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Abstract
We consider second order quasilinear parabolic equations where also
the main part contains functional dependence and state-dependent delay
on the unknown function. Existence and some qualitative properties of
the solutions are shown.

1 Introduction

It is well known that the theory of monotone type operators can be applied to
first order evolution equations and as particular cases to nonlinear functional
parabolic equations of the form

n
Du — Z D;lai(t, z,u, Du;u)] + ao(t, z,u, Du;u) = f

i=1
where the last terms in the brackets mean ”functional” (non-local) dependence
on u, e.g. some integral operators applied to u or some state-dependent delays
(see, e.g., [7] -[10]). Tt is less known that monotone type operators can be
applied also to certain second order nonlinear evolution equations, including

”functional” equations.
The aim is to consider some second order evolution equations with functional
dependence and state dependent delays. Differential equations and systems

with state-dependent delay in one variable were considered thoroughly e.g. by
I. Gyori, F. Hartung, T. Krisztin, J. Turi, H--O. Walther, J. Wu in [3] - [5].

2 Existence of solutions

Denote by Q2 C R™ a bounded domain having the uniform C* regularity property
(see [1]), Q7 = (0,T) x 2 and p > 2 be a real number. Let V C WHP(Q) be
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a closed linear subspace of the usual Sobolev space WP(Q) (of real valued
functions) containing W, ?(Q) (the closure of C§°(£2)). Denote by L”(0,T;V)
the Banach space of the set of measurable functions u : (0,7') — V with the
norm

T
o airy= [ I at) .

The dual space of L?(0,T;V) is L2(0,T;V*) where 1/p+1/¢g =1 and V* is the
dual space of V (see, e.g., [11]).
By using the notations u’ = Dyu, u” = D?u, we shall consider the equation

W+ N (W (t), u'([v0(uw)](1)) + Qu+ (2.1)
M (u(t), u([v1(w))(t), Du(t), Du([y2(w)](t))) = f
with the initial condition
w(0) = ug, u'(0) =wuy (2.2)

where N : LP(0,T;V)x L*(Qr) — L%(0,T; V*) is a nonlinear operator, (Qu)(t) =
Q(u(t)) and Q : V — V* is a linear and continuous operator,

M LP(0,T5V) x L*(Qr) x L5 (Qr) x L3 (Qr) — xLU(Qr)
is a nonlinear operator

Further, for j =0,1,2
(G) v : L*(Qr) — C,[0,T] are continuous (nonlinear) operators such that

0 < [y@]®) <t [vW]'(t)=co
with some constant ¢y > 0. (Cy[0,T] denotes the set of absolutely continuous

functions in [0,77.)
Condition (G) is fulfilled e.g. by the operators of the form

s () (0) = 18 ( / Tt €l @dfds)

where T, %—1; are continuous and nonnegative, 3 € C'(R) satisfies 51 < 8 < 1

with some constant ; > 0 and 3’ > 0.
(i) Assumptions on N:
N :LP(0,T;V) x L*(Qr) — L%(0,T; V*)

is bounded, demicontinuous and belongs to (S)+ with respect to D(L) = {u €
Lr(0,T;V) :u' € L0, T;V*),u(0) =0}, i.e.

(vj) — v weakly in LP(0,T;V), wv; € D(L),

(v) — o' weakly in LY(0,T;V*), (w;) — w (strongly) in L*(Qr),
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lim sup[N (v;, w;),v; —v] <0

imply
(vj) — v (strongly) in LP(0,T; V).

Further, there are constants co > 0, c3 such that

[N('an)av] Ege H v Hip(o,T;V) —Cs3.

(ii) Assumptions on Q: (Qu)(t) = Q(u(t)) and Q : V — V* is a linear and

continuous operator,
(Qu,0) = (Q0, @), (Qu,a) >0, @deEV
(iii) Assumptions on M:
M : LP(0,T;V) x L*(Qr) x Li(Qr) x Ly (Qr) — xL*(Qr)
is (nonlinear) bounded, demicontinuous and

|| M(u; u,w, ﬁ)) HqLLI(O,T;V*)

lim —~ — =0.
Il (1,0, ) — 00 | (u,@,w,w) [P

Theorem 2.1 Assume (i) - (i) and (G). Then for any f € L%(0,T;V*),
up € V and uy € L?(Q) there exists u € LP(0,T;V) such that v’ € LP(0,T;V),
uw” € L9(0,T;V*) and u satisfies (2.1), (2.2).

For the definition of the generalized derivatives u’,u” see, e.g., [11], page 417.
In the proof of the theorem we shall use

Lemma 2.2 Assume that v : L*(Qr) — C,[0,T] satisfies (G). If (ux) — u in
L?(Qr) and (wi) — w in L*(Qr) then

wi([y(ur)](t), @) — w(ly(w)](t),z) in L*(Qr).
Further, w([y(u)](t) is bounded in L*(Qr) if u,w are bounded in L*(Qr).
Proof of the lemma Clearly,
(], 2) — w(ly@W)(6),2) = (2.3)

{wr ([ (ur)](8), ) — w({y(ur)](t), )} +
{w(ly(up)](®), z) — wlly(W)](t), )}

For the first term in the right hand side of (2.3) we have (by using the
notation ¥*(t) = [y(ux)](t), (G))

/Q { / wi ()] (t), z) — w<h<uk>1<t>,x>|2dt} d < (2.4)
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1 ' 20%k
@ {/ [ n(0).9) — w0, 0) P2 }dxg

1
— |w (1, 2) — w(T, x)|*drde — 0.
Qr

Further, approximating the function w € L?(Qr) by a function @ € C(Qr),
we have for the second term on the right hand side of (2.3)

w(y(up)](t), 2) —w(y(w)](t), 2) = (2.5)
{w([y(ui)l(®), ) = @([y(ur)](t), ©)}+

{o([y(ur)](t), 2) — w([y(w)](t), 2) }+

{o(y(@)](t), ) = w(ly(W)](t), )}

The first and third terms on the right hand side of (2.5) can be estimated
similarly to (2.4). The L?(Q7) norm of the second term on the right hand side
of (2.5) is small for sufficiently large k because w is uniformly continuous on Qr
and (y(ux)) — v(u) in C[0,T]. By using the substitution as in (2.4), we obtain
the second part of the lemma. So we have proved the lemma.

The proof of Theorem 2.1 For simplicity, consider the case ug = 0,u; = 0.
Define operator S : LP(0,T;V) — LP(0,T;V) by

(Sv)(t)/o v(s)ds.

Then S is a linear and continuous operator and w is a solution of (2.1), (2.2)
with ug = 0,u; =0 iff v = ' € LP(0,T; V) satisfies

v' 4+ N(v,v([0(S0)](}))) + QSv+

M(Sv, (Sv)([71(Sv)]), DSv, (DSv)([y2(Sv)])) = f,  v(0) = 0.
Consider the operator A : LP(0,T;V) — L2(0,T;V*) defined by

A(v) = N(v,v([7(50)](t))) + @Sv+

M(Sv, (Sv)([71(S0)](t)), DSv, (DSv)([72(S0)](1)))-

By using the lemma and (i) - (iii), it is not difficult to show that A is bounded
and demicontinuous. Now we show that A belongs to ()4 with respect to

D(L) ={v e L*(0,T;V):v € LY0,T;V*),v(0) = 0}
The last property means:
v; € D(L), (v;) — v weakly in LP(0,T;V), (2.6)

(v;) — v weakly in L4(0,T; V™), (2.7)
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limsup[A(v;),v; —v] <0 (2.8)

imply
(v;) — v strongly in LP(0,T;V), (2.9)

To prove that (2.6) - (2.8) imply (2.9), observe
[QS(v)),v5 —v] = [@S(v; — v),v; — v] + [@5(v), v; — ],

the first term on the right is nonnegative (see, e.g. [11]) and the second term
tends to 0, thus
lim inf[QS(v;),v; —v] > 0. (2.10)

Further, by compact imbedding theorem, (2.6), (2.7) imply that (v;) — v in
LP(Qr), for a subsequence, hence

[M(Svj, (Svj)([v1(Sv))]), DSvj, D(Sv;)([72(Sv;)]),v5 —v] — 0 (2.11)

because the first term in [+, -] is bounded in LI(Qr) since M is bounded.
(2.8), (2.10), (2.11) imply that

lim sup[N (v;), v; ([v0(Sv;)](%)),v; —v] <0

By the lemma

vi ([10(Sv;)]() — v([y(Sv)](#) in L*(Qr).

Thus (i) implies
(v;) — v in LP(0,T;V).

So A: LP(0,T;V) — L%(0,T;V*) is bounded, demicontinuous, belongs to
(5)-.

Finally, assumptions (i), (ii), (iii) imply that A is coercive. Because by (iii)
‘ [M(Sv, (Sv)([1(Sv)](1)), DSv, (DSv)([72(S0)](#))), 0] ‘S

H v H]Zp(oj;v)

{ | M (S0, (50) (1 (S0))(1)). DS, (DS) (2SO %2 0709 }”q

[ v ll?
and the term on the right hand side in brackets can be written in the form

| M(Sv, (50)([71(Sv)] (1)), DSv, (DSv)([v2(S0)I() 740,71+ y
o P+ 1l So P + ] (So) ([ (S0))@) [P + || DS [P+ [| (DSv)([v2(Sv)](E)) [P

Lo P+ 1 Sv P + || (So) ([ (S0)IE) [[” + || DSv [P + || (DSv)([v2(Sv)](E) [P

[ o]
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where the second fraction is bounded by the lemma and for any € > 0 there
exists @ > 0 such that the first fraction is less than ¢ if its denominator is grater
than a. Thus, choosing sufficiently small € > 0, by (i), (ii) we obtain

A

[A(),o] S 2

[olr =2 (ol

with some constant ¢4 which implies

[A(v), 0]

im ———— = 400,
loll—oo || v ||

i.e. A is coercive. Consequently, there is a solution of (2.1), (2.2).

3 Examples

The following examples satisfy the assumptions of Theorem 2.1.

[N(v,w), z] = Z/ b(t, z, [H(w))(t, z))(Div)|Dv|P~2 D;zdtdz+

/ bo(t, =, [Ho(w)](t, ))v|v[P~2 zdtdx

T

where b, by are Carathéodory functions, 0 < co < b,bg < c3;

H, Hy : L*(Qr) — C(Qr) are continuous linear operators

(Qu, v) = / zn: ap DyaDyo + dotitr | dx
Q| gi=1
where ag;, do € L*=(Q), ax = aig, 22,1:1 ar(x)Ek& >0, dg > 0.
M(u, @, w, W) =
bt z, [F1(0)](t, 2), [Fa(D)](t, ) - oult, 2, u, w)
where oa,l; are Carathéodory functions,
la(t, z, u, w)| < const[l + |u|” + |w]|’],

|b(t, 2, 61,05)|" < const[1 + 62 + 63]

where 0 < p < p—1,¢1 = p/(p—1—p) and F; : L*(Qr) — L*(Qr) are
continuous operators satisfying with some o < p

o/2 o/2
/ |F1(@)]? < const [/ |ﬁ|2} ,/ | Fy (@) |> < const [/ |1D|2} .
T Qr Qr Qr

(For p > 2, 0 may be 2, F; linear continuous operator.)
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4 Boundedness and stabilization

Now we formulate an existence theorem in (0, 00) which can be obtained from
Theorem 2.1, by using a diagonal process and the Volterra property (see, e.g.
[6], [9]). Denote by L} (0,00;V) the set of functions u : (0,00) — V such that
for each fixed finite 7' > 0, u|,r) € LP(0,T;V) and let Qo = (0,00) x €,
L{ (Qs) be the set of functions u : Qoe — R such that u|g, € L*(Qr) for any
finite T'. On operators ; assume
(Goo) Operatorsv; : L7 (Qoo) — C4l0, 00) are of Volterra type, i.e. [v;(u)](T)

depends only on u|g.., for any finite T and v; : L*(Qr)) — C,[0, T is continuous
for every T. Further,

S(](62) > e, 0< by(w](t) <1

with some constant cg > 0.

Theorem 4.1 Assume that Q : V — V* satisfies (ii). Let
N:L?

loc

M : Lfoc(()’ 003 V) X LlQOC(QOO> X L’};,ZOC(QOO) X L%,loc(QOO) - L?oc(ov S V*)

(0,00; V) x L?

loc

(Qoo) = Lipe(0,00; V),

be operators of Volterra type and assume that for each finite T > 0 their restric-
tions to (0,T) satisfy (i) and (iii).
Then for arbitrary f € L} (0,00;V*), ug € V, uy € H there exists u such

loc
that uw € C([0,00); V), v’ € LY (0,00;V), u” € L} _(0,00; V*) and

loc loc

u” (t) + N (u'(t), v/ (o (W) (1)) + Qu+ (4.12)
M (u(t), u([y1(w)](#)), Du(t), Du([y2(u)](t))) = f for a.a. t € (0,00),
w(0) = ug, u'(0) =u (4.13)

Now we formulate a theorem on the boundedness of the solutions of (4.12),
(4.13).

Theorem 4.2 Let the assumptions of Theorem 4.1 be satisfied such that for all
ve Ll (0,00;V), weL? (Qoo)

(N(v,w),v) >co || () |}, te€(0,00) (4.14)

with some constant ca > 0 and for all u € LY (0,00;V), @ € L? (Qw), w €
Lz,loc(QC’O>’ w e L%,loc(QOO>

| M(u, @, w, o) ||{.< Pi(t), te(0,00) (4.15)

with some ®; € L*(0,00). Finally, let f € L1(0,00; V*).
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Then for a solution w of (4.12), (4.13), y(t) =|| «'(t) ||% is bounded for
t € (0,00), u' € LP(0,00; V) and

<Q[u(t)],u(t)> is bounded for t € (0, 00).

If

(Qui, @) > cs || @ [3y12¢0) foraeV

with some constant c3 > 0 then

| u(t) [[wi2q) is bounded for t € (0, 00).

Proof Applying both sides of (4.12) to w’ and integrating over [0,T], we
obtain

[, u] + [N (', ! ([yo ()] (1)), '] + [Qu, u']+ (4.16)
[M (u(t), u([n1 ()] (t)), Du(t), Du(fy2 () (1)), u'] = [f,u].
According to [11], [9] we have

) = 5 1) B — 10/0) = 5y — 59(0),  (@17)
Quo) = 5 (QulT), u(T)) ~ 5(Qu(0), u(0)). (115)

Further, by Young’s inequality and (4.15)

|[M (u(t), u([11 ()] (t)), Du(t), Du([y2(w)](t))), v]| < (4.19)

—/ (RAGR dt+—/ D (¢

|MW§;A|uOWﬁ+—/|fn%w (4.20)

Choosing sufficiently small ¢ > 0, we obtain from (4.14), (4.16) - (4.20) the
inequality

T
D)+ 2 [ 1) I di+ 5(Gum).ur) <
const 1+/O <I>1(t)dt+/0 £ 119, dt

which implies the statements of Theorem 4.2.
Now we prove a theorem on the stabilization of the solution as t — oc.
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Theorem 4.3 Assume that the assumptions of Theorem 4.2 are satisfied such
that for all v € L} (0,00, V), w € L}, (Qoo)

([N (v, w)](#), v(t)) = ca(L+ )" [ w(t) [[}, ¢ € (0,00) (4.21)

with some constants p >p—1 (p > 2), ca > 0. Further, there exists foo € V*,
a continuous function ® € L'(0,00) with lims, ® = 0 such that

() = foo lIV+ < @(2), € (0,00) (4.22)
and there exists a solution us, € V of
Quoo = foo- (4.23)
Then for a solution w of (4.12), (4.18) we have

Tim || /(1) || =0, (4.24)

/ (L4267 || /() |3 dt < oo, / T+t |/ (t) ||} dt <oo  (4.25)
0 0
where 0 < B < [2u— (p — 2)]/p and there exists w € V such that

const 1

_ 9 « -7 =
) = w Y= 375

where A\=p/(p—1) > 1. (4.26)

Proof Applying (4.12) to v’ = (u — ux ), we obtain by (4.23)

T T
/ (a7 (£), (£t + / (N (o (o (w)] (1)), ' (£)) di-+ (4.27)
0 0
T ~
/0 (Olu(t) — wse), [ult) — uoc))dt+
/0 (M (u(t), u(f ()] (£)), Du(t), Du(( ()] (), ' (£))dt =
/0 (1) — foos ' (B)d.
Similarly to the proof of Theorem 4.2, equality (4.27) implies, by using Young’s

inequality with sufficiently small € > 0, that for y(¢) =|| v/(¢) ||% the following
inequality holds:

1 c T 1 -~
S0+ 2 [ 02 [ 0) 1 di+ QD) — el D) — ) < (429
T T 1.
const 1+/0 <I>1(t)dt+/0 D(t)dt | + 3 (QMu(0) ~ ], u(0) ).
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Since the right hand side of (4.28) is bounded for all T > 0, we obtain the second
part of (4.25). Counsequently, for any 77 < Ts we have

HME)—MﬂJM:H6WKB)—@MXEHW=WAZM@MHWS (4.29)

T2 / T2 1 A/ /
= _— 1 q <
v = [ o @ Y ) Iy de <

T
T 1/q T 1/p
{éﬂajggw} {AWO+WWuﬁH€w}

where A > u/(p—1) > 1 and thus pA/g=A(p—1) = p.
Thus for any € > 0 there exists Ty > 0 such that for Ty < 71 < 15

[ u(T2) —u(Th) [lv<e.
Hence, there exists w € V' such that
Tlim | w(T) —w|v=0. (4.30)

In order to prove (4.26), letting T» — oo in (4.29), we find

= u(t) vs [ ) v e <
T

e} o o)

amsme) {[Cavorvo g al”

i.e. we have (4.26).
The first estimation in (4.25) can be proved as follows.
If 0 < B < [2u— (p—2)]/p then by Holder’s inequality

/mﬂ+6WHM@H%ﬁéamﬁ/mﬂ+6WHw@H%ﬁ:
0 0
const [ (14 8) 72011+ 207 4/ 0) e <
0

) P (p—2)/p o 2/p
const{/ (1+8)%3 dt} {/ L+ 6" || w'(t) | dt} <o
0 0

because of the second part of (4.25) and ﬁg:g“ < —1. In the case p = 2

the first multiplier in the last term is the L°°(0, 00) norm of the function ¢ —
(1+ t)P=2n/p,
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Now we apply again (4.12) to v’ = (u —us)" and integrate over [T7, T»] then
we obtain by (4.23) the inequality (similarly to (4.27))

) =T+ 5 [T o s

(QUu(T1) = usc], u(T1) — o) <

N~

(Qu(T) — uoc], u(T2) — uoc) —

/TZ Bs (£)dt + /T2 (#)dt

T T

N =

const

Since Q : V — V*is a continuous and linear operator, by (4.30)

lim  {(Q[u(T2) — uoo], u(T2) = uoe) = (QLu(Th) — ucc), u(Th) — uce)} =0,

Tl,TQ—N)O
thus (4.25) and ®1,® € L1(0, 00) imply

lim  [y(Tz) — y(T1)] = 0.

Tl,TQ—N)O

Consequently, limr_, o, y(T) exists and is finite, further, by the first estimation
in (4.25) it must be 0, i.e. we have (4.24), which completes the proof of Theorem
4.3.

Remark The example in Section 2 satisfies the assumptions of Theorem 4.2
if
0<co<b(t,z,0) < B(T)<o0, 0<eca<by(t,z,0) <B(T)<oo, te0,T]

for all T > 0 and
|b(t, x,01,05)| < const, |a(t,z,u,w)| < &1(t), tE€ (0,00).
Further, N satisfies the assumptions of Theorem 4.3 if

const(1 + )" < b(t,x,0), const(l+t)* < by(t,z,0), te(0,00)

is satisfied, too (with some positive constant).
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