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Abstract: In this work, we prove a result on the local existence of mild so-
lution in the a-norm for some partial functional differential equations with
infinite delay. We suppose that the linear part generates a compact analytic
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compactness method, to show the main result of this work. Some application
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1 Introduction

The aim of this work is to study the local existence and continuability of
solutions for some class of partial functional differential equations with infinite
delay and deviating argument in terms involving spatial partial derivatives.
As a model for this class we consider the following model

0 0 0 0
av(t, x) = @v(t, x) + aa—%v(t —rx)+ [m g(@)v(t + 0, x)d0
+f(8_xv(t —r,x)) fort >0 and z € [0, 7], (1)

v(t,0) =v(t,m) =0 fort >0,
v(0,z) =v(0,2) for 6 <0 and z € [0, 7,

1" Corresponding author.
E-mail address: ezzinbi@ucam.ac.ma (Khalil Ezzinbi).
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where a and r are positive constants, g :] — 00, 0] — R is a positive integrable
function, f : R — R is continuous and vy is a given initial function. Equation
(1) can be written in the following abstract form

%u(t) = —Au(t) + F(t, u;) fort >0,

(2)

Uo :(,OEBQ,

where — A is the infinitesimal generator of an analytic semigroup on a Banach
space X. B, is a subset of B,where B is a Banach space of functions mapping
from | — o0, 0] into X and satisfying some axioms that will be introduced later,
and for 0 < a < 1, the operator A® is the fractional power of A. This operator
(A%, D(A®)) will be described in Section 2. We suppose that F' is a continuous
function from R, x B, with values in X, where B,, is defined by

B,={p€B:pl)c DA% for § <0 and A%p € B},

with the norm
lells. == [A%lls  for ¢ € Ba.
For every t > 0, the history function u; € B, is defined by

u(0) = u(t+6) for 0 <0.

In this paper, we will discuss the local and global existence of solutions for
Equation (2) where the nonlinear part F' is just assumed to be continuous
with respect to a fractional power of A in the second variable. Recall that
when F' is Lipschitz continuous in B,, Equation (2) has been studied by [6].

The present paper is organized as follows. In Section 2, we study the local
existence of mild solutions in the a-norm for Eq. (2). In Section 3, we establish
a result about continuation of solutions. Finally, to illustrate our results, we
give in Section 4 an application.

2 Local existence of the mild solutions

In this section we study the existence of mild solutions for partial func-
tional differential equations (2). Before that, we collect some useful results. For
literature relating to semigroup theory, we suggest Pazy [14], Engel and Nagel
[9]. We denote by X a Banach space with norm ||.|| and —A is the infinites-
imal generator of a bounded analytic semigroup of linear operator (7'(¢));>o
on X. We assume without loss of generality that 0 € p(A). Note that if the
assumption 0 € p(A) is not satisfied, one can substitute the operator A by the
operator (A — o) with o large enough such that 0 € p(A — o). This allows us
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to define the fractional power A% for 0 < a < 1, as a closed linear invertible
operator with domain D(A®) dense in X. The closedness of A® implies that
D(A%), endowed with the graph norm of A%, |z| = ||z|| + ||A%z]|, is a Ba-
nach space. Since A® is invertible, its graph norm |[.| is equivalent to the norm
|z||la = ||Az||. Thus, D(A%) equipped with the norm ||.||., is a Banach space,
which is denoted by X,. For 0 < 8 < o < 1, the imbedding X, — Xz is com-
pact if the resolvent operator of A is compact. Also, the following properties
are well known.

Theorem 1 [1/] Let 0 < a < 1 and —A 1is the infinitesimal generator of an
analytic semigroup (T'(t))i>0 on X satisfying 0 € p(A). Then we have

i) T(t) : X — D(A®) for every t > 0,
ii) T(t)A*x = A*T'(t)x for every x € D(A%) and t > 0,
iii) For everyt >0, A*T(t) is bounded on X and there exists M, > 0 such
that :
AT (B)|| < Moe't™, (3)
w) If 0 < a <3< 1, then D(AP) — D(A%).
v) There exists Ny > 0 such that

(T'(t) — I)A™®|| < Nut*  fort > 0.
Recall that A= is given by the following formulas
—a 1 o a—1
Ao = —/ 11 (1) dt,
0

where the integral converges in the uniform operator topology for every oo > 0.
Consequently, if T'(¢) is compact for each ¢ > 0, then A~* is compact for every
0<a<l

In all this paper, we suppose that (B,||.||s) is a normed linear space of
functions mapping | — 0o, 0] into X, and satisfying the following fundamental
axioms which have been first introduced by Hale and Kato in [12]:

(A1) There exist a positive constant H and functions K (.), H(.) : Rt — R,
with K continuous and M locally bounded, such that for any ¢ € R and

a>0,ifzr:]—00,0+al = X, x, € B, and z(.) is continuous on [0, o + al,
then for all ¢t in [0, 0 4 a] the following conditions hold:
(1) Ty € 87

(i) [ (t) 1< H || 2 s
(i) || e 1< K (= 0) suppeoc || 2(5) || +M(t = 0) | 2 s

(A2) For the function z(.) in (A1), t — x; is a B-valuded continuous function
for ¢t in [0, 0 + al.
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(B) The space B is complete.
Now, we make the following hypothesis:

(H1) The operator —A is the infinitesimal generator of an analytic semigroup
(T'(t))e>0 on the Banach space X satisfying 0 € p(A).

(H2) The semigroup (7'(t)):>o is compact on X. It means that T'(¢) is com-
pact on X for ¢t > 0.

(H3) A2 € B for ¢ € B, where the function A% is defined by
(A76)(8) = A=((6)) for 0 < 0.

Lemma 2 [6] Assume that (H1) and (H3) hold. Then B, is a Banach space.

Definition 3 Let ¢ € B,. A function u :] — 00,a] — X, is called a mild
solution of Eq. (2) if the restriction of u(.) to the interval [0, a] is continuous
and

t
i) u(t) = T()e(0) + / T(t — s)F(s,us)ds fort € [0,al,
0
The main result of this section is the following theorem.

Theorem 4 Assume that the hypothesis (H1)-(H3) hold. Let U be an open
subset of the Banach space B, and F : [0,a] x U — X be continuous. Then
for each ¢ € U, there exist b := b, with 0 < b < a and a mild solution
u € C([0,b]; Xo) of Eq. (2).

Proof.— The proof of this result is based on the Schauder fixed-point theo-
rem.

Let ¢ € U, there exist constants r > 0, by €]0,a] and N > 0 such that
B(o,r) == {¢p € By : |[¢ —¢llg, < r} C U and [|[F(s,¢)|| < N for all
s € [0,b1] and ¢ € B(p,r).

Consider the function w :] — oo, b] — X,, defined by

w(t) =

T(t)p(0) fort e [0,b]
o(t) for t <0.
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By Axioms (A1)(i) and (A2), there exists 0 < b < by such that ||w;—¢l|g, <
5 for all t € [0,b]. We choose b small enough such that

evs T
ds < — 4
s S 2’ ( )

b
KyM. N /
0

where Kj = supg<;, K (t). Let us introduce the space
Q= {u € C([0,b]; X,) : u(0) = p(0)},

endowed with the uniform norm topology. Let u € €2,. We define the extension
@ of u on | — 00, b] by

at) = u(t) for t €10,b]
@(t) fort <O0.

We define the set ,(¢) by

() ={u e ||u—llp, <7 forte|0,b]}.
Let v(t) = T(t)¢(0) for t € [0, b]. Its extension v :| — 00, b] — X, is defined by

(t) =

v(t) fort € ]0,b]
@(t) for t <O0.

It is easy to see that U is the restriction of w on | — oo, b] and v is an element
of Qy(¢). Then p(¢) is a nonempty.

Qp(¢p) is closed convex in C([0, b], X,,). To prove that. Let (u"),>0 be in ()
with nl_lgloo u" = uin C([0,0]; X,). The Axioms (A1)(iii) implies that for any

t €[0,b], n € N, we have

1@ — |5, < K(t) sup [|u"(s) — u(s)]la
0<s<t
< K} sup ||u"(s) — u(s)||la — 0 as n — +o0.
0<s<b

From this together with the inequality

la: = plls. <l —@|ls, + |4 = ¢lls, for any n € N,

we deduce that ||u; — ¢|p, < r. Consequently, u € ().
By using the triangular inequality, it is clear that Adu; + (1 — A)ug € Qy(y), for
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any ui, us € Q(p) and X € [0,1]. Then Q,(¢p) is closed bounded convex set.
Consider now the mapping defined on €2,(¢) by

H(u)(t) =T(t)p(0) + /OtT(t — 8)F(s,u,)ds for t € [0,0].

We claim that H maps () into (). In fact, let u € Qy(p) and 0 < ¢y <
t <b. Then

We obtain that

ew(t—s)
(t =)

t
(T =) = 1) / " ACT(ty — 8)F(s, @ )ds|| — 0 as t — to*.
0

IHu(t) ~ Hulto)la < I(T0) = T(t0)) A°(0) | + MV [ ds

Using similar argument for 0 < ¢ < ty < b, we conclude that

|Hu(t) — Hu(to)||a — 0 ast — ¢y .

—_~—

This implies that Hu € C([0, b]; X, ). Now, we claim that H(u), € B(y,r) for
t €10,b]. Let u € Q(p) and t € [0,b]. Then

Hult) = {v(t) +y(t) fort €0,
o(t) for t <0,

where

y(t) = /OtT(t — 8)F(s,us)ds fort € [0,b]
0 for ¢t <0.

—_~—

Simple computations yield (Hu)
t € 10,0

. =0, —y, for t € [0,b]. Then, we get for any
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—_~—

[(Hu), = olls. < 0: = #llsa + 9],
r
<2 K(0) s [ly(s)]a
0<s<t

b 6LA)T

4 KM N / C ar
0

<
= —a

N3

By the estimate (4), we deduce that

—_~—

| H(u), — ¢llg, <rforalltel0,b].

Finally, we have proved that H(2(¢)) C ().

We will prove now the continuity of H. Let (u"),>1 be a convergent sequence
in Qy(¢) with lim,, .. u™ = u, we obtain lim,, ., " = @. Then, for ¢t € [0, b]
we have

[Hu™(t) = Hu(t)[la < Ma /Ot eIt — 5) || F (s, W) — F(s,)||ds. (5)

By Axioms (A1)(iii) and (A2) we have the mapping (s, u) — @, is continuous
in [0,b] x Qy(¢). On the other hand the set {a} U {a™ : n > 1} is compact.
Hence, the set A = {(s,u?), (s,us) : s € [0,b],n > 1} is compact in [0, b] x B,,.
By Heine’s theorem implies that F' is uniformly continuous in A. Accordingly,
since (u™),>1 converge to u, we have

€

b WS
|Hu" — Hullo < Ma/ ds sup ||F(s,@") — F(s,1,)| — 0 as n — +oo.
0 o

S s€[0,b] ( )
6

Then, we obtain that (Hu"),>; converge to Hu. And this yields the continuity
of H.

¢
We will prove now that, for each 0 < ¢ < b, the set {/ T(t—s)F(s,us)ds, u €
0

Qb(cp)} is relatively compact in X,.
Let ¢ €]0, ] fixed, and 3 > 0 such that « < § < 1, we have

ews
e ds.

t b
| 49 [ (= s)F (s, T)ds |< MpN [
0 0
Then for fixed ¢ €]0, b]
t
{Aﬁ/ T(t — $)F(s,@,)ds, u e Qb(@}
0

is bounded in X. By (H2) and Theorem 1, we deduce that A% : X — X, is
compact. Consequently

{/OtT(t — s)F(s,us)ds, u € Qb(w)}
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is relatively compact set in X,.
We will show that {Hu(t), u € Q(p)} is an equicontinuous family of func-
tions. Let u € Qy(¢) and 0 < ¢; <ty < b. Then

Hu(ty) — Hu(ty) = (T(tz) — T(t1))p(0) + : T(ty — s)F(s,us)ds

t1

+ /0 N (T(ty— 5) = T(tr — ) F (s, Tis)ds

— (T(ts) — T(#))p(0) + [ Tt — 5)F (s, is)ds

t1

HI(—t) - 1) [ "t — $)F (s, i)ds.

We obtain that

eUJS
ds

SCV

[Hu(tz) = Hu(ty)llo < [(T'(t2) = T(t1))(0)[lo + Mo N /:

(T — 1) = 1) /0“ AOT(ty — $)F(s, ii,)ds|.

We claim that the first part tend to zero as |ts — t1| — 0, since for t; > 0 the
set

{ Ji Y ATt — $)F(s,ii)ds : u € Qb(w)}

is relatively compact in X, there is a compact set K in X such that
t1 —
/ ACT(t — 8)F(s,7,)ds € K for any u € Qy(¢).
0
By Banach-Steinhaus’s theorem, we have

H(T(t2 —u)-1) [ Y ATt — $)F (s, i.)ds

—>0ast2—>t1,

uniformly in u € Q(¢p). Using similar argument for 0 < t5 < t; < b, we
can conclude that {Hu(t), u € Qu(¢)} is equicontinuous. By Ascoli-Arzela’s
theorem, we deduce { Hu(.), u € Qy(p)} is relatively compact in C([0,d], X,).
Now by Schauder’s fixed point theorem, we get that H has a fixed point u in
(), which implies that u is a mild solutions of Equation (2) on [0, b]. This
ends the proof of Theorem. [ |
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3 Global continuation of the solutions

In order to define the mild solution in its maximal interval of existence, we
add the following condition

(H4) F : [0, +oo[xB, — X is continuous and takes bounded sets of [0, +00[x B,
into bounded sets in X.

Theorem 5 Assume that (H1)-(H4) hold. Then there exists a mazimal in-
terval [0, tymaz| and a mild solution of Eq. (2) defined on [0, tya.|[. However, if
tmaz < +00, then limsup ||u(t, ¢)||a = +oo.

*lmax

Proof.— On can see that the mild solution of Eq. (2) is defined on [0, ¢4, |-
Assume that t,,,, < +oo and limsup ||u(t, ¢)|la < +00. Then there exists

*lmax

L > 0 such that ||u(t,p)|la < L for t € [0, tpmaz|. Then, from Axiom (A1) (iii)
there exists constant r > 0 such that ||us(., ¢)||5, <7, for all s € [0, t,4.] and
consequently by hypothesis (H4) there exists R > 0 such that || F (s, us)|| < R,
for all s € [0, tyaz|- Let u : [to, tmaz[— Xa (to €]0, timaz[) be the restriction of
u(., ) to [to, tmaz|- Consider t € [ty, tyas| and 3 such that a < # < 1. Then

lu()lls < [ A=T () A" (0)]| + | /Ot APT(t — 5)F (s, us)ds|

wt

€ te
< Myasllp(O)lla + MR |

wsS
e ds.

Thus, ||u(t)||g is bounded on [t, timez[. Now, for tg <t < t+h < tme., we have

u(t+h) —u(t)=T(t+ h)e(0) — T(t)e(0) + /OtJrh T(t+h—s)F(s,us)ds
- /Ot T(t— s)F(s,us)ds
=TT ()~ D (O)] + (T () 1) [ Tt~ 5)F (s, w)ds
t+h
+/t T(t+h—s)F(s,us)ds

t+h
— (T(h) — Du(t) + / T(t+ h — 8)F(s,us)ds.
t
Taking the a-norm, we obtain
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t+h  ew(t+h—s)

=)l 1T - DA+, [ S
[u(t +h) = u(t)|« < [(T(h) — 1) @)+ R (th—sp0"
N ﬁ RM t+h e(t+h s) d
< [e%
3 ah?u(t) s + RM. [ H%_Ws
h ews

< No-ahlu®lls + RMa [

11—«

h
S Ngfahﬁia”ll,(t) HB + RMQ maX{l, Gthaz}m.

This implies that

|lu(t+h) —u(t)[]o =0 as h—0

uniformly with respect to t € [to, tyee|- Which implies that w is uniformly
continuous on [tg, tya.[- Consequently, u(., @) can be extended to the right to
tmaz, Which contradicts the maximality of [0, t,,4.[. This completes the proof
of the theorem. [ ]
The following result provides sufficient conditions for global solutions to Eq.

(2).

Corollary 6 Under the same assumptions as in Theorem 4, if there exist
ki, ks € C(R_,Ry) such that ||F(t,¢)|| < k1(t)||¢|s., + kaolt) for ¢ € B, and
t >0, then Eq. (2) admits global solutions.

The proof of this corollary is based on the following lemma, whose proof can
be found in Lemma 6.7 of [14].

Lemma 7 [14] Let v : [0,a] — [0,00] be continuous. If there are positive
constants A, B,0 < a < 1 such that

v(t) < A+ B/Ot (tv_(sg)ads fort €10,q

then, there is a constant C' such that

v(t) <C  fort€|0,al.

Proof.— Assume that t,,,, < +00. Let M := supg<;<;, .. [|7(t)|. Then for
every t € [0, t,q.[, we have

lu@ o < [T(#)A%(0)]| + | /Ot AYT(t = s)F (s, us)ds||

t ew(t—s)
< MH|lplls, + Mo | =
o (t—

= (Bl + R ) s
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Therefore, by (A1)(iii),

L sup [u(o)uds, (7)

t
Al < A B/
u(t)]|o < A+ ) =) R,

where

tmaw ews
A= MH|glls, +Ma| s ko) Hlels, sw (kom)] [ s

S
<s<tmax <s<tmax Ch

and

B = M,max{1,e"} sup <k:1(s)K(s)).

0<s<tmax

s 1
We claim that the function g : s — / —— sup ||u(7)|lado is nonde-
0 (8—0)%0<r<o

creasing on [0, t]. Let s, s € [0,t] be such that s < s’. Then

gs)= [ —— sup u(r)lado
(8 —0)* 0<r<o

s 1

— sup  [u(7)[ado
07 0<7<s—0

s 1

IN

I
S— S— S—

sup  |Ju(7)l|ado
0~ 0<7<s'—0

s 1
L s ) lado = g(s).

07 0<r<s'—0

IA
S—

Therefore g is nondecreasing on [0,t] and supg<,<; g(s) = g(t). Then by the
inequality (7), we obtain

t 1
sup Ju(s)la < A+ B [ sup [u(o)]lads,
0 (t—s)

0<s<t 0<o<s

By Lemma 7, there is a constant C' such that

sup lu(s)llo < C,
0<s<t

which implies that sup ||u(s)]|o < 0o, and the proof is complete. [ |
0<s<tmaz

4 Application

Consider the following functional differential equation
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0 0?
av(t, x) = —v(t,r) + a—v +/ v(t+0,z)do

+f<_:cv(t —r,x)) for t >0 andz € [0, 7],

(8)
v(t,0) =v(t,m) =0 fort >0,

v(0,x) =ve(0,2) for 8 <0Oand x € [0, 7],

where a and r are positive constants, g :] — 00, 0] — R is a positive integrable
function, f : R — R and vy :] — 00,0] x [0,7] — R are continuous. Let
X =L%([0,7];R) and A : D(A) C X — X defined by Ay = —y" with domain

D(A) = H?0,7] N H}[0,7]. Then Ay = > n*(y,e,)e, for y € D(A), where
n=1

{en(s) = \/7 sin ns, n > 1}, is the orthonormal set of eigenvectors of A. For

each y € D(A2) :={y e X : Z n(y, en)en € X} the operator Az is given by
A%y = Z?:l n<y7 en)en'

Lemma 8 [17] Ify € D(A%), then y is absolutly continuous, y' € X and

1
ly'llx = 142yl x.

It is well known that — A is the infinitesimal generator of an analytic semigroup

(T(t))=0 on X given by T(t)x = > ez, en)en, € X. It follows from
n=1
this last expression that (7(¢)):>0 is a compact semigroup on X. This implies

that Assumption (H1) and (H2) are satisfied. Let, for v > 0,

B=C,={p€cC(—00,0;X): lim e’p(f) exists in X},

60— —o00

with the norm
llly = sup e™|[p(8)]] for ¢ € C,.
0<0

This space satisfies axioms (A1), (A2) and (B). The norm in B 1 is given by

1 ™ /0 2
— 70 2 — o
lolls, = sup el abo@)] =supey| [ (200wt

Assume that,
(H5) : e ¥7g e L*(R).
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Let
u(t)(z) =v(t,z) for t > 0 and x € [0, 7],
w(0)(x) = vo(6, x) for § <0 and x € [O 7T]
(F(9))(x) = ap(— +/ x)df + f(p(=r)(x)) for p € By and z € [0, .

Then, Eq. (8) takes the following abstract form

dt - 9)

d u(t) = —Au(t) + F(t, uy) fort >0,
Uo B

F' can be decomposed as follows: F' = F} + F5 + F3, where

Let pe B 1, we consider a sequence (@), convergent to ¢ in B 1 then we have

2

IFi(en) = Filplk =a* [ [en(=r)(a) = e(-)@) )| do

1

= a®|| A2 (pu(—1) — p(—1))|I?

< a%e?" sup eQVGHA% (enl(=1) = o(=r)|I?
6<0

< e llgn — ol (10)

and

1B = Bz =[] [ 90 (a0)0) — 00)0)

d;z:

< ["([_stopeean) [ e (pn0)a )—90(9)(3?)) dhde
§< /_0 Ve Md@) / / 476<g0n (0)(x))2d0dx
<5 ([ arerao)supte [ <son<e><x> ~40)(@)) )
<5 ([ at02e0d0) I — o1, (1)
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Then (10) and (11) imply that F} + F5 is continuous on B;.
Since

IFy(en) = Fa(@)l = [ 1 (enl =) (@) = Flp(=r) (@) da.

And

43 (2u(—1) = o(=r) | <€ supe |41 (6 (6) — (O

=" ||pn — <p|]%l — 0 as n — oo.
2

Then

0

= on(=r) = (1) as n = o0
in L?0, 7]. We conclude by the following well known result in L? spaces con-
vergence. More details can be found in Theorem IV.9 of [7].

Theorem 9 [7] Let 1 < p < oo, Q an open set in R™ and (fn)n>0 @ sequence
in LP(QY). Suppose that f, — f as n — oo in LP(SY). Then, there exist a
subsequence (fn, k>0 of (fu)n>o and h € LP(Y) such that

i) fn, — f a.e.in Q,
i) | fn,(2)| < |h(x)] VE a.e. in Q.

Then using Theorem 9, we deduce that there exists a subsequence (¢, ), and
g1 € L*(0,7) such that

0 0

%‘Pnk(—r)(ﬂf) — %go(—r)(x) as k — oo a.e,

and

2 () (@) < lon(x)] e

By the continuity of f, we obtain

f(%@nk(—r)(x)) — f(%@(—r)(x)) as k — 00.

If we suppose that |f(f)| < a|t| + b. By the Lebesgue dominated convergence
theorem, we deduce

f(%%onk<—7’)) — f(%@(—r)) as k — oo

in L?[0, 7]. Since the limit does not depend on the subsequence (p,, )k, then
we obtain
Fy(pn) — Fs(p) as n — o0
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in L?0,7]. We deduce that Fj is continuous on B L which implies that F' is
continuous on B 1. Consequently, Theorem 4 ensures the existence of a maxi-
mal interval of existence [0, ¢,,q.[ and a mild solution v(¢, x) on [0, te.[x [0, 7].
Also, under the assumption that |f(t)| < a|t| 4+ b, we establish that ,,,, = 00
by applying Corollary 6.

Acknowledgements

The authors would like to thank the referee for his careful reading of the paper.
His valuable suggestions and critical remarks made numerous improvements
throughout.

References

[1] M. Adimy and K. Ezzinbi, Existence and stability in the a-norm for partial
functional differential equations of neutral type, Annali di Matematica Pura ed
Applicata, 185, (2006), 437-460.

[2] M. Adimy, K. Ezzinbi, M. Laklach, Existence of solutions for a class of partial
neutral differential equations, Comptes Rendus de 1’Académie des Sciences,
Série I. Mathématique, 330, (2000), 957-962.

[3] M. Adimy, H. Bouzahir, K. Ezzinbi, Existence for a class of partial functional
differential equations with infinite delay, Nonlinear Analysis, Theory, Methods
and Applications, 46, (2001), 91-112.

[4] M. Adimy, H. Bouzahir, K. Ezzinbi, Local existence and stability for some
partial functional differential equations with infinite delay, Nonlinear Analysis,
Theory, Methods and Applications, 48, (2002), 323-348.

[5] M. Adimy, H. Bouzahir, K. Ezzinbi, Existence and stability for some
partial neutral functional differential equations with infinite delay, Journal of
Mathematical Analysis and Applications, 294, (2004), 438-461.

[6] R. Benkhalti, K. Ezzinbi, Existence and stability in the a-norm for some partial
functional differential equations with infinite delay, Differential and Integral
Equations, Vol. 19, No. 5, (2006), 545-572.

[7] H. Brezis, Analyse Fonctionnelle Théorie et Application, Masson, 1987.

[8] J-C. Chang, H. Liu, Existence of solutions for a class of neutral partial
differential equations with nonlocal conditions in the a-norm, Nonliner Analysis,
Theory, Methods and Applications, 70, (2009), 3076-3083.

[9] K. Engel and D. Nagel, One-parameter Semigroups for Linear Evolution
Equations, Graduate Texts in Mathematics, Springer-Verlag, 194, 2000.

[10] D. Henry, Geometric Theory of Semilinear Parabolic Partial Differential
Equations, Springer-Verlag, Berlin/New York, 1989.

EJQTDE, 2012 No. 59, p. 15



[11] K. Ezzinbi, X. Fu, K. Hilal, Existence and regularity in the a-norm for
some neutral partial differential equations with nonlocal conditions, Nonlinear
Analysis, Theory, Methods and Applications, 67, (2006), 1613-1622.

[12] J. K. Hale, J. Kato, Phase space for retarded equations with infinite delay,
Funkcial. Ekvac .21, (1978), 11-41.

[13] Y. Hino, S. Murakami, and T. Naito, Functional Differential Equations with
Infinite Delay, Lectures Notes, Springer-Verlag, Vol. 1473, 1991.

[14] A. Pazy, Semigroups of Linear Operators and Application to Partial Differental
Equation, Applied Mathematical Sciences, Springer-Verlag, New York, Vol. 44,
1983.

[15] C. C. Travis and G. F. Webb, Existence and Stability for Partial Functional
Differential Equations, Journal of Mathmatical Analysis and Application, 200,
(1974), 395-419.

[16] C. C. Travis and G. F. Webb, Existence, stability, and compactness in the -
norm for partial functional differential equations, Transation of the American
Mathematical Society, 240, (1978), 129-143.

[17] C. C. Travis and G. F. Webb, Partial differential equations with deviating
arguments in the time variable, Journal of Mathematical Analysis and
Applications, 56, (1976), 397-409.

[18] J. Wu, Theory and Applications for Partial Functional Differential Function,
Applied Mathematical Sciences, Springer-Verlag, Vol. 119, 1996.

(Received December 2, 2011)

EJQTDE, 2012 No. 59, p. 16



