results in the case when & and g do not satisfy these sign con-
straints can be inferred by applying a comparison argument to a related equation
which does possess a positive initial condition and g. Details of some representative
results, and extensions of our analysis to systems of equations is given in Section 5.
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To determine the critical rate of decay to zero of g, we introduce the invertible
function F', given by

|
Fx:/ —du, z>0. 2.15)
W= @ (
Roughly speaking, we show here that provided g(t) decays to zero according to
t
limsup —20__ <1, (2.16)

t—o0 f(F_l(t))

and
There exists * > 0 such that f is non—increasing on (z*, o) (2.17)

then the solution z of (2.1) obeys (2.6). The condition (2.16) forces g(t) — 0 as
t — 00. To see this note that the fact that f obeys (2.17), and (2.2) implies that
F(t) — 0o as t — oo and therefore F~1(t) — oo as t — oo. Since f obeys (2.11),
we have f(F~1(t)) — 0 as t — oo. This implies that g(t) — 0 as t — oo. We
note also that (2.16) allows for g to be non—integrable, because t — f(F~1(t)) is
non-integrable, owing to the identity

t F~t)

[ rEoyas= [ Fayde= o -1,
0 F=1(0)

which tends to +00 as t — oo. Careful scrutiny of the proofs reveals that the

condition (2.17) can be relaxed to the hypothesis that f is asymptotic to a function

which obeys (2.17). However, for simplicity of exposition, we prefer the stronger

(2.17) when it is required.

On the other hand, the condition (2.16) is sharp when f decays either very
rapidly or very slowly to zero. We make this claim precise. When f decays so
rapidly that

foF 1 €RV,(-1) (2.18)

or f decays to zero so slowly that
f € RV (0) (2.19)

then for every & > 0 there exists a g which obeys

lim sup #tl)

t—oo f(F1(1))

for which the solution x of (2.1) obeys (2.10). In fact we can construct explicitly
such a g. Moreover, under either (2.18) or (2.19), it follows that for every g for

which
. g(t)
R )
there exists T > 0 such that the solution z of (2.1) obeys (2.10) for all £ > Z.
We observe that (2.21) implies that g ¢ L'(0,00). We note that the condition
(2.18) automatically implies that f obeys (2.11) and also that f is asymptotic to a
function which obeys (2.17).
In the case when f decays to zero “polynomially” we can still characterise quite
precisely the critical rate of decay. Once again, what matters is the relative rate of
convergence of g(t) and of f(F~1(¢)) to 0 as t — oco. Suppose that f obeys

There exists 3 > 0 such that f € RV (—f). (2.22)
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This condition automatically implies that f obeys (2.11) and moreover that it is
asymptotic to a function which obeys (2.17). In the case that

. g(t) Ry -1

limsup ————=< < A\(B) := 67+ (1 + , 2.23
and f obeys (2.17), we have that the solution = of (2.1) obeys (2.6). On the other
hand if f obeys (2.22), then for every & > 0 there exists a g which obeys

, g(t)

lim sup —————= > A\(0), 2.24
where A(3) is defined in (2.23) for which the solution z of (2.1) obeys (2.10).
Moreover, when f obeys (2.22), it follows that for every g for which

- g(t)

Rt )
that there exists T > 0 such that the solution x of (2.1) obeys (2.10) for all £ > Z.
We note that (2.25) implies that g ¢ L'(0, c0).

In the next section, we state precisely the results proven in the paper, referring
to the above hypotheses. Although the hypotheses (2.19), (2.18) and (2.22) do not
cover all possible modes of convergence of f(x) — 0 as x — oo, we find in practice
that collectively they cover many functions f which decay monotonically to zero.

> \(B), (2.25)

3. PRECISE STATEMENT OF MAIN RESULTS

In this section we list our main results, and demonstrate that for any non-—
integrable g that it is possible to find an f for which solutions of (2.1) are globally
stable. We also find the maximal size of perturbation g which is permissible for a
given f so that solutions of (2.1) are globally stable.

3.1. List of main results. In our first result, we show that when g € L'(0, ),
then x obeys (2.6) even when f obeys (2.11).

Theorem 1. Suppose that f obeys (2.2) and that g obeys (2.3) and (2.7). Let x
be the unique continuous solution of (2.1). Then x obeys (2.6).

As a result of Theorem 1 we confine attention when f obeys (2.11) to the case
in which g is not integrable. We assume instead that g(t) — 0 as t — oo and try to
identify the appropriate non—integrable and f—dependent pointwise rate of decay
which ensures that z obeys (2.6). Our first result shows that the non—negativity of
g and global stability of the zero solution of the underlying equation (2.5) ensure
that solutions x of the perturbed equation (2.1) obey either lim; .o z(t) = 0 or
lim; o x(t) = o0.

Theorem 2. Suppose that g obeys (2.3), (2.8), and g is non—negative. Suppose
that f obeys (2.2) and that x is the unique continuous solution x of (2.1). Then
either limy_, oo 2(t) = 0 or lims—, o0 2(t) = +00.

Of course, Theorem 2 does not tell us into which category of asymptotic be-
haviour a particular initial value problem will fall, or whether either asymptotic
behaviour is possible under certain asymptotic assumptions on f and g.

We first show that when the initial condition ¢ is sufficiently small and sup,~q g(t)
is sufficiently small (in addition to g obeying (2.8)), then the zero solution of the
underlying unperturbed equation is locally stable and we have that the solution x
of (2.1) obeys z(t) — 0 as t — oc.
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Theorem 3. Suppose that f obeys (2.2) and that g obeys (2.8). Then for every
e > 0 sufficiently small there exists a number x1(€) > 0 such that g(t) < € for all
t>0 and € € (0,z1(c)) implies x(t,&) — 0 as t — 0.

In the case when f(z) — 0 as @ — oo and f is ultimately monotone, our most
general global stability result states that if g decays to zero so rapidly that (2.16)
is true, then we have that the solution z of (2.1) obeys z(t) — 0 as t — oo.

Moreover, instead of the pointwise rate of decay (2.16), we can provide a slightly
sharper condition, that is if g decays to zero so rapidly that

. Iy a(s)ds
i sup ==y

then we have that the solution x of (2.1) obeys z(t) — 0 as t — oco.

L, (3.1)

Theorem 4. Suppose that [ obeys (2.2) and g obeys (2.3). Suppose that x is the
unique continuous solution of (2.1). Suppose that f obeys (2.11) and (2.17) and
let F be defined by (2.15). If g and f are such that (3.1) holds, then the solution x
of (2.1) obeys (2.6).

Therefore we can think of the following Theorem as a Corollary of Theorem 4.

Theorem 5. Suppose that f obeys (2.2) and g obeys (2.3). Suppose that x is the
unique continuous solution of (2.1). Suppose that f obeys (2.11) and (2.17) and
let F' be defined by (2.15). If g and f are such that (2.16) holds, then the solution
x of (2.1) obeys (2.6).

We have some partial converses to this result. If it is supposed that for every
f which decays to zero so slowly that f € RV (0), and for every initial condition
& > 0 there exists g which violates (2.16) (and a fortiori obeys (2.20)) for which
the solution of (2.1) obeys z(t) — oo as t — o0.

Theorem 6. Suppose that [ obeys (2.2) and g obeys (2.3). Suppose that x is the
unique continuous solution of (2.1). Suppose that f obeys (2.11) and (2.19) and
let F be defined by (2.15). For every & > 0 there is a g which obeys (2.20) such
that the solution x of (2.1) obeys (2.10).

Moreover, we have that the solution z(+,£) of (2.1) obeys z(t,£) — o0 as t — o0
for any g obeying an asymptotic condition slightly stronger than the negation of
(2.20), provided the initial condition £ is sufficiently large. More precisely the
asymptotic condition on g is (2.21).

Theorem 7. Suppose that f obeys (2.2), g obeys (2.3), and that f obeys (2.19)
and g and f obey (2.21). Suppose that x is the unique continuous solution of (2.1).
Then there exists T > 0 such that for all £ > T we have lim;_, o 2(t, &) = oo.

Similar converses to Theorem 4 exist in the case that f(z) decays so rapidly to
zero as ¥ — oo that f o F~1is in RV, (—1). We first note that for every initial
condition, a destabilising perturbation can be found.

Theorem 8. Suppose that [ obeys (2.2) and g obeys (2.3). Suppose that x is the
unique continuous solution of (2.1). Suppose that f obeys (2.11) and (2.18) where
F is defined by (2.15). For every & > 0 there is a g which obeys (2.20) such that
the solution = of (2.1) obeys (2.10).

Once again, if the initial condition is sufficiently large, and g obeys an asymptotic
condition slightly stronger than the negation of (2.20) (viz., (2.21)), then once again
solutions tend to infinity.
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Theorem 9. Suppose that [ obeys (2.2), g obeys (2.3), and that f obeys (2.18)
and g and f obey (2.21). Suppose that x is the unique continuous solution of (2.1).
Then there exists T > 0 such that for all £ > T we have lim;_,o (¢, &) = oo.

In the case where f is in RV (—/f) for some 5 > 0 we have the following case
distinction. If g decays to zero so slowly that (2.23) holds, then x(t) — 0 as t — oo.
Moreover, analogously to Theorem 4, instead of the pointwise rate of decay (2.23),
if we impose the weaker condition

: Jo 9(s) ds
h{ris(;lp F1(0) <A< AP, (3.2)
then we have that the solution x of (2.1) obeys z(t) — 0 as t — oo.

Theorem 10. Suppose that f obeys (2.2) and g obeys (2.3). Suppose that x is the
unique continuous solution of (2.1). Suppose that there is 3 > 0 such that f obeys
(2.17) and (2.22) and let F be defined by (2.15). If g and f are such that (3.2)
holds, then the solution x of (2.1) obeys (2.6).

Therefore the following Theorem is a direct collorary of Theorem 10.

Theorem 11. Suppose that f obeys (2.2) and g obeys (2.3). Suppose that x is the
unique continuous solution of (2.1). Suppose that there is 3 > 0 such that f obeys
(2.17) and (2.22) and let F be defined by (2.15). If g and f are such that (2.23)
holds, then the solution x of (2.1) obeys (2.6).

The condition (2.23), which is sufficient for stability in the case when f €
RV (=) is weaker than (2.16). However, it is difficult to relax it further. For
every f in RV (—0) and every initial condition ¢ it is possible to find a g which
violates (2.23) (and therefore obeys (2.24)) for which the solution obeys z(t) — oo
as t — oo.

Theorem 12. Suppose that f obeys (2.2) and g obeys (2.3). Suppose that x is the
unique continuous solution of (2.1). Suppose that there is 3 > 0 such that f obeys
(2.22) and let F be defined by (2.15). Then for every & > 0 there is a g which obeys
(2.24) such that the solution x of (2.1) obeys (2.10).

On the other hand, we have that the solution x(-,£) of (2.1) obeys x(¢,£) —
oo as t — oo for any g obeying an asymptotic condition slightly stronger than
the negation of (2.24), provided the initial condition ¢ is sufficiently large. More
precisely the asymptotic condition on g is (2.25), where A(3) is as defined by (2.23).

Theorem 13. Suppose that | obeys (2.2), g obeys (2.3), and that f obeys (2.22)
and g and [ obey (2.25). Suppose that x is the unique continuous solution of (2.1).
Then there exists T > 0 such that for all € > T we have lim;_ x(t,£) = co.

3.2. Minimal conditions for global stability. In this short subsection we ad-
dress two questions: given any non—integrable g, we show that it is possible to find
an f for which the solution of (2.1) is globally stable. And given an f, we deter-
mine how large is the largest possible perturbation g that is permissible so that the
solution is globally stable.

We also consider two extreme cases: when g just fails to be integrable g €
RV (—1), and when g tends to zero so slowly that g € RV (0). In the case when
g just fails to be integrable (so that ¢ € RV, (—1)), we can choose an f which
decays to zero so rapidly that fo F~! € RV (—1) while at the same time ensuring
that solutions of (2.1) are globally asymptotically stable. On the other hand, if g
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decays to zero so slowly that g € RV (0), we choose f to decay to zero slowly also
while preserving global stability. In particular, it transpires that f is in RV (0).

Consider first the general question. Suppose that g(t) — 0 as t — oo in such a
way that g & L'(0,00). If moreover g is ultimately decreasing, the next Proposition
show that it is possible to find an f,which satisfies all the conditions of Theorem 4,
so that the solution f of (2.1) z obeys (2.6). Therefore, there is no rate of decay
of g to zero, however slow, that cannot be stabilised by an f for which f(z) — 0
as x — 0o. Therefore, it is possible for g to be very far from being integrable, and
f(x) — 0 as © — oo, but provided that this rate of decay of f is not too fast, then
solutions of (2.1) can still be globally stable.

Proposition 1. Suppose that g is positive, continuous and obeys (2.8) and g &
LY(0,00). Let A > 0. Then there exists a continuous f which obeys (2.2), (2.11)
and also obeys
: g(t)
lim —=———
t—oo f(F~1(t))

Moreover, if g is decreasing on [1,00) for some T > 0, then f obeys (2.17).

=\ (3.3)

Proof. Suppose that f is such that f(0) =0, f(z) > 0 for all z € (0, 1] and that

lim f(x) = %g(O) > 0.

r—1-

Define .
Gi(z) = —/1 g(s)ds, xz>0. (3.4)

Then G is increasing and therefore G;l exists. Moreover since g & L'(0,00), we
have that G (z) — 00 as x — 00, s0 G ' () — 0o as  — oo. Define also

@) = %g(G;l(x 14 GA0), > 1

For # > 1 we have that z — 1 + GA(0) > G(0), so Gy '(z — 1 + G5(0)) > 0.
Therefore f is well-defined. Moreover, since g is positive, we have that f(z) > 0
for all z > 0. Note that f(1) = ¢g(0)/A, and g and G are continuous, we have that
f:[0,00) — [0,00) is continuous. Since g(t) — 0 as t — oo and G} ' () — oo as
t — oo, it follows that f(x) — 0 as  — oco. We see also that if ¢ is ultimately
decreasing, that f must obey (2.17), because G;l is increasing.

Finally, notice that

z q Gy (z—1+GA(0)) 1 1 )
F(;,;):/1 Wdu/o TR a 198 ds = G5 (x = 14 G (0).

Therefore for z > 1 we have g(F(x)) = Af(z). Now F(x) > 0 for z > 1, so we have
g(y) = M (F~Y(y)) for y > 0, so clearly we have that (3.3) holds. O

Suppose next that g tends to zero arbitrarily slowly (restricted to the class of
RV (0)). Then it is possible to find an f (also in RV (0)) which satisfies all the
conditions of Theorem 4, so that x obeys (2.6).

Proposition 2. Suppose that g € RV (0) is continuous, positive and decreasing
and obeys (2.8). Define
t
G(t) :/ g(s)ds, >0, (3.5)

1
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Let A > 0. Suppose that f is continuous and obeys (2.2), as well as
f@) ~59(G™H(2)), @ — oo (3.6)

Then f obeys (2.11), f is asymptotic to a decreasing function, f € RV (0) and
(3.3).

As an example, suppose that n € N and that g(z) ~ 1/(log,, ) as x — oo. It
can then be shown that G~!(z) ~ xlog,, # as ¥ — oo. Therefore we have
1

~ log,, x

9(G™())

Hence if f(z) ~ A7!/log, x as ¥ — oo, we have that g and f obey (3.3).

Remark 1. If f tends to zero very slowly, we can still have g tending to zero
very slowly, and yet have solutions of (2.1) obeying (2.6). Indeed, suppose that
f € RV (0). Then F € RV (1) so F~1 € RV (1). Therefore f o F~1 € RV (0).
Hence if g obeys (3.3) with A < 1, we have that g € RV (0).

Remark 2. We note that if f tends to zero very rapidly, so that f o F~! is in
RV (—1), then g must be dominated by a function in RV, (—1). Therefore, if f
tends to zero very rapidly, it can be seen that g must be close to being integrable.
This is related to the fact that however rapidly f tends to zero (in the sense that
foF~lisin RVy(—1)), it is always possible to find non—integrable g for which
solutions of (2.1) are globally asymptotically stable and obey (2.6).

Remark 3. Suppose conversely that g € RV (—1) in such a way that g ¢ L'(0, o).
Then we can find an f which decays so quickly to zero as x — oo that fo F~! ¢
RV (—1) while f and g obey (3.3). Therefore, if g tends to zero in such a way
that it is close to being integrable (but is non—integrable), then solutions of (2.1)
are globally asymptotically stable provided f exhibits very weak mean reversion.

To see this let A > 0. Then it can be shown in a manner similar to Proposition 1
that if f is defined by

f@) = 10(Gx @), w21

where G, is defined by (3.4), then f and g obey (3.3). Moreover, if F' is defined by
(2.15), for this choice of f we have F(z) = G} '(z)— G} (1) for z > 1. Rearranging
yields F~(z) = Gy(z + G) for > 0, where we define G’ := G '(1). Hence

FE @) = 306G (F @) = 1ole+ @)

Since g € RV (—1) it follows that f o F~1 € RV (—1).

Example 14. In the case when g(t) ~ 1/(tlogt) as t — oo, we have
1
Ga(t) ~ XlogQ t, ast— oo.

Therefore can see (formally) that log G;l behaves asymptotically like e* and that
G5 *(t) behaves like exp(e?) as t — oo. Hence a good candidate for f is

1
flx) Xef)‘z exp(—e*®), x> 1.
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Then, with 2/ = exp(e?), we have F(z) = exp(e*®) — 2/. Therefore we have
F~1(x) = logy(z + 2') /. Hence

FE (@) = +— !

Az + 2’ log(z +a)

Therefore we have that g and f obey (3.3). Note moreover that f o F~! is in
RV (—1).
4. EXAMPLES
In this section we give examples of equations covered by Theorems 2—13 above.

Example 15. Let a > 0 and 8 > 0. Suppose that f(z) = ax(l 4+ x)~B+D for
2 > 0. Then f obeys (2.2) and (2.17). We have that f € RV (—f). Now as

T — 00 we have
* 1
/ —du~/ l/auﬁduzﬁxfpﬂ.
1 B+1

Then F~'(z) ~ [a(1 + B)z]/P+1) as 2 — co. Therefore as x — oo we have
f(FY2)) ~ ala(l + B)a]~ B/(B+1) — ,1/(B+1) (14 8)" B/(B+1) =B/ (B+1)

Suppose that

g(t)

V(B (1 4 g1
TG (1 4 §) B/ D=8/ <P 1+67)

lim sup
t—o0

Then for every £ > 0 we have z(t,£) — 0 as ¢ — oo. On the other hand, for every
& > 0, there is a g which obeys

lim sup 9(t) > 51/(B+1)(1 + 57

tooo al/(BFD (1 4 B3)=B/(B+1)¢=B/(B+1)
such that z(¢,£) — oo as t — co. Finally, for every g which obeys

t
lim inf 9(t)

1/(5+1) -1
mint G 1 )/ A D P 1+67)

there is an Z > 0 such that for all £ > Z we have x(¢,£) — oo as t — oc.

Example 16. Let a > 0 and suppose that
ax
T) = , x>0.
/(@) (1+ z)log(e + x) -
Then f obeys (2.2) and (2.17). Moreover, we have that f € RV (0). Hence as
x — oo we have

1 1
F(x) ~ / —log(e + u) du ~ —xlog x.
1 a a
Therefore we have F~1(x) ~ ax/logx as x — oo. Thus as z — oo we have

f(F~Y2)) ~a/log F~(z) ~ a/log .
Therefore if
limsup g(t)logt < a,
t—o0
we have z(t,£) — 0 for all £ > 0. On the other hand for every £ > 0 there is a g
which obeys
limsup g(t) logt > a,

t—o00
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for which z(t,£) — oo. Finally, for every g which obeys
1iggi£f g(t)logt > a,
there is a & > 0 such that for all £ >  we have z(t,§) — oco.
Example 17. Let a > 0, 8 > 0 and § > 0 and suppose that
flz) = axef‘smﬂ, x> 1,

where f(0) = 0, f(z) > 0 for x € (0,1) and f is continuous on [0,1) with
lim,_ ;- f(z) = ae™®. Then f obeys (2.2) and (2.17). By L’Hopital’s rule we
have

x! 1

1
0y -
w00 €627 [2B g amoo —Br P+ oBx1  adf

Therefore we have

. T 1
xli»nolo eéF*l(m)ﬁ/F—l(x)ﬁ o %
From this it can be inferred that
SF~Y(x)? F-1 B
lim ¢ / (2)

r—00 xT

= adp.

Now we have e '(@)" ~ aéfBxF~1(z)? as x — oco. Therefore as  — oo we get

- F~1() 1
-l — raF—1 SFM2)? [ _PAE ) 1 p-1,)1-8
It remains to estimate the asymptotic behaviour of F~!(z) as * — oo. Since
SF~Y(x)? — Blog F~'(z) — logz — log(adB) as & — oo, we therefore obtain
SFE~1(x)?

lim ————— =
T—00 1og$

Hence

F—1($)1—ﬁ 1 1-8)/B
lim ———— = = .
T—00 (10g$)(1_5)/5 )

Thus (F~1)'=# is in RV (0) and thus f o F~! € RV, (—1). Moreover as & — oo
we have

1 1 1 1 1
1 ~— L FTY )18 L. )
i (2)) 03 =« (z) BéY/B . (logx)—1/A+1
Therefore if
t
lim sup — T 9(t) T <1,

t—=oo BE/B Tt (logt) -1/
we have z(t,£) — 0 for all £ > 0. On the other hand for every £ > 0 there is a g
which obeys

t
lim sup — T 9¢)

- > 1,
t—00  GEI/B "t (logt) - 1/AH1

for which z(t,£) — oo. Finally, for every g which obeys

t
1g() i o1,

Bs/B "t (logt)—1/8F1

lim inf
t—o0

there is a > 0 such that for all £ > & we have z(t,£) — oo.
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5. EXTENSIONS TO GENERAL SCALAR EQUATIONS AND FINITE-DIMENSIONAL
EQUATIONS

We have formulated and discussed our main results for scalar equations where
the solutions remain of a single sign. This restriction has enabled us to achieve
sharp results on the asymptotic stability and instability. However, it is also of
interest to investigate asymptotic behaviour of equations of a similar form in which
changes in the sign of g lead to changes in the sign of the solution, or to equations
in finite dimensions. In this section, we demonstrate that results giving sufficient
conditions for global stability can be obtained for these wider classes of equation,
by means of appropriate comparison arguments. In this section, we denote by (z, y)
the standard innerproduct of the vectors z,y € R?, and let ||z|| denote the standard
Euclidean norm of 2 € R? induced from this innerproduct.

5.1. Finite-dimensional equations. In this section, we first discuss appropriate
hypotheses under which the d—dimensional ordinary differential equation
2/ (t) = —p(z(t) +7(t), t>0; z(0)=¢eR? (5.1)

will exhibit asymptotically convergent solutions under conditions of weak asymp-
totic mean reversion. Here, we assume that ¢ : R? — R? and that + : [0, 00) — R<.
Therefore, if there is a solution x, 2(t) € R? for any ¢ > 0 for which z exists. In
order to simplify matters, we assume once again that ¢ is locally Lipschitz on R?
and that « is continuous, as these assumptions guarantee the existence of a unique
continuous solution, defined on [0,T) for some T' > 0. In order that solutions be
global (i.e., that T' = 400, we need to show that there does not exist T' < +oo such
that

li | = .

i (8] = +o0

In the scalar setting, this is ensured by the global stability condition (2.2). We need
a natural analogue of this condition, as well as the condition that 0 is the unique
solution of the underlying unperturbed equation

2'(t) = —p(2(t), t>0; =2(0)=¢. (5.2)
A suitable and simple condition which achieves all these ends is
¢ is locally Lipschitz continuous, ¢(0) =0, (¢(z),x) >0 forallz #0. (5.3)

We also find it convenient to introduce a function g given by

(o) 5 g

wo(x):{ O [

5.4
0, xz=0. (54)

It turns out that the function ¢ is important in several of our proofs. For this
reason, we list here its relevant properties.

Lemma 1. Let ¢q : [0,00) — R be the function defined in (5.4). Then
wo(x) = | inf (u,d(zu)), x>0. (5.5)

ull=1

If ¢ obeys (5.3), then ¢o(0) = 0, wo(xz) > 0 for > 0 and @g is locally Lipschitz
continuwous. Moreover, if ¢p(x) — 0 as ||x|| — oo, then vo(x) — 0 as x — oo.

In the scalar case when ¢ is an odd function, we note that g collapses to ¢

itself. The proof of Lemma 1 is presented in the final section.
We consolidate the facts collected above regarding solutions of (5.2) and (5.1)
into two propositions. Their proofs are standard, and are also relegated to the end.
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Proposition 3. Suppose that ¢ obeys (5.3). Then x = 0 is the unique equilibrium
solution of (5.2). Moreover, the initial value problem (5.2) has a unique continuous
solution defined on [0,00) and for all initial conditions z(t) — 0 as t — oo.

Proposition 4. Suppose that ¢ obeys (5.3). Then, the initial value problem (5.2)
has a unique continuous solution defined on [0, o).

5.2. Extension of Results. In order to compare solutions of finite—dimensional
equations with scalar equations to which results in Section 3 can be applied, we
make an additional hypotheses on ¢.

¢ : [0,00) — [0,00) is locally Lipschitz continuous where

(z,0(x)) > o(||z]]) for all z € R¥\ {0}, ©(0) =0, ¢(z) >0 for all 2 >(0. |
5.6

Under (5.3), we observe by Lemma 1 that the function ¢¢ introduced in (5.4) can
play the role of ¢ in (5.6). Our comparison theorem is now stated.

Theorem 18. Suppose that ¢ obeys (5.3) and (5.6), and that v is a continuous
function. Let x be the unique continuous solution of (5.1). Let e > 0,n > 0 and
suppose that x., is the unique continuous solution of

e (1) = —p(an.e () + Iy (D)l + %e_tv t>0; xyc(0) = [=z0)][ + 5. (5.7)

Then for every € > 0, > 0, ||z(t)| < &y.e(t) for all t > 0.

The proof is deferred to the end.

5.2.1. Scalar equations. We now consider the ramifications of Theorem 18 for scalar
differential equations. Notice first that the function ¢g introduced in (5.4) is very
easily computed. Due to (5.5), we have that

pole) = inf u(zu) = min uplau) = min(6(x), ~6(~x)).  (5.8)

[lull=1
We restate the hypothesis (5.3) for ¢ in scalar form:
¢ : R — R is locally Lipschitz continuous, z¢(z) > 0 for = # 0, ¢(0) =0. (5.9)

The following results are then direct corollaries of results in Section 3 and Theo-
rem 18.

Theorem 19. Suppose that ¢ obeys (5.9) and v is continuous and in L*(0,00).
Then the unique continuous solution x of (5.1) obeys x(t) — 0 as t — oco.

Proof. Let € > 0. Define g(t) = |y(t)] + ee~t/2 for t > 0. Then by hypothesis, g
is continuous and positive on [0,00), and g € L*(0,00). By (5.9) and Lemma 1,
the function ¢ defined in (5.8) is locally Lipschitz continuous and obeys ¢ (0) = 0
and ¢g(x) > 0 for z > 0. Therefore for any ¢ > 0 and > 0, we may apply
Theorem 1 to the solution x,  of (5.7) and conclude that z, (t) — 0 as t — oc.
By Theorem 18 we have that z(t) — 0 as t — oo. O

Theorem 20. Suppose that ¢ obeys (5.9) and v is continuous and y(t) — 0 as
t — oo. Then for every e > 0 sufficiently small there exists a number x1(€) > 0 such
that |y(t)] < ¢€/2 for all t > 0 and |&| < x1(€)/2 implies that the unigque continuous
solution x of (5.1) obeys x(t,&) — 0 as t — oo.
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Proof. Let € > 0. Define g(t) = |y(t)] + ee~t/2 for t > 0. Then by hypothesis, g
is continuous and positive on [0, 00), obeys g(t) — 0 as t — oo, and also g(t) < €
for all ¢t > 0. By (5.9) and Lemma 1, the function ¢¢ defined in (5.8) is locally
Lipschitz continuous and obeys ¢o(0) = 0 and ¢o(x) > 0 for z > 0. There exists
€0 > 0 sufficiently small so that the set inf{z > 0 : ¢o(z) = 2¢0} is non—empty.
For € € (0,¢p) define z1(e) = inf{x > 0 : @o(xr) = 2¢}. Then yo(z) < 2¢ for
all x € [0,z1(¢)). Fix n(e) = x1(e) > 0. Since [§] < x1(€)/2, we have that
|Z(e),e(0)] = |z(0)] +n(e)/2 < x1(e). Suppose there is a finite T1(e) = inf{t >
0: @p(e),e(t) = 1(e)}. Then o ) (T1(e)) = 0. Also

0 < 2 0),(T1(€)) = =o(y(e),e(T1(6))) + 9(T1(e)) < —o(w1(€)) + € = —€ <0,

a contradiction. Hence we have that iﬂn(e),e(f) < z1(e) for all ¢ > 0. Now by
Lemma 2 it follows that x, (t) — 0 as t — oco. Therefore, by Theorem 18, we
have that |z(t)| < z1(e) for all ¢ > 0 and that x(t) — 0 as t — co. O

Theorem 21. Suppose that ¢ obeys (5.9) and 7 is continuous and obeys v(t) — 0
as t — oco. Suppose also that o given by (5.8) is decreasing on (z*,00) for some

x* > 0. If ®q is defined by
|
Dy (x :/ — du,
olz) 1 o(u)

Jo (s)lds
lim sup =———+—
t—oo  Dg (1)
then the unique continuous solution x of (5.1) obeys x(t) — 0 as t — oo.

Proof. Let € > 0. Define g(t) = |y(t)| + ee7t/2 for t > 0. Then by hypothesis, g
is continuous and positive on [0, 00), obeys g(t) — 0 as t — oo, and also g(t) < €
for all ¢ > 0. By (5.9) and Lemma 1, the function ¢g defined in (5.8) is locally
Lipschitz continuous and obeys ¢o(0) = 0 and @q(x) > 0 for > 0. Therefore for
every € > 0 and n > 0 the equation (5.7) is of the form of (2.1) with ¢y in the
role of f and @ in the role of F'. Notice that the monotonicity of ¢g implies that
®o(r) — oo as © — oo, and therefore that ®;'(z) — oo as x — co. Therefore by
hypothesis, we have

and

)| ds Lee=sds )| ds
limsup =———— ‘[O T = lim sup fo s T )| ‘[O — = limsup =———F—— ‘[O (s T ) < 1.
e <t> e (I Y () B )
Therefore, by Theorem 4 we have that z,.(t) — 0 as t — oo, and hence by
Theorem 18, it follows that z(t) — 0 as t — oo. O

A result analogous to Theorem 10 can be formulated even when + changes sign.
We state the result but do not provide a proof.

Theorem 22. Suppose that ¢ obeys (5.9) and 7 is continuous and obeys v(t) — 0
as t — 0o0. Suppose also that ¢y given by (5.8) is in RV (=) for B> 0. If ®q is

defined by
1

q)o(l') = /1 (po—(u)du,

d
tim sup foq: 1(t|) 5 A(B) = BYEHI(1 4 g7,

then the unique continuous solution x of (5.1) obeys x(t) — 0 as t — oo.
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5.2.2. Finite—-dimensional results. In this section, we often request that the function
¢ introduced in (5.6) obeys a monotonicity restriction.

x +— (z) is decreasing on (z*, 00) for some z* > 0. (5.10)

Results analogous to Theorems 19, 20, 21 and 22 can be stated for finite-dimensional
systems. The proofs are very similar to those of the corresponding scalar results,
and are therefore omitted.

Theorem 23. Suppose that ¢ obeys (5.3) and v is continuous and in L*(0,00).
Then the unique continuous solution x of (5.1) obeys x(t) — 0 as t — oo.

Theorem 24. Suppose that ¢ obeys (5.3) and that v is continuous and y(t) — 0
as t — oo. Then for every e > 0 sufficiently small there exists a number x1(e) > 0
such that |[y(t)|| < €/2 for all t > 0 and ||&|| < z1(€)/2 implies that the unique
continuous solution x of (5.1) obeys x(t,§) — 0 as t — oo.

Theorem 25. Suppose that ¢ obeys (5.3) and that ¢ and ¢ obey (5.6) and (5.10).
Suppose that 7 is continuous and that ¥(t) — 0 as t — oo. If O is defined by

O(z) = /196 Ldu,

p(u)
and
: Jo ()1l ds

then the unique continuous solution x of (5.1) obeys x(t) — 0 as t — oo.

Theorem 26. Suppose that ¢ obeys (5.3) and that ¢ and ¢ obey (5.6). Suppose
also that ¢ is in RV (—p) for 8 > 0. Suppose that v is continuous and that
v(t) — 0 as t — oo. If @ is defined by

O(z) = /j Ldu,

: Jolv(s)lds 1 -1
I g <M

then the unique continuous solution x of (5.1) obeys x(t) — 0 as t — oo.

and

6. A LiaApuNovV RESULT

The main result of this section shows that if f has a certain rate of decay to
zero, and g decays more rapidly than a certain rate which depends on f, then
solutions of (2.1) can be shown to tend to 0 as ¢ — oo by means of a Liapunov—like
technique. The results are not as sharp as those obtained in Section 3, and do not
have anything to say about instability, but nonetheless the conditions do seem to
identify, albeit crudely, the critical rate for g at which global stability is lost.

The conditions of the theorem appear forbidding in general, and the reader may
doubt it is possible to construct auxiliary functions with the desired properties.
However, by considering examples in which f decays either polynomially or expo-
nentially, we demonstrate that the result can be applied in practice, and that the
claims made above regarding the sharpness of the result are not unjustified.
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Theorem 27. Suppose that [ obeys (2.2) and (2.4) and that g € C([0,00); (0, 00))
and g(t) — 0 ast — oo. Let © € C([0,00);[0,00)) be a twice differentiable and
increasing function such that ©(0) = 0. Define ¢(z) = 20~ 1(z) for x > 0 and
¥(0) = 0, and suppose that v is an increasing and convex function on (0,00) with
lim, o+ 2’ (x) = 0. Define also 6 : [0,00) — [0,00) by

O(z) = x(¢') " (x) = (o (W) (@), =>0; 6(0)=0.
Suppose that Oof ¢ L'(0,00) and that fog € L1(0,00). Then the unique continuous

solution = of (2.1) obeys x(t) — 0 as t — oo.

Proof. Since O is increasing, ¥ is a well-defined function. Moreover, as © is twice
differentiable, it follows that ©~! is twice differentiable, and therefore we have that
x +— 1)/ (x) is a continuous function and that ¢”(x) is well-defined for all z > 0. In
fact, by the assumption that ¢ is increasing and convex, we have that ¢’'(z) > 0
and that 9" (x) > 0 for all > 0. Let ¥ : [0,00) — R be defined by ¥(x) = ¢'(x)
for > 0 and ¥(0) = 0. Then ¥ is an increasing and continuous function on [0, co)
with ¥(0) = 0. Therefore, by Young’s inequality, for every a,b > 0 we have

a b
ab < /O U(s)ds +/0 UL(s)ds = (a) + H(b), (6.1)

using the fact that 1 is continuous from the left at zero with ¢ (0) = 0, and the
definition

H(z) = /Om T (s)ds, x>0. (6.2)

Now for x > 0, using the fact that 1 is twice differentiable, and that ¢’(0+) = 0,
we have

@ x (W)~ (=)
H(x) = / U (s)ds = / (") (s)ds = / wy” (u) dw.
0 0 o+
Now, by integration by parts, and the definition of 8, we have
(@)~ (x)

H(z) = /0+ wp” (w) dw
@) (=)
= () @)y (¢') 7 (2)) — lim w(w) */ ¥ (w) dw
— @) @ () @) — Tim b w) — () @) — Tim ()
= 0(x),

since ¥(w) — 0 as w — 07 and wy’(w) — 0 as w — 0T by hypothesis. Therefore
by (6.1) and the fact that ¢ (a) = a®~!(a) for a > 0, we have

ab < a®~(a) +60(b), forall a,b> 0. (6.3)

We notice also that the definition of H forces 6(z) = H(z) > 0 for all z > 0, and
since ¥~ is a positive and increasing function, it follows that @ will be increasing

and convex on (0, c0).
Now, define

x

1) = [ e((s)ds. w20 (6.4)
0
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Notice that I(z) > 0 for > 0 because O(z) > 0 and f(z) > 0 for x > 0. Also,
©o f ¢ L'(0,00) is equivalent to I(z) — oo as x — 0o. Define also

V() = I(z(t), t>0. (6.5)

Since © o f is continuous on [0,00) and the solution = of (2.1) is in C(0, c0), it
follows that V € C1(0, 0) and moreover

VI(t) = O(f(x(t))2'(t) = —f(@(1))O(f (x(1)) + g()O(f(2(1)), t>0. (6.6)
By hypothesis, g(t) > 0 for allt > 0. Also, it is a consequence of our hypotheses that
x(t) > 0 for all ¢t > 0, and so by (2.2) that f(z(¢)) > 0 for all ¢ > 0. Since ©(0) =0
and O is increasing on (0, 00) by hypothesis, it follows that ©(f(z(t))) > 0 for all
t > 0. Therefore we can apply (6.3) with b:= g(¢) > 0 and a = O(f(z(t))) > 0 to
get

O(f(x(1))g(t) < O(f(x(1)))O (O(f(x(t))) + O(g(1))
= f(2()O(f(2(1) + (0og)(t), t=0.

Inserting this estimate into (6.6) we get

V() = =f((®))O(f (1)) + g(1)O(f (1)) < (o g)(t), t>0.
Therefore by (6.4) and (6.5) we get

I(z(t)) = / V'(s)ds < V(0)+ / (fog)(s)ds = I(f)—i—/o (Bog)(s)ds

for all t > 0. Since 6 o g € L*(0,00) by hypothesis, we have that there is a finite
K > 0 such that

I(z(t)) gl(f)—f—/ooo(Gog)(s)ds =K, t>0.

The positivity of K is guaranteed by the fact that I(x) > 0 for > 0, and the fact
that 6(z) > 0 for z > 0 and g(t) > 0 for ¢ > 0. Suppose now that limsup,_, . z(t) =
+00, so by the continuity of ¢ — x(t), there is an increasing sequence of times
t, — oo such that z(t,) = n. Then I(n) < K for all n € N sufficiently large. Since
I(n) — 400 as n — oo, we have co = lim,_, I(n) < K < +00, a contradiction.
Therefore, it follows that lim sup,_, . z(t) is finite and non—negative. Therefore by
(4), we have that z(t) — 0 as t — o0, as required. O

The next result is a corollary of Theorem 27 which is of utility when f(z) decays
like a power of x for large x. In this case, we know from our earlier analysis that
g must also exhibit a power law decay. Our Liapunov-like result also reflects this
fact.

Corollary 1. Suppose that f obeys (2.2) and (2.4), and g € C([0,00);(0,0))
satisfies g(t) — 0 as t — oo. Suppose that there is o > 0 such that f* ¢ Ll(O o0)
and g't* € LY(0,00). Then z, the unique continuous solution of (2.1), obeys
x(t) = 0 as t — oo.

Proof. Suppose for all > 0 that ©(x) = 2, where a > 0. Then O is increasing
n (0,00) with ©~1(z) = 2/ for > 0. Moreover, we have that © is in C?(0, c0).

Now, define ¢(z) = 2T/ for x > 0. Then (0) = 0, ¢'(z) = (1 + 1/a)z™/* >0
for x > 0 and ¢ (x) = o~} (14+a H)2'/*~1 > 0 for £ > 0. Thus 1 is increasing and
convex with lim,_ g+ z¢'(x) = 0. With ¢/(z) = ¥(z) = (1 + 1/a)z/* for x > 0,
and ¥(0) = 0, we have V~1(z) = K, x for « > 0 where K =1/1+a 1) >0.
Therefore for # > 0, we have that 6(z) = [; ¥™!(s)ds = Ko(1 + o) "'z'+. Thus
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gtt® € L1(0,00) implies that § o g € L1(0,00). Moreover © o f = f* ¢ L(0,00).
Therefore, all the hypotheses of Theorem 27 are satisfied, and so z(t) — 0 as t — oo,
as claimed. O

An example illustrates the close connection between Corollary 1 and Theorem 10.
In fact we see that the results are consistent in many cases.

Example 28. Suppose that there is 3 > 0 such that f(z) ~ 2% as 2 — oo and
that g'*1/# € L1(0,00). Let a = 1/3 > 0. Then f®(x) ~ 2~ as  — oo, and thus
f* ¢ LY(0,00) and g'*t* € L1(0,00). Thus, by Corollary 1, we have that z(t) — 0
as t — oo.

A condition that implies ¢g'*/# € L'(0,00) but g ¢ L'(0,00) is g(t) ~ t~7 as
t — oo forn e (8/(6+1),1). Then

t
1

/ g(s)ds ~ =t ast — oo
0 n

while

xHﬁ, as r — 0.

F(ac):/lzl/f(u)dUN/juﬁdu:1+6

Therefore F~!(x) = Cga'/B+1) as x — co. Hence

i BoE)ds 1

MG T G A g7

By Theorem 10, we have that a(t) — 0 as t — co.

Therefore if f(x) ~ x=# for some 3 > 0 and g(t) ~ t~" as t — oo for n >
B/(8 + 1), both Theorem 10 and Corollary 1 imply that z(t) — 0 as t — oo. If
n > /(8 + 1), we have that

_ Jye(s)ds 1 gt
lim = im
t—o0 F_l(f) CBTI t—o0 tl/(ﬁ‘i’l)

= 4»007

and so we know from Theorem 13 that z(¢,£) — oo as t — oo for all initial
conditions £ > 0 that are sufficiently large. On the other hand, we see that the con-
ditions of Corollary 1 do not hold if n > 3/(8 + 1), because g'*/P(t) ~ t—1F+1)/8
as t — oo, and so g'T/# ¢ L1(0,00). Therefore, the conditions of Corollary 1 are
quite sharp.

One reason to use the general form of Young’s inequality in the proof of Theo-
rem 27 is to enable us to prove stability results for differential equations in which g
and f do not have power law asymptotic behaviour. The following example shows
how Theorem 27 can be used in this situation.

Example 29. Suppose that f(x) = e~ for # > 1 and that f(z) = ze™! for
x € [0,1]. Suppose that g/log(1/g) € L*(0,00). Let © be such that ©(0) = 0,
O(y) =1/log(1/y) for 0 <y < 1/e.

If we now suppose that we can extend © on [1/e,00) so that © is twice differen-
tiable and increasing on [1/e, 00) and y — y©~!(y) is convex on (1, 00), Theorem 27
allows us to conclude that x(t) — 0 as t — co.

Notice that ©~1(y) = e~/¥ for 0 < y < 1. Therefore for y > 0, we may define
¥(y) = yO~L(y) with (0) = 0. Since O is increasing, © ! is increasing, and so 1)
is increasing, and by hypothesis, ¢ is convex on [1, 00).
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In particular, for y € (0,1] we have ¥(y) = ye '/¥. Then ¢'(y) = (1 +
y~ e /¥ >0 for y € (0,1) and
1 1 1
" o -\, -1/y = - 1)y _ - -1/
V) = Aty eV g - g = e >0
for y € (0,1). Therefore v is increasing and convex on (0, 00). Also, we have the
limit lim, o+ y4'(y) = 0. Now for x sufficiently small

@@ @@ o0 -
9(56)=/ Y (y)dy=/ —e ydy:/ e " du,
0 0 y 1/ (')~ (z)

so O(x) = e~ /@)@ for 2 > 0 sufficiently small. Now, using the formula for 1,
we have for x > 0 sufficiently small

1 n-1

o= (14 7) o1/ @)
< ()~ (=)

Therefore we have log1/x ~ 1/(y')~!(z) as x — 07T, from which the limit

0(x) VW)@ x/(”m)

Iim ———— = =1
om0+ 2/ log(1/x)

= lim — =1
om0+ z/log(l/z) a0+ x/log(l/x)

can be inferred. Since g(t) — 0 as t — oo and g/log(1/g) € L*(0,00), we have
that § o g € L'(0,00). Also, because O(f(z)) = 1/x for x > 1 we have that
Oof ¢ L*(0,00). Therefore all the hypotheses of Theorem 27 hold, and we conclude
that z(t) — 0 as t — oo.

In the case when f(z) = e for x > 1 and g(t) ~ Ct™" as t — oo for any
n > 1 and C > 0 we have that g(¢)/log(1/g(t)) ~ t~"/logt as t — oo, and so
g/log(1/g) € L*(0,00) and © o f & L'(0,00). Therefore, by Theorem 27 we have
that z(t) — 0 ast — oo. If n < 1, then g/log(1/g) € L*(0,0), and so the argument
above does not apply.

On the other hand, we have for x > 1 that F(z) = [ e“du = e — e, and so

1
F~1(x) ~ log(x) as * — oo. Then for n > 1, g € L*(0,0), and so

t
lim 7f0 9(s) ds
e F(D)

Therefore, by Theorem 4, we have that x(t) — 0 as t — co. If n = 1, we have that
fg g(s)ds — Clogt as t — oo and so

t
i Jo9(s)ds _
5 Fo1(f)

If C <1, then z(t) — 0 as t — oo; if C > 1 we have that x(t) — oo for all initial

conditions sufficiently large. If n < 1, we have that f(f g(s) ds grows polynomially
fast as t — oo, and therefore

- Jyg(s)ds
T

Therefore, for all initial conditions sufficiently large, we have x(t) — oo as t — oo.
This discussion once again shows how the results from Section 3 are consistent
with the Liapunov stability result Theorem 27, and that moreover, Theorem 27
is quite sharp. The sharp results from Section 3 show that global asymptotic
convergence holds for all n > 1, but that for n < 1, we can have z(t) — oo for
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some initial conditions. On the other hand, Theorem 27 guarantees the global
convergence of solutions for n > 1, but does not apply if n < 1.

7. PROOF OF THEOREM 1

Forallt > 0, x(t) = £— fo ds+f0 s)ds < &+ [ g(s)ds := K. Suppose
liminf; o z(t) = 2* > 0. Clearly ¥ < K. Now as f(z) > 0 for x>0

inf f(z):=¢>0.

IE[%,K]

Therefore there exists T' > 0 such that z(¢t) > 2*/2 for all ¢ > T. Thus z*/2 <
2(t) < K for all t > T and so f(x(t)) > ¢ for all t > T. Therefore as g € L(0, 00),

for t > T we have
/f ds+/ g(s)ds

<z(T)— ¢t —T)+ /T g(s)ds.

Thus, as ¢ > 0, we have liminf;_, . 2(t) = —o00, a contradiction. Therefore

liminfz(t) =0 (7.1)

t—o0

Since g € L1(0, ), for every € > 0, there is T3 (¢) > 0 such that
/ g(s)ds < e forall t > Ty(e).
t

(7.1) implies that there exists ¢, — oo such that lim, . z(t,) = 0. Thus for every
€ > 0 there exists an Nj(e) € N such that z(t,) < € for all n > N;(€). Clearly there
exists No(e) such that ty,) > Ti(€) + 1. Let N3(e) = max[Ni(e), N2(€)]. Then
tng(e) > Th(€) and as N3(e€) > Ni(e), z(tn,()) < €. Let To(€) = tn,(). Then for
t > Ts(€), we have

¢

o0) =altyo) ~ [ Falhdst [ g(s)ds

IN3 (e tNg(e)

t o0
§e+/ g(s)ds§e+/ g(s)ds < 2e.
ENg(e) ENg(e)

Thus for every € > 0, there is a T(e) > 0 such that z(t) < 2¢ for all ¢ > Tx(e).
Hence z(t) — 0 as t — oc.

8. FINITE LIMINF IMPLIES ZERO LIMIT AND PROOF OF THEOREM 2

In this section, we show that whenever x had a finite liminf, it must have a zero
limit.
Lemma 2. Suppose that g obeys (2.3), (2.8), and g is non—negative. Suppose that
f obeys (2.2) and that the solution x of (2.1) obeys
liminf 2(t) < z* (8.1)

t—o0

for some x* > 0. Then x obeys (2.6).

A consequence of Lemma 2 is that only two types of behaviour are possible for
solutions of (2.1). Either solutions tend to zero, or they tend to infinity. This is
nothing other than Theorem 2.

EJQTDE, Proc. 9th Coll. QTDE, 2012 No. 1, p. 22



Proof of Theorem 2. Suppose that there exists z* > 0 such that z obeys (8.1).
Then by Lemma 2 it follows that x(t) — 0 as t — oo. On the other hand,
if there does not exist * > 0 such that liminf; . z(t) < z*, it follows that
liminf; o x(t) = +00, which implies z(t) — oo as t — co. O

It remains to establish Lemma 2. In order to do so, we start by proving that
(8.1) implies that x is bounded above.

Lemma 3. Suppose that g obeys (2.8), f obeys (2.2) and that the solution x of
(2.1) obeys (8.1). Then
limsup z(t) < 2z™.
t—o0o

Proof. Suppose that limsup,_,. «(t) > 2z*. Since f obeys (2.2), we may define
¥ = mingesze 4,30 72) f(x) > 0. Let e < f*/2. Since g(t) — 0 as t — oo, there
is Ti(e) > 0 such that g(t) < e for all ¢ > Ti(e). Let Ta(e) = inf{t > Ti(e) :
x(t) = 5x*/4} and T3(e) = inf{t > Ta(e) : x(t) = 32*/2}. Then 2/(T3) > 0. Since
T3 > Ty > T, we have

0 < a'(Ts) = —f(x(Ts)) +9(Ts) = —f(32"/2) +9(Ts) < —f"+e < —f"+[7/2 <0,

a contradiction. O

We next show that x has a zero liminf.

Lemma 4. Suppose that g obeys (2.8), f obeys (2.2) and that the solution x of
(2.1) obeys (8.1). Then
litm inf z(t) = 0.

Proof. Suppose that liminf; ., 2(t) = ¢ > 0. By Lemma 3 it follows also that
¢ < limsup,;_, . x(t) < 2z*. Therefore there exists 77 > 0 such that 0 < ¢/2 <
x(t) < 4x* for all t > Ty. Define ¢; = minge[ 2,40+ f(2) > 0. Then f(x(t)) > 1
for all ¢ > Ty. Since g(t) — 0 as t — oo, it follows that there exists To > 0 such
that that g(t) < ¢1/2 for all ¢ > Ty. Let T3 = max(T1,T>). Then for all ¢t > T5 we
have

c c
?(t) = —f(x(t) +9(t) < —c1 + 51 = —51-

Therefore we have that xz(t) — —oo as t — oo, which contradicts the fact that

x(t) > 0 for all ¢ > 0. O

We are now in a position to prove Lemma 2.

Proof of Lemma 2. By Lemma 3 we have that limsup, , z(t) < 2z* and by
Lemma 4 we have that liminf; .o x(t) = 0. Therefore we have z(t) < a** for
all t > 0. Suppose that there is ¢ € (0,2**) such that limsup,_, . x(t) > ¢. Fix
€ (0,¢). Since f obeys (2.2) and g obeys (2.8) we may define
0<e(n)= min f(z),

x€n,x**]
T(n) = sup{t > 0 : g(t) > ex(n)/2}.
Define Ti(n) = inf{t > T(n) : x(t) = n}. There exists T* > Ti(n) such that

x(t) > c¢>n. Let To =sup{t < T* : x(t) = n}. Then T > T} and thereisa § >0
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such that x(t) > n for all t € (T»,T> + 0). However, for ¢t € (T, T> + §) we have

o(0) = (M)~ [ flals)ds+ / o(s)ds

T2

gx(Tg)—/t el(n)ds—i—/t #ds

T T
= a(m) — (¢ - 1) <o) =,
which contradicts the definition of T5. Therefore we have that lim; . z(t) = 0, as
required. (I
9. PROOF OF THEOREM 4, 5, 10 AND 11

9.1. Proof of Theorem 4. It is seen from Lemma 2 above that if we can show
that there is an 2* > 0 such that the solution z of (2.1) obeys (8.1), then x obeys
(2.6).

Lemma 5. Suppose that f obeys (2.17) and (2.2) and that g is continuous. Suppose
that F is given by (2.15) and that f and g obey (3.1). Let x be the unique continuous
solution of (2.1). Then it obeys (8.1).

Proof. Since g and f obey (3.1), there exists A < 1 such that
t

fo g(s)ds

t—oo ()

Choose € € (0,2/3) so small that A(1+¢€) < 1—¢/2. Therefore for every € € (0,2/3)
there exists T'(e) > 0 such that

%SA(HQG—G/Q’ 121,

Therefore fotg(s) ds < (1 —¢€/2)F~(t) for all t > T(e). Since f obeys (2.2), by
defining z. = (T (¢€)), for all t > T'(¢) we have

x(t) =z — /T(e) f(z(s))ds + /T(C)g(s) ds

<z.+ / g(s)ds
T(e)

<ze+ (1 —¢/2)F7Ht) == G(t).

=A< 1.

Suppose, in contradiction to the desired conclusion, that liminf; . z(t) = z1 > z*.
Then there exists To > 0 such that for all ¢ > T we have z(t) > x*. Let T5(e) =
max(T(e), Tz). Then for x* < z(t) < G(t), so by (2.17) we have f(z(t)) > f(G(t)).
Hence for t > T3(€) we have

o(0) = o)~ | flae)ds + / o(s) ds

< x(T3) — ; f(G(s))ds + (1 —€/2)F~(t)

t

= a(T3) + (1 — ¢/2)F~(T3) + / [~ f(G(s) + (1~ ¢/2) f(F~'(s))] ds.

Ts
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Hence
t

z(t) < z(T3)+(1—e/2)F_1(T3)+/ [—f(G(s)+(1—€/2)f(F~(s))]ds, t> Ts(e).

T3
We next show that

For every € € (0,2/3) there exists 05(¢) > 0 such that
(1—¢€/2)f(0) — f(ze + (1 —€/2)8) < —€/4f(0), for all § > 03(¢). (9.2)
Now define Ty(€) = F(05(€)) and let T5(e) = max(T5(¢),Tu(e)) + 1. Therefore for
t > Ts(e) > Tu(e) = F(03(¢)) we have F~1(t) > 03(c). Thus by (9.2) we have
(1—€/2)f(F71(t)) — f(G(t)) < —e/Af(F~Y(t)), for all t > Tx(e).
Since Ts(€) > T5(e), by (9.1) we have

t

o) < alT) + (1= /P (T + [ [=(G() + (1= /27 (P (3))] s,

<o)+ (L= /F 7 Ty) — /4 | FP7(s) ds

= a(T3) + (1= ¢/2)F ! (Ty) — ¢/A[F~(t) = F~(T5)],

for all t > T5(e), therefore we have lim; o 2(t) = —oo. Since liminfy o x(t) =
x1 > a* > 0 and 2/(¢t) < 0 for all t > Ts(e) it follows that lim;—,o 2(t) = 21 > z*,
a contradiction. Hence it follows that lim inf;_, o 2(t) < z*.

It remains to prove (9.2). Since z. is fixed, for every ¢ € (0,4/3) there exists
01(e) > 0 such that —ef/4 < z. < €f/4 for all & > 01(e). Thus for 6 > 0(e) we
have

0<(1- %)9 <zt (1—e/2)0 < (1— ¢/4)0.
Also, there exists 02(e) > 0 such that (1 — 3e/4)02(¢) > x*. Define 03(e) by 03(e) =
max(6 (€), 02(€)). Then for & > 03(¢) we have
x*<(1—%)9<$6+(1—§)9<(1—6/4)9<9.
Thus for § > 05(¢), by (2.17) we have
flre+(1—€/2)0) > f(O(1 —€/4)) > f(0) > (1 - ¢/4)f(0),
which proves (9.2). O

9.2. Proof of Theorem 10. It is seen from Lemma 2 above that if we can show
that there is an «* > 0 such that the solution z of (2.1) obeys (8.1), then x obeys
(2.6). We next show that if g and f obey (3.2), then = does indeed obey (8.1).

Lemma 6. Suppose that f obeys (2.2), (2.17) and (2.22), and that g is continuous.
Suppose that F is given by (2.15) and that f and g obey (3.2). Let x be the unique
continuous solution of (2.1). Then x obeys (8.1).

In order to prove this result we require and auxiliary lemma.

Lemma 7. Let § > 0. Let A € (1,\(B)), where A(5) is given by (2.23). Define
A(0) = A\ and

An+1)=X=AM)7", 0<n<n, n:=inf{n>1:An+1)<0}. (9.3)
Then n' is finite and 0 < A(n+ 1) < A(n) forn=0,...,n' — 1.
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Proof. We first note that because A(0) = A > 1, we have A(1) > 0, so we can only
have A(n+1) <0 for n > 1. Hence n' is appropriately defined. Suppose that n’ is
infinite. Then we have that A(n) > 0 for all n > 0.

Define kx(z) = # — A+ 277 for > 0 and hy(x) = 2%t — A\2? + 1 for
x > 0. Then for z > 0 we have ky(z) = 27 Phy(x). Clearly we have h}(z) =
2?71 ((B+ 1)z — AB) for x > 0. Define x. = BA/(8 + 1). Then z, € (0,)) and we
have that hy is increasing on (0, z,) and decreasing on (z.,00). Therefore for all
x > 0 we have

— B —n) 1= A (ﬂ _ A
Since A < A(f), it follows that the righthand side is positive, and so we have
ha(z) > 0 for all > 0. Hence ky(x) > 0 for all > 0.

Since A(n) > 0 for all n > 0, we have kx(A(n)) > 0 for all n > 0. Therefore
A(n) > X —=A(n) P forall n > 0. But A(n+1) = XA — A(n)~? for all n > 0, so
we have A(n + 1) < A(n) for all n > 0. Therefore we have that A(n) — L > 0 as
n — co. Suppose that L > 0. Then we have L =\ — L~?, or LA+t — \L# +1 = 0.
But this implies that hy(L) = 0, a contradiction. Suppose that L = 0. Then we
have

)\)—l—lzl—

1
0=l Aln+1)= g A= R = 7

a contradiction. Therefore we must have that there is a finite n’ > 1 such that
A(n) > 0for n < n’ and A(n’4+1) < 0. Moreover, we note that 0 < A(n+1) < A(n)
forn=0,...,n —1. O

Proof of Lemma 6. Without loss of generality, we may take A in (2.23) to obey
A>1,1ie.,

li?isogp ‘[OFLIS();;S <A< AP (9.4)

From (2.1) and (9.4), we have for all ¢ > 0, there exists T'(¢) such that for all
t > T(e):

/tg(s)ds <A1+ OF (), t>T(e),
and so

aoSw@@»+éxﬁ@anxa«»+Au+oF*u»

Therefore we have

: a(t) _

h?is(;lp (D) <A=:A(0)>1,
where A is the sequence defined in Lemma 7, so there is a Tp(e) > 0 such that
2(t) < A1 + €)F~Y(t) for t > Ty(e). Suppose, in contradiction to the desired
conclusion, that liminf; o, 2(t) = z1 > «*. Then there exists 71 > 0 such that
x(t) > o* forall t > T1. We have 2* < z(t) < M(1+¢€)F~1(t) for t > max(To(e), T1),
which implies that

—f(z(t)) < —fAQ +)FY1)), t>max(To(e), Ty).
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Therefore for Th(e) = max(T'(¢), To(e), T1), we have

o) <o) = [ FOO+ P s)) ds+ / o(s) ds

< x(Ty) — t T +eF(s)ds + A1+ e)F1(2)

Camy— [T EAMH D e
= z(15) /Fl(TQ) ) du+ A1+ €)F7(t).

Therefore

o) o) 1 /F“” fAQ+ )

- F=1(Ty) fu) A+

F-1(t) — F~1(t) F-1(t)
Thus, as f € RV, (—03) we have
ey 20 L[ feliay

— < ds+ A1+ e€),
t—o00 Fﬁl(t) T X Jp-1(Ts) f(S) (

Therefore by (9.3) we have
h?lsogp 10 <A—=A0)7F = A(1).
Introduce the n-th level hypothesis for n =0,...,n':
) x(t)
A 0, 1
(n) > ? 1?1>Soljp Fﬁl(t)
We have already that (9.5) is true for n = 0 and n = 1.
By Lemma 7, one of the following holds:

(a) There exists n’ > 1 such that A(n) > 0 for n < n’ and A(n’ +1) < 0;
(b) There exists n’ > 1 such that A(n) > 0 for n < n’ and A(n’ +1) = 0;

We show that (9.5) at level n implies (9.5) at level n+1 provided that n = 0,...,n'—
1. Therefore as (9.5) is true at level 0, we have that (9.5) is true at level n’. Hence

: (1)

Since it is assumed that x(t) > «* for all ¢ > Ty, for every e > 0 there exists a
Ts(e) = max(Ty, Ty) such that * < x(t) < A(n)(1 + €)F~1(¢) for t > T3(e). We
have

t t

w(t) = 2(Ts) — [ fle(s))ds + / o(s)ds,

w(T) — . FAAM)(1+e)F~(s))ds + A1+ ) F~ (1),

_ O FAM)(A + o) .
= z(T3) /FI(TS) — fw du+ M1+ ¢e)F~(t).
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Therefore, we have

<AL+ €)= (A(n)(A + )7

: x(t)
1
P F1)

Letting € — 0 and using (9.3) yields
t
lim sup FLl()t) <A=A(m) 7 =An+1),

which is simply (9.5) at level n + 1.
We now consider the case distinctions A(n’ + 1) < 0 and A(n’ +1) = 0. In the
former case we have already shown that

: z(t)
1
S0

< A(n),
and this implies that

. x(t) =
1 <A—A B =An'+1)<0.
msup Ty < (n) (" +1) <

Since F~1(t) — oo as t — oo, therefore we have lim;_, 2(t) = —o0, it follows that
since for all ¢ > T3, liminf, o z(t) = x1 > z* > 0 and 2/(¢) < 0, it follows that
lim; o x(t) > 2*, a contradiction. Hence we must have liminf, . z(t) < z* and
the proof is complete.

On the other hand, suppose that A(n’ + 1) = 0. Therefore we have A(n') =
A~YB € (0,1). Let ¢ > 0 be so small that ¢ € (0, \'/# — 1) and

1

(1+€)° < T =G5
Now we have that
liixls(;ljp Ff(f()t) <AM) =XV < ATVBL 4+ ) =N < 1. (9.6)
Now define
No=A-\)P= <1 - m%)ﬁ) >0, (9.7)

Moreover as (14 ¢/ )77 > 1 - A=0B+1D/8 we have 1 — (1 + ¢ )7 < A\=(B+D/B 50

1 —1

Thus A’ € (0, A"'/#), and we can prove that (9.6) and (9.7) together imply

: () "

h{ris(;lp (1) <\ (9.8)
Proceeding as in the case when A(n’+1) < 0 we arrive once more at the conclusion
that lim inf; o 2(t) < z*. O

10. PROOF OF THEOREM 6, 8, 12
Lemma 8. Let o > 0. Define g € C([0,0); (0,00)) by
g(t) = (1+a)f(F~ (ot + F(¢/2)) + 7", t>0. (10.1)

Then the solution of (2.1) obeys x(t) — 0o as t — oo.
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Proof. Define x(t) = F~!(at + F(£/2)) for t > 0. Then z1(0) = £/2 < (0).
Clearly for ¢t > 0 we have

ol (t) + fze(t) — g(t) = (1 + ) f(F~ (ot + F(£/2))) — g(t) <O0.
Then zr,(t) < z(t) for all t > 0. Since z,(t) — oo ast — oo, we have that z(t) — oo

as t — oo. O

Lemma 9. Let g be defined by (10.1).
(i) If fo F~' € RV, (—1), then

. g(t) _ -1
tlirgow =1l+a .

(F
(ii) If 8> 0 and f € RV (—0), then
. t _
i f(l«g(l)(t)) = (14 a)a”P/O+D, (10.2)
Proof. Since fo F~! € RV (—1) we have that

L (o F )t + F(E/2)
A e P an)
Also as fo F™! € RV (—1) we

o UoF )

B e F
Since fo F~t € RV (—1), we have et /(f o F~1)(t) — 0 as t — oo and so g obeys
g (fe P et + PER) (o P et
T B N VY e P R TRy ]
Note that when f € RV (—/3), we have f o F~' € RV (—3/(8+ 1)), so

o JE@) e

AL FE ) '

Since fo F~1is in RV (—3/(3 + 1)) we have that
(fo F~Y)(at + F(&§/2)

lim =1.

S (JoF)(al)

Since fo F~t € RV (—B/(8+ 1)), we have et /(f o F~1)(t) — 0 as t — oo and
S0 g obeys

g9(t)

=1.

—1

=14+«

fE (ot + F(E/2)) fF ) _ 4 —p/0)

AT - BT ) o)
as required. .

Proof of Theorem 8. Let x > 1. By hypothesis f o F7! € RV, (—1), and let

a=1/(k—=1) > 0. If g is defined by (10.1), then by part (i) of Lemma 9 we have
: g(t)

lim ———2——

t=oo f(F~1(1))

Moreover, by Lemma 8 we have that z(t) — oo. O
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Proof of Theorem 6. Let x > 1. By hypothesis fo F~! € RV, (0). Let a =k —1 >
0. If g is defined by (10.1), then by part (ii) of Lemma 9 we have

lim 79(25)
t—oc f(F1(t))

Moreover, by Lemma 8 we have that z(t) — oco. O

=kr>1.

Proof of Theorem 12. Let k > (1 + B)p~A/B+1)_ Since f € RVoo(—f) we have
foF™1 € RVy(—B/(B+1)). Since k > (1 + B)p~7/P+1) there exists a unique
a € (0, 8] such that.

(14 a)a /B — .

Since g is defined by (10.1), then by part (ii) of Lemma 9 we have

i 9 ~8/(3+1)
lim ———— = (1+ao)a = K.
A )
Moreover, by Lemma 8 we have that z(t) — oo. O

11. PROOF OF THEOREMS 3, 7, 9 AND 13

The proof of Theorem 3 is an easy consequence of Lemma 2, and is given next.
We consider the proof of the other theorems in the second subsection.

11.1. Proof of Theorem 3. There exists ¢y > 0 sufficiently small so that the set
inf{x >0 : f(x) = 2¢} is non—empty. For € € (0,¢€p) define x1(e) = inf{z > 0 :
f(z) = 2¢}. Then f(z) < 2e for all z € [0, z1(€)). Suppose also that g(¢) < e for all
t>0.

Let x(0) < z1(€). Suppose there is a finite T1(e) = inf{t > 0 : z(¢t) = x1(€)}.
Then 2/(T1(e)) > 0. Also

0 < 2'(Ti(e)) = —f(2(T1(e)) + 9(Ti(€)) < —f(w1(€)) + € = —e <0,

a contradiction. Hence we have that z(¢) < z1(e) for all ¢ > 0. Now by Lemma 2
it follows that z(t) — 0 as t — oo.

11.2. Proof of Theorems 7, 9 and 13. In order to prove Theorems 7, 9 and 13,
it proves convenient to establish the following condition on g and f:

t
There exists o > 0 such that liminf L
t—oo f(F~1(at))

We now show that (11.1) is satisfied under the conditions on g and f given in
Theorems 7, 9 and 13.

>1+a (11.1)

Lemma 10. Suppose that f obeys (2.2) and that g obeys (2.3).

(i) Suppose that f obeys (2.18) and that g and f obey (2.21). Then g and f
obeys (11.1).

(ii) Suppose that f obeys (2.19) and that g and f obey (2.21). Then g and f
obeys (11.1).

(iii) Suppose that f obeys (2.22) and that g and f obey (2.25). Then g and f
obeys (11.1).

Proof. For part (i), by (2.21), there is k > 1 be given by

e g(t)
fﬁ—hglogfm. (11.2)
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Then we may choose & > 1/(k — 1) > 0. Hence by (2.21) and (2.18) we have
m in L:ﬁ imw_ﬁ
R e~ R ) T

Since a > 1/(k — 1), we have ka > a + 1, so (11.1) holds.
For part (ii), once again there is ¥ > 1 which obeys (11.2). Then we may choose
a € (0,k—1)>0. Then a < kK — 1. Hence by (2.21) and (2.19) we have

gt) . fEHat)
R an) ML)
Since k > a+ 1, (11.1) holds.
For part (iii), there is A > A(8) = (1 4+ 3)3~#/(+F) such that

= 111mM 11 g(t)
A=lmint Ty

Let a = 3> 0. Since f is in RV (—03), it follows that fo F~!is in RV (—3/(8+
1)). Using this and the fact that f and g obey (2.25), we have

gt) o FETNt) L siee
hglolgf m = / lim W = )\/CY +
_ )\ﬂﬁ/(ﬁJrl) > )\(ﬂ)ﬂﬁ/(ﬁJrl) =14+8=1+a,
which proves (11.1). O

Lemma 11. Suppose that f obeys (2.2) and that g obeys (2.3). Let x be the unique
continuous solution of (2.1). Suppose that g and f obey (11.1). Then there exists
Z > 0 such that for all £ > T, we have that lim;_,o x(t,£) =

Proof. Define F by (2.15). By (11.1) there exists n > 1 + « such that
g(t)

liminf ————— =17

t—oo f(F~!(at))

Now for € > 0 sufficiently small we have n(1 —¢) > (1+«)(1+¢). For such an € > 0
sufficiently small, there is T'(€) > 0 such that

g(t)
FEiy 209 12T,
and so
9() = L+ 1+ a)f(F (at)), > T(e). (11.3)
Next suppose that
E>FHA+a)T(e), &€>F HF(1)+T(e). (11.4)
Define
xp(t) = F~Yat), t>T(e). (11.5)
Define by y the solution of
y'(t)=—fy#), t=0; y(0)=¢ (11.6

Since g(t) > 0 for all ¢ > 0, we have a/(t) > — f(x(t)) for all t > 0. Then z(t) > y(
for all ¢ > 0. Now, by (11.6) and (2.15) we have y(t) = F~1(F(£) —t) for all

€ [0,T(e)], because the second part of (11.4) guarantees that y(¢) > 1 for all
t € [0,T(e)]. Therefore by the first part of (11.4) and (11.5) we have

ep(T(e)) = F~(aT(e)) < FTH(F(§) = T(e)) = y(T(e) < x(T(e)).  (11.7)
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Next note for ¢ > T'(e) and by using (11.5) and (11.3) we have
£(8) + Fn(t) — 9(t) = (1 + ) (P~ (at) - g(t)
< (14 )f(FH(at) = (1 + (1 + ) f(F(a1))
=—e(1+a)f(F ' (at)) <0.
Therefore by this and (11.7) we have

o (t) < —flzp () +g(t), t>T(e); xn(T(e)) < x(T(e)). (11.8)
Hence z(t) < x(t) for all ¢ > T'(¢). Therefore as a > 0 we have z(t) — oo as
t — oo, and therefore it follows that x(t) — co as t — o0, as required. O

The proof of Theorem 7 is now a consequence of part (i) of Lemma 10 and
Lemma 11. The proof of Theorem 9 is a consequence of part (ii) of Lemma 10 and
Lemma 11. The proof of Theorem 13 is a consequence of part (iii) of Lemma 10
and Lemma 11.

12. PROOF OF PROPOSITION 2

Note G is increasing. Moreover as g € RV (0), we have G € RV (1). Therefore
G™! € RV(1), and so go G~ € RV (0). By (3.6), we have that f € RV (0).
Since G~!(z) — oo as ¥ — oo and g obeys (2.8), we have from (3.6) that f obeys
(2.11). Since g is decreasing and G~! is increasing, x — g(G~!(z)) is decreasing,
and so by (3.6), f is asymptotic to a decreasing function.

Define Gy (t) = G(t)/A for t > 0. Then G ' exists and we have G} '(t) =

~L(t/)). Since go G=1 € RV (0), we have as z — oo that
F) ~ 3967 @) ~ 30(GT @) = oG5 @) (121)
Now g € RV (0) implies that G (z) ~ zg(x)/A as © — oo. Since G} ' (z) — oo as
x — 00, we have that Az ~ G} '(x)g(G'(x)) as © — oco. Therefore we have that

@) ~ 3965 @) ~ 3 - g = Gy

Since f is in RV (0) we have as  — oo that

| x
= ——du ~ —— ~ G (z
=[] Tt g o
Since g is decreasing and g is in RV (0) we have that g(F(z)) ~ g(Gy'(z)) as

x — 00. Therefore by (12.1) we have that as x — oo

9(F(x)) ~ g(G3 (@) ~ M ().
Since F' € RV (1) we have that F~1(z) — oo as # — oo, and therefore it follows
that (3.3) holds.

13. PROOFS FROM SECTION 5
13.1. Proof of Lemma 1. For z > 0 we have that

Since ¢(0) = 0, we have that ( . ) holds. Moreover, (5.5) is equivalent to
—po() = Sup —(u, ¢(zu)), = =>0.

ul|=1
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It is true for any A, B : R* — R that

sup A(u) — sup B(u)
[lull=1 flull=1

< ||Sl|\l£1 |A(u) — B(u)]. (13.1)

Let x,y € R such that |z| V |y| < n € N. Since ¢ is locally Lipschitz continuous, for
every u € R? with |lu| = 1, we have

[o(zu) = ¢(yu)l| < Knlz —y| (13.2)

for some K, > 0. Therefore, for ||V |y| < n, by using (13.1), the Cauchy—Schwarz
inequality and (13.2) in turn, we get

lpo(w) — wo(y)| = | sup —(u, p(zu)) — sup —(u, p(yu))

< Hgllll_pl [(u, d(yu)) — <u|,‘ ¢”(M>>|
= sup, [(u, ¢(yu) — $(zu))]

< Sup, lullllé(yu) — d(zu)||

< Knlz —yl,

which establishes the local Lipschitz continuity of ¢q.

To show that ¢o(xz) > 0 for z > 0, notice first by (5.3) that ¢g(z) > 0 for all
x > 0. Suppose now that there is an zp > 0 such that ¢o(z9) = 0. Then, by the
continuity of yg, we have

0= @o(zo) = | 1”11f (u, p(zou)) = ”Hhinl@, P(zou)) = (u*, d(zou”))
Ul|=xo ull=

for some u* € RY such that ||[u*|| = 1. But then, with * = zou* # 0, we have
(x*, ¢(x*)) = 0, contradicting (5.3).

13.2. Proof of Proposition 3. It is easy to see that (x, ¢(x)) > 0 for 2 # 0 ensures
that « = 0 is the only equilibrium of the unperturbed equation (5.2). Suppose that
xo # 0 is another equilibrium. Then ¢(z¢) = 0. But 0 = (zg, ¢(z)) > 0 by (5.3),
a contradiction. The global asymptotic stability of solutions is achieved by taking
u(t) = ||z(t)|? for t > 0.

If 2(0) = 0, then z(¢ ) 0, for all ¢ > 0. Otherwise, suppose £(0) # 0, then
[|2(0)|| > 0 and u/(t) = —2(z(t), ¢(2(¢))) < 0, so t — wu(t) is non-increasing. Either
u(t) — 0, as t — oo or u( ) — L? >0 as t — oo. Suppose that the latter holds.
We establish that

ligglf(z(t),(b(z(t))) =A>0

from which a contradiction will result.
Since ||z(t)|| = L > 0 as t — oo, ||z(¢)|| > 0 for all ¢ > 0 and

(2(1), p(2(t))) . (u, ¢(w))
SOl 2 ey = el

By Lemma 1, ¢ is locally Lipschitz continuous, so since ||z(¢)|| — L as t — oo,

ot GO0 > it o :(0)]) = ool
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Also, as L > 0, Lemma 1 ensures that (L) > 0. Thus liminf;_, . (2(t), ¢z(t))) >
Lyo(L) > 0. Recalling that u/(t) < —2(z(t), ¢(2(t))), we get
limsup v’ (t) < limsup —2(z(t), ¢(2(t))) < —2Lpo(L) < 0.
t—o0 t—o0
Therefore u(t) — —oo as ¢ — oo, which contradicts the fact that u(t) > 0 for all
t>0.

13.3. Proof of Proposition 4. The local Lipschitz continuity of ¢ ensures that
there is a unique continuous solution of (5.1), defined up to a maximal time T" > 0
for which limyyr ||z(t)|| = +oo, or x(t) is uniquely defined for all ¢ > 0. Suppose
the former and let y(t) = ||z(t)||? for ¢t € [0,T). Then for t € (0,7T) we get

y'(8) = 2(=o(z(t)) + (1), 2(1)) < 2(v(1),z(1)) < 2[vB)Illl=(®)],

using (5.3) and the Cauchy Schwarz inequality. Since «y is continuous on [0, 7], we
have that ||y(¢)]| <T for all t € [0,7] and some I" > 0. Hence

'(t) <20V/y(t), te(0,1), y(0) =€l > 0.
Since y(t) — oo as t T T and y is continuous, there exists T; € (0,T) such that
y(t) > 1 for all t € [T1,T). Dividing by +/y(t) on both sides of this differential
inequality for ¢ € [T}, T) and then integrating yields

y(OV? —y(M)'? <20(t=Th), te[T,T).
Letting ¢ T T on both sides of the inequality now leads to the desired contradiction.

13.4. Proof of Theorem 18. By hypothesis (5.6), ¢ is locally Lipschitz continu-
ous and obeys ¢(0) = 0. Therefore (5.7) has a unique continuous solution. More-
over, we see that z(t) > 0 for all ¢t > 0, by considering to = inf{t > 0: z, (t) = 0}
and showing that such a to cannot be finite. Clearly, we must have z;,  (to) <0, so
that

€ _ € _ _
02 ), (t0) = —planc(to)) + [t + 5¢7 = [ (to)]| + Se70 = ee™ >0,

a contradiction. Thus z.(¢) > 0 for all ¢ > 0.

Let y(t) = |lz()||* and y.(t) = xy,(t)? for t > 0. We show that y(t) < y.(t) and
this proves the result. Now as y(t) = (x(t),z(t)) and x € C*([0,0); R?), we have
that y € C1((0,0); R) and moreover

y'(t) = =2(g(x(t)), 2(t)) + 2(y(t), z(t))-

By the Cauchy—Schwarz inequality and (5.6), we get

W_ o(ll2(0)])
shen ()] 0, s0 ~206(e(0). (1) < (| OO} In the case tht
le®]l = 0, 2(6(z(8)), 2(#) = 0. Therefore, for all ¢ > 0, —2(6(x(t)), x(t)) <
“2p(le(® 2]l Thus /() < <|\:c< D@l + 2Oz for ¢ > 0 or

Y (1) < =20(vVy(0)Vy®) + 21 Ol1Vy(t), > 0.
Moreover yc(0) = ([«(0)[| + 6/2) > ||$( )IZ = y(0).
Suppose there is ¢ > 0 such that y(t2) = ye(t2) but y(t) < ye(t) for ¢ € [0, t2).
Then as y. is in C1((0,00),R), we have that y'(t2) > y.(t2). By construction
Ye(t) = 2y (D{—p(2n.c ( )) +Ily @)l +e/2e7"}

= =2v/ye(O)e(Vye(1)) + 2¢/ g ) Iyl + ev/ye(t)e ™"
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Thus

—2v/Ye(t2)o(V/ ye(t2)) + 23/ ye (t2) [y (t2) | + €3/ ye(t2)e ™"
= —2V/y(t2)p(V/y(t2)) + 2/y(t2) |7 (t2) || + e/ye (t2)e ™"
Y (t2) + e/ ye(t2)e "

> ye(tz) + eV/ye(ta)e™™.

Ye(ta)

Y

or y/ye(t2) < 0. This implies x,, (t2) = 0. But this is impossible as z, ((t) > 0 for
all ¢ > 0. Therefore y(t) < y.(t) for all ¢ > 0, or ||z(t)||* < zy,(t)? for all ¢ > 0,
which proves the result.
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