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1. Introduction

Difference equations have attracted the interest of many researchers in the past twenty years since
they provided a natural description of several discrete models. Such discrete models are often investigated
in various fields of science and technology such as computer science, economics, neural network, ecology,
cybernetics, biological systems, optimal control, population dynamics, etc. These studies cover many of the
branches of difference equation, such as stability, attractiveness, periodicity, oscillation and boundary value
problem. Recently, there are some new results on periodic solutions and homoclinic solutions of nonlinear
difference equations by using the critical point theory in the literature, see [1-3, 7-15, 20, 21, 30-33].

Consider the nonlinear difference equation of the form
A [p(n)(Au(n —1))°] = g(n)(z(n))° + f(n,u(n)) =0, neZ (1.1)

where A is the forward difference operator defined by Au(n) = u(n+1) —u(n), A?u(n) = A(Au(n)), § >0
is the ratio of odd positive integers, {p(n)} and {q(n)} are real sequences, {p(n)} #0. f: Z xR — R. As
usual, we say that a solution u(n) of (1.1) is homoclinic (to 0) if u(n) — 0 as n — 4oo. In addition, if
u(n) # 0 then u(n) is called a nontrivial homoclinic solution.
In general, equation (1.1) may be regarded as a discrete analogue of the following second order differential
equation
(P()(a") + q)x(t) + f(t,2) =0, teR. (1.2)
Equation (1.2) can be regarded as the more general form of the Emden-Fowler equation, appearing in the

study of astrophysics, gas dynamics, fluid mechanics, relativistic mechanics, nuclear physics and chemically
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reacting system in terms of various special forms of f(t, 2(t)), for example, see [33] and the reference therein.
In this survey paper, many well-known results concerning properties of solutions of (1.2) are collected. In
the case of p(z) = |2[°~2z, Eq.(1.2) has been discussed extensively in the literature, we refer the reader to
the monographs [4-6, 17-19, 22-29, 34].

It is well-known that the existence of homoclinic solutions for Hamiltonian systems and their importance
in the study of the behavior of dynamical systems have been already recognized from Poincaré, homoclinic
orbits play an important role in analyzing the chaos of dynamical system. In the past decade, this problem
has been intensively studied using critical point theory and variational methods.

In some recent papers [7, 8, 10, 13-15, 20-21, 30], the authors studied the existence of periodic solutions,
subharmonic solutions and homoclinic solutions of some special forms of (1.1) by using the critical point
theory. These papers show that the critical point method is an effective approach to the study of periodic
solutions for difference equations.

When 6 =1, (1.1) reduces to the following equation:
Ap(n)(Au(n = 1))} = g(n)z(n) + f(n,u(n)) =0, neZ, (1.3)

which has been studied in [21]. Ma and Guo applied the critical point theory to prove the existence of

homoclinic solutions of (1.3) and obtained the following theorems.
Theorem APY. Assume that p, q and f satisfy the following conditions:
(p) p(n) >0 for alln € Z;

(a) g(n) >0 for alln € Z and limy,|_, ;o q(n) = 400;

(f1) There is a constant p > 2 such that
0<p [ Flnshds <af(na), ¥ (na) € Zx () {0));
0

(f2) limg—o f(n,x)/x = 0 uniformly with respect to n € Z.
f3) f(n,—x)=—f(n,x), V(n,x)eZxR.

Then Eq. (1.8) possess an unbounded sequence of homoclinic solutions.

When § # 1, it seems that no similar results were obtained in the literature on the existence of homoclinic
solutions. When F'(n,z) is an even function on x, however, generalize or improve Theorem A by using the
Symmetric Mountain Pass Theorem, there has not been much work done up to now, because it is often very
difficult to verify the last condition of the Symmetric Mountain Pass Theorem, different from the Mountain
Pass Theorem.

Motivated by the above papers, we will obtain some new criteria for guaranteeing that (1.1) has infinitely
many homoclinic orbits without any periodicity and generalize Theorem A. Especially, F'(n,z) satisfies a
kind of new superquadratic condition which is different from the corresponding condition in the known
literature.

In this paper, we always assume that F(n,z) = [ f(n,s)ds, Fi(n,z) = [; fi(n,s)ds, Fa(n,x) =

Jy f2(n,s)ds. Our main results are the following theorems.

Theorem 1.1. Assume that p,q and F satisfy (p), (q), (f3) and the following assumptions:
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(F1) F(n,x) is continuously differentiable in x, and

L\ fna) = offal®)  as x—0

q(n)
uniformly in n € Z;

(F2) For any r > 0, there exist a = a(r), b=>0b(r) >0 and v < § + 1 such that

0§(5+1+ )F(n,x)gxf(n,x), V(n,x) €EZ xR, || >r;

a + blx|”
(F3) Foranyn€Z

lim {s(‘ul) min F(n,sz)| = +o0.

§—+00 |z|=1
Then Eq.(1.1) possesses an unbounded sequence of homoclinic solutions.
Theorem 1.2. Assume that p, q and F satisfy (v), (q), (f3) and the following conditions:
(F1) F(n,z) = Fi(n,x) — Fa(n,x), for every n € Z, F1 and Fy are continuously differentiable in x and
{7, )| = offa) 0
—|f(n,z)| = o(|x as r —
q(n)
uniformly in n € Z;

(F4) There is a constant p > 6 + 1 such that

0< pFi(n,z) <zfi(n,z), V (n,z)eZx(R\{0});

(F5) Fs(n,0) =0 and there is a constant o € (§ + 1, u) such that

xfa(n,x) < oFs(n,z), V (n,z)€ZxR.

Then Eq.(1.1) possesses an unbounded sequence of homoclinic solutions.

Theorem 1.3. Assume that p,q and F satisfy (p), (q), (f3), (F4), (F5) and the following assumption:

(F17) F(n,z) = Fi(n,x) — Fa(n,x), for every n € Z, Fy and Fy are continuously differentiable in x and
there is a bounded set J C Z such that

Fy(n,z) >0, V(nx)edxR, |z]<1,

and
L = g —
=l =oflal) as w0

uniformly inn € 7\ J.

Then Eq.(1.1) possesses an unbounded sequence of homoclinic solutions.
Remark 1.1. If Ambrosetti-Rabinwitz (AR) condition: there exist some p > 2 such that

0 < puF(n,z) < (VF(n,x),z)
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holds, then (F2) with § = 1 also holds by choosing a > 1/(w—2), b > 0 and v € (0,2). In addition, by
(AR), we have

F(n,sz) > s*F(n,z) for (n,z) €Z xR, s>1.
It follows that for any n € Z

572 min F(n,sz) > s*72 min F(n,z) — +00, 8§ — 400.
|z|=1 |z|=1

This shows that (AR) implies (F3). Therefore, Theorem 1.1 also generalize Theorem A by relazing conditions
(f1) and (f2).

Remark 1.2. Obviously, conditions (F1), (F1’) and (F17) are weaker than (f1). Therefore, both Theorem
1.2 and Theorem 1.3 generalize Theorem A by relaxing conditions (f1) and (f2).

2. Preliminaries

Let
S ={{un)}nez : uln) eR, neZ},

E = {u ISCE Z [p(n)(Au(n — 1)) + g(n)(u(n))’ )] < +oo} ,

nez
and for u € F, let

EES)
[Jull = {Z [p(n)(Du(n — 1)+ + g(n)(u(n))’*1)] < +OO} :
nez
Then F is a uniform convex Banach space with this norm and is a reflexive Banach space, see details in
ref.[36] or Lemma 2.4.
As usual, for 1 < p < 400, let

IP(Z,R) = {u €S > Jum)P < +oo} ,

nez

and

I*(Z,R) = {u €S : suplu(n)| < +oo},
nez

and their norms are defined by

1/p
[ullp = (Z IU(n)Ip> , YuelP(Z,R);  ulle = sup lu(n)], Vuel*(ZR),
nez ne

respectively.
Let I : E — R be defined by

10 = gl = X Fnato) 2.1)
If (p), (¢) and (F1) or (F1°) or (F17) hold, then I € C*(E,R) and one can easily check that
('(w),v) = Y [(p)(Luln — 1)) Do(n — 1)) +g(n)(u(n) v(n)

neZ
—f(n,u(n))v(n))], VYu,veE. (2.2)
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Furthermore, the critical points of I in E are classical solutions of (1.1) with u(+o0) = 0.
We will obtain the critical points of I by using the Symmetric Mountain Pass Theorem. We recall it

and a minimization theorem as:

Lemma 2.10'% 251, Let E be a real Banach space and I € C*(E,R) satisfy (PS)-condition. Suppose that

I satisfies the following conditions:
(i) 1(0) = 0;
(i) There exist constants p,a >0 such that I|sp, ) > a;

(iii) For each finite dimensional subspace E' C E, there is r = r(E') > 0 such that I(u) < 0 for u €
E'\ B,(0), where B,(0) is an open ball in E of radius v centered at 0.

Then I possesses an unbounded sequence of critical values.
Remark 2.1. As shown in [6], a deformation lemma can be proved with condition (C) replacing the
usual (PS)-condition, and it turns out that Lemma 2.1 hold true under condition (C). We say I satisfies

condition (C), i.e., for every sequence {uy} C E, {ux} has a convergent subsequence if I(uy) is bounded
and (1 + |Jug|||[ L' (ur)]| — 0 as k — oo.

Lemma 2.2. Forue E
lulloo < g7 5 [[ul] = Alful], (2:3)
where ¢ = inf,ez q¢(n), A = qiﬁ.
Proof. Since u € E, it follows that lim;|_ [u(f)| = 0. Hence, there exists n* € Z such that
e = fu(n)] = max fun)]
By (q) and (2.2), we have

[+ > > qm)lum) T > ¢ 3 [u(m) ! > gllul] 2 = glun®)[*. (2.4)
neZ nez

It follows from (2.4) that (2.3) holds.

Lemma 2.3. Assume that (F2) and (F3) hold. Then for every (n,z) € Z x R,
(i) s~*Fi(n,sx) is nondecreasing on (0,+00);

(ii) s 2Fy(n,sx) is nonincreasing on (0, +00).

The proof of Lemma 2.3 is routine and so we omit it.

(36]

Lemma 2.4 FEvery uniformly convex Banach space is reflexive.

Lemma 2.5[1% Let E be a uniformly convex Banach space, x, € E, then x, — x if and only if x, —

and ||z, || — ||z[|-

3. Proofs of theorems
Proof of Theorem 1.1. We first show that I satisfies condition (C). Assume that {uy}reny C E is a (C)
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sequence of I, that is, {I(ug)}ren is bounded and (1 + [Jug|)||I'(uk)|| — 0 as & — +oo. Then it follows

from (2.1) and (2.2) that

Cr = (0+ DI (uk) — (I (uk), un)
= > [uk(n) f(n,uk(n) = (5 + 1) F (n,ux(n))].

n€e”Z

By (F1), there exists n € (0,1) such that
1
[f(n,2)| < Sa(m)|al® for n€Z, |af <n.

Since F'(n,0) = 0, it follows that

By (F2), we have

zf(n,x) > (6 + 1)F(n,z) >0 for (n,z) €Z xR, k€N,

and

F(n,z) < (a+blz|")[zf(n,x) — (§ + 1)F(n,z)] for (n,x) €Z xR, |z|>n.

It follows from (F2), (2.1), (3.1), (3.2), (3.3), (3.4) and (3.5) that

1

(SJr—lllwcH‘s+1 = I(w)+ Y F(n,uk(n))
nez

= I+ Y Fhw)+ Y Fluud)

nEZ(|uk(n)|<n) nE€Z(|ug(n)|>n)

1
I(ug) + G+ 1) Z q(n)|ux(n)[*!
neZ(Juk(n)|<n)

IN

w0 (b)) fun(n) F(n, uk(0) — (5 + 1) F(n, ui(n))]

n€Z(Juk(n)|>n)

IN

1
Cat 206+ 1)

1

neZ

IN

2(6+1) =

IN

Co + lur[[°* + C1(a + bllul%)

1
200+ 1)

1
Cat 2064+ 1)

Since v < § + 1, it follows that there exists a constant A > 0 such that

flug||®Ft + Cr{a + Nb|lug||”}, k€N.

lug]| < A for keN.

a(n)[a**! for neZ, |of <n.

(3.1)

w175 D (@ + Blur ()| fur () £ (n, (1) — (6 + 1)F (n, up(n))

Co + g lunll ™ + (@ + blluxl|%) Y lun(n) f(n, ui(n)) = (6 + 1) F(n, ux(n))]

(3.6)

(3.7)

So passing to a subsequence if necessary, it can be assumed that u; — ug in F (Since F is a reflexive Banach

space). For any given number ¢ > 0, by (F1), we can choose £ > 0 such that
[f(n.2)| < eq(n)|z®  for n€Z, and |z| <€

Since ¢(n) — oo, we can also choose an integer II > 0 such that

(3.8)

(3.9)
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By (2.1), (3.8) and (3.9), we have

1
Juk (n)]+ mq(n)lw(n)l‘S+1

§6+1 si1

< T q(n)|ug(n)|°*
nez

§6+1
< WHWHSH
< &1 for |n|>1, keN. (3.10)

Since up — wuo in F, it is easy to verify that ux(n) converges to ug(n) pointwise for all n € Z, that is

klim ug(n) =up(n), VnéezZ. (3.11)
Hence, we have by (3.10) and (3.11)
|lug(n)] < ¢ for |n| > 1L (3.12)

It follows from (3.11) and the continuity of f(n,z) on x that there exists ko € N such that

I
Z |f(n,uk(n)) — f(n,uo(n))||ur(n) —uo(n)| <e for k> ko. (3.13)

n=—II

On the other hand, it follows from (3.2), (3.9), (3.10), (3.11) and (3.12) that

Y I un(n) = fn,uo(n))]u(n) — uo(n)|

A>T
< :;H(If(Hwk(n))l + £ (n, wo () ) (Jur (n)] + |uo(n)])

< a%ﬂ 1) (Jur(m)|° + Juo (1)) (Jur ()| + [uo(n)])

< 26 > g)(Jus(m)" + Jug(n)]H)

< 26(;|LL>;|[|5“ + Jluo )+

< 2e(A%F 4 fjug|®TY), keN. (3.14)

Combining (3.13) with (3.14), we get

Z [f(n,up(n)) — f(n,uo(n))| Jug(n) — up(n)| = 0 as k — oo. (3.15)

nez

Using Holder’s inequality
ac+bd < (aP + bP)V/P (1 + d?)1/a,
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where a, b, ¢,d are nonnegative numbers and 1/p+ 1/¢ = 1,p > 1, it follows from (2.2) that

(I'(ug) — I' (o), ug — uo)
= Zp )(Aug(n — 1)) (Aug(n — 1) — Aug(n — 1))

+z () (k (1)) (i (m) = o ()
_ nzzp(n)(mo(n —1))°(Aug(n — 1) — Aug(n — 1))
- Z a(n)(uo(n))° (u(n) — ()
- nz;ﬂn, ur(n)) = £(n, uo(n)), ux(n) — uo(n))
— ||u7;j|6+1 + [|luo° Tt — %p )(Aug(n —1))° Aug(n — 1)
- qum)(uk(n))%o(;e)
_ %p (Aug(n — 1))’ Aug(n — 1) — z;qm)(m(n»%k(m
_n% fn,ur(n)) = f(n,uo(n)), ur(n) ieuo(n»
T [ (Zp ) (Auo(n >>““> : (%pmmuk(n - 1>>“1> :
- (Z q<n><uO<n»”1> ( a(n)(u (n»”l) a
nez net .
- (%pm)muk(n - 1))5“) : (%pm)(mo(n - 1))5“) :
- (Z q<n><Uk(n>>5+l> N ( a(n)(u (n»”l) ;
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Y

[ e o [ e

- (Z [p(n)(Auo(n — 1))+ + Q(n)(uO(n))‘”l})

ne”Z

<Z [p(n)(Aup(n —1))°* + q(n)(uk(n))‘”l]>

neZ
5

o+1

- (Z [p(n)(Aup(n — 1)) + Q(n)(uk(n))“l])

n€EZ

S
1

o

(Z [p(n) (Aug(n — 1))+ + q(n)(uom))“l])

n€e”Z

= ST un(m) — £, o (), un(n) — wo(n))
nez

é é & é
7+ + HuOII = luolllull® =l ol

= [lu
= Sy ws(m)) — £, o), () — ()
neZ
= (lusll® - Huo||'5) (||Uk|| = lluoll)
- Z n,ur(n)) — f(n,ug(n)), ur(n) — ug(n)). (3.16)
neZ

Since I'(uy) — 0 as k — 400 and ur — ug in E, it follows from (3.16) that
(I'(ug) — I'(uo),ur —up) — 0 as k — oo,

which, together with (3.15) and (3.16), yields that |Jug| — ||u|| as k — +o00. By the uniform convexity of £
and the fact that up, — ug in E, it follows from the Kadec-Klee property [16] or Lemma 2.5 that u; — ug
in E. Hence, [ satisfies (C)-condition.

We now show that there exist constants p, @ > 0 such that I satisfies assumption (ii) of Lemma 2.1 with
these constants. Let ¥ <, if ||u|| = 9/ := p, then by (2.3), |u(n)] <9 <n <1 forneZ

Set

196-{-1
TG+ N
Hence, from (2.1) and (3.3), we have
I = o+1 F(
(u) 5+ il % n,u(n))
> Ll - LS g u(n)
- 041 2(604+1) =
1
> 5+1
= 206+1) gl
= (3.17)

(3.17) shows that ||u|| = p implies that I(u) > «, i.e., I satisfies assumption (ii) of Lemma 2.1.

Finally, it remains to show that I satisfies assumption (iii) of Lemma 2.1. Let E’ be a finite dimensional
subspace of E. Since all the norms of a finite dimensional normed space are equivalent, so there exists a
constant d > 0 such that

lul| <d|ulloc for ue E'. (3.18)
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Assume that dim £/ = m and uq, ua, ..., u,, is a base of £’ such that
|lw] =d, i=1,2,...,m. (3.19)

For any u € E’, there exist \; € R, i =1,2,...,m such that

u(n) = Z Aiui(n)  for n € Z. (3.20)
i=1
Let .
Fulls = 37 Pl (3.21)
i=1

It is easy to verify that || - ||« defined by (3.21) is a norm of E’. Hence, there exists d’ > 0 such that
d'lulls < fluf-
Since u; € E, we can choose II; > II such that
d'n

|uz(n)| < m, |TL| >1IL, ¢+=1,2,...,m, (322)
where 7 is given in (3.3). Set
0= {inui(n) P NEZ i=1,2,.,m; Y |\ = 1} ={ueE : ||ul.=d}. (3.23)
i=1 i=1
Hence, for u € ©, let ng = ng(u) € Z such that
u(no)| = l[ulloo- (3.24)
Then by (3.19), (3.20), (3.21), (3.22), (3.23) and (3.24), we have
dd = ddy_ |=d) illul = dul.
i=1 i=1
< ull < dlufloe = dlu(no)l
< dd [Nillui(n)l, ue®. (3.25)
i=1
This shows that
lu(no)| > d’ (3.26)

and there exists ig € {1,2,...,m} such that |u;,(ng)| > d’. By (F3), there exists o9 = go(d, ;) > 1 such
that

5+1 .
d d
s~ (0+1) lnrllin1 F(n,sx) > (?> for s> 200, n € Z(—1Iy,11y). (3.27)
It follows from (F3), (2.1) and (3.27) that
oo+l
I(ou) = 51 (7 Z F(n,ou(n))
nez
ot 5+1
< Tl — P, ou(no)
GOt
< — — min F
< Tl = in F(ao,olu(no)le)
d o+1
< ((;J)r - . (d0)5+1|u(n0)|6+1
o+1
S ((éo—j_ - _ (do_)5+l
5(do)5+1
- > 0g. .
1 u€eB, og>og (3.28)
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We deduce that there is o9 = 0¢(d,II1) = o¢(E’) > 1 such that
I(ou) <0 for w€©® and o > oy.

That is
I(u) <0 for we E' and |ul > doo.

This shows that condition (iii) of Lemma 2.1 holds. By Lemma 2.1, I possesses an unbounded sequence
{dk }ren of critical values with dj, = I(u), where uy, is such that I'(ur) = 0 for k = 1,2,.... If {Jjug||} is
bounded, then there exists B > 0 such that

lug|| < B for keN. (3.29)
By a similar fashion for the proof of (3.3), for the given 5 in (3.3), there exists IIy > 0 such that
lug(n)| <n for |n| >Tly, ke€N. (3.30)

Thus, from (2.1), (2.3) and (3.3), we have

1
—— Tt = di+ > F(n,u(n)
5+1 nez

= dt Y Fnup()+ > F(n,ux(n))

|n|>1Ia [n|<IIz
1 541
> di- 5o D amux(m)tt = Y |F(n,ug(n))|
[n|>1Is [n|<TI2
1
> dp— ———— o+l _ F ) 3.31
> dy 2(5+1)||wc|| l;pngI (n, )| (3.31)
[n|<TI2
It follows that
dp < ———— o+1 F .
k< 2(5+1)||ch| +‘ > |ﬁ1§§3| (n, )| < 400

This contradicts to the fact that {d }72; is unbounded, and so {|lug||} is unbounded. The proof is complete.

Proof of Theorem 1.2. It is clear that I(0) = 0. We first show that I satisfies the (PS)-condition.
Assume that {ug}treny C E is a sequence such that {I(ux)}ren is bounded and I'(ui) — 0 as k — +o0.

Then there exists a constant ¢ > 0 such that
[I(ug)| <e, | I'(ug)||gx < pe  for keN. (3.32)
From (2.1), (2.2), (3.32), (F4) and (F5), we obtain

(04 1De+ (6 + 1)c||ukll

> (0 )~ T ) w)
= D ot 04 ) 3D [P sl = S )
w nez 14
64X [ Rt usl) = Lo (.0
nez
> AZOFD 1 pen

I
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It follows that there exists a constant A > 0 such that
lugl| <A for keN. (3.33)

Similar to the proof of Theorem 1.1, we can prove that {u;} has a convergent subsequence in E. Hence,
I satisfies condition (PS)-condition. By a similar fashion for the proof in Theorem, we can verify that I
satisfies assumption (ii) of Lemma 2.1.

Finally, it remains to show that I satisfies assumption (iii) of Lemma 2.1. Let E’ be a finite dimensional
subspace of E. Since all norms of a finite dimensional normed space are equivalent, so there is a constant
d" > 0 such that (3.22) holds. Let n,II; and © be the same as in the proof of Theorem 1.1, then (3.26)
holds.

Set

7 =min{F(n,z) : |n| <1y, |z| < d'}, (3.34)
where d’ is given in (3.22).
Since Fy(n,z) > 0 for all n € Z and « € R\ {0}, and Fi(n,z) is continuous in z, so 7 > 0. It follows

from (3.26), (3.34) and Lemma 2.3 (i) that

T,

Z Fi(n,u(n)) > Fi(no,u(ng))

o) ()
)
> 1 for ueo. (3.35)

For any u € E, it follows from (2.3) and Lemma 2.3 (ii) that

11
> Fa(n,u(n)
n=—1II4
= Z Fy(n,u(n)) + Z Fy(n,u(n))
n€Z(—TII1,II1), |u(n)|>1 n€Z(—TII1,II1), |u(n)|<1
< R CRC Oy I
€L(-T1IL), [u(m)]>1 ()]
n 1,111 ), |Ju(n
I
> max|Fy(n.a)
n=—II;
H1 Hl
< g Y max|Fa(na) + Y max | Fyn,x)
11, lz|=1 Tl |z|<1
Hl Hl
< Aull® max |Fs(n,x)| + max |F(n,x
ol 3 meiin)+ 3 ma P
= Mil|ul|? + M, (3.36)
where
I, I
My =)X® Z ‘m‘aX|F2(n,ac)|, M,y = Z ‘m‘aX|F2(n,ac)|.
z|=1 z|<1
n=—II; n=—II1 -
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From (3.3), (3.35), (3.36) and Lemma 2.3, we have for v € © and ¢ > 1

GOt
Hou) = 5= lul — > F(n,0u(n))
nez
= ﬂHuH‘Hl + ZFQ(n ou(n)) — ZFl(n ou(n))
d+1 ’ ’
nez nez
< ﬂHuH‘Hl +0°3 Fy(n,u(n)) — o 3 Fi(n,u(n))
— 6+1 ? )
neZ nez
= ﬂ|\u|\‘m+09 > Bnu®)—o* Y Fi(n,u(n))
6+1 ) )
[n|>111 |n|>I1
I, I
1ot S Fanu() - S Finu(n)
n=—II n=—II
5+1
< Srplulltt =0t 30 F(nu(n)
|n|>I1
I, I
10t S Fanum) - S Fi(n,u(n)
n=—II n=—II
0.5+1 P o
+1 5+1
< 5+—1HUH +m > am)um)’ + o2 (M|ul|® + M) — 70"
\n|>H1
0.5+1 s o
< +1 o+1 (M e 4 M) — ot
< F Il s ot Ol + M) = 7o
d 6+1 d6+1 0
= (do) + 7 + My (do)? + Mao® — Tot. (3.37)

5+1 Tag+ D

Since p > o > § + 1, we deduce that there is o¢g = oo(d, M1, M2, 7) = 0¢(E’) > 1 such that
I(ou) <0 for u€® and o > oy.

That is
I(u) <0 for we E" and |ul > doo.

This shows that (iii) of Lemma 2.1 holds. By Lemma 2.1, I possesses an unbounded sequence {dj }ren of
critical values with dy, = I(ug), where uy, is such that I'(ux) = 0 for k =1,2,.... If {|Jug||}ren is bounded,
then there exists B > 0 such that

lugl| < B for ke N. (3.38)

By a similar fashion for the proof of (3.2) and (3.3), for the given 7 in (3.2), there exists II; > 0 such that

lug(n)| <n for |n| >Tly, keN. (3.39)
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Thus, from (2.1), (2.3), (3.3), (3.36) and (3.37), we have

1
sl = det Y )
nez
II2
= di+ Z F(n,ux(n)) + Z F(n,uk(n))
[n|>II2 n=—IIy
1 aE
5+1
> dk—m Z q(n)|uk(n)"™ — Z Fy(n, uk(n))
|n|>II n=—Ily
1 o
> dy — ——— o+l _ F. . 3.40
> di 2(5+1)H“’€H 3 ﬁffg' »(n,z)| (3.40)
n=—II
It follows that
3 at
dp < ——— p F .
S g 3 e R < o

This contradicts to the fact that {dj }ren is unbounded, and so {||ug|| }ren is unbounded.

Proof of Theorem 1.3. In the proof of Theorem 1.1, the condition that Fy(n,z) > 0 for (n,z) €
Z xR, |z| <1in (F1’) is only used in the the proofs of assumption (ii) of Lemma 2.1. Therefore, we only
prove assumption (ii) of Lemma 2.1 still hold use (F1”) instead of (F1’). By (F1”), there exists n € (0,1)
such that

1f(n,2)| < %q(n)|x|‘5 for neZ\J, |2| <n. (3.41)

Since F(n,0) = 0, it follows that

|F(n,z)| < 2((51— 1)q(n)|:r|6Jrl for neZ\ J, |z| <n. (3.42)
Set P
M:sup{ 1(n, ) neJ, xR, |x|:1}. (3.43)
q(n)

Set 6 = min{1/(2(6 +1)M + 1)/ =0+ 1 if |jul| = 9/ := p, then by (2.3), |u(n)| <9 < n < 1 for
n € Z. By (3.43) and Lemma 2.3 (i), we have

ZFl(n,u(n)) < Z b <n, |ZEZ;|) lu(n)|*

neJ {ned, u(n)#0}

MY~ q(n)fu(n)]"

neJ

IN

IN

Ms*= N " g(n)u(n)|”
neJ

ST 2 el (3.4

neJ

IN

Set got1
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Hence, from (2.1), (3.42), (3.44) and (F1”), we have

M) = g™ = 3 P )
neZ
= 5—41_1HUH5+1* Z F(n,u(n))*ZF(n,u(n))
ne€Z\J neJ
1 1 .
= 5+1” ul™ - (5+1)n§Jq( (m)|"* ;Flnu
1 1 1 . 1 )
= Syl I - 2(6 +1) EZZ\Jtz(n)Iu(n)l‘”r *2(6+1);Q(n)|u(n)|é+
= 1 wuln — o+1 Mluln S+1
= T 2 Au = D g S atoluto)
1 X )
= 2(5+1)7;Z[|A“(”*1)|‘” +q(n)]u(n)| "]
- 2(51+1)H I°*!

(3.45)

(3.45) shows that ||u|| = p implies that I(u) > «, i.e., I satisfies assumption (ii) of Lemma 2.1. It is obvious

that I is even and I(0) = 0 and so assumption (ii) of Lemma 2.1 holds. The proof of assumption (iii) of

Lemma 2.1 is the same as in the proof of Theorem 1.2, we omit its details.

4. Examples

In this section, we give some examples to illustrate our results.
Example 4.1. Consider the second-order difference equation
A [pm)(Aa(n — 1)}] = am) @)} + fn,2(n) =0,
where § = £,¢: Z — (0, 00) such that ¢(n) — 400 as |n| — +o0, and
F(n,z) = q(n)(2 — cosn)|z|3 In(1 + |=|).

Since

EE
1+ |z

sf(ma) = qn)(2— cosn) §|z|%1n(1+|x|)+

<§+1+1| |> F(n,z) >0, VY (n,z)eZxR.

This shows that (F1) holds with a = b = v = 1. In addition, for any n € Z

min F(n,sz) = s°3 erll [q(n)(2 — cosn)|sz|? In(1 + |sx|)}

|z|=1 |lz|=

= ¢q(n)(2 —cosn)In(1+ s)

—  +00, s — +00.
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This shows that (F3) also holds. It is easy to verify that assumptions (q) and (F1) of Theorem 1.1 are

satisfied. By Theorem 1.1, Eq. (1.1) has an unbounded sequence of homoclinic solutions.

Example 4.2. Consider the second-order difference equation

A [p(n)(Az(n = 1))*] = q(n)(z(n))* + f(n,z(n)) = 0, (4.2)

where § =3, n € Z,u € R, ¢ : Z — (0,00) such that g(n) — 400 as |n| — oo. Let

n
Hi 7ij|1.|9j ,
j=1

where p1 > pig > -0 >y > 01 > 02 > - > 0p > 4, 04,05 >0, 1 =1,2,...,m;j =1,2,...,n. Let

m

F(n,x) = q(n) | Y aile

i=1

f = fm; 0= 01, and
Fi(n,x) = q(n) Zai|x|’”, Fy(n,x) = q(n) ij|x|gf.
i=1 j=1

Then it is easy to verify that all conditions of Theorem 1.2 are satisfied. By Theorem 1.2, Eq. (1.1) has an

unbounded sequence of homoclinic solutions..

Example 4.3. Consider the second-order difference equation
A [pm)(da(n —1)% | = am)@m) ¥ + fn,a(n) =0, (4.3)
where 6 = &, n € Z,u € R, ¢ : Z — (0,00) such that ¢(n) — +oc as |n| — co. Let
F(n,z) = q(n) [ar|z["* + aglz[** — (2 = [n[)|2[** = (2 = |n])]|*],

where ¢ : Z — (0,00) such that ¢(n) — 400 as |n| — 400, u1 > p2 > 01 > 02 > %, a1, as > 0. Let

H= 2, 0= QlaJ = {_23 _1305 172} and
Fi(n,x) = q(n) (aa]z[" + azlz|),  Fa(n,z) = q(n)[(2 = |n])|2|* + (2 — |n])]=]*].

Then it is easy to verify that all conditions of Theorem 1.3 are satisfied. By Theorem 1.3, Eq.(1.1) has an

unbounded sequence of homoclinic solutions.
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