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GLOBAL STABILITY OF THE VIRUS DYNAMICS MODEL WITH
CROWLEY-MARTIN FUNCTIONAL RESPONSE

SHENGHU XU

ABSTRACT. In this paper, a virus dynamics model with Crowley-Martin functional response of the infec-
tion rate is investigated. By analyzing the corresponding characteristic equations, the local stability of an
infection-free equilibrium point and infection equilibrium point are discussed. By constructing suitable
Lyapunov functions and using LaSalles invariance principle, the global stability also are established, it is
proved that if the basic reproductive number, Rp, is less than or equal to one, the infection-free equilib-
rium point is globally asymptotically stable, if Rg, is more than one, the infection equilibrium point is
globally asymptotically stable.
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1. Introduction

Mathematical models have been used to model the dynamic of viral infections, such as human immun-
odeficiency virus type I (HIV-I), hepatitis C virus (HCV), hepatitis B virus (HBV), and human T-cell
lymphotropic virus I (HTLV-I) (Perelson et al., 1993, 1996; Bonhoeffer et al., 1997; Perelson and Nelson,
1999; Nowak and May, 2000; Nowak et al., 1996; Korobeinikov, 2004 ). Nowak et al.(1996) and Nowak
and May(2000) proposed a basic mathematical model for uninfected susceptible host cells, T', infected host
cells, I, and free virus particles, V', as follows:

4L = X\ —dT - BTV, t>0,

4L = BTV —pl, t>0, (1.1)

W = kI —pV, t>0,

where susceptible cells are produced at rate A, die at rate d1" and become infected at rate STV infected
cells are produced at rate STV and die at rate pl; free viruses are produced from infected cells at rate kI
and are removed at rate uV.

In this paper, we consider the following more general the virus dynamics model with Crowley-Martin
functional response

ar _ BTV

@ = A=Al = aomamyy, >0

al _ BTV

&t = aranarevy —PL >0, (12)

D=kl —pV, t>0,
and with the following initial conditions:

T(0) > 0,1(0) > 0,V(0) > 0. (1.3)
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Here the state variables T', I and V', and all parameters A, 3, i, d, k, p have the same biological meanings
as in model (1.1), the term BTV has been replaced with Crowley-Martin the functional response term,
Mﬂ%’ where a,b > 0 are constants. The Crowley-Martin type of functional response was introduced
by Growley and Martin(1989).

Note that when a = b = 0, (1.2) reduces to the system (1.1); when a > 0,b = 0, the Crowley-Martin
functional response reduces to the Holling type II functional response (e.g., Ma and Li, 2007); when
a = 0,b > 0, it expresses a saturation response (see, Song and Neumann, 2007); Huang et al. (2009)
considered a mathematical model with Beddington-DeAngelis functional response of the infection rate,
and sufficient conditions were derived for the global stability of an infected steady state and uninfected
steady state.

Recently, Zhou and Cui (2010) proposed the model (1.2), and showed that the infection equilibrium E*
is globally asymptotically stable if the following conditions

Ry = #fw\) >1, (1.4)
( BV* 4+ bB(V*)2 ) o k(BT + b3(T)) w5)
A+ aT* 21 +bV")2 )~ (1 +aT*)2(1+bV+)?
(1+dtp+ 22 ) [nd + dp + (0 + ) it deye | + i + ) 1.6)
>k (H +p+2dk + (1fZT+>3fffb&2>z) (1fZTJgg[(jl(Zb\)/2)2 , |
g A (1.7)

b
hold. The proof uses the theory of competitive systems as developed in Smith (1987), with conditions
(1.4), (1.5) and (1.6) being used to establish the local stability of E*.

In this article, we will study the global dynamics of (1.2) by constructing a suitable Lyapunov function
and using LaSalle’s invariance principle rather than by using the theory of competitive systems, as has
been done in Zhou and Cui (2010). This will enable us to obtain the global asymptotic stability of the
infection equilibrium point under weaker hypotheses than those used in Zhou and Cui (2010) and by a
simpler method. In our setting, the persistence condition Ry > 1 used in Zhou and Cui (2010) will appear
in a natural way as a monotonicity condition. Finally, we will discuss the biological significance of our
results and indicate possible extensions to the study of more comprehensive models in section 4.

2. Boundedness, Equilibria and their stability

2.1. Boundedness. First, we shows that the solution of system (1.2) is bounded.

Theorem 2.1. Let (T(t),I(t),V(t)) be a solution of (1.2) with initial conditions (1.3), and let [0,T)
be the maximal existence interval of the solution.. Then there is an M > 0 such that

T(t),I(t),V(t) < M.
Further T' = +cc.
Proof. Let Z(t) = T(t) + I(t). Then

dz
dt

A—dl —pl
A —min{d, p}Z(t).

IN
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Denote m = min{d, p}, it follows that
A A
Z(t) < — Z(0) — e ™,
1< 2120~ D)

Therefore, there exists a t; > 0 and M; > 0 such that Z(t) < M; for t > t1. So that T'(t) and I(t) are
bounded. On the other hand, by the third of system (1.2) we obtain

av

— =kI —pV < M; —uV.

dt
Similar to the argument on Z(t), we can conclude that V() is also ultimately bounded. Therefore, from
the extension theorem of solutions, we have T' = 4+o00. This completes the proof. ]

2.2. Equilibria. Let 6 = Z*. The basic reproduction number of model (1.2) is

BA
5(d+a))’

which is independent of the number of total cells of liver.

Now we consider the stability of equilibrium points of (1.2). By the simple calculation, system (1.2) has
the following three equilibrium points:

(i) the trivial equilibrium point Ey = (0,0,0), Ey symbolizes complete liver failure;

(ii)if Ry <1, then the (1.2) has a unique infection-free equilibrium point E; = (T, 0,0), where Ty = %,
Ey is a healthy, disease free, mature liver;

(iii) if Ry > 1, then the system (1.2) has a unique infection equilibrium point E* = (T*,I*,V*), E*
represents persistent, chronic HBV infection. E* is given by

Ry =

bd + 3 — a(bA+6) + /(bd + B — a(bXA + 6))2 + 4abd(bA + 0) 1 1

T = I'=—(R"-1),V =—(R" -1

2abd ’ bk( ) b( )

if and only if
pT
Rr=—7—-">1
St al™)

We note that Ry = 6((5:;}0) > 6(1?:;;*), since I* = d—lp(g — T*). Hence, the system (1.2) has a unique

infection equilibrium point E* = (T*,I*,V*) if Ry > 1.

2.3. Local stability, Ry < 1 and Ry > 1. Next, we analyze the stability of non-negative equilibria of
(1.2).

Theorem 2.2.

(i) Eo = (0,0,0) is stable.

(ii) If Ry < 1, then Ey is locally asymptotically stable; if Ry > 1, then Ey is unstable.
(iii) If R* > 1, then E* is locally asymptotically stable.

Remark 2.2. Notice that Ry > R*, therefore, Theorem 2.2.(iii) becomes:
(i)’ If Ro > 1 holds, then E* is also locally asymptotically stable.
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Proof. (i) The linearization matrix of the system (1.2) at Ej is

—-d 0 0
J(Ep) = 0 —-p O
0 k' —pu

The characteristic equation at Ey is (A + d)(A + p)(A + 1) = 0, then Ej is stable.
(ii) The linearization matrix of the system (1.2) at E; is

Tt

—d 0 71-6;10T0

JEH=| 0 -p &
0 k —u

The characteristic equation at Ey is
A8 + Al)\Q + A\ + A3 =0,

where

Al = d+p+ﬂ > 0,

Ay = pd + dp + pp — 1225 = pd + dp + pp(1 — Ry),

Az = ppd(1 — Ro),

A1Ay — Az = P (p+ ) + (p+ p)ld(p + p) + pu(1 — Ro)].

If Ry < 1, then Ay, A3, AjAs — A3 > 0. Therefore, by the Routh-Hurwitz criterion, if Ry < 1 hold, then
Ey is locally asymptotically stable.
(iii) The linearization matrix of the system (1.2) at E* is

bir bz bis
JE*) = bar baa b2z |,
b31 b3z b33

_ - _ - BV*(1+bV™ o o B(1+aT™) -
where bll - 7d7b21; b12 - 0; b13 - 7b23; b21 - (1+aT*+b§/*+ab'12*V*)2 ) b22 =D b23 = (A+aT*+bV*+abT*V*)2> b31 -

0,b32 = k, b3z = —p.
The characteristic equation at E* is

A2+ BiA2 + Bod+ B3 =0,
where

Bi=(d+p+p+ba)>0,

By = (p+ p)(d + b21) + (pp — kbas),

Bg = (d 4+ b21)(pu — kb23) —+ bglbggk,

BiBy — By = (p+ p)(pp — kbaz) + (p + p)(d + b21)? + (> + pp+ %) (d + bar) + pud + bar (pp — kbas).

Furthermore,
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Bs > pu— kbas
B(1 +aT™)

1+ aT* + bV* + abT*V*)2
Dl . x

— m[(1+bv )2 — R¥]
pi . .

— m{[lJr(R —1)]? - R*}

P s
= —(R*-1).
P (R 1)
If R* > 1, then Bs > 0. It follows that Bs > 0, BiBs — B3 > 0 if R* > 1.
Then by the Routh-Hurwitz criterion, we have that E* = (T, I*,V*) is locally asymptotically stable
if R* > 1. O

= pM*(

2.4. Analysis at Ry = 1. To use the center manifold theory, as described in Castillo-Chavez and Song
(2004) (Theorem 4.1). To apply this method, the following simplification and change of variables are made
first. Let T = 1, I = 22, V = 3, the system (1.2) becomes

G = A= dn - i <
o — G —pry = o, (2.1)
e = ko — s, = fs,

with Rp = 1 corresponding to § = 8* = w. The infection-free equilibrium is (z} = %, x5 =0,23 =0).

The linearization matrix of system (2.1) around the infection-free equilibrium when g = * is

BT,
-4 0 i
Dmf = 0 7p 16’(119‘0
0 k —

The matrix D, f has eigenvalues (0, —d, —p — u)T, which meets the requirement of a simple zero eigen-
value and others having negative real part. A right eigenvector w corresponding to the zero eigenvalue is

w=(—2,1,%)7T and the left eigenvector satisfying v-w = 1is v = (0, £, )} For system (2.1) the

> p P ptp? kp
associated non-zero the second partial derivative of fs, f3 are given by
Pf  Pfr B Pfr  268°Tp Pfr Ty
Or10z3  Ox30r1  (1+aTp)2’ 022  1+aly, 0x303 1+alp
It follows that
3 3
dfa Ofs
“@ = » Z witly 81'1(95% + s Z Wity (9:6181']
4,j=1 4,j=1
= 2ww Ca — w2 25677
! 3(1 +aTo)2 31—|—aT0
2pk * k? 2bB3*T;
_ P p B*1To < 0.

Cdp (1+aTp)?  p21+aT,
EJQTDE, 2012 No. 9, p. 5



3 3
_ df2 Ofs
b= ;“’ 9208 T " ;w 92:08
— i > 0
TR, T

Thus, a < 0, b > 0, by item (iv) of Theorem 4.1 in Castillo-Chavez and Song (2004), we can give the
following result:

Theorem 2.3. The infection equilibrium point E* is locally asymptotically stable for Ry near 1.

Note that the result in Theorem 2.3 holds for Ry > 1 but close to 1.

3. Global stability and uniformly persistent

3.1. Global stability. The following two theorems is the global stability results of the infection-free
equilibrium point F; and infection equilibrium point £*.

Theorem 3.1.
() If Ro < 1, then Ejy is globally asymptotically stable.
(ii) If Ry > 1, then E* is globally asymptotically stable.

Proof. (i) Let us consider the Lyapunov function

1 T
Vi(T,I,V) = (T—TO—Toln?O)—i—I—i—BV.

1+ aTo k
It is easily seen that V4 (T,I,V) > 0 and V4(T,1,V) =0if and only if T = Ty, I = V = 0. We now compute
the time derivative of V; along the solutions of (1.2). One then has

1.1 To. . pe
Dy ity

Vi(t T—
1(#) 1+aly, 1+4+aly T k

- 1 \_d BTV 1 To aT BTV
- 1+aTo< N <1+aT)<1+bV>)1+aTﬁ< - <1+aT)<1+bV>)

N BTV b
(L+aT)(1+bV) K
B 1 To 1 BT,V BTV
T 1+alp [_d(T —To)+dp(T - TO)} T (1+4aT)(1+bV) + (14 aT)(1+bV)

1 BTV jJn
- - =V
1+alo(1+aT)(1+0bV) Kk

_ 7d(T_TO)2+%L[£( -1 pT BT 1 BT )—(1+bV)]

T(1+ aTp) E@Q+bV) |pp\1+alol+al 1+alpl+al 1+4aT
d ppb pu V
= | (T-T))*+ ——— V| + = ——(Ry— 1).
[T(lJraTo)( o) T }‘L k (1+bV)( 0o-1)
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It follows from Ry < 1 that V4 < 0 for all 7,1,V > 0. Hence, the uninfected steady E is stable. And
Vi =0, when T'=Ty and V = 0. Let 3 be the largest invariant set in set

S ={T,I,V)|Vi(T,I,V) =0} = {T,I,V)|T = Ty,1 >0,V = 0}.

We have from the third equation of (1.2) that ¥y = {Ey}. By the Lyapunov-LaSalle invariance principle
(LaSalle, 1976), E is global asymptotically stable.
(ii) Let us consider the Lyapunov function

T 14
I* I I*
Vo(T, I, V) = T—T*—/ %drﬂ—l*—l*lnﬁjﬁf—) (1+bV™) <V —V* - / %dr)
T TFar)(1+6V") V" +aT*)(1+07)

It is easily seen that Vo(T,I,V) > 0 and Vo(T,I,V) =0ifand only if T'=T*,1 = I*,V = V*. Calculating
the time derivative of Va(T, I, V) along the positive solutions of model (1.2), satisfies

- L +aT)A V) T p o e (+aT*)(A+DV)
) = T+i+Z201+0b I T——i— 2@ ovr.pr-
Va(t) + Jrk( +bVIV —p ATV 7 k:( +oV*)-p BT
. po Ll+aDYA 40V I, pV*.
= T4+i+2v_prI T2
HLr Vo BTV~ vV
i (1 +aT)(1+bV") BTV
= I—ar-2vl 1 A—dT —
{ k } {p BTV (1 +al)(1+bV)
I BTV pV*
S I kI —uV) b,
U [avamarm 7)) - kv
Since A = dT™* + pI*, BF = Vi,p[*z%,this yields
W) = {dT L pI* —dT — pI V*}
B (0 P s ANOS e AP U ) I
T 1+ al™ T1+ar*? T14ar* VitV P

TI*V (1+aT*)(1 +bV*) IV
71— r(1- =
+{p [ v Qran)a+ov) | TP "V
T T 1+aT 1+4aT T*I*V (1 + aT*)(1 + bV*)
— dr*|1- = — .
[ ]+ [ TIV: (1+al)(1+bV)

T T 1+aT*  1+aT*

d VoV 14V 14bV
— _T*2 I* _ e
Ta+ar) A [ TR 1+bV*]
ol T ltel  TIV (A4al)AbVY)  TVS 146V
P T1l+al* T 1V® (I+al)(1+0V) I*V 1+bV

d bpI*
— *7T*T*2* V*V*Q
Tt ar) S v aroar e )
ply T ltdl TV (L4aTHQEVY) TV 14
P T1l+tal* T IV* (I+al)(1+0V) 'V  1+bV*
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From the AM — GM inequality, we get
T 1+aT TI*V 14+al*(1+0bvVe) IV* 140V <

S T 1+al* T*I1V* 1+al)1+bV) IV 1+bV*
with equality if and only it T'=T",1 =I*,V = V™.
Therefore, Vo < 0 for all 7,1,V > 0, and Vo = 0 if and only if T' =T*, I = I*, V = V*. The
largest compact invariant set in M = {(T,I, V)|V, = 0} is M = {E*}. From Lyapunov-LaSalle invariance
principle one then obtains the desired conclusion. O

3.2. Uniformly persistent. We recall that the system (1.2) is said to be uniformly persistent if there is
g0 such that any solution of (1.2) which starts with 7°(0), I(0), V' (0) satisfies

liminf T'(t) > eo, litm inf I(t) > e, litm inf V(t) > ep.

t—o0

Theorem 3.2. If Ry > 1, then the system (1.2) is uniformly persistent.

Proof. Let us consider the Lyapunov function

Va(T,I,V) = I + %V.

Then the derivative of V3 along the solutions of (1.2) is

- pTvV p
t) = —pl )|+ =(kI -
Va(?) ((1+aT)(1+bV) pl)+ kL= V)
pu
where f(T,I,V) = %&W) If Ry > 1, that is, f(Zp,0,0) — 2% > 1, then V5 is positive in all strictly

positive points of a vicinity of (7p,0,0), and so (7p,0,0) is unstable. Since the only invariant subsets on
the boundary of (0,00)3 are {(Tp,0,0)} and {(0,0,0)} and their stable manifolds are also contained in the
boundary of (0, 00)3, it follows from a result of Hofbauer and So (1989) that the system (1.2) is uniformly
persistent. ]

4. Discussion.

This paper presents a mathematical study on the global dynamics of virus dynamic model with Crowley-
Martin functional response. At first, we discussed the existence and local stability of the infection-free and
infection equilbria. The results (see, Theorem 2.2.) showed that the basic reproduction number of virus
Ry is a sharp threshold parameter. Next, the global asymptotical stability for infection-free equilibrium
E; when Ry < 1 and infection equilibrium E* when Ry > 1 are proved (see, Theorem 3.1.). The proof
relies on the construction of a global Lyapunov function that are motivated by earlier works (Korobeinikov,
2004; Huang et al., 2009)

Now, we discuss the biological significance of our results. Theorem 3.1 (i) implies that a person with
Ry < 1 cannot be infected by virus forever. Theorem 3.1 (ii) implies that a person with Ry > 1 will be very
difficult to prevent to be infected. Consequently, HBV vaccines may be the first line choice for preventing
HBYV infection. It also implies that if a patient’s Ry > 1, and drug anti-virus therapy cannot activate the
patient’s immune response, then the anti-virus treatment cannot stop until all virus has been cleared.
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In another approach, Zhou and Cui (2010) studied the model (1.2), and obtained global asymptotic
stability of the infection equilibrium E* result by the theory of competitive systems. However, their results
(see, Theorem 5.2 of Zhou and Cui (2010)) need more hypotheses than our results here (Theorem 3.1).

Furthermore, our considerations may be easily extended to systems of the form

G =n(T) ~ f(T,V),

4 — §(T,V) —pl, (4.1)
dv
G = kI —pV,

to encompass different type of functional responses, under appropriate assumptions on the functions
f(T,V). Some examples of f and n(T") which fit into our framework are f(T,V) = TV, f(T,V) = LIV

v 1+mVa>?
f(T, V) = HgTW’ TL(T) =A-—-dT.

On the other hand, we can consider with ”intracellular” delay (see, Herz et al., 1996)

% =A—dl' - (1+11§“)T(‘1/+bl/)7
o= " ey — P (4.2)
Y = kI — pV.
And, we also consider the system (1.2) with CTL immune response (Nowak and Bangham, 1996):
@ =~ dT ~ )
& = wrenag — L - mIC, 43)
D= kI —pV,
4¢ = hIC —nC.

The model (4.2) and (4.3) are left to the future work.
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