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MULTIPLICITY RESULTS FOR A CLASS OF p(z)-KIRCHHOFF TYPE
EQUATIONS WITH COMBINED NONLINEARITIES

NGUYEN THANH CHUNG

ABSTRACT. Using the mountain pass theorem combined with the Ekeland variational prin-
ciple, we obtain at least two distinct, non-trivial weak solutions for a class of p(z)-Kirchhoff
type equations with combined nonlinearities. We also show that the similar results can be

obtained in the case when the domain has cylindrical symmetry.

1. INTRODUCTION
Let Q@ ¢ RN, N > 3, be a bounded regular domain. In this paper, we are interested in the
multiplicity of solutions for the p(z)-Kirchhoff type equation
-M (fQ ﬁwu\p(m)dx) div (]Vu\p(m)_2Vu> = AM(z,u) inQ,
u = 0 on 0f),

(1.1)

where M : Rt — R is a continuous function, p € C(Q) and f : Q x R — R is a Carathéodory

function, satisfying some certain conditions, A is a parameter.

Since the first equation in (CI]) contains an integral over €, it is no longer a pointwise
identity; therefore it is often called nonlocal problem. Problem () is related to the stationary
version of the Kirchhoff equation

0%u Py E [F10up2 d%u
vor (0 oz ; ox| ) 500
presented by Kirchhoff in 1883, see [15]. This equation is an extension of the classical D’Alembert’s

=0 (1.2)

wave equation by considering the effects of the changes in the length of the string during the
vibrations. The parameters in (([C2A) have the following meanings: L is the length of the string,
h is the area of the cross-section, F is the Young modulus of the material, p is the mass density,

and P, is the initial tension.

In recent years, elliptic problems involving p-Kirchhoff type operators have been studied in
many papers, we refer to [2, B, @, 7, 18, 21, 22], in which the authors have used different

methods to get the existence of solutions for (L1I) in the case when p(z) = p is a constant.

If p: Q@ — R is a continuous function, problem (Il) has been firstly studied by varia-

tional methods in [7, B]. The p(z)-Laplacian possesses more complicated nonlinearities than
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p-Laplacian, for example it is not homogeneous. The study of differential equations and varia-
tional problems involving p(z)-growth conditions is a consequence of their applications. Mate-
rials requiring such more advanced theory have been studied experimentally since the middle
of the last century. In [7], the authors studied problem ([LTI) in the special case M (t) = a + bt.
By means of a direct variational approach and the theory of the variable exponent Sobolev
spaces, they established in [7] the existence of infinitely many distinct positive solutions whose
W) (Q)-norms and L>®-norms tend to zero under suitable hypotheses about nonlinearity.
In [§], the authors considered the problem in the case when M : RT™ — R is a continuous and

non-descreasing function, satisfying the following conditions:

(M) There exists My > 0 such that M (t) > M for all ¢t > 0;
(M5) There exists § € (0,1) such that ]\/Z(t) > (1 —0)M(t)t for all t > 0, where ]\/Z(t) =
[y M(s)ds.

Regarding the nonlinearity, they required f to verify the Ambrosetti-Rabinowitz type condi-
. : +
tion, i.e., there exist > £ and T > 0 such that

0 < pF(x,t) < f(x,t)t for all t > T and a.e. x € Q. (1.3)

Using the mountain pass theorem in [I], the authors obtained at least one weak solution for
([CI). Also in [§], the authors considered the case when f verifies the condition

f(z,t) > CtP@®-1 -0, (1.4)

where p™ < 77 < 74T < %. Using the fountain theorem and the dual fountain theorem,

the authors obtained a sequence of weak solutions {+u,,} with negative energy. In [0l 6], the
authors studied the multiplicity of solutions for problem (L)) using the condition (M}) and

the three critical points theorem by B. Ricceri.

Motivated by the papers [, 8] and the ideas introduced in [I0], the goal of this paper is
to study the multiplicity of weak solutions for problem ([CIl) with combined nonlinearities.
More exactly, we assume that M : RT™ — R™ is a continuous function satisfying the following

conditions:
(M7) There exist mg > mj > 0, d3 > 67 > 1 such that
mt Tl < M () < mgt?2 7!

for all t € R™;
(M) For all ¢t € R™, it holds that

where M (t) = fg M (s)ds.
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Using the mountain pass theorem and the Ekeland variational principle, we prove that problem
([CI) has at least two distinct, non-trivial weak solutions under suitable conditions on the
nonlinear term f. It should be noticed that we do not require the condition (M]) as in
[5, 6, @, 8], for example (M}) is not satisfied when M(t) = t°=! for 6 > 1, t > 0. We also
show that the similar result can be established in the case when the domain 2 has cylindrical
symmetry. This comes from the ideas introduced by W. Wang [23], and developed by J. Gao
et al. [I3, 14]. Due to the special structure of the domain, we can get the solutions of problem
(CI) with critical and supercritical gowth. In this situation, problem (ITJ) is called a Hénon
type problem.

In this paper, we consider the problem ([II) in the particular case
flz,u) = A(a(m)\u’a(x)—Zu 4 b(w)]u\ﬁ(x)_Qu)7

where p, «, 3 € C(Q2) with

No-
1<a‘§a+<61p_<52p+<5—§g+<min{N,N_pp_}, (1.5)

with d1, 02 are given by the hypothesis (M) and the following conditions hold:

(A) a: Q — R, satisfies a € La‘ix)(Q) and ap € C4(Q), such that Np(m)_gf(’;()@v_p(w)) <
ap(z) < p(wf(_xgl(w) for all z € Q;
(B) b: Q — R, satisfies b € L@ (Q) and Gy € C.(Q), such that p(;)’(_xﬁ)(m) < fo(z) <

p(z)
Np(z)—B(z)(N—p(z))

Then problem ([CTl) becomes

for all z € Q.

—M (fgﬁlwl”(“/‘)dw) div(lvulp@—?w) — A(a(m)|u|0‘(x)_2u+b(:1:)|u|ﬁ(x)_2u) in Q,
u = 0 on 0f).
(1.6)

Definition 1.1. We say that u € X = Wol’p(m)(Q) is a weak solution of problem (LCH) if and
only if

M( / L\vuym)dw) / IVulP® =2y - Voda
o p(x) Q

- )\/ a(z)|u|*® 2 yuds — )\/ b(z)|ul?®2uvde = 0
Q Q

for any v € X.

The first result of this paper can be described as follows.
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Theorem 1.2. Assume that the conditions (L) and (M1)-(Mz2), (A), (B) are satisfied, then
there exists \* > 0 such that for any A € (0,\*), problem (LA) has at least two distinct,

non-trivial weak solutions.

Next, we consider the domain Q = Q; x Qy € RN, Q; € R™ (m > 1) a bounded regular
domain, and Q3 C R* (k > 2) a ball of radius R, centered at the origin. In this case, we
assume that ¢ : Q — R is a non-negative Holder continuous function, satisfying the following

conditions

(C1) ¢: Q2 — R is radially symmetric with respect to xo € 9, and satisfying c(z1,0) = 0;
(C2) I, > 0, where

lC:sup{)\>0: ‘c(xz\‘<oo, xEQ}.
|2

More precisely, we consider the following p(x)-Kirchhoff type problem

-M (fQ ﬁ]VU\p(m)dx) div (]Vu\p(m)_2Vu) = A(a(m)\u!a(m)_zu + c(w)]u\V(m)_2u> in €,
v = 0 on 0f2,
(1.7)
where the function ¢ verifies the conditions (C1) and (Cz), and p,a,a,7y : @ — R are con-
tinuous functions, p,y € S(2) := {u : Q@ — R : u is real measurable function and u(z1,z2) =

u(xy,|z2|)}, satisfying

N
l<a <ot <dp <dpt <y <yt < min{N, N—pp—} + 7, (1.8)

with 01,92 are given by the hypothesis (M) and 7 is a positive real number defined by
Proposition Z41

Due to the cylindrical symmetry of the domain 2, we can deal with problem (ICJl) in the

supercritical case. To this purpose, we introduce the following space
X =Wo @) = wor @ n 5@ = {ue W™ (@) ular,@z) = ulan, 22 |
which is a closed subspace of VVO1 P (x)(Q).

Definition 1.3. We say that u € X is a weak solution of problem (7) if and only if

M ( / L\vuypmda;) / IVulP® =2y - Voda
o p(x) Q
- )\/ a(z) |u|*® " 2yuds — )\/ () |[u]"®2uvde = 0
Q Q

for any v € X;.
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Our result concerning problem (L) can be described as follows.

Theorem 1.4. Assume that the conditions (L3) and (Mj)-(M2), (A), (C1), (C2) are sat-
isfied, then there exists X** > 0 such that for any A € (0, \**), problem (I4) has at least two

distinct, non-trivial weak solutions.

2. PRELIMINARIES

We recall in what follows some definitions and basic properties of the generalized Lebesgue-
Sobolev spaces LP(®*) (Q) and W) (Q) where Q is an open subset of RV. In that context,
we refer to the book of Musielak [20] and the papers of Kovacik and Rakosnik [16] and Fan et
al. [T1, T2]. Set

Ci(Q):={h: heC(Q),h(x)>1foral x € Q}.
For any h € C(Q2) we define

h*™ =suph(z) and h~ = inf h(x).
zeQ z€Q)

For any p(z) € C(Q), we define the variable exponent Lebesgue space

LP@)(Q) = {u : a measurable real-valued function such that / |u(z)[P@) da < oo} .
Q

We recall the following so-called Luzemburg norm on this space defined by the formula

p(z)
]u\p(x):inf{u>0: / u(@) da:gl}.
Q

1
Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many respects: they

are Banach spaces, the Holder inequality holds, they are reflexive if and only if 1 < p~ < p* <
oo and continuous functions are dense if p™ < co. The inclusion between Lebesgue spaces also
generalizes naturally: if 0 < |Q] < oo and py, py are variable exponents so that pi(z) < pa(z)
a.e. € Q then there exists the continuous embedding LP2(*)(Q) < LP*(®)(Q)). We denote by
LY @) (Q) the conjugate space of LP(*)(Q), where Iﬁ + ﬁ = 1. For any u € LP®)(Q) and
v e LP@)(Q) the Holder inequality

‘/qudx‘ < (p—l_—l—

1
- ) lpe vl e
holds true.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the
modular of the LP(*)(Q) space, which is the mapping Pp(z) : LP@)(Q) — R defined by

Pp(a) (1) = /Q ul?) da.
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Proposition 2.1 (see [12]). If u € LP®)(Q) and pT < co then the following relations hold

- +
[ty < o) (1) < Julyg, (2.1)
p(x) p(z)
provided |uly) > 1 while
+ —
[ulp ) < Py () < July, (2.2)
p(z) p(z)
provided |ul,,) < 1 and
\un — u]p(x) —0 & pp(x) (un — u) — 0. (2_3)

Proposition 2.2 (see [19]). Let p and q be measurable functions such that p € L>®(Q) and
1 < p(x)q(z) < oo for a.e. x € Q. Let u € LI(Q), u# 0. Then the following relations hold

S el O L (2:4)
q(z)
provided |uly) < 1 while
Ju |p(x Ja(z) — |u|p( < u |p(x Ja(x) (2.5)
provided ]u\p(x) > 1. In particular, if p(x) = p is a constant, then
] ) = ey (2.6)

Next, we define the space VVO1 P (x)(Q) as the closure of C5°(€?) under the norm

[ull = [V ulpa)

I
Moreover, if ¢ € Cy(Q) and q(x) < p*(z) for all z € Q then the embedding W, ’p(x)(Q) —
LY)(Q) is compact and continuous, where p*(z) = % zf p(x) < N or p*(z) = oo if
p(x) > N.

Proposition 2.3 (see [12]). The space <W01’p(x)(Q), ]) is a separable and Banach space.
p

Now, we consider the weighted variable exponent Lebesgue spaces. Let 0 : @ — R be a

measurable real function such that o(z) > 0 for a.e. x € Q. We define

Lp(x

oz

))(Q) = {u : Q2 — R : u is a measurable function such that / o () |u(z)|P@de < oo}
Q
with the norm

u(z)

()
|ulp(@),o@) = inf{u >0: / o(z)| L2z < 1}.
Q I

The space Li ((“Z,)) (©2) endowed with the above norm is a Banach space which has similar proper-

ties with the usual variable exponent Lebesgue spaces. In [I3], the authors proved the following

result which helps us in proving Theorem 4
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Proposition 2.4 (see I3, Theorem 4.1]). Let Q = Q; x Qy C RN, where Q; C R™, m > 1
is a bounded regular domain, and Qs C RF, (k > 2) is a ball of radius R, centered at the
origin. Assume that p,vy : Q are continuous functions, p(z) < N for all x € Q, p,v € S(Q),
the function c : Q — R satisfies the conditions (C1) and (Cz). Then, there exists a positive
constant T = T(c,p,m,k) such that the embedding Xy = Wolf(m)(Q) into LY@ (Q, e(x)) is
compact and continuous with p(x) < v(z) < p*(z) + 7 for all x € Q.

3. PROOFS OF THE MAIN RESULTS

Problems ([CH) and (L) will be studied using variational methods. We first prove Theorem
in details, the proof of Theorem [[4 is similar. Let us associate with problem (L) the
functional energy Jj : X := VVO1 P (w)(Q) — R defined by

Ji(u) = @(u) — AV (u), (3.1)

where

o 1 a(z) b(x)
du) = M / Vu ”(“"’)d:r> .Uy (u) = / ul*®) dy +/ A dy, (3.2
W <Qp<x>' | = e L 62)
where M fo s)ds. The functional J; associated with problem (L) is well defined and

of C* class on X. Moreover, we have

J{@)@):M( / ﬂwuv’ dm) / Vu® -2V - Voda

—)\/ (2)|u|*® 2 uvds — )\/b )ulP @~ 2uvda

= ®'(u)(v) = AV} (u)(v)

for all u,v € X. Thus, weak solutions of problem ([I]) are exactly the ciritical points of the

functional J. Due to the conditions (Mj) and (CH), we can show that J; is weakly lower

semi-continuous in X. The following lemma plays an important role in our arguments.
Lemma 3.1. The following assertions hold:
(i) There exist \* > 0 and p,r > 0 such that for any A € (0, \*), we have
Ji(u) >r, Yue X with ||ul| = p;
(ii) There exists ¢ € X, ¢ # 0, such that
Jim itp) = o
(iii) There exists 1 € X such that ¢ >0, ¥ # 0 and
Ji(t) <0
for all t > 0 small enough.
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Proof. (i) By (LX) and the conditions (A) and (B), the embeddings from X to the weighted
spaces L) (Q, a(z)) and LP®)(Q, b(x)) are compact, see [T9, Theorems 2.7, 2.8]. Then, there

exist two positive constants ¢; and ¢y such that

[ a@lu@ds < e (" + ul) (3.3)
Q
and
/ b(@)|ul*@dz < e (J[ul) " + ul)) (3.4)
Q

for all w € X. Hence, for any u € X with ||ul| = 1, we get

J1<u>=ﬁ(/ﬂm\wp<w dw)—A/ ggw !amda:—)\/ﬂﬂ((g;))! O
[ i) s [t 3

mq 261 262
A Vbt SN Yt
T a(pt) e B
By B3), there exists A* > 0 such that for any A € (0, \*) we get Jy(u) >r >0 for all u € X

with |lu| = 1.

(ii) Let ¢ € C§°, ¢ # 0 and t > 1. By (My), there exists ¢3 > 0 such that

a7 (m a(w . 5
mo 1 @1 \%2 _ (2)
< Z2( / Vel dz) Aﬂ* / b()l " da

m2 s N B(z)
< it ([ 1verar)” Aﬁ+/ (@) "D da

Since dopt < 47, we get limy_o J1(tp) = —00 as t — co.

(iii) Let ¢ € C3°(2), v >0, ¥ # 0, t € (0,1). By (Mj), we have

().
([ 5ivepias) - A/—|w|“d YR
ol

)
— - () 2_ i a(z)
< / SIVrds)” -3 [ @)

S (ty) = M
2

| A

m2 t52p / |Vap[P dx - )\—/ 2)|9[*@ dz < 0
for all t < 5521”*&+ with

62 fQ |T/)|a x)
maat < Jo [Vip[p@) d:z:)

The proof of Lemma Bl is complete. O

0<d<min<¢ 1,
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Lemma 3.2. The functional Ji satisfies the Palais-Smale condition in X.
Proof. Let {u,,} C X be a sequence such that
Ji(upm) —€>0,  Jj(uy) — 0in X*, (3.6)

where X™ is the dual space of X.

We first prove that {u,,} is bounded in X. Indeed, we assume the contrary. Then, passing
eventually to a subsequence, still denoted by {u,, }, we may assume that ||u,,|| — oo as m — oc.
Thus we may consider that ||u,,|| > 1 for any m. Using (Mjy), (Mz2) we deduce from (B8] that

4 1t Juml] > () — ﬁi_ﬂ(um)(um)

=1 (f o) <2 | Ziﬁ‘“m‘a“’dw R R
_BLM (g vt az) [ et
A / )|t *® da:—l——/ (@)@
> (pé—ﬂi) </ —yvumyw dx> / \vumv’@)dasﬂ(ﬁi_—a%)Aa(x)yum\a<x>dx
> (ﬁ_ s /yvumym )" +A<ﬁ——ai)/ﬂa(x)\umya<r>dx

D =2 (= = ) (luml® + ).

Since a~ < at < §1p~ and B~ > dopt > pT, the sequence {u,,} is bounded in X. Thus,

>

there exists u € X such that passing to a subsequence, still denoted by {u,,}, it converges
weakly to w in X. Then {||u,, — u||} is bounded. By (LX) and the conditions (A) and (B),
the embeddings from X to the weighted spaces L*®)(Q, a(z)) and LP®) (Q, b(x)) are compact.
Then, using the Holder inequalities, Propositions BXTHZ3l we have

‘/ )|ty | 4@~ um(um—u)da:‘ S/a(az)]umlo‘(x)_llum—u\da:
Q
a(z)—1

< es (a(e) "))

Um — Ulg(z),0(x
o) la@).ate)

at-1
at

LH(Q)

(3.7)

|um - u|a(m),a(w)

< cafa(@) u |

a+71
< CS’“m‘a(x )0 )’um - u‘a(w),a(m)

at—1
< CGHUmH at ’um - u‘a(z),a(x)v
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which tends to 0 as m — oo, ﬁ + ﬁ =1 for ae. z € Q, ¢, i = 3,4,5,6 are positive

constants.

Similarly, we get

lim [ b(a) |t *® 2w, (1, — w)dz = 0. (3.8)

m—0o0 0

On the other hand, by (B8], we have

lim J] () (U — u) = 0. (3.9)
From B1), B3) and ), we get
lim & (up,)(um —u) = 0. (3.10)

Since {u,,} is bounded in X, passing to a subsequence, if necessary, we may assume that

1

/ —— |V [P®dz — tg > 0 as m — occ.
o p(x)

If ty = 0 then {u,,} converges strongly to v = 0 in X and the proof is finished. If ¢y > 0 then

since the function M is continuous, we get

1
_— p(z) , ,
M(/Qp(x)]Vum] dx) M (to) as m — oo.

Thus, by (Mjy), for sufficiently large m, we have
1
O<er <M /—Vump(x)dx < cg. 3.11
From (BI0), (BII), it follows that

lim [Vt [P®)=2(V ity — V)da = 0.

m—00 0

Thus, {u;,} converges strongly to w in X and the functional J; satisfies the Palais-Smale

condition. 0

Proof Theorem [LA By Lemmas Bl and B2 all assumptions of the mountain pass theorem
in [I] are satisfied. Then we deduce wu; as a non-trivial critical point of the functional J with

J1(u1) = ¢ and thus a non-trivial weak solution of problem (8.

We now prove that there exists a second weak solution us € X such that us # u;. Indeed,
by (B3), the functional J is bounded from below on the unit ball By (0).

Applying the Ekeland variational principle in [9] to the functional .J; : B1(0) — R, it follows
that there exists u. € B1(0) such that

Jl(ue) < inf Jl(u) + €,
u€B1(0)

Ji(ue) < Ji(u) +€llu —uel, u# ue.
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By Lemma Bl we have

inf Ji(u)>7r>0and inf Ji(u)<O.
u€0B1(0) u€B1(0)

Let us choose € > 0 such that

0<e< inf Ji(u)— inf Ji(u).
u€dB1(0) u€B1(0)

Then, Ji(ue) < infyuepp, (o) J1(u) and thus, u. € B1(0).

Now, we define the functional I; : B1(0) — R by I1(u) = J1(u) + €|lu — u||. It is clear that

Ue is @& minimum point of I; and thus

[1(u6 + t’U) — Il(uE) >0
+ =

for all ¢ > 0 small enough and all v € B1(0). The above information shows that

Ji(ue + tv) — Ji(ue)
t

+elloll = 0.
Letting t — 07, we deduce that
(Ji(ue),v) = —ellv].
It should be noticed that —v also belongs to B1(0), so replacing v by —v, we get
(J1(ue), —v) > —el| — v
or
(Ji(ue),v) < ellv]],
which helps us to deduce that ||J{(uc)|x+ < e.

Therefore, there exists a sequence {u,,} C B1(0) such that

Ji(um) —c= inf Ji(u) <0 and Ji(uy) — 0in X* as m — oo.
u€B1(0)

(3.12)

From Lemma B2 the sequence {u,,} converges strongly to us as m — oo. Moreover, since
J1 € CHX,R), by BI2) it follows that Ji(uz) = c and J!(uz) = 0. Thus, ug is a non-trivial

weak solution of problem ().

Finally, we point out the fact that uy # ug since Jy(u1) =¢ > 0 > ¢ = J1(uz). The proof of

Theorem is complete.

0

Proof of Theorem[1.7} With the similar argument of the proof of Theorem [[2 we associate

with problem (7)) the energy functional Jo : X = Wolf(m)(Q) — R defined by

Ja(u) = ®(u) — AUs(u),

(3.13)
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where

we

w =7 ([ v s w = [ e gy [ ) e g
o) = ( f gtV ®in) et = [ St [ S e, @1

where M (t) = fg M (s)ds. Then functional Jy is well defined and of C! class on X,. Moreover,

have

/ 1 (x) (z)—2
Jy(u)(v) = M —— |Vu P dx |VulP Vu - Vudz
o p(z) Q
— )\/ a(z)|u|*® 2 uvds — )\/ () |u] @ 2uvda
Q Q
= '(u)(v) — AWH(u)(v)
all u,v € X . Thus, weak solutions of problem ([I]) are exactly the ciritical points of the

for

functional Js.

From the proof of Theorem and Proposition B2 using the mountain pass theorem

combined with the Ekeland variational principle, we can prove that problem (7)) has at least

two distinct non-trivial weak solutions in Xj. O
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