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Abstract

In this paper, we consider a class of impulsive stochastic Volterra-Levin equations. By establishing a new
integral inequality, some sufficient conditions for the existence and global attractivity of periodic solution for
impulsive stochastic Volterra-Levin equations are given. Our results imply that under the appropriate linear
periodic impulsive perturbations, the impulsive stochastic Volterra-Levin equations preserve the original
periodic property of the nonimpulsive stochastic Volterra-Levin equations. An example is provided to show
the effectiveness of the theoretical results.
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1 Introduction

Since It6 introduced his stochastic calculus about 50 years ago, the theory of stochastic differential
equations has been developed very quickly [1-3]. It is now being recognized to be not only richer than
the corresponding theory of differential equations without stochastic perturbation but also represent a more
natural framework for mathematical modeling of many real-world phenomena. Now there also exists a
well-developed qualitative theory of stochastic differential equations [4-6]. However, not so much has been
developed in the direction of the periodically stochastic differential equations. Till now only a few papers
have been published on this topic [7-10]. In [10], Xu et al. showed that stochastic differential equations with
delay has a periodic solution if its solutions are uniformly bounded and point dissipativity.

Meanwhile, the theory of impulsive differential equations has attracted the interest of many researchers
in the past twenty years [11-15] since they provide a natural description of several real processes subject to
certain perturbations whose duration is negligible in comparison with the duration of the process. Such pro-
cesses are often investigated in various fields of science and technology such as physics, population dynamics,
ecology, biological systems, optimal control, etc. For details, see [11,13] and references therein. In [16],

the stability of nonlinear stochastic differential delay systems with impulsive are studied by constructing an
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impulse control for a nonlinear stochastic differential delay system. Recently, the corresponding theory for
the existence of periodic solution for impulsive functional differential equations has been studied by several
authors [17-20].

To the best of our knowledge, there are no results on the existence of periodic solution for impulsive
stochastic differential equation, which is very important in both theories and applications and also is a very
challenging problem. Motivated by the above discussions, in this paper, we will focus on the existence and
global attractivity of periodic solution for impulsive stochastic Volterra-Levin equations [21,22]. First we
will establish the equivalence between the solution of impulsive stochastic Volterra-Levin equations and that
of a corresponding nonimpulsive stochastic Volterra-Levin equations by the method given in [16]. Then, by
establishing a new integral inequality, some sufficient conditions for the existence and global attractivity of
periodic solution for impulsive stochastic Volterra-Levin equations are given. Our results imply that under
the appropriate linear periodic impulsive perturbations, the impulsive stochastic Volterra-Levin equations
preserve the original periodic property of the nonimpulsive stochastic Volterra-Levin equations. An example

is provided to show the effectiveness of the theoretical results.

2  Model description and preliminaries

For convenience, we introduce several notations and recall some basic definitions.
C(X,Y) denotes the space of continuous mappings from the topological space X to the topological space
Y. Especially, let C 2 C([—7,0], R) with a norm ||¢|| = sup [p(s)| and |- is the Euclidean norm of a
0

—T7<s<
vector x € R, where 7 is a positive constant.

PC(J,H) :{zb(t) :J — H | 9(t) is continuous for all but at most countable points s € J

and at these pointss € J, ¥(s) and ¢(s™) exist, ¢(s7) = w(s)},

where J C R is an interval, H is a complete metric space, 1)(s™) and (s~) denote the right-hand and
left-hand limit of the function 1 (s), respectively. Especially, let PC 2 pc ([-7,0],R).

Let (2, .7, {%#:}1>0, P) be a complete probability space with a filtration {.%#;}:>0 satisfying the usual
conditions (i.e, it is right continuous and %, contains all P-null sets). If z(¢) is an R-valued stochastic
process on t € [tg — 7,00), we let & = x (t+ 8) : —7 < s < 0, which is regarded as a PC-valued stochastic
process for t > 0. Denote by PC%_([-7,0], R) (BC%, ([-7,0], R)) the family of all bounded .%(-measurable,
PC-valued (C-valued) random variables ¢, satisfying ||¢||7, = sup E|¢(s)[” < oo, where E[f] means
the mathematical expectation of f. e

For any ¢ € C, we define [¢(t)]; = sup_, <5<q |#(t + 5)|. In the following discussion, we always use the

notations

f= min |f(t)], f= max |f(t)],

te[0,w] te[0,w]
where f(t) is a continuous w-periodic function, where w > 0.

We consider impulsive stochastic Volterra-Levin equations as follows:

de(t) = —(f _p(s—t)g(s,z(s))ds)dt + o (1) dB(t), t>to>0, t#ty,
z(t)) = bz (te), t>to, t=t,

with initial condition

Tty (S) = 90(5) € PC}g ([77—’ O]aR)a s € [77_7 0]7 (2)
where p € C ([-7,0],R), g€ C(R,R) and 0 € C ([tp,),R).
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Remark 2.1. Recently, Appleby [21] and Luo [22] studied the stability of Eq. (1) with g(¢, z(t)) = g(x(t))
and by, =1, k =1,2,---, by using fixed point theory, respectively. In [21,22], for the stability purpose, they
assume that ftzo e'* g (s)ds < oo, or, 0% (t)Int — 0 as t — oo. In this paper, we will assume that o(t) is a

periodic function.

Throughout this paper, we make the following assumptions:
1) to < t1 <tg < --- are fixed impulsive points with hm t, = oo.
k—oo
Hs) {bi} is a real sequence and by, #0, k=1,2,--

(H
(Ha)
(H3) I(t) = ] bx is a periodic function with period w, k=1,2,---;andm <| [[] I(t)|<M.
to<trp<t to<t<to+w
(Ha)
)

Hy) g(t,z(t)) and o(t) are periodic continuous functions with periodic w for t > .
(Hs) g(t,x(t)) is Lipschitz-continuous with Lipschitz constant L. Without loss of generality, we also
assume that ¢ (¢,0) = 0, zg(t,z) > 0 and limO @ =(t) < 0.
xTr—

Define

andf p(s)ds = «, where a > 0.
Remark 2.2. Condition (H3) is similar as the conditions on ¢g and p in [21,22].

Remark 2.3. It follows from (H4) and (H5) that function h(t) is nonnegative integral function and satisfies
that sup f:ﬁT (s)ds = H and hm ft s)ds =
t>to

Definition 2.1. A function z(¢) defined on [t, —7, 00) is said to be a solution of Eq. (1) with initial condition
(2) if

(a) x(t) is absolutely continuous on each interval (tx,tg+1], £ =0,1,---;

(b) For any tx, k=1,2,---, x(t;) and z(t;) exist and x(t; ) = z(tx);

(¢) z(t) satisfies the differential equation of (1) for almost everywhere in [tg, 00)\tx and the impulsive

condtions for every t =ty, k=1,2,---.
(d) Lt (S) = 50(5)5 5 € [77_7 0]

Under Condition (Hs), Eq. (1) can be rewritten as follows:

dx (t) = —ah (t)x (t)dt + d (fi),rp(s) ftarsg(u,z(u))duds) +o(t)dB(t), t>ty>0, t#tg,
z(6) =bpx (t), t>to, t=t.

(3)

Under the assumptions (H;) — (Hs), we consider the following system:

0 t
dy(t) = —ah(t)y(t)dt+ H by ld (/Lp(s)/tJr g(u, H bky(u)> duds)

to<t<t to<tp<u
+ JI wle@wdB(t), t=t, (4)
to<tp<t
with initial condition
Yo () = (s), s e€[-7,0] (5)

By a solution y(t) of (4) with initial condition (5), we mean an absolutely continuous function y () defined
on [t, 00) satisfying (4) a.e. for t > tg and y(t) = ¢(t) on [ty — 7, to].

The following lemma will be useful to prove our results. The proof is similar to that of Lemma 3.1 in [16].
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Lemma 2.1. Assume that (H;) — (H5) hold. Then

(i) if y(t) is a solution of (4) and (5), then x(t) = [ bry(t) is a solution of (3) and (2) on [ty — 7, 00);
to<tp <t

(i) if z(t) is a solution of (3) and (2), then y(t) = [[ by, '(t) is a solution of (4) and (5) on [to — T, o0).
to<tp<t

Proof. (i) Suppose that y(t) is a solution of (4) on [tg, 00), then we have for any ¢ # ti, k=1,2,---,

dz (t) = t]:[ tbkdy(t)
= I = [—ah(t)y(t)dt—i— 11 bk1d</_OLp(S)/t;g<u, 11 bw(u)) dudsﬂ
i:tzzj)tdB (1) R o
- —ah(t):c(t)dt—l—d(/_OTp(s)/t;g(u,x(u))duds)—i—a(t)dB(t), £ to,

which implies that x(t) satisfies the first equation of (3) for almost everywhere in [tg, 00)\t.
On the other hand, for every t =t, k=1,2,---,
z () = lim by (t) = H b,y (t)

L
=t o<ty <t to<t; <ty

and

)= I b,

to<t; <tk

this means that, for every t =tx, k=1,2,---,
x (t;:) = kaC (tk) .

Therefore, we arrive at a conclusion that x(t) is the solution of (3) corresponding to initial condition (2).
In fact, if y(¢) is the solution of (4) with initial condition (5), then = (¢) = [ bry(t) =y (t) = ¢ (¢t) on

to<tn <t
[to — 7. o).

(ii) Since z(t) is a solution of (3) and (2), so z(¢) is absolutely continuous on each interval (tg,tx+1), k =
1,2,---. Therefore, y (t) = T[] b;lx (t) is absolutely continuous on (t,tg+1), k = 1,2,---. What’s more,

to<tp<t
it follows that, for any t =t, k=1,2,---,

tH) = i b la(t
ve) = o 1L e

= I b))

to<t;<tp

= JI btz

to<t; <t
= y(t)

and

y(t) = lm [ b'z@)
=t o<ty <t

= I y'=w)

to<t;<tp
= y(t),
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which implies that y(¢) is continuous and easy to prove absolutely continuous on [tg,00). Now, similar

proof in the case (i), we can easily check that y(t) = [[ by '@ (t) is the solution of (4) on [ty — 7, 00)
to<trp<t
corresponding to the initial condition (5).

From the above analysis, we know that the conclusion of Lemma 2.1 is true. The proof is complete.
O

We assume that for any ¢ € PC% ([—7,0], R), there exists a unique solution of (3). Later on we shall
often denote the solution of (3) by x(t) = z(t,to, ), or x (to, ) for all ty and ¢ € PC% ([-7,0],R). By
Lemma 2.1, for any ¢ € PCY%_([—,0], R), there exists a unique solution of (4). We also shall often denote
the solution of (4) by y(t) = x(t, to, ), or y; (to, @) for all ty and ¢ € PCY, ([-7,0],R).

Definition 2.2. A stochastic process x;(s) is said to be periodic with period w if its finite dimensional distri-
butions are periodic with periodic w, i.e., for any positive integer m and any moments of time t1, ..., ¢,,, the

joint distributions of the random variables z;,,, (s),...,2¢,, . (s) are independent of k, (k = £1,42,---).

Remark 2.4. By the definition of periodicity, if 2:+(s) is an w-periodic stochastic process, then its mathematic

expectation and variance are w-periodic [8, p49].

Definition 2.3. The set S ¢ PCY%_ ([-7,0], R) is called a global attracting set of (3), if for any initial value
¢ € PC% ([-7,0], R), we have
dist(x¢(to, ), S) = 0 as t— oo,

where
dist (77, S) = inefs 0 (n,’y) for ne PCf% ([77, O] , R),
v

where p (-, ) is any distance in PC’f;;0 ([-7,0],R).

Definition 2.4. The periodic solution (¢, to, ¢) with the initial condition ¢ € PC%,_ ([—7,0], R") of Eq. (3)
is called globally attractive if for any solution x(t, %o, ¢1) with the initial condition ¢, € PC% ([-7,0],R")
of Eq. (3),

Elz (t,to, ) —x (t,t0,01)] = 0 as t— oo.

Remark 2.5. Similarly as Definition 2.2-2.4, the periodicity, attracting set and global attractivity of the
solution of (4) can be defined.

Remark 2.6. From Lemma 2.1, we can easily obtain that if the periodic solution of (4) is globally attractive,

then the periodic solution of (3) is also globally attractive.

Definition 2.5. The solutions y; (to, @) of (4) are said to be
(i) p-uniformly bounded, if for each o > 0, t¢ € R, there exists a positive constant § = 6 (o) which is
independent of to such that [¢|[7 » < o implies E [[|ly; (to, 0)[|"] < 6, t > to;
(ii) p-point dissipative, if there is a constant N > 0, for any point ¢ € BC}0 ([-7,0],R™), there exists
T (to, ) such that
Elye (to, ) I'l < N, t >t +T (to, ).

We recall the following result [10, Theorem 3.5] which lays the foundation for the existence of periodic
solution to Eq. (4).

Lemma 2.2. Under Conditions (H;) — (Hs), assume that the solutions of Eq. (4) are p-uniformly bounded

and p-point dissipative for p > 2, then there is an w-periodic solution.
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Lemma 2.3. Let u(t) € C(R, Ry ) be a solution of the delay integral inequality

{ w(t) < me T MO 1y ()], + n3 fti eIy (6) [u ()] ds + s, > to, (©)

u(t) <o(t), telto—rT,to],
where 71, 12, 13 and 74 are nonnegative constants, § > 0, h(t) is a nonnegative integral function, sup j;t_T h(s)ds =
t>to

H. ¢(s) € C([-7,0],Ry), s € [-7,0]. If T =1y +13/8 < 1, then there are positive constants A < § and N
such that
w(t) < Ne Mo "W L _r)y=y, 1>, (7)

where A and N are determined by

[6(to)]- < N and % + My + e)‘H(Si—B)\ <1 (8)

Proof. From the conditions 12 + 773/d < 1 and ¢(s) € C([-7,0], R1), s € [—7,0], by using continuity, we
obtain there exist positive constants A and N such that (8) holds. In order to prove (7), we first prove for
any d > 1,

h(v)dv

w(t) < dNe M MOP Loyl > g, (9)

If (9) is not true, from the fact that [¢(to)],. < N and u(t) is continuous, then there must be a t; > tg
such that

wlt) = dNe MO )y, (10)

w(t) < dNe Mo W o)yl f—r <t <t (11)

Hence, it follows from (6), (8) and (11) that

t ty .
w(ty) < me o MW Lty (1)) + / e 0 ST E (5) [u (s)] ds + ma
to

< e PO g gy [N PO RO (1)t ]

tl e
+ ns/ eI () {dNeA S b= i M g (g T)’lm} ds + 1

to

< me—a Sk h(v)dv . [dNe/\He—)\ S h(v)dv r(1- T)_1774}
ty + s
b [T RO (5) [N MO (1)) ds 4 g
to
1 1 1 1 _ s
< 77167/\ ftto h(v)dv + UQdNe/\Hei)‘ftto h(v)dv + 773/ efgifst h(v)dvh (S) ANe M e Afto h(’U)dvdS
to
3 -1
t{m+y (1=7) "ma+m
t1 + t
< (% + e 4 7736/\H/ e 0N L vy (5) ds) dNe e MO (1 )y,
to

< d]\fe_/\ftto1 h(v)dv (1- T)_lm,

which contradicts to the equality (10). So (9) holds for all ¢ > ¢y. Letting d — 1 in (9), we have (7). The

proof is complete. U

If ny = 0, we can easily get the following corollary:
Corollary 2.1. Assume that all conditions of Lemma 2.3 hold and tlim jz) h (s)ds = oo. Then all solutions

of the inequality (6) convergence to zero.
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3 Main results

To obtain the existence and global attractivity of periodic solution of Eq. (1), we introduce the following
assumption.

(Hg) There exist positive constants p > 2 and I such that

M [° g MO !
T14p_1(LE/ |p(s)s|ds) +4p_1(L%/ |p(s)s|ds) <1,

and -
/ e 20 JE h(u)duo_2 (S) ds < I.

to
Theorem 3.1. Suppose that (H;) — (Hg) hold, then the system (1) must have a periodic solution, which is
globally attractive and in the attracting set S = {¢ € PC% ([-7,0],R)||¢l}, < m(1 —"T1)"'J1}, where
S =41 (L) (p(p—1) /271

m

Proof. By the method of variation parameter, we have from (4) that for ¢ > ¢,

vy = R (o) [ ) [ gy () dus)

-7 ots
0 t
+ H b,;l/ p(s)/ g | wu, H bry (u) | duds
to<tp<t -7 t+s to<tp<u
t 0 v
_/ e, h(u)duh(v) H b;l/ p(s)/ g<u7 H bky(u)> dudsdv
to to<tp<v -7 vts to<tp<u
t
+/ e Ji hw)du H b, 'o(s)dB (s)
to to<tp<s

By using the inequality (a + b+ c+ d)’ < 4P~1 (aP + b + P + dP) for any positive real numbers a, b, ¢
and d, taking expectations, we find for all ¢ > ¢,

Bly@)F <4 E(LOP + RO + O + L)) . (13)

We first evaluate the first term of the right-hand side as follows:

. 0 to P
E|Il(t)|p - E e_afto h(u)du <80 (0) 7/ p(s)/tJr g(u7<p(u))dud5)
. 0 to P
< gplgTop Sty h(w)du <E|(p 0)” + E‘/ p(s) / g (u, p (u)) duds )
—T to+s
t 0 i
< grtemop Sl <E|<P O + (L||<P| [p(s) s] ds) ) : (14)

—T

As to the second term, by (Hy) and (Hs), we have

0 t p
E|IQ (t)|p = F H blzl/_ p(s)/pﬁ_}g{](’u7 H bky(u)> duds

0 t P
< E@ [ e[ L] T sww duds)

-7 t+s to<tp<u

M 0 t p

< p(em [ e[ i)

0 p
< (2 [ w@slas) B, (15)
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As to the third term, by Holder inequality, (Hs) and (Hs), we have

(16)

t 0 v p
E|l; AP = E/efafjh(u)duh(v) H b;l/ p(s)/ g(u7 H bky(u)> dudsdv
to to<tp<v -7 vts to<tp<u
M 0 p t . p
< (25 [ slas) B [ ety ),
—T to
M 0 p t . p—1 . 1 p
_ o —a [ h(u)du P —a [ h(u)du P
_ <Lm/T |p(s)s|ds) Eu (e h(v)) (e h(v)) [y(v)]Tdv]
M [° P t . p=1 ¢ s
< (e [ p@slas) ([ emrenn@a) [ et ) 5y )], do
—r to to
M 0 P st .
< ot [ pslas) [ et @) Bl )], de
am —T t()

As far as the last term is concerned, using an estimate on the Ito integral established in [24, Proposition

1.9], Holder inequality, (Hs) and (H3), we obtain:

t
E|I, ()P = E/aafih(@du II bclo(s)dB(s)
to to<tp<s
1 p t . p
< (—) E / o S PG () d B (s)
m to
1 p t . 2
< - 7apfs h(u)du p\P
< <m> cp</tU (e lo(s)] ) ds>
1 p t . g
_ <_> Cp</ 672afs h(u)duO_Q(S)dS>
m to
1 p P
(L
m

where ¢, = (p(p — 1) /2)"/2.
It follows from (13)-(17) that

p

ya
2

(17)

t 0 p
Ely()F < srleofird (Elw(0)|p+<L|sall |p<s>s|ds>>

—T

w0 (12 [ sy stas) v,

—T

M [° Pt g
+4p_1a(L—/ |p(s)s|ds) /e_o‘fsh(“)d“h(s)

am to

1\
+4p_1(—) cpl?.
m

Elly (s)I] . ds

(18)

From Lemma 2.3 and Condition (Hg), the solutions of (4) are p-uniformly bounded and S; = {p €
PCY% ([-7,0], R) | |lell7, < (1 —=71)"1J1} is an attracting set of (4) (i.e., the family of all solutions of (4)

is p-point dissipative). From Lemma 2.2, then system (4) must exist an w-periodic solution. It follows from

Lemma 2.1, (H3) and the equivalence between (1) and (3) that the system (1) must have an w-periodic

solution.

In view of (ii) of Lemma 2.1 and (Hz3), it’s easy to see that

1 _
§={p€PCs, ([-7,0,R) —lelz, < (1 =T1)" N}

iaea
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S ={p € PC%, ([-7,01, R) lll¢ll}, <m(1—"T1)""J1}

is an attracting set of (1)
Denote y*(t) be the w-periodic solution and y(t) be an arbitrary solution of Eq. (4).
We rewrite the Eq. (4) by

dy@)—y* (1) = —ah(t)(y@)—y"(t))dt
s (Lo [ T )
—g (t, H bry™ (u))) duds) , t>t. (19)

Proceeding as the proof of the existence of periodic solution, we have

—T

t 0 p
Bly@F < 6leofihwd <E|¢(0)|p+<LII<P| |p<s>s|ds)>

v (12 [ ips)stas) o,

-7

s (oo " p(s) s ds>p / e R () By (5)), d. (20)

—T to

From Corollary 2.1 and Condition (Hg), we get that the periodic solution is globally attractive . And
the proof is completed.
O

If b, =1,k =1,2,---, the system (1) becomes the system without impulses

dx (t) = 7/,5, p(s—1t)g(s,x(s))ds+o(t)dB(t). (21)

Corollary 3.1. Suppose that (Hy), (Hs) and (Hg) with m = M =1 hold, then the system (21) must have a
periodic solution, which is globally attractive and in the attracting set Sy = {¢ € BC% ([—7,0], R)|ll¢|}, <
(I —Y3)~LJo}, where Jo = 4P~ L(p(p—1) /2);0/2[%

Proof. The proof is similar to that of Theorem 3.1, so we omit it here. O

4  Example

Example 4.1. Consider the impulsive stochastic Volterra-Levin equations

t
dx (t) = —/ 16_(t_s)
t—

473 cosgs’x(s) ds + cos gtdB (t), t>0, t#ty, (22)

with
x(t;) =bix (tk),
Wherebk7é0, tk:k, k:1,2,....

It is obvious that

0 0
1
h(t)‘—cosit‘, o(t):cosgt, a:/ p(s)ds:/ e’ds =1— —,
T T €
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L:%andT:l.

Case 5.1. Let by = 1,k =1,2,--- | then Eq. (22) becomes nonimpulsive stochastic Volterra-Levin equa-

tions. Taking p = 3, we have

3

0 L 0
Ty, = 42<L/ |p(s)s|ds) +42<E/ |P(5)5|d5>
1 /0 3 1 e 0
_ 2( = s 2( Z S
= 4(4/T|es|ds) +4 (461/T|68|d8)
_o(e=2Y L (e=2 Y
o 4e 4(e—1)
/OO e~ 20 N h(u)duo_Q (s) ds — /OO 6_@ f;
0

0
oo
< / e—i—z(egl) f; |cos %u|du
0

3

3

and

1 ;T ™
1 cos 2u|duCOS2§Sd8

2e
e—1

T
cos —s‘ ds =
2

It follows from Corollary 3.1 that Eq. (22) has a 4-periodic solution, which is globally attractive .

Case 5.2. Let by, =2°"3% Then I (t)= [[ br= [[ 25 3*. Now we claim that (H3) holds. In fact
0<tr <t 0<ty<t

I(t+4) = H 2sin%k . H 2Sin Tk

0<trp<4 A<t <4+t

4
_ 2k§1 sin 5k . H 2sin Z(k—4)

O<tp<t

= &L e =1,

0<tp<t

which implies that I(¢) is a periodic function with period 4. By simple computation, we know that 1
I bk <2. Thatis, m =1 and M = 2. Taking p = 3, we have

O<tp<t
MO ’ MO
T, = 42<L—/ |p(s)s|ds) +42<L—/ |p(s)s|ds)
m J_, am J_.
10 ’ 1 e [° ’
= 42 2.= s 42 2. - s
( 4/_T|e s|ds) + ( 461/_T|es|cls)
-2\° —2\°
- 2<<€ >+<e >><1.
e e—1

It follows from Theorem 3.1 that Eq. (22) has a 4-periodic solution, which is globally attractive.

IN
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