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1 Introduction

Occasionally, natural phenomena must be modeled using differential equations that may have
discontinuous solutions, such as a piecewise constant, or the impulsive effect must be present.
Some examples of such modeling can be found in the works of S. Busenberg and K. Cooke [7]
(where the authors modeled vertical transmission diseases) and L. Dai and M. C. Singh [12]
(oscillatory motion of spring-mass systems subject to piecewise constant forces such Ax([t])
or Acos([t])). The last work studied the motion of mechanisms modeled by

mx" (t) + kx; = Asin <w [;]) ,

where [-] is the greatest integer function. (See [11]).
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In the 70’s, A. Myshkis [15] studied differential equations with deviating arguments (h(t) <
t, such as h(t) = [t] or h(t) = [t — 1]). The Ukrainian mathematician M. Akhmet generalized
those systems, introducing differential equations of the form

y'(t) = f(ty(),y(v(1)), (1.1)

where 7(t) is a piecewise constant argument of generalized type. In order to define such 7, let
(tn) ez and (Cn),cz such that t, < t,1,Vn € Z with lgn ty, = oo, l1m tp = —oc0and {, €
n—oo

n—
[tn, tni1]. Then, y(t) = Cy, if t € I, = [ty, tys1) - Le, () is a step functlon. An elementary
example of such functions is 7y(t) = [t] which is constant in every interval [n,n + 1[ withn € Z
(see (1.3)).

If a piecewise constant argument is used, the interval I, is decomposed into an advanced
and delayed subintervals I, = L7 UI,, where I = [t,,{,] and I, = [{n, tyt1]. This class
of differential equations is known as Differential Equations with Piecewise Constant Argument of
Generalized Type (DEPCAG). They have continuous solutions, even though 7 is discontinuous.
If we assume continuity of the solutions of (1.1), integrating from t, to t,;1, we define a
finite-difference equation, so we are in the presence of a hybrid dynamic (see [3,17]).

For example, taking v(t) = [51]h with 0 < I < h, we have

[t+l

p ]h—nh whentel, =[nh—1,(n+1)h—1).

Then, we see that y(t) —t >0 < t <nhand y(t) —t <0 < t > nh. Hence, we have
Ii =[nh—1,nh], I, =[nh(n+1)h—1].

Now, if an impulsive condition is defined at {t,},cz, we are in the presence of the Impulsive
differential equations with piecewise constant arqument of generalized type (IDEPCAG) (see [2]),

xX'(t) = f(t,x(t), x((1)),  tFt
Ax(tn) = x(tn) = x(t;) = Ju(x(t,)),  t=ty, neN, 12)

where x(t, ) = lim, ;- x(t), and ], is the impulsive operator (see [18]).
When the piecewise constant argument used in a differential equation is explicit, it will be
called DEPCA (IDEPCA if it has impulses).
An elementary and illustrative example of IDEPCA
Consider the scalar IDEPCA
X(t) = (a=1Dx([t]), t#mn
x(n) = Bx(n™), t=n, neN. (1.3)

where o, B € R, B # 1.
If t € [n,n+1) for some n € Z, equation (1.3) can be written as

x'(t) = (a — 1)x(n). (1.4)

In the following, we will assume fy = 0. Now, integrating on [n,n + 1) from n to t we see that

x(t) =x(n)(1+ (« —1)(t —n)). (1.5)
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Next, assuming continuity at t = n 41, we have
x((n+1)") = ax(n).

Applying the impulsive condition to the last expression, we get the following finite-difference
equation

x((n+1)) = (ap)x(n).

Its solution is

x(n) = (ap)"x(0). (1.6)
Finally, applying (1.6) in (1.5) we have
x(t) = (@) (1 (2 = 1)(t = [1)x(0), (17)

Remark 1.1. From (1.7), we can conclude that the underlying dynamic is of mixed type.
The discrete and the continuous parts of the system are dependent. For example, A stable
continuous part (associated with the coefficient a) can be unstabilized by the discrete part
(associated with the parameter ). See [18].

In the next table, we describe some of the behavior of the solutions of (1.7):

Behavior of solutions Condition

x(6)] =50 exponentially. laB| < 1 and af # 0.
x(t) is constant. ap=0ora=p=1
x(t) is oscillatory. af <0

x(t) is piecewise constant. a=1

|x(t)] is piecewise constant and x(t) 2 too. a=1and 1Bl >1
x(t) is piecewise constant and x () =20, a=land 0 < B <1
|x(¢)] LS exponentially. laB| > 1.

Table 1.1: Behavior of solutions of (1.7)
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Figure 1.1: Solution of (1.3) witha = 0.9,  =1.2, xo = 1.8.
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Figure 1.2: solution of (1.3) withx =04, B = -2, xg = 2.4.

1.1 Why study IDEPCAG?: impulses in action
Example 1.2. Let the following scalar linear DEPCA

X(t) =a(t)(x(t) —x([t]),  x(1) = x0, (1.8)
and the scalar linear IDEPCA
2(0) =a(t) (2(t) —2([1)),  t#k
2(k) = cz(k0), t—k kez, (19)

where a(t) is a continuous locally integrable function and (ci)ren a real sequence such that
cx € {0,1}, forallk € N. As y(t) = [t], wehave ty =k =y =kift € [k, k+ 1), k € Z.

The solution of (1.8) is x(t) = xo, Vt > 7. Le., all the solutions are constant (see [17]).

On the other hand, as we will see, the solution of (1.9) is

k(
z(t) = ( I cj) z(7), t>1,
j=

where k(t) = k is the only integer such that t € [k, k + 1].

Hence, all the solutions are nonconstant if ¢ # 1 and Cj # 0, for all j > k(7). This example
shows the differences between DEPCA and IDEPCA systems. The discrete part of the system
can greatly impact the whole dynamic, determining the qualitative properties of the solutions.

1.2 Fundamental matrices and variation of parameters formulas: an overview
1.2.1 The fundamental matrix of a DEPCA system

In [9], K. L. Cooke and J. Wiener were the first to obtain a fundamental matrix for a scalar
DEPCA'’s using the delayed piecewise constant arguments y(t) = [t], y(t) = [t — 1], y(¢) =
[t —n] and y(t) =t — n[t]. Also, they considered the very interesting scalar DEPCA

n

(0 =at)x() + N atx((t—1]),  an £0,

i=0
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Figure 1.3: Solution of (1.9) with ¢, = —1.1 and z(0) = —1.2

and
n

xX'(t) = ax(t) + Y apx(t —i[t]).

i=1
Also, in [19], S. M. Shah and J. Wiener studied the DEPCA

n

X (t) = a(t)x(t) + ) _a;i(t)x([t +1]), a, #0, n>2.
i=0

Then, in [8], K. L. Cooke and J. Wiener studied the mixed-type piecewise constant argument

v(t) = 2[%}] and considered the DEPCA

Z'(t) = az(t) + bz(2[(t+ 1) /2]).

Additionally, in [22], ]. Wiener and A. R. Aftabizadeh considered the mixed-type piecewise
constant argument (t) = m[%} where 0 < k < m, k,m,n € Z*, and they studied the

DEPCA
w' (t) = aw(t) + bw(m|(t + k) /m]).

1.2.2 Variation of parameters formula for a DEPCA

In [13] (1991), N. Jayasree and S. G. Deo were the first to consider the advanced and delayed

parts of the solutions studying the equation

Z'(t) = az(t) + bz(2[(t +1) /2]) + f(1),
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obtaining a variation of parameters formula for this DEPCA, in terms of the homogeneous
linear DEPCA associated:

[(1+1)/21-1 2j+1
() =y+ Y AT [ ¥+ 1,5)f(6)ds
j=0 j
[(+1)/2) 2j-1
- L AW [ 2092 - Le)f(s)ds
j=1 )
Ly PSS

where
A(t) = exp(at) (1 +a’1b) — a1,
¢ and ¥ are the fundamental solutions of x'(t) = ax(t) and y/(t) = ay(t) + by(2[(t+ 1) /2])

respectively.

In [14] (2001), Q. Meng and ]. Yan obtained a variation of parameters formula for the
differential equation

x'(t) +a(t)x(t) +b(t)x(g(t)) = f(t) fort >0,

where a(t),b(t) and f(t) are locally integrable functions on [0, o), ¢(#) is a piecewise constant
function defined by g(t) = np fort € [np —1,(n+1)p — 1) with n € IN and p, [ positive con-
stants such that p > [. The authors studied the oscillation and asymptotic stability properties
of the solutions.

In [1] (2008), M. Akhmet considered the DEPCAG for systems

(t)

w'(t)

A(H)z(t) + B(t)z(y(t)) + F(1), (1.10)
A(t)w(t) + B(t)w(y(t)) + g (t,w(t), w(y(t))), (1.11)

where A(t), B(t) € C(R) are n x n real valued uniformly bounded on R matrices, g(t, x,y) €
C(R x R" x R") is an n x 1 Lipschitz real valued function with g(¢,0,0) = 0, y(t) is a piece-
wise constant argument of generalized type. The author found the following variation of
parameters formula

w(t) = WI(t, to)wo + W(t, to) /Ci X(to,s)g(s,w(s), w(y(s)))ds

to

=1 Ck+1

+ YW by /é X(tes1,5)8(s, w(s), w(y(s)))ds
k=i k

+ [ X395 0(s) o (5)ds,

where j = j(t) is the only j € Z such that t;) <t < tjpy41, b < Ok < b, b <t < tigq, Xis
the fundamental matrix of

x'(t) = A(t)x(t),

and W is the fundamental matrix of the homogeneous linear DEPCAG

y'(t) = A(t)y(t) + By (v (1)).
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Later, in [17] (2011), M. Pinto gave a new DEPCAG variation of parameters formula. This time,
the author considered the delayed and advanced intervals defined by the general piecewise
constant argument

Gi

z(t) = W(t,to)zo + W(t, tg)/ X(to,s)g(s,z(s),z(y(s)))ds

fo

Iy

+ Y Witk / Xt 9)g(s, 2(5), 2(7(s)))ds

k=i+1 b

T
I

j—1

FE Wb [ Xt 5)8(5,2(5), 2(7(:))ds
k=i Cx

I

+/éjX(t’S)g(s’z(s)r2<7(5)))ds,

L

where tz' S to S ti+1 and tj(t) S t S tj(t)+1'

In the DEPCAG theory, decomposing the interval I, into the advanced and delayed subin-
tervals is critical. As we will see, it is necessary for the forward or backward continuation of
solutions.

1.2.3 Variation of parameters formula for an IDEPCA: the impulsive effect applied
For the IDEPCA case, In [16] (2012), G. Oztepe and H. Bereketoglu studied the scalar IDEPCA
x'(t) =a(t)(x(t) — x([t +1))) + f(t), x(0)=xp, t#neN
Ax(n) =d,, t=mn, ne&lN. (1.12)

They proved the convergence of the solutions to a real constant when t — oo, and they showed
the limit value in terms of xy, using a suitable integral equation. They concluded the following
expression for the solutions of (1.12)

x(t) = exp (/{; a(u)du) x([t]) + (1 —exp (/[:] u(u)du)) x([t+1])
+ /[; exp (/Sta(u)du> f(s)ds,

[f]-1

x([t]) =xo+ ) </jj+1 exp <— /jsa(u)du> f(s)ds +exp <— /jo a(u)du) d]-H) .

j=0

where

For the IDEPCA case, in [6] (2023), K-S. Chiu and I. Berna considered the following impulsive
differential equation with a piecewise constant argument

() =t oy (p| ), v =a k-

Ay(kp—1) =dyy(kp —17), t=kp—1, keZ, (1.13)
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t+1

v(6) = a()y(t) + b(e)y (p [p]) R, oy =c, tAkp ]
Ay(kp —1) =dyy(kp —17), t=kp—1, keZ, (1.14)

where a(t) # 0, b(t) and f(t) are real-valued continuous functions, p < I and dy € R — {1}.
The authors obtained criteria for the existence and uniqueness, a variation of parameters for-
mula, a Gronwall-Bellman inequality, stability and oscillation criteria for solutions for (1.13)
and (1.14).

To our knowledge, there is no variation formula for impulsive differential equations with
a generalized constant argument. As we have shown, some authors have studied just some
particular cases before.

2 Aim of the work

We will get a variation of parameters formula associated with IDEPCAG system

x(t) = A(t)x(t) + B(t)x(y(t)) + F(t),  t#t 2.1)
Ax|i—y, = Cex(t; ) + Dy, t =ty '

extending the particular case treated in [6] and the general results of the DEPCAG case studied
in [17] to the IDEPCAG context.

3 Preliminaires

Let PC(X,Y) be the set of all functions r : X — Y which are continuous for t # f; and
continuous from the left with discontinuities of the first kind at t = t;. Similarly, let PC 1(x,Y)
the set of functions s : X — Y such that s’ € PC(X,Y).

Definition 3.1 (DEPCAG solution). A continuous function x(t) is a solution of (1.1) if:

(i) x'(t) exists at each point t € R with the possible exception at the times t;, k € Z, where
the one side derivative exists.

(ii) x(t) satisfies (1.1) on the intervals of the form (#, t;;1), and it holds for the right deriva-
tive of x(t) at t.

Definition 3.2 (IDEPCAG solution). A piecewise continuous function y(t) is a solution of
(1.2) if:

(i) y(t) is continuous on Iy = [t, txy1) with first kind discontinuities at t;, k € Z, where
y'(t) exists at each t € R with the possible exception at the times f;, where lateral
derivatives exist (i.e. y(t) € PC([tx, trr1), R™)).

(ii) The ordinary differential equation

y'(t) = f(ty(t),y(%)

holds on every interval Iy, where 7y(t) = (.
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(iii) For t = ti, the impulsive condition

Ay(t) = y(t) —y(ty ) = Je(y(t))

holds. Le., y(t) = y(t,) + Jk(y(t,)), where y(t, ) denotes the left-hand limit of the
function y at f;.

Let the IDEPCAG system:
X(t) = ftx(8),x(v(1)),  tF bk
x(f) —x (b)) = J(x(),  t=t (3.1)

x(T) = xo,

where f € C([t,00) x R" x R",R"), J, € C({t¢},R") and (7,xp) € R x R".
Let the following hypotheses hold:

(H1) Let 1,72 : R — [0, 00) locally integrable functions and Ay € R™, Vk € Z; such that

If(t x1,y1) — f(tx2,y2) || < m(t) lx1 — x| + 72(8) lyr — vl
[T Gen(t)) = TeCea (b)) < Ax[on (1) —x2 (1) -

where || - || is some matricial norm.
_ tr1
(H2) vV =sup (/ (m1(s) +12(s)) ds> <1
kez \/t

In the following, we mention some useful results: an integral equation associated with (2.1)
and two Gronwall-Bellman type inequalities necessary to prove the uniqueness and stability
of solutions.

3.1 An integral equation associated to (3.1)

Theorem 3.3 ([4, Lemma 4.2]). a function x(t) = x(t,T,x0), T € R" is a solution of (3.1) on R
if and only if satisfies:

t) = xo + /th(s,x(s),x('y(s))ds + Z Je (x (£)),

<t <t

where
k(t)—1

/rtf<s x(s), x ))ds _/ f(s,x(s),x(Co)) ds + Z /,tjﬂf(sfx(s)'x(gf»ds

o f< < e

]
3.2 First IDEPCAG Gronwall-Bellman type inequality

Lemma 3.4 ([20], [4, Lemma 4.3]). Let I an interval and u,ny,12 : I — [0,00) such that u is
continuous (with possible exception at {ty }reN), #1, 12 are continuous and locally integrable functions,
n : {ty} — [0,00) and y(t) a piecewise constant argument of generalized type such that y(t) = (y,
Vi€ Iy = [k, tyy1) with t < (g < tryq Vk € IN. Assume that V't > T

u(®)+ [ ) +meutrE)ds+ E n(tu(y)

T<tH <t
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and
S 5 5
= [ On(s) +9)ds < 8= supBi < 1. 62)
te

hold. Then, for t > T, we have

u(t) < ( T -+ ﬂ(tk))> exp </t (;71(5) n ;h(%) ds) u(7), (33)

u(@) < (1— O)u(k) (34)
u(y(t) < (1—9)7! ( [T+ ns(fj))> oxp ([ () + 2 ds)uie). 65)

3.3 Second IDEPCAG Gronwall-Bellman type inequality

Lemma 3.5 ([5,20]). Let I an interval and u,nq,12 : I — [0,00) such that u is continuous (with
possible exception at {ty}ren), 11,12 are continuous and locally integrable functions, n : {t;} —
[0, 00) and y(t) a piecewise constant argument of generalized type such that y(t) = (, Vt € I =
[t tka1) with t < O < tryq Vk € IN. Assume that V't > T

)< u(®)+ [ o) +rEuie)ds + ¥ nlbuls) (36)
T<t <t
and ;
0k = / ‘ (ﬂz(s)efsgk ’71(’)"”) ds < o:=supo < 1. (3.7)
b keN

Then, for t > T, we have

u(t) < < [T (1+77(tk))>

T<t <t
1 k) fj g1
exp | 75 Z / 72(s) exp </ ql(r)dr> ds (3.8)
Y i=k(r)+1 7t ti-1

1_0/ 172(s) exp </ 1(r)dr> ds—i—/; m(s)ds) u(7)

3.4 Existence and uniqueness for (3.1)

Theorem 3.6 (Uniqueness [4, Theorem 4.5]). Consider the LV.P for (2.1) with y(t,T,y(T)). Let
(H1)—(H2) hold. Then, there exists a unique solution y for (2.1) on [T, 00). Moreover, every solution is
stable.

Lemma 3.7 (Existence of solutions in [t,t) [4, Lemma 4.6]). Consider the L.V.P for (2.1) with
y(t,7,y(t)). Let (H1)—(H2) hold. Then, for each yo € R" and (. € [tx_1,tx) there exists a solution

y(t) =y(t, 7,y(7)) of (2.1) on [t,t;) such that y(t) = yo.

Theorem 3.8 (Existence of solutions in [t,c0 [4, Theorem 4.7]). Let (H1)-(H2) hold. Then, for
each (T,y0 € Ry x R, there exists y(t) = y(t, T, yo) for t > T, a unique solution for (2.1) such that

y(T) = Yo
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4 Variation of parameters formula for IDEPCAG

In this section, we will construct a variation of parameters formula for the IDEPCAG system

y'(t) = A(y(t) + B(t)y(y(t)) +F(t),  t#t

_ 4.1
Ayli=r, = Cry(t; ) + Dy, t =tk @1

where y € R"1,t € R, F(t) € R"™! is a real valued continuous matrix, A(t), B(t) € R"™*" are
real valued continuous locally integrable matrices, C, Dy € R"*", (I + Cy) invertible Vk € Z,
where I, = I is the identity matrix and 7y (t) is a generalized piecewise constant argument.
This time, we will consider the advanced and the delayed intervals in our approach.

First, we will find the fundamental matrix for the linear IDEPCAG

w'(t) = A(Hw(t) + B(Hw(y(t),  t#

~ 4.2
Aw|—y, = Cxw(t), - (42)

Then, we will give the variation of parameters formula for (4.1).

Let ®(t,s), t,s € R, with ®(t,t) = I the transition (Cauchy) matrix of the ordinary system
X(t) =A(t)x(t),  t€ L= [ty 1) (4.3)
We will assume the following hypothesis:
(H3) Let
Ck trt1
() =exp ([ A, o () =exp ([ Gl ),
k k
o(A) = pi+ (A) - pr- (A), ve (B) = py (A)Inp(B),
and assume that

p(A) = suppi(A) <o,  v*(B) =supv(B) < .
keZ kez

Consider the following matrices
t
Jt7) =1+ [ @(rs)BE)ds,  E(tT) =0 0](47), @4
T

where
vE(B) <v¥(B) < 1. (4.5)

Remark 4.1. It is important to notice the following facts:

a) As a consequence of (H3), J(t,x) and J(txy1, (k) are invertible Vk € Z, and

e < Dol = gy WG@IS1rE), @
_ 2 1 _
HI 1(fk+1,Ck)H < k;) v (B))" = T—v (B) [T(tk1, GOl < 1+v7(B).  (47)

Additionally, setting t; := T, we will assume that ] ~1(t, (7)) exists.
b) Also, due to (H3) and the Gronwall inequality, we have

[D(t)] < p(A),
(see [17]).
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4.1 The fundamental matrix of the linear homogeneous IDEPCAG

We adopt the following convention:

jtp
F
HTk ]+p ]+P1 T]"

Also, we will assume 7(7) := T if 7(7) < T, where k(7) is the only k € Z such that T € ;) =
[tk(z)s t(r)+1)- We will adopt the following notation:

[TA=1 Y 4=o

j=r+1 j=r+1

Let the system

w'(t) = A(t)w(t) + B(Hyw(v(t), t#
w(tk) = (I + Ck) w(t;), t =1t (4.8)
wo = w(T).

We will construct the fundamental matrix for system (4.8).
Lett, T € Iy = [tt, tg+1) for some k € Z. In this interval, we are in the presence of the ordinary
system

w'(t) = A(Hyw(t) + B(t)w(Zx)-

So, the unique solution can be written as
w(t) = )+ / (t,)B(s)w(Cx)ds (4.9)
Keeping in mind [\ = [t, {x], evaluating the last expression at t = {; we have

w(@) = @G () + [ @(5,5) B0 (410

Hence, we get

(1 +f :<1><¢k,s>B<s>ds) w(Z) = (g, T)w(o).

Le.
w(Ze) = ] (7, 61) PGk T (7). (4.11)
Then, by the definition of E(t,7) = ®(t,7)](t, T), we have
w(Zk) = E7 (T, Cr)w(T). (4.12)
Now, from (4.9) working on I,” = [k, tx11), considering T = (i, we have

wlt) = {1, G)ulE) + [ @t 9)B(Ew(E)ds
= () (1+ [ @6 9B ) wic).

Le.,

w(t) = E(t, T )w(lx)- (4.13)
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So, by (4.12), we can rewrite (4.13) as
w(t) = E(t, ) E~ (T, Gr)w(T). (4.14)
Then, setting
W(t,s) = E(t,7(s))E""(s,7(s)), ift,s € I = [t trs1), (4.15)
we have the solution for (4.8) for t € I
w(t) = W(t, T)w(T). (4.16)
Next, if we consider T = t; and assuming left side continuity of (4.16) at t = ;. 1, we have
Wt q) = Wltkrr, t)w(ty).
Then, applying the impulsive condition to the last equation, we get
w(tepr) = (I + Cer) wlty )
= (I + Cry1) Wktga, tr)w(te)-

This expression corresponds to a finite-difference equation. Then, by solving it, we get

K(H)—1
w(tk(t)) = (e H (I + C]'_|_1) W(tj-i-lr t])) w (tk(T)Jrl) . (4.17)

j=k(7)+1
Finally, by (4.16) and the impulsive condition, we have
W(tkr)11) = (I + Cro) 4 )W (tr(e) 41, Tw(T).
Hence, considering T = t; in (4.16) and applying (4.17) we get

k(t)—1

zwwwwam>611 U+qﬂ)wwﬂw0(z+qmﬂ)wmmﬂnmmv
j=k(7)+1

=W(t,T)w(t), fort€ Iy and T € I (4.18)

The last equation is the solution of (4.8) on [T, t).
We call the expression

k(t)—1

W(t, T) = W(t tr) (H [T (I+Ca) W(tj+1rtj)) <1+ Ck(r)+1) W(tgr)41,T)  (419)
j=k(t)+1

the fundamental matrix for (4.8) for t € ;) and T € Iy().

Remark 4.2. We use the decomposition of [ = I,j U I to define W. In fact, we can rewrite
(4.19) in terms of the advanced and delayed parts using (4.15):

k()—1
W(t,7) = E(t, (o)) E~ " (t(t), Crery) ((_ [T (+Cin) E(fj+1,€j)E1(fj/Cj))
j=k(7)+1
(14 Cry1) Eltimyn Y(@)ETH (D), G = ()

fort e Ik(t) and T € Ik(T)'



14 R. Torres and M. Pinto

Remark 4.3.

a) Considering B(t) = 0, we recover the classical fundamental matrix of the impulsive

linear differential equation (see [18]).

b) If Cx = 0,Vk € Z, we recover the DEPCAG case studied by M. Pinto in [17].

c) If we consider y(t) = p [%l}, with p < I, we recover the IDEPCA case studied by

Chiu in [6].

4.2 The variation of parameter formula for IDEPCAG

Let the IDEPCAG
y(t) = A(t)y(t) + B()y(y(t)) +F(t),  t#ty
y(t) = (I + Co)y(ty) + Dy, t=ty,
Yo =y(7)

If T,t € Iy = [t, tkr1), then the unique solution of (4.20) is

y(t) = +/ (t,5)B gkds+/ (t,5)(s)ds.
Then, if T = {;, we have
(1) = (1, Ly(G) + | :q><t,s>B<s>y<gk>ds + :d><t,5)f(5)ds
= (00 (1+ [ (G5B ) v(@) + [ 0(e,0) (s

t
= ®(1,0)] (L8 Y@ + [ @ f()s
ie. ,
y(t) = E(50y(@) + | @(ts)f(s)ds
Now, if we consider t = T in (4.21) we have

y(1) = E(1,30y(G) + /é :<I>(T,S)f(s)ds,

and, by (H3), we get the following estimation for y((x)

y(x) = E"N (T, &) < +/ )

Then, applying (4.22) in (4.21) we obtain

y(t) = E(t, C)E™ (T, Ck) < / > + /;@(t,s)f(S)ds,

k

y(t) =W(tt)y(t) + /gk W(t, T)®(t,s)f(s)ds + t@(t,s)f(s)ds, T,t € I.

Ck

K.-S.

(4.20)

(4.21)

(4.22)

(4.23)
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Next, taking the left-side limit to the last expression, we have

Ck tr1
Y(te ) = Wtk 7) <y(T) —I—/ CD(T,S)f(S)dS) +/g D(tyy1,5)f(s)ds. (4.24)
T k
Applying the impulsive condition, we get
Y(tes1) = (I + Crr1) y(tq) + Diyr,

or

Vitker) = (14 G Witeer,7) () + [ () (0)s

et

+ C (I + Ck+1) @(tk+1, S)f(S)dS _|’ Dk+1.
k

Therefore, considering T = t; in the last expression we have

Y(tr1) = (I 4 Ciyr) W(tgpa, ) ( (te) +/ (te,s) ds>

et

+ : (I + Ciy1) P(txy1,8)f(s)ds + Diya,
k

or
Y(te) = Wi (y(t) +oy7) + g + B
which corresponds to a non-homogeneous linear difference equation, where

Wi = (I + Cr1)W (trs1, ),

(Xk = / tk/ Sr
tx

bt
X = : (I+ Crp1) @(ter1,5)f(s)ds,
k
Br = Dyy1-
Recalling that
k(H)—1
W(tes), T S I (T4 Cia) W(tjsa, ) (I+Ck( )41 ) W (ti(e)41,T),
j=k(T)+1
we get the discrete solution of (4.20):
k(H)—1
Yy () O IT T+Cia) Wit t) | (I+ Cgeyr1) Wty 1, TY(T)
=

k(T)+1
)

+ /fk(r W (tk(t);T> ®(1,5)f(s)ds
1

k()1 k(t)— Z
+ Y “II (I+Ci) W(tj+1,tj))/ D(t,,s)f(s)ds
r=k(t)+1 j=r tr
k-1 [/ k(t)—1 -
+ Y (* [T (1+Caa)W( ]H,tj)) | 04 Cr) (b, ) f(s)ds
r=k(t) \ j=r+l br
KH-1 [/ k(t)—1
+ (F (I+ Cj+1)W(tj+1,tj)> Dy14,
r=k(T) j=r+1
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or, written in terms of (4.19),

Ck(r)
Vlti) = Wit D) + [ W (b, 7) @) f()ds (4.25)
k(H)—1

+ X /tér W (tip), tr)@(tr,5)f(s)ds
. Z /gtm Wty tre1) (I + Cry1)P(tr11,5) f(s)ds

+ W(tk(t)/ tr+1)Dr+1-

Now, considering T = t; in (4.23) we have

Ck(r) t
y(O) =Wt txe)y(tie) + | Wt b)) (b, 5)f(s)ds + : D(t,5)f(s)ds.
k(t) k(t)

Finally, replacing y(ty;)) by (4.25) and rewriting in terms of (4.19), we get the variation of
parameters formula for IDEPCAG (4.20):

y(t) =Wt 1)y(7) (4.26)
k() k(t) g
+ W(t, T)®(t,s)f(s)ds + (Z:) W(t, t,)P(t,,s)f(s)ds
T r=k(t)+1" b

t k(t)
+ D(t,s)f(s)ds+ Y. W(tt,)D,, fort e [T, ts11),
0 r=k(t)+1

where W is the fundamental matrix of (4.8).

4.2.1 Green type matrix for IDEPCAG

If we define the following Green matrix type for IDEPCAG:

~ WT(t,s), ift, <s<
W(t,s) = (ts), ity < s < 7(s) (4.27)
W= (t,s), if v(s) <s < t1,
where
W*(t,s) = W(tt,)D(t,s), if t, <s<(s), s<t, (4.28)
and
W (ts) = W(t tr11) (I+Crp1) @(try1,8), ify(s) <s <tryr, t>5, t <y, (4.29)
d(t,s), if y(t) <s <t <ty
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Hence, we can see that

f Ck(r)
/TW+(tIS)f(S)dS=/T W(t, T)®(T,s)f(s)ds
k(£) :
) / T W) D(t,) f(s)ds

r=k(t)+1 b
k(t)—1

/t W™ (t,s)f(s)ds = ) /tr+1 W(t, ty41) (I+ Cry1) ®(t41,5) f(s)ds
T r=k(t) 5"
+ t D(t,s)f(s)ds.
Ck(r)

So, we have N
W(t,s) = WT(t,s)+ W (t5s).

In this way, (4.26) can be expressed as

y(t) = W(t,)y(t)+ /Tt W(t,s)f(s)ds + Y. W(tt)D;. (4.30)

4.3 Some special cases of (4.20)

In the following, we present some r cases for (4.20).

1. Let v~ (t) = ty and v 7 (t) = txyq, for all £ € Iy = [t txy1). Le., we are considering the
completely delayed and advanced general piecewise constant arguments. Then, taking
in account Remark 4.2, the solution of (4.20) for both cases y_(t) and vy () respectively

are:
k(t)_l tr+1
y_(t) = W_(t, T)y(7) + /t W_(t, trr1) (I 4 Cryr) @(tr41,5)f(s)ds (4.31)
r=k(t) """
t k(t)
+ [ ®(t,s)f(s)ds+ Y. W_(tt)Dy,
() r=k(t)+1
where

W_(t,T) = E(t, typ) (% [T (I+Gun) E(tj+1:tj)> : (1+ Ck(r)+1> E(tk(x)+1, 7).
j

=k(7)+1
(4.32)
and
y+(t) = Wi (t, T)y(7) (4.33)
tk(r)+1 k(t) tr1
+ / Wt D@(r)f(S)ds + Y [T Welt 1)@k, 5)f(s)ds
T r=k(t)+17""
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where

Wi (t,T) = E(t, tiry=1) E (tgey triey1) (E [T (+Cia)E'(, tj+1))
j=k(T)+1

: (I+ Ck('r)+1) E~NT, trr) 1)

for t € Iy and T € Iy(y), recalling that y(7) = Tif (1) < 7.

. Let the IDEPCAG

w'(t) = B(w(v(t)), t# b
w(ty) = (I+ Ck)w(tk_), t =t (4.34)
wo = w(T).

We see that ®(t,s) = I, E(t,s) = J(t,s)and J(t,s) = I+ f; B(u)du, where I is the identity
matrix. Hence the fundamental matrix for (4.34) is given by

k(H)—1

W(t, ) = J(t )]~ (treeys Cir)) (% [T (I+Ch) ](fj+1,Cj)]1(fj/Cj))

j=k(7)+1

(14 Coyin) Tty YO, G = ().

fort e Ik(t) and T € Ik(‘r)'

This case is very important because it is used for the approximation of solutions of
differential equations considering «(t) = [f] h, with h > 0 fixed.

. Let the IDEPCAG
w'(t) = Aw(t) + Bw(y(t)),  t#t
w(ty) = (I+Clw(t,), b=t (4.35)
wo = w(T),
and

y'(t) = Ay(t) + By(v(t)) + f(t),  t#t

y(tk = (I + C)y(t]:) + Dk, t = tk (436)

Yo = y(T)/

where A~! exist. By (H3), we know that J(t,7) = I + th eA(™=5)B ds is invertible, for
T,t € Iy = [ty, tky1). Moreover, following [17], we see that

t
J(t,T) = I+/ A7) Bds

= +e7 </:(—A)6_Asds> (-A™HB

—I+A! (1 . eA<T—f>) B. (4.37)
Then, as E(t,7) = ®(t,7)](t, T), we have

E(t, ) = eAt-D (1 LA (1 - e*A(H)) B) : (4.38)
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In light of the last calculations, we define

E(t) = e (1 + A (1 - e*Af) B)
=0t g =thn-0l kE€Z,
1) = £ (0)

Recalling that
W(t,s) = E(t—(s)E " (5(s)), ift,se = [ty trr1), (4.39)

the solution of (4.35) is
w(t) = W(t, T)w(T),

where
R _ _ k(t)—1 _ B
W(t,7) = EG()E () (5 I1 (1+C>E<n].>E1<n;>) (4.40)

T)
1+ OB (1) E (1)), (841)

is the fundamental matrix for (4.35) with t € Iy;) and T € Ii(q).
The solution for (4.36) is given by

(14 C)E (). ) B ((7)) (y(r) + [ e eA<”>f<s>ds> (442)

Also,if n =n =n, ke Z, E = (I+C)E(y)E~'(—n), the solution of (4.35) is
w(t) = W(t, T)w(T),

where
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is the fundamental matrix for (4.35) with t € Ii(;) and T € [y(q).
The solution for (4.36) is given by

y(B) = E(q(8))E~ (=1 ) EXO O M T+ C)E (1, )E " (0(1))
. <y(’r) + /gk(ﬂ eA(TS)f(s)ds> (4.43)

k() &
+E(ﬂ(t))E1(—f7,i(t>)-{ Y, O [Tt fsyas

Remark 4.4.
1. We recover the variation of parameters concluded in [17] when D, = C, = 0.

2. Also, our result implies the variation of constant formulas given in section 1.2

5 Some examples of linear IDEPCAG systems

In [16], H. Bereketoglu and G. Oztepe studied the following linear IDEPCAG

Z(t) = A(t) (2(t) —z(v()) + f(1), t# &
Z(tk) = Z(t]:) + Dk, t = tk. (51)
z(T) = 29

where 7(t) is some piecewise constant argument of generalized type, A(t) is a continuous
locally integrable matrix, D : N — R is such that Dy # 0,Vk € IN. The authors originally
considered the cases v1(t) = [t+ 1], and 72(t) = [t —1]. Hence, ty = k, {14k = k+ 1 and
(2 k = k — 1, respectively.
Let ®(t) be the fundamental matrix of the ordinary differential system

x'(t) = A(t)x(t). (5.2)
It is well known that ®~1(¢) is the fundamental matrix of the adjoint system associated with
(5.2). So, it satisfies

(@) () =~ () A().

Therefore, we have

Tt b)) =1 — /td>(tk,s)A(s)ds

— 1+ q:kak) ( —¢1<s>A(s>ds)

=1+ D(t) (dfl(t) - GI>’1(fk))
= O (t, 1)
= Lt 1),
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E(t,ty) = O(t,t)](t ty) = ®(t, )P (¢, tx) = I, and, as a result of last estimations, for
t,t' € I, we have W (t,t') = I. Hence, the linear homogeneous IDEPCAG (is a DEPCAG
because C = 0) system

w'(t) = A(t) (w(t) —w(y(t), t#k
ty) = w(tk_) t =t (5.3)

has the constant solution w(t) = w(7).
Finally, for the variation of parameters formula (4.26), the solution for (5.1) is

T)+ /fkm O(1,s)f(s)ds+ ) /té’r D(t,,5)f(s)ds

kB "
+ Z(;/ D(tr41,8)f(s)ds + O(t,s)f(s)ds+ Y. Dy,

r

1 ’-—-—
0 1 2 3 4 5 6 7 8 9

1

Figure 5.1: Solution of (5.1) with y(t) = [t} +7/10, D, = 1/7%, A(t) = 1/(t + 1),
f(t) = exp(—t) and y(0) = yo = —1.

Remark 5.1. This is the IDEPCAG case for the well-known differential equation studied by
K. L Cooke and J. A. Yorke in [10]. The authors investigated the following delay differential
equation (DDE):

x'(t) = g(x(t)) — g(x(t = L)),

where x(t) denotes the number of individuals in a population, the number of births is g(x(t)),
and L is the constant life span of the individuals in the population. Then, the number of deaths
g(x(t —L)). Since the difference g(x(f)) — g(x(t — L)] means the change of the population.
Therefore x'(t) corresponds to the growth of the population at instant ¢.

In (5.3), we considered g(x(t)) = A(t)x(t) and the constant delay in the Cooke—Yorke
equation is regarded as a piecewise constant argument 7y (t). Notice that if D, is summable
and f(t) = 0 Vt > 7, then the solution of (5.1) tends to the constant

Yo=y(T)+ Y D, ast— oo,

trztk(T)‘Fl

no matter what -y(t) was used. For further about asymptotics in IDEPCAG, see [4].
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Figure 5.2: Solution of (5.1) with Dy = 1/k?, f(t) = 0and z(0) = 1.

Let us consider the following IDEPCA
Z(t) =sin(2rt)z ([ h+ph) +1,  t#kh, keN,
2(kh) = (-i) 2(k7) + 7, — (5.4)
z(0) = zo,
whereh > 0,0 < B <1.
It is easy to see that t, = kh, { = (k+ B)h, k € N and
Lm = [kh, (k+ B)h), I = [(k+ B)h, (k+1)h).
We see that
v (sin(27t))

< Bh <1, if hissmall enough,
v (sin(27t)) < (1

— B)h <1, if his small enough,
t
E(t,T) =1 +/ sin(27ts)ds.

The fundamental matrix of the homogeneous equation associated with (5.4) is

t [t/ (=1
W(t,0) = (1+/ sin (27rs)ds> <1+/ sin (27ts) ds>
[t/h]h+Bh [t/h]h+Bh

( 1>W W]h’[H (1 e (2ms) d ) (1 " (2ms)d -
B + sin (27ts) ds —I—/ sin (27ts s) .
2 =0 (j+B)h (j+B)h

)
Hence, the solution of (5.4) is

[t/h]—1

2(t) = W(t, 0)z0+< 1) B)h 2 W (t, (r+ 1) h) + (t — ([t/h]h + Bh))

[t/h] 1\ /-

(tO)ﬁh+,8hZW (t,rh) < ) Z Wt (r+1)h).
r=

The piecewise constant used in this example was introduced in [21] to study the approxi-

mation of solutions of differential equations (under some stability assumptions and taking

h—0.)
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17 s S oSS oS S oS S S

15 2 25 3 35 4 4.5

Figure 5.3: Solution of (5.4) with h = 8 =0, 2.

6 Conclusions

In this work, we gave a variation of parameters formula for impulsive differential equations
with piecewise constant arguments. We analyzed the constant coefficients case and gave
several examples of formulas applied to some concrete piecewise constant arguments. We
extended some cases treated before and showed the effect of the impulses in the dynamic.
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