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1. Introduction

Fractional calculus has played a very significant role in engineering, science, economy, and many other
fields. Recently, some works have been done to study the existence of solutions of nonlinear fractional
differential equations (see[1-5]). In [3], El-Shahed considered the following nonlinear fractional boundary

value problem

Dg u(t) + Aa(t)f(u(t)) =0, 0<t<l1, 2<a<3,

uw(0) = u/(0) = /(1) =0,
where D§, is the standard Riemann-Liouville fractional derivative, a : (0,1) — [0,400) is continuous
with fol a(t)dt > 0, and f € C([0,400), [0, +0)). He used the Krasnosel’skii fixed point theorem on cone

expansion and compression to show the existence and non-existence of positive solutions for the above

fractional boundary value problem.

Zhao et al. [5], by using the lower and upper solution method, Leggett-Williams fixed point theorem,

Krasnosel’skii fixed point theorem and Leray-Schauder nonlinear alternative theorem, investigated the
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existence of positive solutions for the following boundary value problem

Dy u(t) + f(t,u(t) =0, 0<t <1,

where 2 < a < 3 is a real number, D, is the Riemann-Liouville fractional derivative, f : [0,1] x [0, 00) —
[0, 00) is continuous and f(¢, ) is nondecreasing with respect to x.

On the other hand, the study of differential systems is also important as this kind of systems occur
in various problems of applied nature, we refer the readers to [6-12] and the reference therein for integer
order systems, and [13-16] for fractional order systems. Recently, Goodrich [17] discussed a system of

(continuous) fractional boundary value problems given by

— Doy (t) = Maa () f(ya(t),y2(t)), 0 <t <1,
— D3 ya(t) = A2aa(t)g(y1 (1), y2(t)),
where v1, 15 € (n — 1,n] for n > 3 and n € N, subject to the boundary conditions
ui”(0) = 95" (0) =0, for 0 <i<n-—2
(Do y1(B)]e=1 = ¢1(y), [Doyy2(t)]i=1 = ¢2(y), forl1<a<n—2.
He obtained the existence of at least one positive solution by means of Krasnosel’skii fixed point theorem
under the local boundary conditions (¢; = ¢2 = 0) and the nonlocal boundary conditions (¢, 2 €
C([0,1], (—o00,4+0))). It should be noted that the nonlinearity in most of the previous works needs to be
nonnegative to get the positive solutions [1-12,14-17].

Inspired by the work of the above papers and many known results in [18,19], we study the existence

of positive solutions for the following singular differential system of fractional order

= Doiyi(t) = pi(t) filt,y1(t), y2(t) — qi(t), 0<t<1,i=1,2,

i(0) = 4/(0) =0, wi(1) = Nifws], i=1,2,

(1.1)

where 2 < a; < 3 are real numbers, Dy} are the standard Riemann-Liouville derivative, f; : [0,1] x
[0,4+00) X [0,4+00) — [0,4+00) are continuous, ¢; : (0,1) — [0,400)(i = 1,2) are Lebesgue integrable.

Here X\;[] (¢ = 1,2) are linear functionals on C[0, 1] given by

involving Stieltjes integrals with signed measures, that is, A;, Ao are suitable functions of bounded vari-
ation. A vector (y1,y2) € C[0,1] x C[0,1] is said to be a positive solution of system (1.1) if and only if
Dgiyi(t) € L(0,1)(i = 1,2), (y1,y2) satisfies (1.1) and y1(t) > 0,y2(t) > 0 or y1(t) > 0,y2(t) > 0 for any
te(0,1).

The method we adopt, which has been widely used, is based on the ideas in [18]. The perturbed

terms ¢; (¢ = 1,2) are Lebesgue integrable and may be singular at some zero measures set of [0, 1], which
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implies the nonlinear terms may change sign. When the nonlinearity is allowed to take on both positive
and negative values, such problems, e.g. system (1.1), are called semipositone problems in the literature.
Semipositone problems have been studied by many authors using a variety of methods, see for example
[18-23] and references therein. Meanwhile, A1[-] and Az[-] in (1.1) denote linear functionals on C10,1]
involving Stieltjes integrals, this implies the case of boundary conditions (1.1) covers the multi-point
boundary conditions and also integral boundary conditions in a single framework. For a comprehensive
study of the case when there is a Stieltjes integral boundary condition at both ends, for the case of a
differential equation of order two, see [24]. There are also other works for other order equations, see
[19,25].

The rest of the paper is organized as follows. In Section 2, we present some preliminaries and lemmas
that are to be used later to prove our main results. In Section 3, we discuss the existence of positive
solutions of the system (1.1). In Section 4, we give an example to illustrate the application of our main

results.

2. Preliminaries and lemmas

For the convenience of the reader, we also present here some necessary definitions from fractional
calculus theory. These definitions can be found in the recent literature.
Definition 2.1. The fractional integral of a function u : (0,+00) — R with order a > 0 is given by

IS u(t) = ﬁ/o (t —s)* tu(s)ds

provided that the right-hand side is pointwise defined on (0,+00).

Definition 2.2. The fractional derivative of a continuous function u : (0,400) — R with order o > 0 is

given by

Dg, u(t) = ﬁ <%)n/0t(t — )"y (s)ds,

where n — 1 < a < n, provided that the right-hand side is pointwise defined on (0,400).
Lemma 2.1. Let a > 0, u(t) is integrable, then
I§, D u(t) = ut) + et 4 oot 4o 4t
where ¢; € R (i =1,2,---,n), n is the smallest integer greater than or equal to c.
Fori=1,2, set

1 taim(1 - g)@i2, 0<t<s<l,

t 1 —g)* 2 — (t—s)* 0<s<t<1

3

Lemma 2.2. The function G;(t,s) defined by (2.1) have the following properties:
(1) Gi(t,s) >0, fort,s € (0,1), 1 =1,2.
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(2) Qz(t)Gz(la S) < Gz(tvs) < Gz(lvs)a fO’f’ t,S € [07 1]
(3) T(a)Gi(t, s) < 04i(t), for t,s € [0,1], where o;(t) = t¥~1 i=1,2.
Proof. For the proof of (1) and (2) see [3]. The proof of (3) is clear, so we omit it. O
Lemma 2.3 (See [3]). Given h(t) € C(0,1) N L(0,1), then the problem
Dgiyi(t) +h(t) =0, 0 <t <1, 2<a; <3,

has the unique solution

By Lemma 2.1, the unique solution of the problem
Dgiyi(t) =0, 0<t<l1,i=1,2,
¥i(0) =4;(0) =0, wi(1)=1

is v (t) = - (i =1,2). Asin [26], we see the Green function (H; (¢, s), Ha(t, s)) for the nonlocal system

047;71

(1.1) is given by

Hi(t,s) = Gi(t,s) + Ga,(s), i=1,2, (4)

where A; = N[y # 1, 9a,(s) = [, Gilt, 5)dA;(t), s € [0,1] (i = 1,2).

Lemma 2.4. Let A; € [0,1) and 94,(s) > 0 for s € [0,1] (i = 1,2), the functions defined by (2.4) satisfy:
(1) Hi(t,s) > Gi(t,s) >0, fort,s € (0,1), i =1,2.

(2) 0:(t)G;(1,5) < Hy(t,s) < k;Gi(1, ), fort,s €[0,1],i=1,2.

(3) T(a;)Hi(t, s) < ki0i(t) < ki, fort,s €[0,1], where

i=1,2. (5)

Proof. It is obvious that (1) and the left hand side of (2) hold. In the following, we will prove the right
hand side of (2) and (3).

(i) By (2) of Lemma 2.2, since 1 < a;; — 1 < 2, we have

Hi(t, S) = G )

Gls)
o)+ G 1><1—A>/od‘4“

G;
( ﬂz)Gl(l ) = kiGi(1, s).

IN

IN

(ii) By (3) of Lemma 2.2, we have

D(ci)Hi(t, s) = D(ai)Gi(t, ) + %—(’f)r(ai)%i(s)

1—-A;
o PR /1F(a-)G-(t s)dA; (t)
= (Oéi _ 1)(1 _ AZ) 0 7 2\Yy 1
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This completes the proof. O

For the convenience of presentation, we list here the hypotheses to be used later:

poi—1

(Hl) A; e [O, 1) (’L = 1,2), where A; = )\i[’yi] for ’yi(t) =

aifl :

(Hz) A; are functions of bounded variation, and %4,(s) > 0 (i = 1,2), s € [0,1].

(Hs) p1,p2 € C((0,1),[0,+00)) and q1,¢2 € L*([0, 1], [0, +00)) such that

0< /0 Gi(1,8)[pi(s) + qi(s)]ds < 400, 0< /0 qi(s)ds < F;:;), 1=1,2. (6)

%

(H4> flvf? : [05 1] X [05 +OO) X [05 +OO) - [0,+OO> are COIltiHUOuS, pl(t)fl(tvylayQ) Zq (t)v v (tvylayQ) €
[07 1] X [05 1] X [05 +OO), p?(t>f2(tay17y2> Z q2(t)7 v (taylay2> € [07 1] X [0,+OO> X [05 1]

Remark 2.1. Tt follows from (Hj3) that there exists an interval [£, 5] C (0,1) such that
"
0< / Gi(1,8)pi(s)ds < +o0, i=1,2.
§
Lemma 2.5. Assume that (H1) — (Hs) hold, then the boundary value problems

— Dwilt) = 2qi(t), 0<t<1,

wi(0) =wi(0) =0, wi(l)=N\w], i=1,2

have unique solution
1

wi(t) =2 [ Hi(t,s)qi(s)ds, i=1,2, (7)
0
which satisfy
2,%1-91-(15) /1
i (1t qi(s)ds, te€l0,1], i=1,2 8
< 2220 [y 0.1] ®
Proof. Tt follows from Lemma 2.4 and (H;) — (Hs) that (2.7)-(2.8) hold. O

Let E = C[0,1] x C[0,1], then E is a Banach space with the norm
Gy 0}l s= el + ol llull = max fu(®)],  [lvll = max fu(t)]
for any (u,v) € E. Let
P ={(u,v) € E:u(t) > sy o1()|ull,v(t) > k3" 02(t)||v]| for ¢ € [0,1]},

then P is a cone of E.
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Define a modified function [z(¢)] for any z € C[0,1] by

Next we consider the following singular nonlinear system:

= Dgtai(t) = pi®) fi(t, [21(t) — w1 (O], [22(t) — w2 (O] ) +ilt), 0<t <1,

z;i(0) = 25(0) =0, (1) = N[z}, i=1,2.

(9)

Lemma 2.6. If (x1,22) € C[0,1] x C[0,1] with x1(t) > w1(t), z2(t) > wa(t) or z1(t) > wi(t), z2(t) >
wa(t) for any t € (0,1) is a positive solution of system (2.9), then (r1 — w1, T2 —ws) is a positive solution

of singularly system (1.1).

Proof. In fact, if (x1,22) € C[0,1] x C[0, 1] is a positive solution of system (2.9) such that z1(t) > w1 (),
xa(t) > wo(t) or z1(t) > wi(t), x2(t) > wa(t) for any ¢ € (0,1), then from (2.9) and the definition of [-]T,
we have

— Dgiai(t) = pi(t) fi(t, x1(t) — wi(t), z2(t) —wa(t)) +qi(t), 0<t<1,

zi(0) =2;(0) =0, (1) = Nxi], i=1,2.

K2

(10)

Let y; = x; —w; (i = 1,2), then Dgly;(t) = Dgiai(t) — Dgiwi(t) (i = 1,2) for t € (0,1), which imply
that
—Dgiyi(t) = —=Dgixi(t) + Dyjwi(t) = —Dgixi(t) — 2¢i(t), te€(0,1), i=1,2.

Thus (2.10) becomes
— Dgiyi(t) = pi(t) fi(t, ya(t), y2(t) — qilt), 0<t <1,

ie., (r1 — w1, T2 — we) is a positive solution of singularly system (1.1). This proves Lemma 2.6. O

Define an operator T': P — P by
T(x1,22) = (Th (21, 22), Ta(21, 22)),
where operators Ty, T : P — C]0, 1] are defined by
i(21, 22)( / Hi(t, s)[pi(s) fi(s, [w1(s) — wi ()], [z2(s) — wa(s)]T) + qi(s)]ds, i=1,2.
Clearly, if (z1,22) € P is a fixed point of T, then (21, xz3) is a solution of system (2.9).

Lemma 2.7. Assume that (Hy) — (Hy) hold, then T : P — P is a completely continuous operator.

Proof. For any (z1,22) € P, Lemma 2.4 implies that

ITi(1, o) = maX/ H;(t, 5)[pi(s) fi(s, [21(s) — wr(s)] T, [32(s) — wa(s)]T) + qi(s)]ds

<t<1

< Hi/o Gi(L, 5)[pi(s) fils, [21(s) — wi ()], [w2(s) — wa(s)]) + @is)lds, i=1,2.
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On the other hand, from Lemma 2.4, we also have
Ti(z1, 22)(t) = /O Hi(t, s)[pi(s) fi(s, [w1(s) — wi(s)]T, [w2(s) — wa(s)]) + ai(s)]ds

> 0i(t) /01 Gi(1,5)[pi(s) fi(s, [21(s) —wi(s)] T, [w2(s) — wa(s)] ") + qils)lds, i=1,2.
So
Ty(xr,22)(t) > w7 oi (W) Ty, x2)l|, t € [0,1], i =1,2. (11)
(2.11) yields that T(P) C P.

According to the Ascoli-Arzela theorem and the Lebesgue dominated convergence theorem, we can

easily get that T': P — P is a completely continuous operator. O

Lemma 2.8 (Krasnosel’skii’s theorem, see [27]). Let E be a real Banach space, P C E be a cone. Assume
that Q1 and Qo are two bounded open subsets of E with 6 € Q1,Q1 C Qa, and T : PN (Q\Qy) — P is a
completely continuous operator such that either

(1) [|[Tu]| < ||ull, w e PNOQ and ||Tul| > ||ul|l, w € P NN, or

(2) [|[Tul| > ||ul|, w € PN and ||Tu|| < |ul|, v € PN oQs.
Then T has a fized point in P N (Q2\21).

3. Main results

For convenience, we denote:

L; = Hi/o Gi(1,8)[pi(s) + qi(s)]ds, 1; = 0:i(§) /; Gi(1,8)pi(s)ds, i=1,2,

(T e
fioo = lim max M7 fioo = lim min fi( ’ylva)
LRty o Yty ntvetoo telen] Y1+ Yo

1=1,2.

)

Theorem 3.1 Assume that conditions (Hy) — (Hy4) are satisfied. Further assume that the following
conditions hold:

(C1) There exists a constant

r1 > max< 2,2L1,2L —K% /1 (s)d K% /1 (s)d (1)
max s)das s)as
1 ) 1, 2, 1—\( 1) 0 q1 ’ F( 2) 0 q2

such that for any (t,y1,y2) € [0,1] x [0,71] x [0, 7],

g, =12

it; 9
filt,y1,2) < oL,

(C2) fioo = +00 07 fose = +o00.

Then the system (1.1) has at least one positive solution.

Proof. Let Q; = {(.Tl,l'g) IS H(.Tl,wg)Hl < 7“1} and 0€); = {($1,$2) c bk ||($1,l‘2)||1 = 7“1}. Then

for any (x1,z2) € PN INy, s € [0,1], we have

[7:(5) — wi(s)]T < ai(s) < ||| <71, i=1,2.
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It follows from (C4) that

ITi(x1, 22)|| = Orgfgil/o Hi(t, 5)[pi(s) fi(s, [21(s) —wi(s)] T, [z2(5) — wa(s)]T) + qi(s)]ds

“ | ) 56) (5= 1)+ ao)] @

<
) (2)
< [ Gl + ai(o)ds x 5
) 2L,
o _ el
2 2
Consequently,
1T (21, z2) [l = [T (@1, @2)|| + [ T2(@1, 22) | < |[(z1,22)[l1,  for all (z1,22) € PN Oy, (3)
On the other hand, choose a real number M > 0 big enough such that
1 .
ZMTmln{ll,lg} > 1,
where
7 = min{x] 01(£), x5 02(6)}- (4)

By fico = +00 of (Cy), there exists N > rq such that, for any 1 > 0, 2 > 0 and z1 + 2 > N, for any

t € [€,1n], we have

fi(t,z1,22) > M (21 + 22). (5)

Set ro = max{2ry,47" 1N}, then ry > 1.

Now let Qo = {(z1,22) € E : ||(x1,22)||1 < re} and 0Qs = {(x1,22) € E : ||(x1,22)||1 = r2}. Then
for any (21, x2) € PN 08y, there exists some component x; (1 < j < 2) such that [|a;|| > % > 1. So for

any (x1,22) € PN, t € [, 7], by (2.8) and (3.1), we have

2r,0;(t) [ 2k; [ Ky (t)
ryt) = () 2 2y(0) = R [ gy (6)as 2 0~ 5 [ gptapas e D
> %zj(t) > %j@j(t)HijH > jSiirz > %TTQ >N,
and then
[21(t) = w1 ()] + [w2(t) — w2 (7 = [2;(t) — w; (O] = 2;(t) — w;(t) = iﬂb > N. (6)
Thus for any (21, z2) € PN N, t € [, 7], by (3.5) and (3.6), we have
filt [z1(t) — w1 (O], fw2(t) — w2 (B)]7) = M([w1(t) — wi ()] + [22(t) — w2 (8)]). (7)
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So for any (z1,x2) € PN 0N, t € [£,n], by (3.6) and (3.7), we have

Ty (21, 22)(t) = /O H(t,s)[p1(s) f1(s, [x1(s) —wi(s)]T, [wa(s) — w2(s)]T) + qu(s)]ds
> / G1(t, 8)p1(8) f1(s, [z1(s) — wi(s)]F, [w2(s) — wa(s)]T)ds
0
> 01 (t)/o G1(1,8)p1(s) fr(s, [1(s) — wi(s)] T, [22(s) — wa(s)]")ds
> 01(t) /;7 G1(1,8)p1(s) f1(s, [1(s) — wi(s)]F, [w2(s) — wa(s)]F)ds

> 01(§) /; G1(L, 8)p1(s)M ([21(s) — wi(s)]" + [z2(s) — wa(s)] ")ds

n
> Mrreen(©) /f G1(1, )pi(s)ds

1
Z ZMTmin{ll,lg}Tg
>y = [[(21, 22)]]1-
Thus

1T (x1, z2)|1 > || T1 (21, 22)|| > ||(21,22)||1, for all (x1,z2) € PN INs. 9)

Obviously, if fooe = 400 holds, (3.9) is still valid.

By (3.3), (3.9) and Lemma 2.8, T  has a fixed point (71, Z2) € PN(Q\Q;) such that r1 < ||(Z1,72)|1 <
ro. Next we shall show Z1(t) > wi(t), T2(t) > wa(t) (or T1(t) > wi(t), T2(t) > wa(t)) for t € (0,1). For
|[(Z1,Z2)]]1 > r1 > 2, we shall divide the rather long proof into three cases: (i) ||Z1]| > 1, ||Z2]] > 1; (ii)
[Z1]] > 1, [|Z2]] < 15 (iti) [|Z1]] < 1, (|22 > 1.

Case 1. If |Z1]] > 1, then from (2.6) and (2.8), we have

F(al)wl( ) H~ H (al)wl(t)

T1(t) 2 iy o Tl| = k7" -
2’11 fo Q1 2K’1 fO ql

> wi(t), te€(0,1).

Similarly, from ||Z2|| > 1 we have Z2(t) > wa(t), ¢t € (0,1).
Caseii. If ||Z1]| > 1, similar to (i), we have Z; (t) > wy(t), t € (0,1). If |Z2|| < 1, then [Z2(s)—w2(s)]T <
Za(s) < ||z2]] < 1. Set Jy = {t € [0,1] : Z2(t) > wa(t)}, Jo = {t € [0,1] : Z2(t) < wa(t)}. Obviously,

J1 U Jy = [0,1]. Because (¥, T2) is a solution of (2.9), we have

(t) :/ Ho(t,8)[p2(8) f2(s, [T1(s) — wi(s)]T, [T2(s) — wals)]T) + q2(s)]ds
(/J /J ) (t, ) [p2(s) fa(s, [T1(s) — wi(s)]T, [T2(s) — wa(s)]T) + ga(s)]ds.
Ast e Jy, T1(t) > wi(t), T2(t) > wa(t), then by the definition of [-]*, we have

H(t, 5)[p2(5) f2(s, [F1(s) — wi(s)]T, [F2(s) — wa(s)] ) + q2(s)]ds

J1

=/, Hy(t, s)[p2(s) fa(s, T1(s) — wi(s), T2(s) — wa(s)) + g2(s)lds.
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Ast e Jo, T1(t) > wi(t), T2(t) < wa(t), then by the definition of [-]T, we have

g H(t, 5)[p2(5) f2(s, [F1(5) — wi(s)] T, [F2(s) — wa(s)]) + q2(s)]ds

=/, Hy(t, 5)[p2(s) fa(s, T1(s) — wi(s),0) + ga(s)lds.

By assumption (Hy), we have
p2(t) f2(t,y1,92) > ga(t), ¥ (t,y1,92) € [0,1] x [0,72] x [0, 1].
Then by the above discussion, we have
t) = ([ [ ) (e (o) o [ () o (9] o) = o] )+ s
> 2/01 Hs(t, s)q2(s)ds = wa(t), te[0,1].

Then Zo(t) > wa(t), t € [0,1].
Case iii. If ||Z1|| <1 and ||Z2]] > 1, similar to (ii), we have Z1(t) > w1(t), Ta(t) > wa(t), t € (0,1).
So by Lemma 2.6 we know that (g1,92) = (1 — w1, T2 — wa) is the positive solution for the system

(1.1). The proof is completed. O

Theorem 3.2  Assume that conditions (Hy)— (Hy) are satisfied. In addition, assume that the following
conditions hold:
(C3) There exists a constant

43 1 4k3 1
Ry > max 41, 1 / s)ds, 2 / S ds} 10
o> max {15 [ ai(opts 1% [ e (10)

such that

R, 1 .
fi(tay17y2> > l_'Ov fO’f’ any te [55”]5 §TR0 < Y1+ Y2 < 2R07 1= 1725

where k;(i = 1,2) and 7 are defined by (2.5) and (3.4), respectively.
(Cy) f°=0,i=1,2.

Then the system (1.1) has at least one positive solution.

Proof. Let Ry = 2Rp and Q4 = {(z1,22) € E : ||(z1,22)|l1 < R1}. Then for any (21, z2) € PNOSYy, there
exists some component z; (1 < j < 2) such that ||z;|| > Ry. So for any (z1,22) € PN, t € [€,7], by
(2.8) and (3.10), we have

2k50(t) [' 2k; (! KT (t)
zi(t) —w;(t) > x;(t) — —=——~= [ qj(s)ds > z;(t) — qj(s)ds x ——==

>

N | —

1
z;(t) > ng(t)llzjll >
J

and
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So for any (z1,z2) € PNIN,t € [€, 1], we have
1
§TRO S [561 (t) - wl(t)]Jr + [1‘2(t> - WQ(t)]Jr S R1 = 2R0 (12)

It follows from (C3) and (3.12) that, for any (z1,22) € PN I, t € [£, 7],

)0 = [ H o) o r1(5) ~ a1 (o)~ ao1) + (6]
> [ Gt Is) o 1 5) — n o oats) — nls) s
0 [ G161 1(6) — e O als) — (o) s (13)
D) [ il )il o o) = ()] () — (o) s

K Ro )
> 0i(§) i Gi(1,5)pi(s)ds x 5 = Ry, i=1,2.

This means that

[Tuer, )] > By = W2y
Thus we get
T (21, 22)||1 > ||[(x1,22)||1, for all (x1,22) € P NINy. (14)

Next, let us choose € > 0 such that
25/@/1 Gi(1,8)pi(s)ds <1, i=1,2.
0
Then for the above g, by (Cy), there exists Xy > Ry > 0 such that, for any z; > 0, 22 > 0 and
x1 + z2 > X, for any ¢ € [0, 1], we have
filt,x1,29) < e(x1 +x2), i =1,2.

Take

. 2ML; +2/€1f0 i(1,8)qi(s )ds+XO P19

1—2ek; fo (1, 8)pi(s)ds
where M; = max{fi(t,z1,22) +1:t € [0, 1],x1 + 29 < Xo}(i = 1,2). Let Ry = max{R}, R3}, then

Ry > Xo > R;.
Now let Qo = {(z1,22) € E : |[(x1,22)||1 < Rz} and 90y = {(z1,22) € E : (x1,22)||1 = Ra2}. Then

for any (x1,z2) € P N IN2, we have

[ITi(1, 22| = maX/ H;(t, s)[pi(s) fi(s, [x1(s) — wi(s)] T, [w2(s) — wa(s)]T) + qi(s)]ds

0<t<1

/ Gi(1, ) pi(3) fi(s, [£1(5) — wi ()], [a(5) — wa(s)]F) + ai(s)]ds
9-( max At xl,x2>+1)/0 Gi(1,)[pi(5) + ai(s)]ds

t€(0,1],z1+z2<Xo

[ Gul1,8) [ (a(5) ~ (1 + als) — walo)) + ()]s

SMZLNLI*%/O Gi(1,8) [pa()=(lan | + a2 ) + ai )] ds
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1 1
<M;L; + Iii/ Gi(1,8)qi(s)ds + Em-Rg/ Gi(1, 8)pi(s)ds
0 0

1 1 1
< (5 - f—:m/ Gi(l,s)pi(s)ds) R! JrEm-Rg/ Gi(1,s)pi(s)ds (15)
0 0
S&: H(:Cl,l'Q)Hl’ 1:1,2
2 2
Thus
||T(SC1,£L'2)||1 < ||(1'1,SC2)||1, for all (SCl,SCQ) ePn 892 (16)

By (3.14), (3.16) and Lemma 2.8, T has a fixed point (Z1,Z2) € P N (Q2\Q1) such that R; <

[(Z1,Z2)]|1 < Ra2. By the same method of Theorem 3.1, we can obtain
T1(t) > wi(t), Za2(t) >wa(t), te(0,1),

or

zl(t) >W1(t), :/C\Q(t) >w2(t), te (0,1)

Then let §; = ; — w; (1 = 1,2), by Lemma 2.6 we know that the system (1.1) has at least one positive

solution (41, %2). This completes the proof of Theorem 3.2. O

Theorem 3.3 Assume that conditions (Hy) — (Hy) and (C1),(Cy) are satisfied. Further assume that
the following condition holds:

(C5) There exists a constant Ry > 27717y such that

R 1 = =
fi(tay17y2> > l_'Ov fO’f’ anyte [55”]5 §TR0§y1+y2§2R07 1:172'
where k(i = 1,2), r1 and 7 are defined by (2.5), (3.1) and (3.4), respectively.

Then the system (1.1) has at least two positive solutions.
Proof. Set Q) = {(x1,22) € E : ||(x1,22)||1 < r1}. From (C1) and proceeding as in (3.2), we have
||T($1,$2)||1 < ||($1,l’2)||1, for all (.Tl,l’g) € PNoQy. (17)

On the other hand, let R = 2Ry, Qs = {(z1,22) € E : ||(z1,22)|1 < R} and 9Qy = {(z1,2) € E :
[[(z1,22)|l1 = R}. Then for any (z1,22) € P N 0Sy, there exists some component x; (1 < j < 2) such

that ||z;| > Ry. So for any (1, 22) € PN, t € [¢, 7], by (2.8), we have

zj(t) —w;(t) > x;(t) — %;‘%Cg)t)/() g;i(s)ds > x;(t) — 2’%: /0 q;(s)ds x Kj;%j(t)

0;(§)Ro T
2,‘<Lj 2

>

N | —

1

zj(t) > s—o;(t)|lz;l =
Kj

and

[2i(t) —wi®)]" < @it) < [laal, i=1,2.

So for any (z1,z2) € PN INs,t € [, 1], we have

%éo < w1 (t) — wi ()] + [22(t) — wa(B)]F < R = 2Ro. (18)

EJQTDE, 2012 No. 43, p. 12



By (C5) and (3.18), for any (x1,x2) € P NN, t € [£, 7], we have
T;(z1, 22)(t) = /0 Hi(t, s)[pi(s) fi(s, [x1(5) —wi(s)]T, [w2(s) — wa2(s)]7) + qi(s)]ds
> / Gi(t, 5)pi(s) fi(s, [x1(s) — wi(s)], [w2(s) — wa(s)]")ds
0
> Qz‘(t)/o Gi(1,8)pi(s) fi(s, [z1(s) — wi(s)]F, [w2(s) — wa(s)]")ds
> 0(t) /; Gi(1,8)pi(s) fi(s, [71(s) — wi(s)] 7, [2(s) — wa(s)]")ds

" Ry .
> 0:(8) Gi(1,s)pi(s)ds x T = Ry, 1=1,2,
I3 2

this yields that

ITs(@r, o) > Ro = ”(“’52)”1, - 1,2
Thus we get
||T(SC1,£L'2)||1 > ||(1'1,SC2)||1, for all (SCl,SCQ) ePn 892 (19)

Next, let us choose € > 0 such that 2ex; fol Gi(1,5)pi(s)ds < 1 (i = 1,2). Then for the above ¢, by

(Cy), there exists N > R > 0 such that, for any t € [0,1] and for any z1 > 0, 22 > 0 and 21 + z3 > N,
filt,x1,22) < e(x1 +x2), 1=1,2.

Take

B 2M;L; + 25 fol Gi(1,5)q:i(s)ds
’ 1 — 2er; fol Gi(1,s)pi(s)ds
where M; = max{fi(t,z1,22) +1:t € [0,1],21 + 22 < N} (i = 1,2). Let R* = max{R}, R;}, then

N, i=1,2,

R*> N > R.
Now let Q3 = {(z1,22) € E : ||(x1,z2)|1 < R*}. Similar to (3.15), we have

||T(SC1,£L'2)||1 < ||(1'1,SC2)||1, for all (SCl,SCQ) ePn 893 (20)

By (3.17), (3.19), (3.20) and Lemma 2.8, T has two fixed points (Z1,&2), (Z1,Z2) in P and r <
||(.i'1, ig)”l < R< ||(.i'1,.i‘2)||1. Let 9, = & —w;, ¥s = T; —w; (Z =1, 2). By arguments similar to Theorem

3.1, we can show that (1, 92) and (41, J2) are two positive solutions of the system (1.1). O

Theorem 3.4  Assume that conditions (H1) — (Hy) and (C3),(C3) are satisfied. In addition, assume
that the following condition holds:

(Cg) There exists a constant R > max{2R0,2L1(1 + ?—1"),21/2(1 + ?—2")} such that for any (t,y1,y2) €
[0,1] x [0, R] x [0, R],

fi(taylay2)< _1, 'L':1,2,

2L;
where k(i = 1,2) and Ry are defined by (2.5) and (3.10), respectively.

Then the system (1.1) has at least two positive solutions.
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Proof. Firstly, let Ry = 2Ry and 0y = {(z1,22) € E : |

(x1,22)]l1 < R1}. From (C5) and proceeding as
in (3.11)-(3.13), we obtain

T (21, 22)||1 > ||[(x1,22)||1, for all (x1,22) € PN INy. (21)

Next, by (Cs), we have R > R; and %71 > If—f > 00 =1,2). Let Qo = {(z1,22) € E: ||(z1,22)|1 <
R}. Then for any (z1,z2) € PN 9O, s € [0, 1], we have

[zi(s) —wi(s)]" < wi(s) <l <R, i=1,2.
It follows from (C§), proceeding as in (3.2), we have
||T(SC1,£L'2)||1 < ||(1'1,SC2)||1, for all (SCl,SCQ) € PNos. (22)

On the other hand, choose a real number M > 0 big enough such that iM’T min{ly,l2} > 1, where 7
is defined by (3.4). From (Cy), there exists N > R such that, for any z; > 0, 29 > 0 and 1 + 22 > N, for
any t € [¢, 7], there is (3.5) holds. Set R* = max {2R,47"'N}, then R* > R > Ry. Let Q3 = {(z1,22) €
E: |[(x1,2z2)|1 < R*}. Similar to the proof of (3.6), for any (x1,z2) € PN OSs, t € [€,n], we have

firt [21(8) = 1 (D] [22(t) — w2()]7) = M([21(t) — w1 (B)]T + [22(t) — w2()] 7). (23)
Combing with (3.23) and proceeding as in (3.8), we have
||T(SC1,£L'2)||1 > ||(1'1,SC2)||1, for all (SCl,SCQ) ePn 893 (24)

By (3.21), (3.22), (2.24) and Lemma 2.8, T has two fixed points (Z1,22), (Z1,Z2) in P and Ry <
H(-i'lan)Hl < R< H(.i'l,.i'g)Hl. Let 9, = 2 —w;, ¥s = T; —w; (Z = 1,2). By arguments similar to Theorem

3.1, we can show that (¢1,92) and (g1, y=2) are two positive solutions of the system (1.1). a

4. An Example

Example 4.1. Consider the following problem

__ VT VT
—Dg i (t) = a 7t)f1(t,y1,y2) VT 7t), 0<t<1,
A (%)
7D0+y2(t)— m‘fg(t,yl,yz)*r f—_t, 0<t<l, (1)
y1(0) =41(0) =0, 3 (1) = %m (%) ,
2(0) = 150) =0, 350 = 11oe (5.
Let /7 v
nO= i "Ry
L) T
rO=m— U ay
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Take [%, 1%] C (0,1), by direct calculation, we have

3 5 2 3 4 5
Ql(t) = t§7 QQ(t) = tZa Vl(t) = §t§7 72(t) = gtz, te [07 1]7
1 9% 2 (1 3
A=A = t)dA —) ==
1= A1[71] /O 1(t)dA; (t) = g7 = (16) o7
1 40 4 /1\7 1
Ao = _ A = 204 _
2 = A2[2] /0 Y2 (t)dAs(t) TRl (16) e
96 /1
= — — > >
Ga,(s) 97G1<16’S) >0, Fa,(s) = G2<16 ) 20,

/lGu Jlp(s) + a()d /15“5)2[ () + a1 (s))ds = =
, 8 S s)lds = ———|p1(s s)lds = —,
o 1 P1 q1 ) F(%) D1 q1 54
! Ls(1—s)3 25
Ga(1,s s) + sds:/i $)+ qz2(s)]ds = —,
[} G0 9mto) + atoids = [ T pate) + atolas = 3
73 25 1 1
’i1727 K’2*25 L172_77 2 Ea lli%; l2 6_47
1 (3
/ql(t)dt%~01160< (21)* (82)~01662,
0
1 (2 (2
/qg(t)dt: () 01259 < (0‘22)7 &)+ 0.1416
0 9 K 8

So conditions (Hy) — (H3) hold.

Next, in order to demonstrate the application of our main results obtained in section 3, we choose
two different sets of functions f;(t,y1,y2) (i = 1,2) such that f; and fo satisfy the conditions of Theorem
3.1 and Theorem 3.4, respectively.

Case 1. Let fi(t,y1,92) = gsl(yr — 34)° + 3], fo(t,y1,92) = gslyi + (v2 — 39)%], (Ly1,92) €
[0,1] x [0,400) x [0,+00). Obviously, f;(t,y1,y2) (i =1,2) are continuous on [0, 1] x [0, +00) X [0, +00),
and

pi®)fit,y1,92) > qi(t),  (ty1,92) € [0,1] x [0,1] x [0, +00),
p2(t) fats g1, y2) > a2(t), (8,91, 92) € 0,1] x [0,+00) x [0,1].

So condition (Hy) holds.

Take r; = 73, then r; > max{Q 2L4,2L,, F(a fo @ (s 71‘4222 fo qa(s ds} For any (t,y1,y2) €
[0,1] x [0, 73] x [0, 73], we have
— 34?47 =10< — —1=12.
f (t ylay2) = 685 [(Tl 3 ) +7"1] 0< 2L1 5
t ? -39 =10 < — —1=16.52.
Falty1,y2) < ooz X [ri + (0= 39)7] 0<2L2 6.5

In addition, we can easily to check that fi.c = 400, fose = +00, so conditions (C1) and (Cs) of Theorem
3.1 are satisfied. Then by Theorem 3.1, the system (4.1) has at least one positive solution.
Case 2. Let fi(t,y1,y2) = [107° + g1 (y1)] x hi(y2), fa(t,y1,92) = g2(y1) x [107° + ha(y2)], where

433, 0<y <128,

1 9125 15, 0 < yo < 36500,
- @m + T, 128 < Y1 < 36500, hl(yg) =

(y1 — 36500)%,  y; > 36500,

91(y1) =
15(y2 — 36499)%,  y2 > 36500,
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éyz + 68, 0 <ye <128,
v+ 77, 0 <y < 36500, )
ga2yn) = { 9129 ha(y2) = ¢ — —=(y2 — 36500), 128 < y5 < 36500,
(y1 — 36491)%,  y1 > 36500, 433
(y2 — 36500)2, Yo > 36500.

Obviously, fi(t,y1,y2) (i = 1,2) are continuous on [0, 1] x [0, +00) X [0, +00), and
pi®)fi(t,y1,y2) = au(t),  (ty1,y2) € [0,1] x [0,1] x [0, +00),

pQ(t)fQ(tvylayQ) > qQ(t)a (tvylayQ) € [0’ 1] X [0’ +00) X [Oa 1]'

So condition (Hy4) holds.
K2 1 K2 1
Take Ry = 64, then Ry > max{l, % Jo a1(s)ds, —thaZ) Jo qg(s)ds}, and for any t € [15, %], T =
%TRO <y +y2 < 2Ry = 128, we have

R
Frltyr,y2) = (1075 + ga(y1)] X ha(y2) > 433 x 15 = 6495 > l—f = 6144,

1 1 R
Falt:y1,92) = g2(n) x [107% + ha(y2)] > (—9125y1 + 77) x (ng + 68) > 5236 > 7 = 4096.
2

Choose R = 36500, then R > max {2RO, 201 (1 + 2),2L,(1 + 1}—)} and for any (¢,y1,2) € [0,1] x
[0,36500] x [0, 36500], we have

gl(yl):| x 15 =434 x 15 = 6510 < % — 1= 6749,

filt,y1,y2) < {1+ -

max
0<y2<36500

y1+77>x{1+ il

h2(’lJ2)j| < 81 x 85 = 6885 < 3L 1= 8759.

1
max
9125 0<y2<36500 9

fo(t,y1,y2) < <

In addition, it is not difficult to show that fioo = +00 or foro = +00. So all conditions of Theorem

3.4 are satisfied. By Theorem 3.4, the system (4.1) has at least two positive solutions.
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