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Abstract

We use a fixed point index theorem in cones to study the existence
of positive solutions for boundary value problems of second-order
functional differential equations of the form

y'(z) +r(z)fy(w(z)) =0, 0<z<1,
ay(z) — By (x) = (), a<x<0,
vy(x) + 0y’ () = n(z), 1<z <

where w(z) is a continuous function defined on [0, 1] and r(x) is al-
lowed to have singularities on [0, 1]. The result here is the general-
ization of a corresponding result for ordinary differential equations.

Keywords: functional differential equation, boundary value problem, positive
solution, superlinear and sublinear

1991 AMS classification: 34K10, 34B15

1 Introduction

Boundary value problems (abbr. as BVP) associated with second order diffferential
equations have a long history and many different methods and techniques have been
used and developed in order to obtain various qualitative properties of the solutions
(see [1-5, 8, 11, 15, 17]). In recent years, accompanied by the development of
theory of functional differential equations (abbr. as FDE), many authors have paid
attention to BVP of second order FDE such as

()" (@) = [f(t, ¢, x(t)),
() = f(t,x(t), z(o(t)), 2'(t), 2'(7(t)))
(for example see [6-7, 10, 12-14, 16]). As pointed out by the authors of [6], the

background for these problems lies in many areas of physics, applied mathematics
and variational problems of control theory.
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In this paper, we investigate the existence of positive solutions for BVP of second-
order FDE with the form:

a<x<0, (1.1)

Here we assume that
(P;) w(z) is a continuous function defined on [0, 1] satisfying

c=inf{w(z); 0 <z <1} <1, d=sup{w(z); 0 <z <1} >0.

Thus E := {x € [0,1]; 0 < w(z) <1} is a compact set and mes E > 0;

(P,) &(x) and n(x) are continuous functions defined on [a, 0] and [1, b] respectively,
where a := min{0, ¢}, b := max{1,d}; furthermore, {(0) = n(1) = 0; &(z) > 0 as
B=0; [Pe 5% (s)ds > 0as f>0; nz)>0asd=0; [Tei®n(s)ds>0asd>0.

For the case of w(x) = x, BVP (1.1) is related to two point BVP of ODE for
which Erbe and Wang!¥ have got the following theorem:

Theorem A." Assume that w(z) =z, £(x) =0, n(z) =0 and

(Al) f € C([()? +OO>’ [O’ +OO));

(Ag) 7 € C([0,1],[0,4+00)) and r(x) # 0 for any subinterval of [0, 1];

(As) a, B, v, 6 >0, p:=v8+ay+ad > 0.

Then any one of the following is a sufficient condition for the existence of at least
one positive solution of BVP (1.1):

(1) hﬂ[)l 10 — 40 and lTlfl @ =0 (sublinear case);
(2) hﬂf)l 10 — ¢ and 1T1'|I‘Il % =400 (superlinear case).

Motivated by [4], in this paper we shall extend the results of [4] to BVP (1.1).
Firstly, we have the following hypotheses:

(Hy) o, 8,7, 6>0, p:=7v8+ay+ad > 0;

(Hy) r(x) is a measurable function defined on [0, 1], and

O</ dx</ x)dxr < +00,

0</¢1(a:)r dx</¢1 x)dr < 00,
B
where E' is defined as in (P;); h(x) : [0,1] — [0, 1] is defined by

1, 06 >0,

X, 6=0,6>0,
1—ux, 6>0,6=0,
x(l—2x), B=0=0

h(z) =

and ¢1(x) (¢1(x) >0, z € (0,1)) is the eigenfunction related to the smallest eigen-
value A; (A1 > 0) of the eigenvalue problem

—¢" =X,  ag(0)—B4(0)=0,  yo(1)+0¢'(1) =
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(H3) f(y) is a nonnegative continuous function defined on [0, +00).

Under the assumptions (H;) — (Hj3), we allow that r(x) = 0 on some subset of
E, and r(x) has some kind of singularities on [0, 1]. For example, if 5 = = 0, then
¢1(z) = sinmx and

r(z)=a""(1—a)", 0<m<2, 0<n<2,

satisfies (Hj).

To the best of the authors’ knowledge, there has not been much work done
about the positive solutions for the singular boundary value problems with deviating
arguments, although they have importance in applications.

2 Main Theorem

First, we give the following definitions of solution and positive solution of BVP
(1.1).
Definition. y(z) is said to be a solution of BVP (1.1) if it satisfies the following:

1. y(z) is nonnegative and continuous on [a, b];
2. y(z) = y(a;x) as x € [a, 0], where y(a;z) : [a,0] — [0, +00) is defined by
Gz (1 0 _—5s
y(a: 2) = { " (517 e P E(s)ds +y(0), 8>0, 2.1)
E€($), ﬁ = 0;

3. y(x) = y(b;x) as x € [1,b], where y(b;x) : [1,b] — [0, +00) is defined by

M@@Z{

4. while 63 > 0, y'(x) exists and is absolutely continuous on [0, 1]; while 3 = 0, § >
0, y'(x) exists and is locally absolutely continuous on (0, 1]; while § > 0, § =0,
y'(x) exists and is locally absolutely continuous on [0, 1); while 5 =6 = 0, y/(z)
exists and is locally absolutely continuous on (0, 1);

57 (% [Fedsn(s)ds + e%y(l)) , 0>0,

773@)7 =0; (2.2)

2= ®

5. y"(x) = —r(z) f(y(w(x))) for x € (0,1) almost everywhere.

Furthermore, a solution y(x) of (1.1) is called a positive solution if y(x) > 0 for
z € (0,1).
Suppose that y(x) is a solution of BVP (1.1), then it could be expressed as

y(a; x), a<xz<0,
y(x) =< fo Gz, t)r(t) f(y(w(t))dt, 0<z <1, (2.3)
y(b; ), 1<z<b,

and Green’s function

Glot) = L0 +y—72)(B+at), 0<t<z<l,
T %(5+7—7t)(ﬂ+ozx), 0<z<t<l,
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where p is given in (H;). It is obvious that 0 < G(z,t) < G(t,t) for (z,t) €
(0,1) % (0, 1).
By an elementary calculation, one can find constants A and B such that

ABh(z)h(t) < G(z,t) < Bh(t), (z,t) € [0,1] x [0, 1], (2.4)

where h(z) is decided by (Ha).
By using (2.3) and (2.4), we know that for every solution y(z) of BVP (1.1), one

has
{ o < I3 MO0 w0k .
y(ZL‘) > A||y||[0,1]h(x)v S [07 1]7 '

where lyllo.) = sup{ly(@)l; 0 << 1}.
Choose o € (0, ;) such that

/Eo h(s)r(s)ds > 0, /Eo 1(s)r(s)ds > 0, (2.6)

where E, :=={z € F; 0 <w(z) <1—0c}. In this paper, we always assume that o
satisfies (2.6). Then we have from (2.5) that

y(@) = Myllpyh(z) = Aoollylloy, = €lo,1—0],
here
L, op >0,
o, =1 O, 6>0,6=0 or [=0,0>0, (2.7)
o(l—o0), 6=0=0.

The following theorem is our main result.
Theorem 1. If (P,), (P), (Hy) — (Hj3) are satisfied, then any one of the following
is a sufficient condition for the existence of at least one positive solution of BVP(1.1):
(Hy) lim inf M > kA, lim sup @ < gy
V——+00
(Hs) hm 1nf f( > kA, lim sup fsjv) <q\, &(x)=0, n(z) =0;
+oo v—0+

where k£ > 0 is large enough such that

B, [ r@yn@ds > [ o

and ¢ > 0 is small enough such that

/ z)dr < Ao, /:U o1 (z)dz

(X and o, are defined as in (2.4) and (2.7) respectively).
Corollary.  Using the following (Hg) or (Hy) instead of (Hy) or (Hj), the
conclusion of Theorem 1 is true.

(Hg) limM = 400, lTlJIrn fsjv) =0 (sublinear);

(H7) hm f(v) =0, lTlfl W) — 4o (superlinear), &(z) =0, n(z) =0.
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It is obvious that our corollary is an extension of Theorem A, and Theorem 1 is
an improvement of Theorem A even for the case w(z) = x. We remark here that
only if §4 > 0 and r(x) is continuous on [0, 1], every positive solution of BVP (1.1)
belongs to C[a, b] N C?[0, 1].

3 Proof of Theorem

In this section, we shall show the conclusion of Theorem 1 only for the situation
G >0, 0 =0. The arguments for the other three cases are similar. First we give a
lemma which will be used later (see [5] or [11]).

Lemma 1. Assume that X is a Banach space, and K C X is a cone in X. Let
K, = {u € K; |ju|| < p}. Furthermore, assume that ® : K — K is a compact
map, and ®u # u for u € 0K, = {u € K; |lu| = p}. Then one has the following
conclusions:

L. if JJul| < ||Pul| for v € 0K, then i(®, K,, K) = 0;
2. if ||ul| > ||®u|| for u € OK,, then i(P, K,, K) = 1.
If u,(x) is a solution of BVP (1.1) for f =0, then it can be expressed as

%e%m [Ye 5% (s)ds, a < <0,
wolw) = 4 0, 0<r<l, (3.1)
%n(x), 1<z<b.
If y(z) is a solution of BVP(1.1), let u(z) = y(z) — u,(x), noting that u(z) = y(z)

as 0 <z < 1, then by using (3.1), we have

e5"u(0), a<z<0,
u(z) = { Jo G, t)r(t) f (u(w(t)) + uo(w(t))dt, 0<w <1, (3.2)
0, 1<z<b.

Let K be a cone in the Banach space X = C|a, b] which is defined as
K ={ue Clab; u(x) > Aollull, z € [0.1— o]},

where ||u|| := sup{|u(z)|; a <z < b} (noting that ||u||j is defined as in (2.5)).
Define an operator ® : K — K by

e5” [ GO, 1)r(t) f(u(w(t)) + uo(w(t))dt, a <z <0,
(Pu)(z) = q Jo Gla,t)r(t) f(ulw(t) + uo(w(t)))dt, 0<z< ; (3.3)
0, 1<z <hb.

Then we have the following four lemmas.
Lemma 2. ®(K) C K.
Proof. It is obvious that 0 < (du)(z) <

(Pu)(0) as a < z < 0, then one has
| ®ul| = ||Pul|j0,1. We have from (2.4) and (3.3)

that (noting that h(z) =1 — x)
@l < B [ (= () (uuwlt)) + wofow(t)))d,
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thus we have

(u)(w) > AB Jy(1—2)(1 = t)r(t) fu(w(t)) + uo(w(t)))dt,
> A(1 = 2)||Pull0,1],
= A1 —2)[®ul|,  zel0,1].

Thus (Pu)(x) > Ao, ||Pul|, c<x<1-—0,ie ®K)CK.

Lemma 3. & : K — K is completely continuous.

Proof. We can obtain the continuity of ® from the continuity of f. In fact, if
Up, v € K and ||u, —u|| — 0 as n — oo, then we have from (3.3) that for a <z < b,

|(@up)(z) — (Pu)(2)]
< max |f(un(w(2)) + uo(w(@))) = f(u(w(@)) + uo(w(2)))| B fy (1 —t)r(t)dt,

0<z<L1

which implies that ||®u, — Pu|| — 0 as n — oo.

Suppose that A C K is a bounded set, and there exists a constant M; > 0 such
that |jul| < M; for u € A. Let ||u,|| = Ma, then ||u+ u,|| < My + My = M for
u € A. We have from (3.3) that

H@mgBégxﬂmAYL¢y@ﬁ. (3.4

<M

Thus ®(A) is bounded in K. Now it is easy to see that ®u € C'[a, 1) N Cla, b], and

(Qu)'(x) = 575 Jo (B + at)r(t) f(u(w(t)) + uy(w(t)))dt
—1—5(5%(1 A = 0r@) flu(wt)) + uo(w(t))dt, 0<x <1, (3.5)
(@uy(2) = 2637 [1G(0,)r(t) f(u(w(t)) + up(w(®))dt, o<z <0.
Forue A, 0 <z <1, we have
(Pu)(x) < F(z) := max f(v) /01 Gz, t)r(t)dt, 0<x<1. (3.6)

0<v<M

Noting the facts that F'(1) = 0 and the continuity of F'(z) on [0, 1], we have from
(3.6) that for any € > 0, one can find a d; > 0 (independent with u) such that,
0<d < i and

@m@g<§,1—2&<x<1. (3.7)
On the other hand, for « € [0,1 — ;] one has

(@) (@) < max f(v) {fg~" r(t)di + [5 (1= t)r(t)dt}

— 0<v<M 1
1 o
< 52 max f(0) o (1= D)r(t)dt = L.

For z € [a, 0], one has from (3.5) and (3.4) that

(@) (@)] < Gl(@(@)| < B max, f(0) [ (01— 0t = L,

0<v<M
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Let 05 = then for z1, x9 € [a,1 — 1], |v1 — 22| < d2, we have

max{zl,Lg}’
[(Pu)(z1) — (Pu)(z2)| < max{Ly, Lo}|z1 — 22| < e (3.8)

Define 6, = min{dy, d2}, then by using (3.7) — (3.8) and the fact that (®u)(z) =0
for x € [1,b] , we obtain that

[(@u)(21) = (Pu)(22)| <e,

for z1, x9 € [a,b], |21 —x2| < J,, which implies that ®(A) is equicontinuous. In view
of the Arzela-Ascoli lemma, we know that ®(A) is a compact set; thus ® : K — K
is completely continuous.

Lemma 4. (Hg) implies that there exists r,, R,: 0 <r, < R, such that

(P, K, K)=0, 0<7r<r,; i(®,Kr,K)=1, R>R,.
Proof. By using the first equality of (Hg) we can choose r, > 0 such that
f(v) > M, 0<v<r,,
where M satisfies \2T'Bo,M > 2 and

T= | (1-s)r(s)ds.

Es

If ue 9K, (0 <r <r,), one has
u(z) > Aoo||ul| = Ao,r, x € [o,1—o0]. (3.9)
Then we obtain ( noting that u,(z) =0 as z € [0, 1])

(Du)(3) = Jo G(5,8)r(s)f (u(w(s)) + uo(w(s)))ds
i %AB Jg, (1 = s)r(s)f (u(w(s)))ds

This leads to
| Dul| > v, Vu € 0K,.

Thus we have from Lemma 1 i(®, K, K) =0, for 0 <r <r,.
On the other hand, the second equality of (Hg) leads to: for Ve > 0, there is a
R’ > r,+ ||u,]| such that

f(v) < ev, v> R, (3.10)
where € satisfies . .
eB(1+ ||u0||)/0 (1= s)r(s)ds < 3. (3.11)
Choose
R, >1+2Bmax{f(v); 0<v <R+ ||uo||}/01(1 — s)r(s)ds. (3.12)
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Thus, if u € 0K and R > R,, then we have from (3.10)-(3.12) that

(Pu)(z) < B[y (1—s)r(s)f(u(w(s)) + uo(w(s)))ds
= B [uw(s)>r (1 = $)1(s) f(u(w(s)) + uo(w(s)))ds
+B Jo<u(u <R’(1 — s)r(s) f(u(w(s)) + uo(w(s)))ds
< eB(||lull + ||UoH) Jo (1= s)r(s)ds
+B max{f( ); 0<v< R+ ||uo||}f01(1 — s)r(s)ds
sl + 3 + Bmax{f(v); 0 <v < R +|Juo|l} Jy (1 — s)r(s)ds

%HUH-F%R 0<z<I1.

That is
| Pul| = H(I)UH[O,l] < |l Yu € 0K,

Thus i(®, Kgr, K) =1 for R > R,.
Lemma 5. (H7) implies that there exists r,, R,: 0 <1, < R, such that
(0, K, K)=1, 0<r<ry i(® KpK)=0 R>R,
Proof. Since £(x) = 0, n(z) = 0, we have u,(x) = 0. By the first equality of
(H7), one can choose a r, > 0 such that
f(v) <ev, 0<wv<r,, (3.13)
where € > 0 satisfies . .
O<eB/ (1—s)r (s)ds<§
0
If ue dK,, 0 <r <r,, then we have from (3.3), (3.13) and (3.14) that
0< (Pu)(w) < BJy(1—s)r(s)fu(w(s)))ds
< eB [y (1 — s)r(s)u(w(s))ds

< eBllull fy (1 = s)r(s)ds
< Jlull, 0<z<1,

(3.14)

That is
|Qul| = || Pulljo,1 < [Ju]l, Vu € 0K,.

So we have the conclusion that i(®, K., K) =1, 0 <r <r,.
On the other hand, the second equality of (H7) implies that VM > 0, there is an
R, > r, such that
f(v) > Mw, v > Ao, Ry; (3.15)
here we choose M > 0 such that A\2T'Bo,M > 2. For u € 0Kr, R > R,, we have
from the definition of K5 that

u(z) > Ao,||ul] = Ao R, z € [o,1 -0l (3.16)
Thus we have from (3.3),(3.15)-(3.16) that
(Pu)(3) fo G(5.8)r(s)f (u(w(s)))ds
%)‘BIE (1= s)r(s)f(u(w(s)))ds
%)\QBUORM [, (1 = s)r(s)ds
)\QBO'ORTM

= [[ull;

\/ || |\/ |\/
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which leads to
| Pul| > [|ul| Yu € OKR.
Thus i(®, Kgr, K) =0 for R > R,.
Now by using the above lemmas, we can show the conclusions of Theorem 1.
Proof of Theorem 1. For 0 < m < 1 < n, define fi(u) = u™, fo(u) =u", u>
0, so that fi(u) satisfies (Hg) and fo(u) satisfies (H7). Define ®; : K — K (i = 1,2)
as follows:
e [ G(0,t)r(t) fi(u(w(t)) + uo(w(t)dt, a <z <0,
(Piu)(x) =9 Jo Gla, O)r(t) filw(w(t) +uo(w(®))dt,  0<z<1,  (3.17)
0,

1<z <hb.

Then ®;u (i = 1,2) are completely continuous operators. One has from Lemma 4-5
that

(P, K K)=0, 0<7r<ry, i(P,Kr, K)=1, R> R,, (3.18)
and
(P, K, K) =1, 0<r <y i(Py, K, K) =0, R>R,, (3.19)
Define H;(s,u) = (1 — s)®u + s®;u (i = 1,2) so that for any s € [0,1], H; is a
completely continuous operator. Furthermore, for any w > 0 and ¢ = 1,2, we have
| Hi(s1,u) = Hi(s2,u)| < |s1 = sol[[| ®iul] + [|Pul]

as s1, 59 € [0,1], u € K,,. Note that ||®;u||+||Pul| is uniformly bounded in K,. Thus
H;(s,u) is continuous on u € K, uniformly for s € [0, 1]. According to Lemma 7.2.3
in [18], we conclude that H;(s,u) is a completely continuous operater on [0, 1] X K.

Suppose that (H4) holds. By using the first inequality of (H,) and the definition
of fi, one can find ¢ > 0 and r; : 0 < r; <7, such that

{ flu) > (kA +eu, 0<u<r,

fi(w) > (kA1 +e)u, 0<u<r. (3.20)

In what follows, we shall show that H;(s,u) # u for u € 0K,, and s € [0, 1]. If this
is not true, then there exist s; : 0 < s; < 1 and uy € 9K, such that Hy(sy,u1) = uy.
Note that u(x) satisfies

—wf(z) = (1—s1)r(x) f(ur(w(z)) + u,(w(x))) (3.21)

v (@) (i (w(2)) + wo(w(2))), 0<z<l.
and
auy(z) — fuy(z) =0, a<z <0,
{ ul(x() ): O,ﬁ ) 1<z <hb. (3.22)

Multiplying both sides of (3.21) by ¢;(x) and then integrating it from 0 to 1, after
two times of integrating by parts, we get from (3.22) that

M S un(@)or(@de = ) on@)(1 = s2)r(@) flun(w() +u@@) g0y
sy (@) fulus (w(@)) + up(w(x))) da. |
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Noting that u,(w(z)) =0 as x € E,, we obtain from (3.20) and (H4) that

Mo wi(@)r(@)de > [, ér(@)r(@)[(1 = s1) f(ur(w(@)))) + s1f1(w (w(2)))]da
> [, ¢1(2)r(@)[(1 = s1) (kA1 + €)u (w(x))
+51(kA + €)uy (w(x))]dx
= (M + pkAgo|[ua] [, d1(@)r(w)dx
> (A + Pl o o1(x)d

(3.24)
We also have ) .
M /0 wr (@)1 (2)dz < Ao fw| /0 1 (x)dz, (3.25)
which together with (3.24) leads to
€
AL > A+ T

This is impossible. Thus H;(s,u) # u for v € 0K,, and s € [0,1]. In view of the
homotopic invariant property of topological degree (see [9] or [18]) and (3.18) we
know that

'L.((I)aKrmK) :Z(Hl(o )KT’17K)

= i(Hi(1,), K,,, K) = i(®1, K,,, K) = 0. (3.26)

On the other hand, according to the second inequality of (Hy), there exist € > 0
and R’ > R, such that
fu) < (g1 —€u, u>R.

IfC= ax |f(u) — (A1 — €)u| + 1, then we deduce that

fu) < (gh —eu+C, Yu>0. (3.27)

Define H(s,u) = sPu, s € [0,1]. We shall show that there exists a Ry > R’ such
that

H(s,u)#u, VYse€[0,1], ue K, |u||> R;. (3.28)
If 9s; € [0,1], uy; € K such that H(sy,u;) = uq, then it is similar to the argument
of (3.24)-(3.25) that

e (@) + (o)
s1 Jo r(@)o + u,(w(z)))dx
q(M Mﬁmmk(@()w+cﬁ()@@M (3.29)

-3
g(A1 = D]l fo r(@)a(@)de + Cy fy r(2)dr (2)de,

VAVANI

and

M Jo wi(@)¢n(x)da > AL AT || | Sy ¢n(a)dx
> Mgllua| Jo (@) dr (2)dx,
where €1 = q(A — 7)||uo + C. Combining (3.29) with (3.30), we have

c.

(3.30)
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Define R; = max{R’, R}, then (3.28) is true. By the homotopic invariant property
of topological degree, one has

i(P, Kg,, K)

(H(17 ')7KR17 K)

1
= Z(H(O, '>7KR17K) — ’l(e’ KR17K> — 1, (331)

where 6 is zero operator. In view of (3.26),(3.31), we obtain
i(®, K, \K,,, K) = 1.

Thus ® has a fixed point in Kg, \ K,,.
Now assume that (Hj) is true. The first inequality and the definition of f; lead
to: 3¢ > 0 and R’ > R, such that

flu) > (kA +€u, u>R,
fo(u) > (kA1 + €)u, u> R

Let

C = OISI;ILaS)%, |f(u) - (k')\1 + 6)“‘ + Olglzlg)l(%’ ‘fQ('U/) — (k’)\l + e)u‘ +1,

then we have
fu) > (kM +eu—C,  falu) > (kA +€u—C, Yu>D0. (3.32)
We want to show that 3R; > R’ such
Hy(s,u) #u, Vsel0,1], ue K, |ul| > R;. (3.33)

In fact, if there are s; € [0, 1], u; € K such that Hy(s1,u;) = uy, then using (3.32),
it is analogous to the argument of (3.24)-(3.25) that

M fo ui(@)dr(2)de > [ dr(x)r(@){(1 — s1)[(kAr + €)ur (w(z)) — C]
+s1[(kA1 + €uy(w(z)) — Cl}dx
> (M + pEXoo|luill [z, ¢1(z)r(z)de — [, Cor(z)r(z)de;
(3.34)
A fo ua(@)én(z)de < Mllu] fy ¢ (z)da
" < Mkl Jy, () () (3.35)
(3.34)-(3.35) lead to |Juy]| < %OE = R. Let R, = max{R’, R}. We obtain (3.33) and
then we have

i(®, Kp,, K) =i(®s, Kp,, K) = 0. (3.36)

On the other hand, noting that £(z) = 0, u(z) = 0, one has u,(x) = 0 for
x € la,b]. Define H(s,u) as above. By the second inequality of (Hj), there exist
e>0and r: 0<ry <r, such that

flu) < (gh —€u, 0<u<r. (3.37)
We could also show that

H(s,u) #u, Vsel0,1], uedK,,.
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But we omit the details. Thus we obtain
(P, K,,,K)=1i0,K,,,K)=1. (3.38)
In view of (3.36),(3.38), we obtain
i(®, Kp\K,,, K) = —1.

Thus @ has a fixed point in Kg, \ K,,.

Suppose that u is the fixed point of ® in Kz \K,,. Let y(x) = u(z) + u,(z).
Since y(z) = u(x) for x € [0,1] and 0 < ry < ||lul| = ||ulljo,1) = [|¥|lo,y £ Ri, we have
from (2.5) that y(x) is the positive solution of BVP(1.1).

Thus we complete the proof.

Example. Let us introduce an example to illustrate the usage of our theorem.

Counsider the BVP:

y”(x)+r(m)y%(x—%):0, 0<z<l,
y(x) = —sinmzx, —3 <z <0, (3.39)
y(1) =0;

where

we have lim fs}v) =0, lim fs}v) = +4o00. Thus (P), (P), (H1) — (Hs), (Hg) are

i
v—~+00 —04
satisfied and (3.39) has at least one positive solution y(z). In fact,

() = —sinmx, —%SxSO,
Y\ = sin7z, 0<x<1,

is a positive solution of (3.39).
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