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1 Introduction

The Ulam stability (Ulam-Hyers, Ulam-Hyers-Rassias, Ulam-Hyers-
Bourgin,...) of various functional equations has been investigated by

many authors (see [14], [15], [6], [8], [3], [9], [13], [25], [30], [31]). There are
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some results for differential equations ([16], [18], [19], [23], [36]), integral
equations ([5], [17], [35]), for difference equations [4], [28], [29], [44]), etc.
([10], [11], [32]). For other results in the case of fixed point problems and
coincidence point problems see [2], [26], [34], [37], [39)].

The aim of this paper is to present existence and Ulam-Hyers stability
results for some problems associated with integral inclusions and partial dif-

ferential inclusions.

2 Ulam-Hyers stability via weakly Picard op-
erators

Let (X,d) be a metric space and consider the following families of subsets of

X:
P(X)={Y e P(X)|Y #0}, P(X):={Y € P(X)] Y is bounded},
Py(X):={Y € P(X)| Y is closed}, P.,(X):={Y € P(X)|Y is compact}.

We will denote by B(zg,r) the closure of B(xg,r) in (X,d), where
B(xzg,r) := {x € X|d(zo,z) < r} is the open ball centered at xy € X with
radius 7 > 0 and by B(zo,r) the closed ball centered at =y € X with radius
r>0,ie., Bz, r) = {x € X|d(z,z) <r}.

If (X, d) is a metric space, then the gap functional in P(X) is defined as

Dy: P(X)x P(X) = R, Dy(A,B)=inf{d(a,b) | a € A, be B}.

In particular, if xy € X then Dy(zo, B) := Ds({xo}, B).
We will denote by H the generalized Pompeiu-Hausdorff functional on

P(X), defined as

Hy: P(X)xP(X)— RyU{+00}, Hy(A, B) = max{supDy(a, B),supDgy(b, A)}.

acA beB
Let (X,d) be a metric space. If F' : X — P(X) is a multivalued opera-
tor, then x € X is called a fixed point for F' if and only if z € F(z). The
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set Fiz(F) = {x € X| z € F(x)} is called the fixed point set of F', while
SFiz(F)={x € X| {z} = F(x)} is called the strict fixed point set of F.

For a multivalued operator F': X — P(Y) the graph of F' will be denoted
by

Graph(F) = {(z,y) e X xY :y € F(x)}.

Notice that f : X — Y is a selection for F' : X — P(Y) if f(x) € F(x), for
each r € X.

In particular, when F' is a singlevalued operator, we obtain the similar
well-known concepts in fixed point theory.

For the following notions see I.A. Rus [33] and [37], .A. Rus, A. Petrusel,
A. Sintamarian [40] and A. Petrusel [27].

Definition 2.1. Let (X, d) be a metric space and f: X — X be an operator.
By definition, f is a weakly Picard operator (briefly WPO) if the sequence
(f™(x))nen of successive approximations for f starting from x € X converges,

for all x € X and its limit is a fixed point of f.

If fis a WPO, then we consider the operator

[ X — X defined by f*(x) := lim f"(z).

n—oo

Notice that f>(X) = Fiz(f).

Definition 2.2. Let (X, d) be a metric space, f : X — X be a WPO and ¢ > 0
be a real number. By definition, the operator f is a c-weakly Picard operator

(briefly c-WPO) if and only if
d(z, f*(z)) < cd(z, f(x)), foralz e X.

In the multivalued case we have the following concepts.

Definition 2.3. Let (X,d) be a metric space, and F : X — Py(X) be a
multivalued operator. By definition, F is a multivalued weakly Picard (briefly
MWP) operator if for each x € X and each y € F(x) there exists a sequence
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(Tn)nen such that:

(i) xo = x, 11 = y;

(ii) xpi1 € F(xy,), for each n € N;

(71) the sequence (T, )nen is convergent and its limit is a fived point of F.
Remark 2.1. A sequence (x,)nen satisfying condition (i) and (it) in the Def-
mition 2.3 is called a sequence of successive approximations of F' starting from

(x,y) € Graph(F).

If F: X — P(X)is a MWP operator, then we define F'*° : Graph(F) —
P(FixF) by the formula F*>(x,y) := { z € Fiz(F) | there exists a sequence

of successive approximations of F' starting from (z,y) that converges to z }.

Definition 2.4. Let (X,d) be a metric space and let ¢ : R, — R, be an
increasing function which is continuous at 0 and ¥(0) = 0. Then F : X —
P(X) is said to be a multivalued ¢-weakly Picard operator if it is a multivalued
weakly Picard operator and there exists a selection f*° : Graph(F) — Fiz(F)
of F’*° such that

d(z, [*(x,y)) < P(d(z,y)), forall (x,y) € Graph(F).

If there exists ¢ > 0 such that ¢(t) = ct, for each t € R, then F' is called a

multivalued c-weakly Picard operator.

Recall that, if (X, d) is a metric space, then F': X — P,4(X) is said to be

a multivalued a-contraction if a € [0,1) and
Ha(F(x), F(y)) < ad(r,y), for all ,y € X,

Example 2.1. Let (X, d) be a complete metric space and F: X — Py(X) be a

multivalued a-contraction. Then F is a c-MWP operator, where ¢ = (1—a)™!,

For the theory of weakly Picard operators, see [33] for the singlevalued case
and [40] and [27] for the multivalued one.
We present now some Ulam-Hyers stability concepts for the fixed point

problem associated with a multivalued operator.
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Definition 2.5. Let (X,d) be a metric space and F' : X — P(X) be a

multivalued operator. The fixed point inclusion
(2.1) reF(x), e X

is called generalized Ulam-Hyers stable if and only if there exists ¢ : R, — R
increasing, continuous at 0 and ¥ (0) = 0 such that for each £ > 0 and for each

solution y* € X of the inequation

(2.2) Da(y, F(y)) <e

there exists a solution x* of the fixed point inclusion (2.1) such that

d(y*, x7) < ¢(e).

If there exists ¢ > 0 such that 1(t) := ct, for each t € R, then the fixed point

inclusion (2.1) is said to be Ulam-Hyers stable.

The following theorem is an abstract result concerning the Ulam-Hyers sta-
bility of the fixed point inclusion (2.1) for multivalued operators with compact

values.

Theorem 2.1. (I.LA. Rus [37]) Let (X,d) be a metric space and F : X —
P.,(X) be a multivalued 1p-weakly Picard operator. Then, the fized point inclu-
sion (2.1) is generalized Ulam-Hyers stable.

3 Existence and Ulam-Hyers stability for in-
tegral inclusions

We consider here some integral inclusion of Fredholm and Volterra type.
Throughout this section we will denote by ||-|| the supremum norm in
C(la,b],R™) and by | - | a norm in R".

Recall that ¢ : Ry — Ry is said to be a comparison function (see [38]) if
it is increasing and ©*(t) — 0, as k — +o00. As a consequence, we also have

@(t) < t, for each t > 0, p(0) = 0 and ¢ is continuous at 0.
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Recall also the notion of strict comparison function. A function ¢ : R, —

R, is said to be a strict comparison function (see [38]) if it is strictly increasing
and ng”(t) < 400, for each t > 0.
n=1

The mappings ¢ : R, — R, given by ¢(t) = at (where a € [0,1]) and

t

respectively o(t) = Trir

for each t € R, are examples of strict comparison

functions.

The following result, a generalization of Covitz-Nadler fixed point principle

(see [24], [7]) is known in the literature as Wegrzyk’s fixed point theorem.

Theorem 3.2. Let (X, d) be a complete metric space and F : X — Py(X) be
a multivalued p-contraction, i.e., p : Ry — Ry is a strict comparison function

and

H(F(x1), F(x9)) < p(d(x1,22)), for all z1,29 € X.

Then Fix(F) is nonempty and for any xy € X there exists a sequence of
successive approximations of F starting from xy which converges to a fixed

point of F.

Remark 3.2. [t is worth noting that, in the conditions of above result, if
additionally SFix(F) # 0, then Fix(F) = SFix(F) = {x*}, see Sintamarian
[42]. Moreover, in this case, if the function §: Ry — Ry, B(t) =1t — ¢(t) is

strictly increasing and onto, then, since
d(z,2*) < D(z, F(x))+H(F(x), F(z")) < D(z, F(z))+e(d(x, %)), for allxz € X,

we get that
d(z,z*) < p~HD(x, F(x)), for allz € X,

This immediately implies that the fized point problem x € F(z), v € X is

generalized Ulam-Hyers stable with function 3.

Another Ulam-Hyers stability result, more efficient for applications, was

proved in [21].
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Theorem 3.3. Let (X, d) be a complete metric space and F : X — Py(X) be
a multivalued p-contraction. Then:

(i) (existence of the fized point) F is a MWP operator;

(ii) (Ulam-Hyers stability for the fized point inclusion) If additonally
o(qt) < qp(t) for everyt € Ry (where ¢ > 1) and t = 0 is a point of uniform
convergence for the series i ©"(t), then F is a)-MWP operator, with ¢ (t) :=

n=1
t+s(t), for each t € Ry (where s(t) = igpn(t));
(i11) (data dependence of the ﬁxec?:ploz’nt set) Let S : X — Py(X) be

a multivalued p-contraction and n > 0 be such that H(S(x), F(x)) < n, for
each x € X. Suppose that p(qt) < qp(t) for every t € R, (where ¢ > 1)
and t = 0 is a point of uniform convergence for the series igp"(t). Then
H(Pia(S), Fix(F)) < (n).

We will present now, using the above mentioned results, some existence
and Ulam-Hyers stability theorems for multivalued operatorial inclusions.

Consider first the following Fredholm type integral inclusion.

(3.3) o(t) € /K(t, 5, 2(5))ds + g(¢), ¢ € [a,b].

The main result concerning the stability of the Fredholm integral inclusion

(3.3) is the following.

Theorem 3.4. Let K : [a,b] X [a,b] xR" — P, .,(R") and g : [a,b] — R"™ such
that:

(a) there exists an integrable function M : [a,b] — R, such that for each
t € [a,b] and u € R™ we have K(t,s,u) C M(s)B(0;1), a.e. s € [a,b];

(b) for each v € R™ K(-,-,u) : [a,b] X [a,b] — Pu,(R") is jointly mea-
surable;

(c) for each (s,u) € [a,b] x R" K(-,s,u) : [a,b] — Pue(R™) is lower

Semi-continuous;
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(d) there exists a continuous function p : [a,b] X [a,b] — Ry with
b

sup /p(t, s)ds < 1 and a strict comparison function ¢ : Ry — Ry such
te(a,b]

that for each (t,s) € [a,b] X [a,b] and each u,v € R™ we have that
(3.4) H(K (L, s,u), K(t,5,0)) <p(t, ) - o(lu —v]);

(e) g is continuous.
Then the following conclusions hold:
(a) the integral inclusion (3.3) has least one solution, i.e., there exists
x* € C([a, b], R™) which satisfies (3.3), for each t € [a,b].
(b) If additionally p(qt) < qp(t) for every t € Ry (;ghere qg>1) and

t = 0 is a point of uniform convergence for the series Zcp"(t), then the
n=1
integral inclusion (3.3) is generalized Ulam-Hyers stable with function v (where

P(t) ==t + s(t), for each t € Ry and s(t) := Zcp"(t)), i.e., for each € > 0
n=1

and for any e-solution y of (3.3), that is any y € C([a,b],R™) for which there

ezists u € C([a,b], R™) such that

u(t) € /K(t,s,y(s))ds—l—g(t), t € la,b]

a

and

lu(t) —y(t)| < e, for eacht € [a,b]),

there exists a solution x* of the integral inclusion (3.3) such that
ly(t) — 2" ()] < ¥(e), for each t & [a,b].

Moreover, in this case the continuous data dependence of the solution set of

the integral inclusion (3.4) holds.

Proof. (a) Define the multivalued operator T : C([a, b], R") — P(C([a, b], R™))
by
T(x):=< v e C(a,b,R")| v(t) € /K(t,s,:p(s))ds +g(t), t € [a,b

a
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Then, (3.3) is equivalent to the fixed point inclusion
(3.5) reT(x), x € C([a,b],R").

The proof is organized in several steps. We successively prove:
1. T(x) € P.,(C([a,b],R™)).

From (e) and Theorem 2 in Rybinski [41] we have that for each = €
C([a,b],R™) there exists k(t,s) € K(t,s,x(s)), for all (¢,s) € [a,b], such that
k(t, s) is integrable with respect to s and continuous with respect to ¢. Then

= fab k(t,s)ds + g(t), has the property v € T'(x). Moreover, from (a) and
(b), via Theorem 8.6.3. in Aubin and Frankowska [1], we get that T'(z) is a
compact set, for each x € C([a, b], R™).

2. H(T(x1),T(x2)) < p(]|x1 — x2||), for each 1, x5 € C([a, b],R™).

Notice first that one may suppose (without affecting the generality of the
Lipschitz condition) that the inqulality (3.4) is strict. Let a1, 25 € C([a, b], R™)

and vy € T'(z1). Then v(t) € /K(t, s,x1(8))ds + g(t), t € [a,b]. It follows

that vy (t
(t.s) € [a,b] X [a, b].

From (d) we have H(K(t,s,x1(s)), K(t,s,22(5)) < p(t,s)e(|lz1(s) —
xo(s)]) < p(t, s)p(||x1 — x2||). Thus, there exists w € K(t,s,x2(s)) such that

ki(t,s)ds + g(t), t € [a,b], for some ki(t,s) € K(t,s,21(s)),

g\@

|k1(t,s) —w| < p(t, s)o(||xy — x2)), for t,s € [a,b].

Let us define U : [a,b] X [a,b] — P(R"), by U(t,s) = {w]| |ki(t,s) — w| <
p(t, s)e(||lx1 — z2]])}. Since the multi-valued operator V(t,s) := U(t,s) N
K(t,s,x5(s)) is jointly measurable and lower semi-continuous in ¢ there ex-
ists ka(t, s) a selection for V, jointly measurable (and, hence, integrable in s)
and continuous in t. Hence, kqo(t,s) € K(t,s,x2(s)) and |ki(t,s) — kao(t,s)| <
p(t, s)o(||x1 — z2]|), fozl; each t, s € [a, b].

Consider vy(t) = /kQ(t s)ds + g(t), t € |a,b]. Then, we have:

a
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o1 (6)=va(D)] < [} [Ra(t, ) =ka(t, s)|ds < [ p(t, 8)p([lw1—wa]|)ds < ([l —
al]).

A similar relation can be obtained by interchanging the roles of x; and xs.
Thus the second step follows.

The first conclusion follows by the above mentioned Wegrzyk’s fixed point
theorem, see Theorem 3.3 (i) (see also [43]).

(b) We will prove that the fixed point inclusion problem (3.5) is generalized
Ulam-Hyers stable. Indeed, let ¢ > 0 and y € C([a, b], R™) for which there exists
u € C([a,b], R™) such that

u(t) € /K(t, s,y(s))ds+ g(t), t € |a,b]

a

and |Ju —y| <e.

Then Dy (y,T(y)) < e. Moreover, by the above proof we have that 7" is a
multivalued p-contraction and using Theorem 3.3(i)-(ii), we obtain that T is
a multivalued i-weakly Picard operator. Then, by Theorem 2.1 we obtain
that the fixed point problem (3.5) is generalized Ulam-Hyers stable. Thus, the
integral inclusion (3.4) is generalized Ulam-Hyers stable.

Concerning the last conclusion of the theorem, we apply Theorem 3.3 (iii).

O

A second application concerns an integral inclusion of Volterra type.

(3.6) z(t) € /K(t,s,:c(s))ds +g(t), t € [a,b].

By a similar method, we can prove the following.

Theorem 3.5. Let K : [a, b] X [a,b] x R" — P, .,(R") and g : [a,b] — R"™ such
that:

(a) there exists an integrable function M : [a,b] — Ry such that for each

t € [a,b] and u € R™ we have K(t,s,u) C M(s)B(0;1), a.e. s € [a,b];
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(b) for each v € R™ K(-,-,u) : [a,b] X [a,b] — P..,(R") is jointly mea-
surable;

(c) for each (s,u) € [a,b] x R™ K(-,s,u) : [a,b] — Pu(R") is lower
Semi-continuous;

(d) there exists a continuous function p : [a,b] — R* and a strict com-
parison function ¢ : Ry — Ry with o(At) < Ap(t), for each t € Ry and each

A > 1, such that for each (t,s) € [a,b] X [a,b] and each u,v € R™ we have that
(37) H(K(t,S,U),K<t,S,U))Sp(S)Q0(|U—U|),

(e) g is continuous.
Then the following conclusions hold:

(a) the integral inclusion (3.6) has at least one solution, i.e., there exists
x* € C([a, b], R™) which satisfies (3.6) for each t € [a,b];

(b) If additionally p(qt) < qp(t) for every t € Ry (where ¢ > 1) and
t = 0 is a point of uniform convergence for the series icp"(t), then the
integral inclusion (3.3) is generalized Ulam-Hyers stable witZ?antion ¥ (where
W(t) ==t + s(t), for each t € Ry and s(t) := i(p”(t)), i.e., for each e > 0
and for any e-solution y of (3.6), that is, any ynle([a, b, R™) for which there
ezists u € C([a,b], R™) such that

u(t) € /K(t,s,y(s))ds—l—g(t), t € la,b]

and

lu(t) —y(t)| < e, for eacht € [a,b]),

there exists a solution x* of the integral inclusion (3.6) such that
ly(t) — 2" (t)| < (ce), for eacht € |a,b] and some ¢ > 0.

Moreover, in this case the continuous data dependence of the solution set of

the integral inclusion (3.7) holds.
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Proof. We consider the multi-valued operator 7' : C([a,b,R") —
P(C(la, b, R™))

T(x):=< v e C(a,b,R")| v(t) € /K(t,s,:p(s))ds +g(t), t € [a,b

Then, (3.6) is equivalent to the fixed point inclusion
(3.8) reT(x), x € C([a,b],R").

As in the proof of Theorem 3.4 we obtain T'(z) € P.,(C([a, b],R")). Next, we
will prove that 7" is a multivalued ¢-contraction on C([a, b], R™).

Notice first that one may suppose (without affecting the generality of the
Lipschitz condition) that the ineqtuality (3.7) is strict. Let xq, xo € C([a, b], R™)

and vy € T'(z1). Then v(t) € /K(t, s,x1(8))ds + g(t), t € [a,b]. It follows

b
that vy (t) = /kl(t, s)ds + g(t), t € [a,b], for some ki(t,s) € K(t,s,x1(s)),

a

(t,s) € [a,b] x [a,b].

From (d) we have H (K (t,s,z1(s)), K(t, s,22(s))) < p(s)p(|z1(s) — x2(s)]).
Thus, there exists w € K(t,s,x2(s)) such that |ki(¢,s) — w| < p(s)e(|x1(s) —
xo(s)]), for t, s € [a, b].

Let us define U : [a,b] X [a,b] — P(R"™), by U(t,s) = {w]| |ki(t,s) —
w| < p(t, s)e(|z1(s) — x2(s)])}. Since the multivalued operator V(t,s) :=
U(t,s) N K(t,s,x2(s)) is jointly measurable and lower semi-continuous in ¢
there exists ko(t, s) a selection for V| jointly measurable (hence, integrable in
s) and continuous in ¢. Hence, ko(t, s) € K(t, s, 22(s)) and |k1(t, s) —ka(t, 5)| <
p(s)p(|zi(s) — x2(5)|),t for each t, s € [a, b].

Consider vq(t) = /k‘z(t, s)ds+g(t),t € [a,b]. We denote by ||-|| 5 a Bielecki-

a

type norm in C([a,b],R"), given by ||z||5 := sup (|z(t)]e 1)), where q(t) :=

t€la,b]
fjp(s)ds.
Then, for each t € [a, b], we have:
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[o1(t) = ()] < [, [kt s) = kalt, 8)lds < [ p(s)p(jaa(s) — @a(s)])ds =
Ju p()p( 1 (5) = wa(5)[e?))ds < [ p(s)e"p(|ar — w2 p)ds =

o([|z1 — 22]|8) (e9® — 2@ < o(||2; — 22| 5)e?™. Thus, we immediately get

|v1 = vaol[B < @([|z1 — 22||B)-

A similar relation can be obtained by interchanging the roles of z; and xs.

Thus, we have that
Hyyp (T(21), T(22)) < @(||z1 — 22| B), for each x1,25 € C([a,b],R"),

which proves that 7" is a multivalued ¢-contraction. The conclusion (a) follows
by the above mentioned Wegrzyk’s fixed point theorem, see Theorem 3.3 (i)
(see also [43]).

(b) We will prove that the fixed point inclusion problem (3.6) is generalized
Ulam-Hyers stable. For this purpose, it is enough to prove that the fixed point
inclusion problem (3.8) is generalized Ulam-Hyers stable. For this purpose, let

e >0and y € C([a,b],R™) for which there exists u € C([a, b], R™) such that

u(t) € /K(t, s,y(s))ds+ g(t), t € [a, b]

and

lu(t) — y(t)| < e, for each t € [a,b].

Notice that

g < < (g e

Then, we obtain that ||u — y|lp < [Ju —y|| < e. Thus, Dy, (y,T(y)) < e.
Moreover, by the above proof, T"is a multivalued ¢-contraction with respect to
|-|| 5 and, thus, T"is a MWP operator. Using Theorem 3.3(i)-(ii), we obtain that
T is a multivalued {»-MWP operator. Thus, conclusion (b) is a consequence of
Theorem 2.1. Hence, there exists a solution z* of the integral inclusion (3.6)

such that
ly — %[ g < ¥(e).
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Hence,

ly(t) — z*(t)| < ¥(e™®Pe), for each t € [a, D).

Concerning the last conclusion of the theorem, we apply Theorem 3.3 (iii).

O

4 Existence and Ulam-Hyers stability for par-
tial differential inclusions

Let us consider the following Darboux problem for a second order differential

inclusion

0*u
(49) 900y € F(z,y,u(z,y))

u(x, O) = )\(l‘, 0)7 U(O, y) = A(an)a

where F' : I} x Iy x R™ — Py(R™) (with I; = [0,T;], i € {1,2}) and
Az,y) = a(z)+ B(y) — «(0) (with a, B continuous functions on I; respectively
I, and «(0) = 3(0)).

Denote by II = I; x I and let a > 0. By L' we will denote the Banach

space of all measurable Lebesgue functions n : II — R™, endowed with the

Il = / / e~ (i, )| dadly.
11

Let C' be the Banach space of continuous functions u : II — R™, with the

norm

norm |lullc = sup |u(z,y)| and let C' be the linear subspace of C' consist-
ing of all A\ € (Z’y)selll]ch that there exist continuous functions o € C(I;,R™)
and 8 € C(I,R™) with «(0) = B(0) satisfying Az,y) = a(z) + B(y) —
a(0), for all z,y € I; x I. Obviously, C with the norm of C' is a separable

Banach space.

By definition, the Darboux problem (4.9) is called Ulam-Hyers stable if for
each ¢ > 0 and for any e-solution w of (4.9), there exists a solution u* of (4.9)

such that |w(z,y) — u*(z,y)| < ce, for each (z,y) € II and for some ¢ > 0.
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We have the following existence and Ulam-Hyers stability result.

Theorem 4.6. Consider the Darbouz Problem (4.9) and suppose that the above
mentioned conditions hold. Suppose also that the following assumptions hold:
i) for each u € R™, F(-,-,u) is measurable;
i) there exists k > 0 such that a.e. (x,y) € I} x Iy the multifunction
F(x,y,-) is k-Lipschitz;
iii) a > Vk.
Then, the Darboux Problem (4.9) has at least one solution and it is Ulam-

Hyers stable.

Proof. For A € C,n € L' define
T,\<77) = {:u € Ll : M<x7y> S M)\,n<x7y)7 a. €. on H}7

where
My, (z,y) = F(z,y, A +//7} s, t)dsdt), (s,t) € I1.

Notice that Fp, coincides with the solution set of the considered problem.
Moreover, we have that Ty : L' — P4(L') and it is a MWP operator. Indeed,

we have

k ~
Hy(T\(m), Ta(n2) < = - [ — s, for all A € € and n,mp € L.

Thus, T) is a a%—multivalued contraction on L' and hence is a MWP operator.
Thus, there exists v* € L' a fixed point for Ty, which is also a solution for
the Darboux Problem (4.9). For the second part of our theorem it is enough
to prove that T) is a multivalued c-weakly Picard operator. Since T is a a%—
multivalued contraction on L', we immediately get (see Example 2.1 ) that T}

is a multivalued c-weakly Picard operator with ¢ := Thus, the second

lk—Q

conclusion follows by Theorem 2.1. O
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