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boundary conditions. It is proved that the convergence is quadratic.
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1 Introduction

In this paper a boundary value problem (BVP) for impulsive differential equations
with a family of linear two point boundary conditions is studied. An existence theo-
rem is proved. An algorithm, based on methods of quasilinearization, for constructing
successive approximations of the solution of the considered problem is given. The
quadratic convergence of the iterates is proved. The obtained results are general-
izations of the known results for initial value problems as well as boundary value
problems for ordinary differential equations and impulsive differential equations.

The method of quasilinearization has recently been studied and extended exten-
sively. It is generating a rich history beginning with the works by Bellman and Kalaba
[1]. Lakshmikantham and Vatsala, and many co-authors have extensively developed
the method and have applied the method to a wide range of problems. We refer
the reader to the recent work by Lakshmikantham and Vatsala [9] and the extensive
bibliography found there. The method has been applied to two-point boundary value
problems for ordinary differential equations and we refer the reader to the papers,
2, 3, 4, 8, 10, 11, 12], for example.

Likewise impulsive equations have been generating a rich history. We refer the
reader to the monograph by Lakshmikantham, Bainov, and Simeonov [6] for a thor-
ough introduction to the material and an introduction to the literature. Methods of
quasilinearization have been applied to impulsive differential equations with various
initial or boundary conditions. We refer the reader to [9] for references and we refer
the reader to [2, 3, 13] in our bibliography. In this paper, we consider a family of
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boundary value conditions that contain periodic boundary conditions. A quasilin-
earization method has been applied to problems with periodic boundary conditions,
8]; to our knowledge, this is the first application to impulsive problems with periodic
boundary conditions.

2 Preliminary notes and definitions

Let the points 7 € (0,7),k = 1,2, ..., p be such that
The1 > Tk, k=1,2,...,p—1.
Consider the nonlinear impulsive differential equation (BVP)

¥ = f(t,z(t)) for tel0,T], t+#, (1)
(e +0) = I(x(mg)), k=1,2,...,p (2)

with the linear boundary value condition
Mz(0) — No(T') = ¢, (3)

wherez € R, f: [0, T|xR—=R, I, :R—R,(k=1,2,...,p), ¢, M, N are constants.
We consider the set PC(X,Y) of all functions v : X — Y, (X C R,Y C R)
which are piecewise continuous in X with points of discontinuity of first kind at
the points 7, € X, i.e. there exist the limits lim;, u(t) = u(m + 0) < oo and
limyyr, w(t) = u(m — 0) = u(7y).
We consider the set PC'(X,Y) of all functions u € PC(X,Y) that are continu-
ously differentiable for t € X, t # 7.

Definition 1 . The function a(t) € PC'([0,T],R) is called a lower solution of the
BVP (1)-(3), if the following inequalities are satisfied:

&) < flt,alt))  for t€[0.T]t#m ()
alm, +0) < L(a(m)), k=1,2,....p (5)
Ma(0) — Na(T) < ec. (6)

Definition 2 . The function 3(t) € PC*([0,T],R) is called an upper solution of the
BVP (1)-(3), if the inequalities (4), (5), (6) are satisfied in the opposite direction.

Let the functions «, § € PC([0,T],R) be such that a(t) < 5(t).
Consider the sets:

S(a,8) ={ue PC(0, T|,R): «t) <u(t)<p(t) for tel0,T]},
Qa, B) ={(t,x) € [0, T] xR: at) <z )
Di(a,f)={zeR:a(m) <z <pf(m)}k=12...p.
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Consider the linear boundary value problem for the linear impulsive differential
equation (LBVP)

u'(t) = g(t)u(t) +o(t), t€0,T], t # (7)
u(tr +0) = bu(mi) + %, E=1,2,....p (8)
Mu(0) — Nu(T) = 0. (9)

Using the results for the initial value problem for the linear impulsive differential
equation (7),(8) (Corollary 1.6.1 [6] ) we can easily prove the following existence result
for the LBVP (7), (8), (9) and obtain the formula for the solution.

Lemma 2.1 . Let thefunctions g,0 € PC([0,T],R) and M, N, by, v, (k=1,2,...p)
be constants such that N(IT% bk)exp(fo g(s )ds) # M.

Then the LBVP (7), (8), (9) has a unique solution u(t) on the interval [0,T],
where

u(t) = w(0)( I b)efvp/ g(r)dr)

O<T <t
+ > ”yk( 11 b)e:cp/ g(T)dT)ds
0<mp<t TE<T; <t
+ [0 TT t)ean( [ g(r)ars,
s<T <t

T0=0, byp=1, Hf(j)zlfork>n,

/T H b)e:cp/ (T)dT)}.

s<r;<T

We will need the following results for differential inequalities.

Lemma 2.2 (Theorem 1.4.1 [6]). Let the following conditions be satisfied:
1. u,g,0 € PC([0,T],R).
2.The function m € PC'[R,R] and

m'(t) < p(t)ym(t) +q(t), t€[0,T], t £
m(m, +0) < dpu(t) +bg, k=1,2,...,p,
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where dg, by (k=1,2,...,p) are constants, d, > 0, p,q € C[R4,R].
Then for t > 0 the inequality

+ > bk< II d)e:cp/ p(T)dT)ds

0<mp<t T <T; <t

+/ H dk exp/ p(7)dT)q(s)ds

s<T <t

18 valid.

In the proof of the main results we will use the following comparison result.

Lemma 2.3 . Assume that the function m € PC'([0,T],R) satisfies the inequalities

m'(t) < o(t)m(t), t€[0,T],t #t,
m(ty +0) < agm(ty), k=1,2,...,p
Mm(0) — Nm(T) < 0,

where ay, > 0, M > 0, N > 0 are constants such that

P

- N(]T ak)exp(/oT gb(s)ds) > 0.

Then m(t) <0 fort € [0,T].

Proof:According to Lemma 2.2 the function m(t) satisfies the inequality

m(t) < m(O)( 11 ozk)exp(/otgb(s)ds) for ¢ € [0,T].

k:0<trp<t

From inequality (12) we have
N
0) < —m(T
m(0) < Sm(1)

and therefore

m(0) < —m (Hak)exp/ o(s)ds).

(10)

(11)
(12)

(13)

(15)

From the inequalities (13) and (15) it follows that m(0) < 0. Therefore according to

(14) the inequality m(t) < 0 holds for ¢ € [0, T].

As a partial case of Lemma 2.3 we obtain the following result:
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Corollary 1 . Let the function m € PC'([0,T],R) satisfies the inequalities (10) -
(12), where [} ¢(s)ds <0,0<ay <1 and M >0, N >0, M > N.
Then the function m(t) is nonpositive on the interval [0, T).

3 Main Results

We will obtain sufficient conditions for existence of a solution of the BVP (1)-(3). The
obtained result will be useful not only for the proof of the method of quasilinearization
but for different qualitative investigation of nonlinear boundary value problem for
impulsive differential equations.

Theorem 3.1 . Let the following conditions be fulfilled:
1. The functions o, 3 € PCY([0,T],R) are lower and upper solutions of the BVP
(1)-(3) and o(t) < B(t) fort € [0,T].
2. The function f € C(Q(«, 3),R).
3. The functions I : Dg(a, ) — R, (k= 1,2,...) are nondecreasing in Dg(c, 3).
4. The constants M > 0, N > 0.
Then the BVP (1)-(3) has a solution u € S(«, 3).

Proof:Without loss of generality we will consider the case when p = 1, i.e. 0 <
ty < T. Let zo be an arbitrary point such that a(0) < 2o < ((0). Define a function
F:[0,T] x R — R by the equality

f(t,B() + 54%E for x> (1)
F(t,x) =3 f(t,x) for a(t) <z < p(t)

f(t,a(t) + G2t for x < aft).

From the condition 2 of the Theorem 3.1 it follows that the function f(¢,x) is
bounded on S(«, 3) and therefore there exists a function p € C([0,7],[0,00)) such
that sup{|F(t,z)| : € R} < u(t) for t € [0, 7.

Therefore, the initial value problem for the ordinary differential equation 2’ =
F(t,z), x(0) = xo has a solution X (¢;xg) for ¢t € [0,;].

Consider the function m(t) = X (t;z9) — 5(t). We will prove that the function
m(t) is non-positive on [0,¢;]. Assume the opposite, i.e. sup{m(t) : t € [0,t1]} > 0.
Therefore, there exists a point t* € (0,¢;) such that m(t*) > 0 and m/(¢*) > 0. From
the definition of the function X (¢;x) it also follows that

Bt*) — X(t*;20)
1+ | X (25 20)]

J 0 = Ty <

m/(t7) < (&, B(t)) +
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According to the obtained contradiction, the assumption is not true. Therefore,
X(t;w0) < B(t), te€[0,t].

Analogously, we can prove that X (¢; ) > af(t), t € [0, t4].
Let yo = I1(X(t1;z0)). We note that yo depends on zy. From the monotonicity
of the function I;(x) we obtain

a(ti +0) < L(alt)) < L(X(t;20) < Li(B(t)) < Bt +0),
a(ty +0) <wyo < B(t1 +0).

Consider the initial value problem for the ordinary differential equation x’ =
F(t,z), x(t;) = yo for t € [t;,T]. This initial value problem has a solution Y (; yo)
for t € [t1,T]. Using the same ideas as above we can prove that the inequalities
a(t) <Y (t;yo) < B(t) for t € [t1,T] hold. At the same time Y (t1;y0) = I1 (X (t1;20)).

Define the function

| X(tx) for te€0,t]
x(t; 2o) = { Y (t;y0) for t e (t1,T).

The function x(t; zo) € S(a, ) is a solution of the impulsive differential equation
(1), (2) with the initial condition z(0) = xo.

From the inequality a(t) < ((t) for ¢t € [0,T] it follows that the following two
cases are possible:

Case 1. Let a(0) = 3(0). Then zy = «(0) = ((0). Therefore
Mz(0;29) — Na(T;x9) = Mxg — Nz(T;x0) < Ma(0) — Na(T) < ¢
and
Mz (0;x9) — Na(T;x0) = Mxo — NB(T) = c.

Therefore Mz(0;x9) — Nx(T; o)) = ¢, i.e. the function x(t;x¢) is a solution of the
BVP (1)-(3).

Case 2. Let a(0) < 3(0). We will prove that there exists a point 2 € [«(0), 3(0)]
such that the solution z(t;xy) of the impulsive differential equation (1), (2) with
initial condition x(0) = x, satisfies the boundary condition (3). Assume the opposite,
i.e. for every point xy € [a(0), 5(0)] the inequality Mz (0;x¢) — Na(T;z0)) # ¢ holds,
where z(t; x¢) is the solution of the impulsive equation (1),(2).

If xy = ((0) then from the relation x(t;zq) € S(a, ) we obtain that

Mz(0;29) — Nx(T;20)) = MB(0) — No(T;x9) > MB(0) — NGB(T) > c.
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According to the assumption and the above inequality we obtain
Mz(0;29) — Nx(T; o) > c. (16)

Then there exists a number 6 : 0 < 6 < B(0) — «(0), such that for zy : 0 <
B(0) —xzy < § the corresponding solution z(t; z¢) of the impulsive differential equation
(1), (2) satisfies the inequality

Mz(0;29) — Nx(T;z9) > c. (17)

Indeed, assume that for every natural number n there exists a point z, : 0 <
B(0)—2z, < L such that the corresponding solution (™ (¢; z,) of the impulsive equation
(1),(2) with the initial condition x(0) = z,, satisfies the inequality

Mz™(0; 2,) — Na™(T; 2,) < c.

Let {zy, } is a subsequence such that lim;_..2,; = 3(0) and limj . aow ™) (t; Zn;) =
x(t) uniformly on the intervals [0,¢;] and (¢;,T]. The function z(t) is a solution of
the impulsive differential equation (1), (2) such that z(0) = 3(0), x(t) € S(«a, 5) and

Mz(0) — Nz(T') < c. (18)

The inequality (18) contradicts the inequality (16) and therefore the assumption
is not true.

Let

0= sup{éd € (0,5(0) — a(0)] : for which there exists a point x¢ € (5(0) — 0, 5(0)]
such that the solution x(t;xo) satisfies the inequality (17)}.

Choose a sequence of points z,, € («(0), (0) —*) such that lim,,_,o 2, = 5(0) —
0*. From the choice of §* and the assumption it follows that the corresponding
solutions (™ (¢; ,,) satisfy the inequality

Mz™(0; z,) — Ne™(T; z,) < c.

There exists a subsequence {x,, }5° of the sequence {z,}§° such that

limj_oo ") (t;x,,) = 2*(t) uniformly on the intervals [0,¢] and (¢;,7]. The
function z*(t) € S(«, ) is a solution of the impulsive equation (1), (2) with the
initial condition z(0) = 5(0) — ¢* and satisfies the inequality Mz*(0) — Na*(T) < c.
The last inequality contradicts the choice of §*.

Therefore, there exists a point zg € [(0), 5(0)] such that the solution z(¢; o) of
the impulsive differential equation (1), (2) satisfies the condition (3), i.e. the function
x(t; o) is a solution of the BVP (1), (2), (3). This completes the proof of Theorem
3.1.
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We will construct the method of quasilinearization to approximate the solution
of the BVP (1), (2), (3). We will prove that the convergence of the successive ap-
proximations is quadratic.

Theorem 3.2 Let the following conditions hold:
1. The functions a(t), Bo(t) are lower and upper solutions of the BVP (1), (2), (3)
and ag(t) < Bo(t) fort € [0,T].
2. The function f € C**(Q(ap, B), R) and there exist two functions

F.g € C%*(Q(ag, o), R) such that F(t,z) = f(t,x) + g(t,x), F' (t,z) > 0,
Gra(t, ) 20,

/OT [Fl(s,B0(5)) — g.(s, ap(s))]ds < 0.

3. The functions I, € C*(Dy(ag, 5),R),k = 1,2,...,p, and there emst functions
G, Ji € C*(Di(vw, Bo), R) such that Gy(z) = I,(z) + Ji(z), G}(x) >0, J/!(z) >0,

)
G (Bo(m)) — T (o (i)
Gilo(7r)) = J(Bo(7k))
4. The constants M >0, N >0, M > N.

Then there ezist two sequences of functions {c,(t)}5° and {5,(t)}5° such that:

a. The sequences are increasing and decreasing respectively.

1

)

<
> 0.

b. The functions a,(t) are lower solutions and the functions (,(t) are upper
solutions of the BVP (1), (2), (3).

c. Both sequences are uniformly convergent on the intervals (Ty, Tiy1], for k =
0,1,2,...,p, to the unique solution of the BVP (1), (2), (3) in S(«o, o).

d. The convergence is quadratic.

Proof:From the condition 2 of Theorem 3.2 it follows that if (¢, z1), (¢, x2) € Q(, Fo)
and x; > x5 then

f(ta 561) > f(ta x2) + Fé(t, x2)(x1 - 562) + g(t7x2> - g(t7x1)7 (19)

g(t,x1) > g(t,xa) + g, (t, xa) (w1 — 22). (20)

From the condition 3 of Theorem 3.2 it follows that if z1 > 29, 21, 22 € Dy(a, bo),
then

Ii(21) > Ip(w2) + Gl(22)(21 — 22) + Ji(32) — Ji(21), (21)

and

From the condition 3 it follows that the functions G, (z) and Jj,(x) are nondecreas-
ing in Dy(cv, Bo). Therefore for x € Dy (o, fo) the inequality I} (z) = G)(x)—J,.(z) >
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G (ao(mr)) — J.(Bo(7k)) > 0 holds, which proves that the functions I;(z) are nonde-
creasing, k=1,2,...,p.
According to Theorem 3.1 the BVP (1), (2), (3) has a solution in S(«g, f).

We consider the linear boundary value problem for the impulsive linear differential
equation (LBVP)

2'(t) = f(t, ao(t)) + Qo(t)(x — ao(t)) for ¢ €[0,T],t # 7, (23)
(7 +0) = Ii(oo(k)) + Byla(m) — ao(70)), (24)
Mz(0) — Nz(T') = ¢, (25)

where

Qo(t) = F,(t, ao(t)) — g,(t, Bo(1)),
By = G (ao(3)) — ( o(11)), k=1,2,...,p.

It is easy to verify that the function ay(t) is a lower solution of the LBVP (23),
(24), (25).

According to the condition 1 of Theorem 3.2, inequalities (19) and (21) we obtain
the inequalities

Bot) = f(t, aolt)) + Qo(t)(Bo(t) — ao(t))
—[F(t, a0(t)) = F(t, Bo(t)) + Fo(t, ao(£))(Bo(t) — ao(t))]
+g(t, ao(t)) = g(t, Bo(1)) + g, (¢, Bo(t))(cwo(t) — Bo(1))
> [(t; a0(t)) + Qo(t)(Fo(t) — ao(t)) for t €[0,T], ¢ # 7, (26)
Po(m +0) = Li(ewo(7i)) + [Lk(Bo(7k)) — Ti(vo(7i))]
> Te(ao(T)) + [ w(@0(7)) = T (Bo(7))] (Bo(7k) — ao (7))
> In(ao(7)) + By (Bo(i) — (7)) (27)

From the inequalities (26), (27) it follows that the function Gy(¢) is an upper
solution of the LBVP (23), (24), (25).

According to the Lemma 2.1 the LBVP (23), (24), (25) has a unique solution
Oél<t> S S(Oé(],ﬁo).

We consider the linear boundary value problem for the impulsive linear differential
equation (LBVP)

a'(t) = f(t,50(t)) + Qo(t)(x(t) — Bo(t)) for te[0,T,t#7,  (28)
(m+0)— k(Bo(m)) + BR(a(mi) — Bo(7x)), (29)
Mz(0) — Mz(T) = c. (30)

The functions ag(t) and Fy(t) are lower and upper solutions of the LBVP (28), (29),
(30) and according to Lemma 2.1 there exists a unique solution (1 (t) € S(«g, fo)-
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We will prove that a;(t) < 31(¢) for t € [0,T].

Define the function u(t) = ay(t) — G1(t) for t € [0,T]. From the choice of the
functions oy (t) and (;(¢) and the inequality (20) we obtain that the function w(t)
satisfies the inequalities

u = f(t,ao(t)) = f(t, Bo(t)) + Qo(t)u(t) + Qo(t)(Bo(t) — a(t))
< Qo(t)u(t) for tel[0,T],t+# . (31)

According to the inequality (21) for 2o = [y(tx) and x; = ap(tx) and the definition
of the functions «aq, #1 we obtain

u(me +0) < In(ao(rk) — Le(Bo(mk)) + BRu(mi) + BR[Bo(mi) — ao(7)]
< Bgu(Tk). (32)

From the boundary value condition for the functions ay, 3; and the condition 4 we
obtain the inequality

Mu(0) = Nu(T) = May(0) = N (T') = (MB1(0) = NG(T')) =c—c=0.  (33)

From the inequalities (31), (32) and boundary condition (33), according to Lemma
2.3, the function u(t) is non-positive, i.e. a;(t) < F1(t).
The function a;(t) is a lower solution of the BVP (1), (2), (3). Indeed, for
S [O,T],t 7é Tk

of < f(ten(t) + Fi(t ao(t))(ao(t) — an(t))
—g(t, ao(t)) + g(t, ar (1)) + Qo(t)(ar(t) — ao(t)) (34)
< f(t7 al( ))

From the inequality (21) and the choice of the function «;(t) we obtain the
inequalities

ar(me+0) < Ii(ar(m)) + [Gilao(me)) — Ji(ea (7))
—By) (e (1) — o (7))
< Ii(on(mi) = [Ji(ao(m)) = Jr(Bo(7i)) (0 (7r) — aa (7))
< L(ag(m)), k=1,2,...,p. (35)

From the inequalities (34), (35) and the boundary condition for the function «; ()
it follows that the function a4 (t) is a lower solution of the BVP (1), (2), (3).

Analogously, it can be proved that the function 1 (¢) is an upper solution of the
BVP (1), (2), (3).

By this way we can construct two sequences of functions {a,(t)}5° and {3, (¢)}°,
an, Bn € S(ap_1,0n-1). The function «,1(¢) is the unique solution of the linear
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boundary value problem for the impulsive linear differential equation (LBVP)

2'(t) = f(t, an(t)) + Qn(t)(x — an(t)) for t € [0,T],t # m, (36)
x(1x + 0) = I(an (k) + Bp(z(mk) — an(71)), (37)
Mxz(0) — Nz(T) = ¢ (38)

and the function 3,.1(¢) is the unique solution of the linear boundary value problem
for the impulsive linear differential equation (LBVP)

2(t) = f(£, Bu(t)) + Qu(t)(x — Bu(t)) for € [0,T],t # 7, (39)
2(7 +0) = L(Bn(T )) + By (2(7k) = Bu(7h)), (40)
M (0) — Na(T) = (41)

where
Qn(t) = Fy(t, an(t)) — g,(t, Balt)),
By = Gi(an(mr)) — Jp(Ba(7r))-

As in the case n = 0 it can be proved that the functions «,,1(t) and 3,1(t) are
lower and upper solutions of the BVP (1), (2), (3) and the inequalities

ap(t) <aqg(t) < ... <ap(t) < Bu(t) < ... < Bo(t) (42)
hold.

Therefore, the sequences {a,(t)}5° and {5,(t)};° are uniformly bounded and
equi-continuous on the intervals (73, 7x41], & = 0,1,2,...,p and they are uniformly
convergent.

Denote

lim o, (t) = u(t), Jim. Bu(t) = v(t).

n—oo

From the uniform convergence and the definition of the functions «a,(t) and 3,(t) it
follows that

aolt) < u(t) < v(t) < folt). (43)

From the LBPVPs (36)-(38) and (39)-(41) we obtain that the functions u(t) and v(t)
are solutions of the BVP (1), (2), (3) in S, o) and therefore u(t) = v(t).

We will prove the convergence is quadratic.
Define the functions a,1(t) = u(t) — a,1(t) and b, y1(t) = Bnr1(t) —u(t), t €
[0,T]. For ¢t € [0,T],t # 7, we obtain the inequalities

Uy < Qult)ani(t) + [FL(Lu(t) — g,(t an(t)) — Qu(t)]an(t)
= Qu(t)an1(t) + Fro(t, &) ag(t)
05 (M) an(t) (Ba(t) — on(t)) (44)

where u(t) < & < ap(t), a,(t) < m < Bu(t).
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It is easy to verify that the inequality

an () (B (8) — (1) = () (1) + (1)) < SB2(0) + S3). (15)

From the inequalities (44) and (45) it follows that for ¢ € [0,7],t # 74 the
inequality

g1 () < Qult)an41(t) + on(t), (46)
holds, where
! 3 " 2 1 " 2
0n<t> = [me(t7 gl) + _g:m:(t7 nl)]a’n + _gmm<t7 ?71>bn

2 2

Analogously, it can be proved that
g1 (Tk + 0) < By an (k) + 7, (47)

where

] 3 ! 1 /)
Y = [Gl(wk) + 5%(%)]@%(%) + §Jk/(Vk)bi(Tk)a
an (1) < wp < u(k), an (1) < Kk < Bu(m), k=1,2,...,p.

From the boundary conditions for the functions u(t) and «,,(t) we obtain the equality
Man+1 (0) - Nan+1(T) = 0. (48)

From the inequalities (46), (47) according to Lemma 2.2 it follows that the function
an41(t) satisfies the estimate

anJrl(t) S an+1 ( H Bn exp/ Qn dT

O<TE<t
+ Z fyk( H B" e:cp/ Qn(7)dr)d
0<mip<t TR <T; <t
+/ on(s H By exp/ Qn(7)dT)d (49)
s<T <t

From the boundary condition (48) we have a,41(0) = 2a,1(T) and therefore

ans1(0) < [1 — —(ﬁ exp(/OTQ"(S)dS)}_

{Zz: (f[lBJ"exp/ Qn(7)dT)
—i—/OT s)( HTB” ea:p/ Qn(7)dr). (50)
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From the properties of the functions F'(t,z) and g(¢,x), the definition of o, (t)
and the inequalities (49), (50) it follows that there exist constants A\; > 0 and Ay > 0
such that

llansall < Adllanl[* + Aol [bal|*. (51)

Analogously, it can be proved that there exists constants pu; > 0 and us > 0 such
that

bl < pallball® + oo | (52)

The inequalities (51) and (52) prove that the convergence is quadratic.

Remark 1 In the case when N = 0 the BVP (1), (2), (3) is reduced to an initial
value problem for impulsive differential equations for which the quasilinearization is
applied in [9].

In the case when M = 1,N = 1,¢ =0 the BVP (1), (2), (3) is reduced to the
periodic boundary value problem for an impulsive differential equations.

We also note that some of the results for ordinary differential equations, obtained
in [5, 7, 8, 9] are partial cases of the obtained results when I(z) = x.
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