Electronic Journal of Qualitative Theory of Differential Equations
2012, No. 22, 1-13; http://www.math.u-szeged.hu/ejqtde/

Sufficient conditions for the exponential
stability of delay difference equations with

linear parts defined by permutable matrices

M. Medved™* L. Skripkova
Faculty of Mathematics, Physics and Informatics,
Comenius University, Mlynska dolina,
842 48 Bratislava, Slovakia,
e-mail: milan.medved@fmph.uniba.sk,

lucia.skripkova@fmph.uniba.sk

Abstract

This paper deals with the stability problem of nonlinear delay dif-
ference equations with linear parts defined by permutable matrices.
Several criteria for exponential stability of systems with different types
of nonlinearities are proved. Finally, a stability result for a model of

population dynamics is proved by applying one of them.

1 Introduction

This paper is concerned with the stability of the nonlinear delay difference
equations. Throughout the paper we use for zero matrix notation O, I rep-

resents identity matrix with ||/|| = 1. For given integers s, ¢, such that s < ¢
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we denote Z1 := {s,s + 1,...,q} the set of integers. First let us recall the
result from the paper [2] concerning the representation of a solution of a lin-
ear delay difference system which will be starting point in our further study

of the stability problems for nonlinear perturbation of this system.

Theorem 1.1. Let ¢ : Z°, — R"™ be a given function, A,B are n X n
constant permutable matrices, i.e. AB = BA with det A # 0. Then the

trivial solution of the initial-value problem
x(k+1) = Az(k) + Bx(k —m) + f(k), keZy,

w(k) = k), kez®

has the form

0
(k) = Amelito(—m) + > AFISETm I (o) — Ap(j - 1)]

j=—m+1

k
L3 ARG, ke,

=1
where B; = A"'BA™™.

Bk

ok is called

This theorem is a discrete version of [6, Th. 2.1]. Function e

the discrete delayed-matrix exponential [3] and is given by

O, k< —m,

e = L k- (—1
1+ZBJ( G- )m>, ke Z\mHD l e 7.
j=1 J

(I=1)(m+1)+1>

This matrix function was used to construct the general solution of planar
linear discrete systems with weak delay in [5]. Problems of controllability of
linear discrete systems with constant coefficients and pure delay are consid-
ered in [4].

Applying Theorem 1.1 to the initial-value problem

x(k+1) = Ax(k) + Bx(k —m) + f(x(k),z(k —m)), keZ, (1)
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z(k) =pk), keZ® | (2)

where m > 1 is a constant delay, ¢ : Z° — R™ a given initial function,
f(x(k),x(k —m)) a given function and constant n X n matrices A, B are

permutable, we obtain the following representation of its solution:

0
(k) = AFmelikFo(—m) + > AFIl T (o) — Ap(j - 1)]

j=—m+1

(3)
k
£ AT ET D f(a(j = 1)a(j—m = 1), k€L,

J=1

Our aim is to find some sufficient conditions for the exponential stability
of the trivial solution of a nonlinear delay difference equation with different

types of nonlinearities in the sense of the following definition.

Definition 1.1. Let m > 1, and ¢ : Z°,, — R™ be a given function. The
solution x,(k) of equation (1) satisfying initial condition (2) is called expo-
nentially stable if there exist positive constants ¢y, co, 6 depending on A, By

and |gl| = maxeezo [ ¢(R)ll, such that
Jwa(k) = 2B < cxe™, k0
for any solution x4 (k) of equation (1) satisfying initial condition
ry(k) = p(k), kezl,
with || — Y| < 6.
The following lemma will be helpful in our estimations.

Lemma 1.1. Let m > 1 be a constant delay. Then for any k € Z the
following inequality holds true

HeﬁkH < ellBlitk+m) (4)

Proof. Using the definition of delayed matrix exponential one can easily prove
the statement. O
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2 Systems with a nonlinearity independent of
delay

Now we state sufficient conditions for the exponential stability of the trivial

solution of the nonlinear equation
x(k+1) = Az(k) + Bx(k —m) + f(z(k)), keZ. (5)
Some analogical results for the delay differential equations are proved in the
paper [7].
Definition 2.1. Let f : R" — R" and [ > 0. We say that f(z) = o(||z||") if
lr@l

i a4 70

lel—0 ||z

Theorem 2.1. Let A, B be n X n permutable matrices, i.e. AB = BA,
By = AT'BA™™ and ||A|| elBl < 1. If f(x) = o(||z||) then the trivial solution
of the equation (5) is exponentially stable.

Proof. From Lemma 1.1 we can estimate the solution of the equation (5) as

follows

(k)| < JLAIE™ IPIEE™ o (—m))|

0
+ > AT P () — Ap(j — 1)

j=—m+1

k
+Z 1A e PIEY | f (2 — 1)

If ||2(5)|| < 6 for each j € Z&~* then we get

lz(R)[| < [LAIE™ el o (—m))|

0
+ > AT PIE () — Ap(j — 1)

j=—m+1

k
k=i |B1|l(k—j ,
+P Y[ AIF eI 2 (g — 1))

j=1
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Denoting

C = Al el u(k) = ||lz(k)| C, (6)

0
M = A" P p(=m)ll + Y (AT eI () — Ap(j - 1),

j=—m+1
(7)
we obtain i
u(k) < M + PZCflu(j —1).
j=1

Now by applying the discrete version of the Gronwall’s inequality (cf. [1])
we obtain
u(k) < MePXi=1 07" = NePO™'k

and this yields the inequality
(k)| < MOk || A||F elBrlle = prePC+IBulln 4Dk,

Now if we take max{||¢(0)|, M} < 6 and PC~! < —||B;|| — In||A]|, then
|z(k)|| < Me ™ where n := —PC~! — ||By|| — In||A]| > 0. Thus the trivial

solution of (1) is exponentially stable. O

Theorem 2.2. Let the matrices A, B and By be as in Theorem 2.1. If
f(x) = o||z||*) for a > 1 then the trivial solution of (5) is exponentially
stable.

Proof. Similarly to the proof of the previous theorem we derive the following

estimate

k
u(k) S M+PY C™u®(j— 1)

j=1

for k € Z°, where we have used the notation of (6),(7) and the assumption

|z(5)|| < 0 for each j € ZE~!. Now let

¢ = max (M, [¢(0)[[}, AG) = PCCO, =)
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Then i
u(k) < c+ Z A(G)w(uj—1)).

It is easy to see that

o9 e8] . Coz—l
_ N — —arv(a—1)j _ —a
Il ZA(;) ZPC C PO
7j=1 7j=1
Consequently, applying the discrete version of the Bihari’s theorem (cf. [9])
we obtain
k
u(k) < W™ [W(C) + Zk(j)] < WHW(e) + [IA] (8)
j=1
where

W(ﬁ):/ A7 Gl

w(o)’

Note that the expression W~ [W(c) + ||A|] is surely less than infinity. If K
denotes the constant on the right-hand side of (8) and max{K,c} < ¢, we
get

|z(k)| < KellBil+nilADk

for P sufficiently small. Since ||B;|| < —In||A||, the trivial solution of the
equation (5) is exponentially stable. O

3 Systems with a nonlinearity depending on

delay
In this section, we consider the system

z(k+1) = Az(k) + Bx(k —m) + f(z(k),x(k —m)), keZy (9)
z(k) = o(k), keZ° (10)

—m>
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where m > 1 is a constant delay, ¢ : Z° ~— R" an initial function and
matrices A, B are permutable. Here we derive sufficient conditions for the
exponential stability of the trivial solution of equation (9) with different types

of a given function f.

Definition 3.1. Let f : R" x R" — R" and ly,...,lp,mq,...,m, > 0 for
k,r € N. We say that f(w,y) = o(||z|" + -+ ] + [[y[|™ + -+ [ly™")
of

1/ (@, y)]l

o o oy T
0 Tl -+ el + o™ + -+ o]

Theorem 3.1. Let the constant n X n matrices A, B be permutable, B; =
ATIBA™™ and ||Al| !Bl < 1. If f(x,y) = o(||z| + ||lyl|) then the trivial

solution of the equation (9) is exponentially stable.

Proof. Suppose that ||z(k)|| < 0 for k € Z>, . Then using the notation (6)
and (7) we obtain the estimate for the solution z(k) of (3)

k k
u(k) SM+PY Clu(j—1)+ P> C™ " Du(j —m—1),

P =1
Let us denote ¢ := max{M, ||¢||}. Then

k k
u(k) <c+PY Cu(j—1)+ P> C " u(j —m—1).
j=1 j=1
Now denote g(k) the right-hand side of the above inequality. Note that it is
a nondecreasing function. Apparently, u(k) < g(k) and from the property of

the maximum we have

u(j —m—1) <maxu(s —m —1)

s€Z)
<maxu(s —m —1)+ max u(s—m—1) (11)
sz s€Z?

m—+1

<ol +9(G—1) <29(j —1).
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Therefore

k k
gk) <c+PY Clg(j—1)+2P) C g —1)

j=1 j=1

k k
<ct (PCTH4 2P0~ M) S g(j — 1) < e+ 3PCTMD N g(j — 1),
j=1 J=1

Using the Gronwall’s inequality we obtain
g(k) < ce3PCT Mk,

Consequently, for the solution x(k) we have the estimate

||x(k3) || < Ce(lnC+3PC*(m+1))k.

One can see that the trivial solution of the equation (9) is exponentially

stable whenever ¢ < § and

—InC

P < 30 m+1

O

Theorem 3.2. Let oy > 1, an > 1 and matrices A, B and B; be as in the
Theorem 3.1. Assume that ||Al|elPil < 1 and f(x,y) = o(||=|| + ||ly[|*?).

Then the trivial solution of the equation (9) is exponentially stable.

Proof. Similarly to the proof of the previous theorem we estimate the solution
of the equation (9). Supposing ||z(k)|| < d for k € Z>,, and using notation
(6) and (7) we get

u(k) et Y MGG = 1)+ Y MG —m=1), kL, (12)

M(j) = PO~ 0t Di | 3y (j) i= PO~ mHDes lea—Di
¢ := max{M, [Jl[}.
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w2

Without any loss of generality one can assume that a; < az. Then w = £2

marks a nondecreasing function, where w;(u) := u® fori = 1,2 . If we denote

the right-hand side of the inequality (12) by g(k) we obtain
k k
u(k) < g(k) < e+ M(wilg(G = 1)+ D delflwn(g(j —m — 1),
=1 j=1
Using the property of the maximum (11) we have
k k
g(k) < e+ M(wilg(G — 1)+ D delf)wa(g(G — 1)),
j=1 j=1

where \o(j) := 20‘2):;(j). Now we apply the estimation proposed by Pinto,
Medina (cf. [8]). If

v q
Vm(u):/ 7 wnu>0, i=1,2,

. wi(cr)’
=0 s [T e
=1 Ci—1 wi<0-)
co:=c and ¢ =W (Wi(eo) + |IM),
we obtain
k
g(k) < Wyt <W2(Cl) + Z)\z(j)> < Wyt (Waler) + [|Ae]) < oo

=1

Thus one can estimate the function g(k) with a constant and denote it K.

So we get
lz(k)| < KellBill+nlAlDk g o Z3.
Since %)\1,2 € [y, one can find constant P > 0 such small that the following

< d
< [ 52 i

i—1

conditions

are fulfilled. Apparently, if | B;|| < —In ||A|| the trivial solution of the equa-
tion (9) is exponentially stable whenever max{ K, ||¢|} < d. O
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Note that the following theorem is a generalization of the previous one.

Theorem 3.3. Let ay,...,aq,01,...,0, > 1 be given constants such that
a; # a; and By # By fori # j,k # 1, a,b € N, the matrices A, B and B, be
as in the Theorem 3.1. Assume that || Al elP1l < 1 and

Fy) = o (el + -+ lal™ + g™ + -+ gl *)
Then the trivial solution of the equation (9) is exponentially stable.

Proof. Using the notation (6),(7) we get the inequality

k b

k a
u(k) S M+ Y NGHu G =1+ > > m(u(j—m—1), (13)

j=1 i=1 j=1 i=1
where

Ni(j) = PC~4CWN VI =1 a,

ni(j) = 25 pC— AT W=D G =1 b,

If we denote the right-hand side of the inequality (13) by ¢g(k) and apply the
inequality (11) we obtain

ko p
u(k) < g(k) <cot+ > Y wil)g" (i — 1),
j=1 i=1
where
co := max{M, ||¢||}, max{a,b} <p<a+b,
{71,"'77])} = {ala"'aaa}u{ﬁla"'aﬁb}
is an increasing sequence of exponents 0 < ;3 < --- < 7, and for each
l€{1,...,p}, coefficient v, is given by one the following possible formulas:

1. vy = P(Cfaicv(arl)j + QﬁkC*ﬁk(mﬂLl)C(ﬁk*l)j) (= X)) +m(9)) if oy =
By = () for some i € {1,...,a} and k € {1,...,b},

2.y = PC~C@=0i (= \(j)) for v, = ey, i = {1,...,a} if a; # By for
all ke {1,...,b),
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3. y = 2% PO AMmINCENI (= ni(5)) for v, = B, if oy # B for all
ie{l,...,a}.

Suppose that P is such small that

[e o]

||ui||:2ui<j></°0 A (14)

i=1 Gi-1

wi(u):u”, ’izl,...,p, Ci:Wi_l [WZ<CZ,1)+H1/ZH], Zzl,,p—l
Y do
Wi = —, U, u > 0, =1,...,p.
(u) /u, o0) Uiy U i P

Now by applying the Pinto, Medina inequality (cf. [8]) we get

u(k) < g(k) < VVp_1 [Wp(cp—l) + Z Vz(])] < VVp_1 [Wp(ep—1) + [[wpll] -

It is easy to see that the right-hand side of the latter inequality is a positive
constant. If we denote it by K, for the trivial solution of the equation (9) we

obtain
(k)| < K IAIFIBE —f > (.

Since || By || < —In||A]], if P is such small that (14) holds and max{ K ||¢||} < 9,

the trivial solution of the equation (9) is exponentially stable. U

4 Application to a biomathematical model

Consider a model of population dynamics with delayed birthrates of the form:

Tt (k) = zn(k) [L = o = 1y (k) = 7 (zn(k = m) + yu(k — m))] + 12, (k — m)
Yn+1(k) = yn(k) [1 = B+ (k) = 7 (20 (k — m) + yu(k — m))] + €2yn(k — m),
(15)
where a, 3,71,72 > 0 represent coefficients of the mortality rate and inter-
action between populations. Parameter r > 0 is the logistic coefficient and

€1, €3 > 0 are the delayed growth coefficients.
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Theorem 4.1. Assume that 0 < a < < 1. If

‘1 - ﬁ|m+1 hl(\/iﬁ_a‘)

\/§ )
where € := max{ey, €2}, then the trivial solution of (15) is exponentially

stable.

€<

Proof. 1t is easy to see that matrices A = (1_00‘ 196) , B= (¢ 2) represent-
ing the linear parts of system (15) are permutable. Function f : R* — R?
f(x,y) = (—y1x129 —TT1Y1 — TT1Y2, YoT1Te — I'TalYy — I'TaYs) can be estimated
as follows |f(z,y)ll < P (2> + [yll*) . Since Al < VZ[1-al, IBi]| <

H—\é_% for a, 5 € (0, 1), the statement follows from Theorem 3.3. O

This result means that if birthrates are low, both populations in (15) tend
to zero exponentially, assuming initial states of populations to be sufficiently

small.
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