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Abstract. This paper examines a class of fractional p-Kirchhoff systems driven by a
nonlocal integro-differential operator with singular nonlinearity. By making use of
Nehari manifold techniques, the existence of two nontrivial solutions is established.
Our results extend those in Xiang et al. [Nonlinearity 29(2016), 3186-3205] for the corre-
sponding subcritical case.
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1 Introduction

We look for nontrivial solutions of the following fractional p-Kirchhoff system

k 0—1
() o) = Alulr-2u+ gyl ino,
7]

i=1
uj=0 in RN\ Q,

1
o= ([ OOl N s
]SP RN xRN |x—y]N+PS y ’ ] L., K, > 2,

6>1,N>pswiths € (0,1),0<m<1,0<2-2m<bp<q<pl=ry5b, QCRVisa
bounded domain with Lipschitz boundary, A; > 0 is a parameter, 8;; > O forall1 <i <j <k,
Bij = Bjifori#j,j=1,2,...,k and (—A); is the fractional p-Laplace operator which may be
defined along any v € C°(RY) as

(1.1)

, lo(x) — o(y)[P~2(0(x) — 0(y)) N
—AYp=21 for x € R
(Z8)po =2 i, f st e — y [N W torx e R

where Bs(x) denotes the ball in RV of radius 6 centered at x. For more details on the fractional
p-Laplacian, we can see [8] and the references therein.
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In [9], a steady-state Kirchhoff variational model in bounded regular domains of RN was
proposed by Fiscella and Valdinoci. In fact, problem (1.1) is a fractional version of Kirchhoff
model. Specifically, Kirchhoff proposed the following model

0%u po  E 5 0%u
(h + 2LHquL2([O,L])) ﬁ = f(X, 1/[), (12)

Poz —
where p, po, h, E, L are constants. As we all know, this model extends the classical D’ Alambert
wave equation. Set M(y) = po/h+ (E(2L))y with y > 0. If M(0) = 0, we call problem (1.2)
degenerate, otherwise, it is called non-degenerate if M(0) > 0. For M(0) = 0, it has a very
important physical significance, that is, the base tension of the string is equal to zero. Clearly,
in this paper, we are concerned about the situation of degradation in the fractional p-Laplacian
setting. We refer the interested reader to [2,6,12,13] for some related results.

In recent years, with the application of nonlocal operators in real life or engineering fields
becoming more and more obvious, such as bridge survey, population model, image process-
ing, etc., the fractional Laplacian operator has received extensive attention. Most recently,
Sousa in [14] studied a class of fractional p-Laplacian differential operators with variable ex-
ponents. The author obtained the existence of a positive solution for the investigated fractional
system of the Kirchhoff type by using the method of sub- and super- solutions, via technical
assumptions on the nonlinearity. In [19] Zuo et al. considered a variational approach based
on the scaling function method to solve optimization problems. Precisely, in [18] Zhao et
al. studied a p-fractional Schrodinger-Kirchhoff equation with electromagnetic fields and the
Hardy-Littlewood-Sobolev nonlinearity. They used the concentration-compactness principles
and improved techniques to obtain Palais-Smile condition at level c. By variational methods,
they obtained the existence and multiplicity of solutions. For more literature about the results
for nonlocal fractional Laplacian operators and related nonlocal integro-differential equations,
we can also refer to [1,7,17] and the references therein.

On the other hand, there are a lot of literature on the equation or system with singular
nonlinearity. Consider the following semilinear problem

(=A)Su = Ak(x)u™7 + Mu1 in O,
ulpo =0,u >0 in Q,

wheren > 25, M >0,0<s<1,9>0,A>01<g <2—1 The weightsk: QO — R
are assumed to be nonnegative and (essentially) bounded. In [3], the authors studied the
existence of distributional solutions for small A using the uniform estimates of {u,} which
are solutions of the regularized problems with singular term u~7 replaced by (u+ )~7.
This was extended for the p-fractional Laplace operator by Canino et al. in [5]. Assuming
0 < 7 <1, Ghanmi and Saoudi [10] studied the existence of at least two solutions for singular
equations with a positively homogeneous function by making use of variational methods. For
fractional Laplacian system involving singular nonlinearity, the work [11] dealt with

(—A)u = Aa(x)|ul72u + zigfﬁc(x)|u|*“|v|1*ﬁ x €,
(~8) = pb(x) o120+ @l ol xeQ,
U=0=0 x € RN\ O,

where A,y € (0,0), 0 < a4, <1, N >25,1<qg<2<2= %, s € (0,1), and

a,b,c € C(Q) are nonnegative functions. With the help of Nehari manifold, the authors
obtained two nontrivial solutions to this system.
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Inspired by above papers, the main purpose of this paper is to extend the following work
[16]

k 6—1
(iz[uﬂf,p) (~B)5(x) = Mt 2+ 3 Byl 2y in

uj =0 in RN\ Q.

(1.3)

In [16], when 1 < g < 0p < 2m < p;, the authors obtained two distinct solutions to
system (1.3). We try to study whether it is possible to get similar result when replacing
Vit Bijlui|' =™ |uj|~™ in the place of Zi#jﬁij|ui|m|uj|m*2uj. The main difficulties in dealing
with this problem come from the singular nonlinearity, i.e. 0 < m < 1. To our best knowl-
edge, our result for the fractional p-Kirchhoff system with singular nonlinearity is new.

Before describing main result, we recall some necessary definitions. For convenience, we
denote by |u|, := [|u|,(gy) the norm of Lebesgue space L'(Q)) with r > 1. Define W*?(Q) as
a linear space of Lebesgue measurable functions from RY to R such that the restriction to Q
of any function u in W*?(Q)) belongs to L*(Q2) and

—u(y)[?
//IRNX]RN y|N+ps dxdy < oo.

Equip W*”(Q)) with the norm

1
—u(y)l ’
HMHWs,p ’u|p (//]RNXIRN |x—y’N+P5 dxdy) .

Obviously, W¥?(Q)) is a Banach space. We shall consider the following closed linear subspace
W (Q) = {u € WP(Q) : u(x) = 0 ace. in RN \ Q} ,

Moreover, we have that

1
|u] ”]( )P B
lullw, = <//RN R g dxdy>

is an equivalent norm of W; = W,”(Q). It follows from the fractional Sobolev inequality that

p
uillw,
6= ing (Muillw)" (1.4)
wew; \ [ujlpe
In this paper we will work in the reflexive Banach space W = Wj x - - - x Wy endowed with
the norm

1
lallw = (el + -+ lollfy, )" V= (1, ) € W,

The variational functional of system (1.1) is

1
J(u) = @nuu%’ D || — szu wili=m, (1.5)

] li<j
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for u = (uy,...,ux) € W. Note that | ¢ Cl(W,]R), and classical variational methods are not
applicable. Moreover, we say that function u = (uy,...,u;) € W is a weak solution of system
(1.1), if

] pZ/ANWhu ) = )20 — ) () ~wi(y)

=yl

£ 1—-

= LA J i b 35y [ il |
j=riFEj

for any w = (wy, ..., wx) € W. Itis easy to see that solutions of system (1.1) correspond to the
critical points of J.

Set
0 242 242 T gpeleqz,,, @m-2+q9)®p—p%) 6@m-2+q)
A= p—2+2m <5]— + m) ? (EZIB1]> Q) pEOp-2+2m) G op 2o ,
q—0p q—0p =iz
Op %
Ao = A
0 <2—2m) '
9p—q
oy
@A{(M,/\z,---,)&) (RHF:0< (ZAG”"> <A}
and

GPJ
kK  6p p
On, = {(Al,)tz,...,/\k) e (RMHF:0< <ZA;’M> < Ao}-
j=1

Obviously, ©5, C @. Our main result is the following.
Theorem 1.1. Suppose that (A1, A2, ..., Ax) € Op,. Then system (1.1) has two distinct solutions.

The remainder of this paper is organized as follows. In Section 2, we state some prelimi-
nary results. Section 3 is devoted to the proof of Theorem 1.1.

2 Preliminaries

In this section, we state some basic results. Define the constraint set (Nehari maniflod)
N = {ue W\{0}: (J'(u),u) = 0}.
Thus, u € N if and only if
0
ul|% = ZA / ]u]]qu—i—ZZZ,Bl]/ s~ dx. 2.1)
j=1li<j

Fix u € W and define the function of the form Ky, : t — J(tu) for t > 0. Such maps are famous
fibering maps, which were discussed by Brown and Wu in [4]. Precisely,

22[31]/ || " dx.

] 1li<j

22m

tp
mmznmwaM|—zA/wmw—
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Therefore,
k
— 0 _ _
KL () = 07 u]|% — 1971y A / Juj|7dx — 261~ 2’“22,31]/ i |~ dx
j=1 j=li<j

and
k
_ 0 _
Ky(6) = (6p = D2} — (g = De2 YAy [ oyl
j=1
—2(1—2m)t" szZ[BU/ || " dx.
j=li<j

Lemma 2.1. Let u € W\{0} and t > 0. Then tu € N if and only if K (t) = 0.

Proof. Note that

(K () = ||ful| 2)\ / ]tu]|‘7dx—222,81]/ st .

j=1i<j

By (2.1), we can easily draw the conclusion of the lemma. O

Using methods similar to those used in [15], we split N into three sets. Accordingly, we
define
Nt ={tue W:K[(t) =0,K.(t) >0} = {uec N :KJ(1) > 0};
“={tueW:K (t) =0,K(t) <0} ={ue N:KJ(1) < 0};
={tue W:K,(t) =0,K](t) =0} = {ue N :K](1) =0}.

In the next, we state some basic properties of submanifold.
Lemma 2.2. Let ug be a local minimizer for | such that ug & N°. Then g is a critical point for .
Proof. Since uy is a local minimizer of | on N, it is a solution of the optimization problem
minimize | subject to F(u) =0,

where

F(u) = [|u]% Z/\/]u]]"dx—222ﬁl]/ || dx,

j=1i<j

Then, applying the theory of Lagrange multipliers, we can find a # € R such that J'(ug) =
uF (up) which implies

0 = (J'(uo), wo) = p(F'(uo), uo).

Further, from uyp € N and uy ¢ AV it is easy to know (F'(ug),ug) # 0. So we obtain y = 0
and the proof is complete. O

Lemma 2.3. The functional | is coercive and bounded below on N
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Proof. For any u € N, by (1.4), (2.1), the Young and Holder inequalities, we obtain

1@ = (g = )i~ (125 - 2) S ol

p q j=li<j
1 —
> (o )it = 3 (525 2) D (2 + a2 3
p j=1i<j
1 2m—2 —om
2 (g5 1) 1 5 (125 2) Sl ™5™ g,
p j=1i<j

which together with 2 — 2m < 6p yields that | is coercive and bounded below on .

Set

0
La(t) = 7 7|ul|{} — 22272 qzzﬁl]/ T 9

j=1li<j
Clearly, tu € NV if and only if

k
=) /\'/ |ui|7dx.
] ]
=1 70
Moreover, I, satisfies the following properties.

Lemma 2.4. Suppose that u € W\{0}. One has

(i) the function I, possesses a unique maximum at

s
2(g —2+2m) Z L Bij Jo lwinej] =" dx
E= b = U :
max — GP 7
(7 —0p)[lully

(ii) I (t) > 0 for t € (0, tyay) and I, (t) < O for t € (bpax, +00);
(iii) limy_,o+ Iy(f) = —o0, im0 Iu(t) = 0.

Proof. Note that

() = @ — )l ~22— 2 — )21 Y Y By [ g,

j=1li<j

Set I} (t) = 0. Obviously, I}, (tyax) = 0 and I} (tuex) < 0, with unique

1
Op—2+2m

k
2(q —2+2m) L L Py Jo lwiu | dx
=iy

bax =

0
(7 —0p)[ullyy

Moreover, it is easy to see that (ii) and (iii) follow from the structure of I,.

Lemma 2.5. Suppose that ta € N'. Then tu € N or (N7) if and only if I,(t) > 0 or (< 0).

(2.2)
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Proof. If tu € N, by (2.1), we get

_ 0 m m
KU() = 0 — )2l — 22— 2m— )t 7By [ "

j=1i<j
Note that
A9 () = KU,
which yields that tu € N'* or (N7) if and only if I},(#) > 0 or (< 0). O

Lemma 2.6. Suppose that u € W\{0}. Then for (A1, Az, ..., Ax) € Oy, there exist tT,t~ > 0 such
that t+ < tyey < t~, tTu e N7, t-u e N~ and

J(ttu) = inf J(tu), J(t7u) = sup J(tu).

Ogtgtmax tZO

Proof. By (1.4), the Young and Holder inequalities, we have

Op—2+2m
sy (25 £ B o b
Op—2+2m (q—2+2m)9p2+231 ( f=toy ZJfQ ]
0 2 2m
(Il )” '

q—0p q—0p
Op—2+2m
2—-2m—q Z Z ﬁz]’Q|
S Op —2+2m <q — 2+2m> p—22m \ j=1i<j
- q—0p q—0p (” 1 )ap i
2-2m—q

_Op—q
9 —2+2m —2+2m Op—2+2m 2 Op—2+2m
= (5 (zzw ) Jull
j=li<j

Iu (tmax) -

Op—q

q—0p q—06p

It follows from (A1, Az, ..., Ax) € Op that

k Pi—q k
0< YA [ fujlidx <1077 Y Al
=1 70 =1
Op—q
ps—aq
<1017 S Y Ajllugllfy, < 0 7

.k e g (ke \ T o
ill%illw, = 57 Z)‘jp ! Z H”]”
= =

0p—q

pi-q g k 097p op
<|Q| % sy Z;/\].”’q [ullfy < La(tmax),
]:
which implies that there exist t7,t~ > 0 such that {7 <ty < t7,
k
_ ZAj/ Juj|9dx = Ly(t),
=1 70

I[(t7) > 0and I () < 0. Then, by (2.2) and Lemma 2.5, we obtain tTu € N and t ' u € N
Combining Lemma 2.4 and

/ q—-1 £ q
KL(f) = t <1u(t)—j21)\j/0|uj| dx>,
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we get that J(tu) is strictly decreasing on (0,t), strictly increasing on (+*,¢7) and strictly
decreasing on (t~, 4+o0). Hence

J(tTu) = inf J(tu), J(t u) = sup J(tu).

0<t<tmax t>0
The proof is completed. O

Lemma 2.7. Suppose that (A1, Aa,...,A;) € Op. Then NO = @

Proof. Arguing by contradiction, we assume that A'* # @. Then for u € N'?, we have by (2.1)
that

0= Ki(1) = (6 — ) ullf ~ 22~ 2m— ) Y- By IRCT

j=1i<j
0
= (Op +2m — 2)||u]| — (q+2m—z)ZAj/Q\uj|mx.
j=1

Hence, by (1.4), the Young and Holder inequalities, we get

22511/ || " dx

}7 j=1li<j

2 2
<= q225u

9p q j=li<j

Jul = 22=2m —q)

72
Pl 2",

which implies that

Huuws<2 2m — 2251] ) . 2.3)

Qp q j=1li<j

Moreover, by (1.4) and the Holder inequality, we get

Qp q+2m 2
HHHW 0p 1 2m — 22)\/|u]|’7dx

0p—q
op
q+2m 2 -1 Hpq q
< - Ps /\
Sfpram—2 i Z i

which implies that

k 0 6};77 Op=1
q+2m—2 4 o
e e P s S Ao ' 04
uw(9p+2m 2| |p ! ]; ] o0
Combining (2.3) and (2.4), we obtain
Op—q
k o op
r—q
(ZAJ )
j=1
Op —2+2m [q—2+2m\ T et oo
> P -0 <q —0 ) 22,31] | EOp-202m) Gz
! § I P j=1i<j
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which contradicts ]
P—q

k 967?’ Ty
p—a
< ]; Aj < A.

This ends the proof. ]

3 Proof of Theorem 1.1

By Lemmas 2.3 and 2.7, for (A1, Ay, ..., Ax) € ©p, we obtain N = N T UN " and | is bounded
from below on N’ ™ and NV ~. Set

v - _
w _ug};*](u) and & = 1nf J(u).

ueN -
Lemma 3.1. a™ < 0.
Proof. Foru € N, we have K/,(1) = 0 and K{/(1) > 0. Then
(O~ Il > 22~ 2m ) YTy [l
J=1i<)
This yields that

@ = (- D)1t (525 - 2) S el

q j=1i<j

11 1 2\  q—6p N
< . - R
B KGP ‘7) (1—’“ q) 2(4—24—2711)] Il

_(Bp—q)(6p—2+2m) 0o
due to 0 < 2 —2m < Op < g. Therefore a* < 0 follows from the definition a™. O
Lemma 3.2. The minimization problem
+ f
ot = inf J(u)

is achieved at a point ut € N'T.

Proof. Let {u,} be a minimizing sequence of the minimization problem, i.e. {u,} C N'* and
lim, e J(u,) = at. By Lemma 2.3, it is easy to see that {u,} is bounded, we can find a u™
such that u, — u™ weakly in W, u, — u™ strongly in L"(Q), 1 < r < p%. Now, we prove

HIEI.}OZZ&]/ [ (u)i(an) |1 Mdx = ZZ:BZ]/ [(u ‘1 Mdx 3.1)

j=li<j j=li<j

and
nlgrolOZ/\ / |(u) |‘7dx_2/\ /\ );7dx. (3.2)

By the Vitali theorem, we claim that

lim/ ()i ()1~ ’”dx—/\ )i "dx,
n—o0
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In fact, by the Young inequality, we have

1 1
/ | (wn)i(wa)j '~ "dx < f/ I(un)i|2_2mdx+f/ |(wn)j[2~"dx.

By the Sobolev embedding theorem and boundedness of {(u,);}, we can find a constant C > 0
such that |(u,);[p: < C. Moreover, it follows from the Holder inequality that

2 —2

*+
S P2 < 101 ()i 32 63

From (3.3), for every € > 0, setting

5

s (_¢€ iz
—\cz2m ’
when A C ) with meas A < ¢, we obtain

/I 2y < AT < e

Similarly, [, |(u,);]*~*"dx < €. This yields that

{/]un W) mdxnelN}

is equi-absolutely-continuous. Thus, our claim is true. This implies that (3.1) holds. On the
other hand, for 1 < j < k, it follows from the Holder inequality and u, — u™ strongly in
L1(Q)) that

Gyl = )1t e =g [ (1170 () = ()07 ) = ()

< gl (un); + (W)l [ (wa); = ()l
< Cl(un)j = (uF)jlg =0,

as n — oo, where T € (0,1) and C > 0 denotes various constants. Therefore,

lim/ ()7 = [(t);|7[dx =0,  Vje{1,2,...k},

n—oo

which implies that (3.2) holds. Furthermore, we can prove that u, — u™ strongly in W.
Arguing by contradiction, we assume u, ~ u™ strongly in W. Then,

+19p s op
Ja 195 < lim inf w37

By Lemma 2.6, there exists t* > 0 such that t"u* € N'*. Then, for u, € N'", one has

!/
Jim, K, (1)
- 1gn<<t+>9P - ()1 1D/|un fidx— 2t+12m2251]/|“n ) '%c)
n [ee]
j=li<j

> ()0 1Hu+”0p ()1~ 12/\ / [(wh )] 9dx — 2(4+) 1 2m2>:ﬁl]/ (u )|y

j=1li<j
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This yields K}, (t*) > 0 for large enough n. Note that K|, (1) = 0 for each n and K}, (t) <0
for t € (0,1). It follows that t* > 1. Moreover, from that fact that K+ (t) is decreasing on
(0,t1), we have

J(tTu®) < J(uh) < lim J(u;) =a,

n—oo
which contradicts the fact that a™ = inf,c -+ J(u). Thus, we conclude that u, — u* strongly
in W. By Kj, (1) = 0 and K] (1) > 0, we get that K/ (1) = 0 and K[/, (1) > 0. Note that
N = @. Then K. (1) > 0, which implies u™ € N'*. Above all, by J(u") = infycpr+ J(u) <0,
u™ is a minimizer of | on N'*. The proof is completed. O

Lemma 3.3. Suppose that (A1, Az, ..., Ax) € Op,. Then a= > g for some g > 0.
Proof. Foru € N'—, we have K/;(1) = 0 and K]/(1) < 0. Then

k
0
(Op — 2+ 2m)[ull ) < (g—2+2m) Y2 [ fuglia.
j=1

By (1.4) and the Holder inequality, we have
9p—q
k }’;7:'7 g k 99% op g
jZlA]-/Q it <1057 LATT )l

Hence,

= (g5 -7 ) el - (25 2) fzﬁiﬂuiuﬂ%zz

Op 1/ j=1i<;
1 2\ &
> (g2 ) M= (125 - 2 ) Lol
p q j=1i<j
_ 1 1 0 210 1 +2m—2 2m
=l (9 Dl =5 (2 - ) Y Y g0l w8 ]
q j=1i<j
o =
_ 1 1 2+2m Pé‘—q
2—2m - - q P fp—4q
> HuHW (9 q) |:9P 2—|—27’}’l <2/\ ) :|
1 2m—=2 oy
_E <1 _>ZZ[B”’Q| ¥ S P P > o >0,
j=li<j
thanks to (A1, A2,...,Ax) € O, and (3.4). d

Lemma 3.4. The minimization problem

o Sl

is achieved at a point u= € N~
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Proof. Let {u,} be a minimizing sequence of the minimization problem, i.e. {u,} C N~ and
lim, 0 J(u,) = a~. By Lemma 2.3, it is easy to see that {u,} is bounded, we can find a u~
such that u, — u~ weakly in W, u, — u~ strongly in L"(Q)), 1 < r < pZ. Similar to Lemma
3.2, we have

,}52022&]/ [t )i () mdx_22ﬁ1]/| |1 Mdx

j=1i<j j=li<j

and
2 q 2 q
nhm A/[un\dx )\/] |dx

Furthermore, we can prove that u, — u~ strongly in W. Arguing by contradiction, we assume
u, » u~ strongly in W. Then,

—6p . . op
o7 < Jimin a7

By Lemma 2.6, there exists t~ > 0 such that t"u~ € N . Thus, since {u,} C N~ and
J(tu,) < J(uy), for all + > 0 we have

J(tu”) < lgn J(t u,) < hm J(up) =a”,
n—oo
which contradicts the fact that «~ = infycp- J(u). Thus, we conclude that u, — u~ strongly
in W. By K, (1) = 0 and K[ (1) < 0, we get that K/ _(1) = 0 and K/_(1) < 0. Note that
N = @. Then K/, (1) < 0, which implies u~ € N'". Above all, by J(u™) = infyecp- J(u), u~
is a minimizer of ] on N/ ~. The proof is completed. ]

Proof of Theorem 1.1. For all (Aq,A2,...,Ax) € Op,, by Lemmas 3.2 and 3.4, we conclude that
there existu™ € A" and u™ € N~ satisfying J(u™) = infycp+ J(u) and J(u™) = infycp- J(u).
In view of Lemma 2.2, ut and u~ are two solutions of system (1.1). Moreover, since J(ut) =
J(lu™|) and |ut| € Nt and similarly J(u™) = J(Ju7|) and |u~| € N, so we may assume
u® > 0. Since N'* NN~ = &, two solutions of system (1.1) are distinct. And by Lemmas 3.1
and 3.3, we have J(u") < 0and J(u~) > 0. Hence we provided the existence of two nontrivial
nonnegative solutions to our system (1.1). O
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