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Abstract

In this paper, existence, unigueness and continuity of da@ted solutions for neutral stochastic delay Volterra
equations with singular kernels are discussed. In additimmtinuous dependence on the initial date is also
investigated. Finally, stochastic Volterra equation witle kernel of fractional Brownian motion is studied to
illustrate the effectiveness of our results.
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1. Introduction

This paper is concerned with solutions of neutral stocbaigiay Volterra equations (NSDVE) driven by Pois-

son random measure as follows:
t t
X(0) = D) =60) ~ DQ) + [ f(tos, X)ds + [ gt X)aBG)
0 0
t ~
+/ H(t,s, Xs—,y)N(ds,dy), (1.1)
0 Jlyl<c

whereB(t),t > 0 is a standard Brownian motion and(d, dl) is the compensated Poisson random measure; the

mappingsD : C([—7,0;RY) — R, f : RFxRTxC([-7,0;RY) — R% g : Rt xRt xCO([—7,0]; RY) — RIx™
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andH : Rt x RT x C([-7,0];RY) x RY — R? are all Borel-measurable functionsg (0, +oo] is the maximum
allowable jump size.

Stochastic Volterra equation(SVE) was first studied by Beemnd Mizel ( [1], [2]) for equations:

X(t) ::U+/O f(t,s,X(s))ds+/0 g(t,s, X(s))dB(s). (1.2)

Such equations arise in many applications such as mathehfitiance, biology. etc. During the past 30 years,
the theory of SVE has been developed in a variety directidosts of the well-known results are concerned
with Eq.(1.2) with regular kernels. In particular, Protf8} studied SVE driven by a general semimartingale and
resolved a conjecture of Berger and Mizel. Using the Skadahtegral, Pardoux and Protter [4] investigated SVE
with anticipating coefficients. Recently, Some resultsarfhward stochastic volterra equations were obtained (see
e.g. [5], [6], [7], [8]), which can be used for discussing hehatical finance and stochastic optimal control.

On the other hand, there are also some papers which congiddr. B with the singular kernel. One can see
Cochran et al. [9], Decreusefond [10], Wang [11], Zhang []IP3] and the references therein. Wang [11] proved
that there exists a unique continuous adapted solution & ®Wh singular kernels. Zhang [12] established
the existence-uniqueness and large deviation estimat8\f& in 2-smooth Banach spaces, and Zhang in [13]
studied the numerical solutions and the large deviatiamcipies of Freidlin-Wentzell's type for SVE with singular
kernels.

Stochastic differential equations with delay have beerelyidised in many branches of science and industry
(see e.g. [14], [15]), and neutral type stochastic deldgdifitial equations have been intensively studied in tecen
years(see e.g. [15], [16]). However, few work has been donthe NSDVE with singular kernels. In this paper,
we prove the existence, uniqueness and continuity of thetadaolutions to NSDVE with singular kernels. The
continuous dependence of solutions on the initial datasis mivestigated. Moreover, NSDVE with the kernel of
fractional Brownian motion is given to illustrate the effigeness of our results, where the kernel of fractional
Brownian motion is a singular kernel, for it may take the iit§imat pointss = 0 ands = ¢.

The paper is organized as follows. In Section 2, we give tieirpinaries, and devote Section 3 to deal with
the existence and unigueness result. The path continuttyeo$olution is obtained in Section 4. The continuous
dependence of solution on the initial data is presenteddticse5. Finally, NSDVE with the kernel of fractional

Brownian motion is studied to illustrate the obtained resir section 6.
2. Preliminaries

Throughout this paper, we l&f2, 7, P) be a complete probability space with some filtrat{oh },>, satisfying
the usual conditions (i.e., the filtration is increasing aight continuous whileF, contains allP-null sets).

Let |x| be the Euclidean norm im € RY. Let7 > 0, R* = [0,4+00) and C([—7,0];R?) be the family of
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continuous functions fronfi-7,0] to R* with norm ||¢|| = sup_,<g<( [(0)|. Denote byL!. ([-7,0]; R?) the
family of F;-measurableC ([T, 0]; R?)-valued random variables = {£(s), —7 < s < 0} such thatE||¢||P =
sup_, < <o E|¢(s)[P < 400. For Eq.(1.1), the initial dat& (0) = £(0) € L% ([—7,0; RY).

If X(t) is anR%valued stochastic process ore [—7,00), we letX; = {X(t +60) : —7 < 6 < 0}. Let
B = (B(t),t > 0) be anm-dimensional standaré;-adapted Brownian motion anl be an independers;-
adapted Poisson random measure define@on< (R? — {0}) with compensatorV and intensity measure,
whereN (dt, dy) := N(dt,dy) — v(dy)dt. Let LY, be the family ofX (¢) such thathT E|X™(t)[Pdt < co. For
simplicity, we denote by, V b = max{a, b}.

In this paper, we make the following assumptions:

(A.1) For somep > 2, there exist two function&/(.) and K (¢, s), such that fos, ¢ € [0, T,

‘f(t,s,.%'l) - f(t,S,.%'Q)’Q \4 ’g(tvswq"l) - g(t737x2)’2 \// ’H(t,S,I’l,y) - H(t,s7.%'27y)‘21/(dy)

ly|<c

—K(t,s)G7 (|z1 — zo|P), z1,70 € RY

whereG(.) is a concave continuous and nondecreasing function fom— R*, G(0) = 0 and [, ﬁds
+00; K (t, s) is a positive function ofR ™ x RT.

(A.2) There exists a positive constalii such that

t t t t
/ ]f(t,s,O)\st\// ]g(t,s,O)]st\// / \H(t,s,O,y)]QV(dy)ds\// Kp_f?(t,s)dsgf(l.
0 0 0 Jlyl<e 0

(A.3) Assuming that there exists a positive number 1, such that forz,, zo € RY,
E|D(z1) — D(z2)| < kE|z1 — 22|
andD(0) = 0.

Lemma2.1. ([17]) Forp > 1,21, 29 € R4 andx € (0,1), we have

I p T2 p
T
KP (1—-rk)P

Lemma 2.2. (Bihari inequality) LetG : RT — R* be a concave continuous and nondecreasing function such

|z1 + 22|P <

that G(r) > 0 for r > 0. If u(t), v(¢) are strictly positive functions oR* such that

ult) < v+ [ o) (ats))ds
then
ult) < ot + [ w(s)s)
for all sucht € [0, T that
plus) + [ w(s)is € Dom(™)
wherep(r) f’" ds_ > 0andp!is the mveorse function gf. In particular, uy = 0 and f0+ e 8) = o0, then

G(s)’
u(t)y=0forall 0 <t <T.
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3. Existence and uniqueness of the solution

Theorem 3.1. Assume conditions (A.1-A.3) hold. Then there exists a enmjogressively measurable process
{X(t),0 <t < T} satisfying Eq.(1.1).

Proof. Let X%(t) = £(0), X? = ¢, for t € [0, T|. Define the following Picard sequence:

t t

X7 (0) = DOXT) =60) = DIE) + [ fts, X2 s+ [ g(t.s. X7 dB(s)
0 0
t
s [ Hs X ) s, dy), (3.1)
yl<e
wheret € [0,T], n =1,2,---. SetX"(t) = X"(t) — D(X*) andX°(0) = £(0) — D(¢), we have
t
E|X"™(t)|P <E|X°(0) +/ f(t,s,o)ds+/ g(t,s,0)dB(s) / H(t,s,0,y)N(ds,dy)
0 ly|<e

t

t s, XM 1) = s S s, XM 1) = S S
+ /0 F(t s, X071 — £(t,5,0))ds + /0 lg(t, 5, XY — g(t, 5,0)|dB(s)
H ,S,XS"__l, — H(t,s,0, N (ds, dy)?,
" /0 /y|<c[ (t y) — H(t,5,0,y)|N (ds, dy)|
which yields
Y7 (+)|P <qp—1 () |P ' s S ' s S S
BX P <o BXOP + 2] [ s 0t [gtes 0+ [ [ o0 S s i)
+E’/O [f(t737Xsn1)_f(t7870)]d3+/0 [g(t,s,ngl)—g(t,s,O)]dB(s)
t oy — s N (ds p
n /O /ly@[H(t,s,Xs_ ) — Hit,5,0,y)|N(ds, dy)|?]

= 3p_1(11 + Iy + Ig) (32)

According to (A.1),I; < ?J’Klg (T + 1). Noticing thatE|£(0) — D(&(t))] < (1 + k)E|[¢]], we havel; <
(14 w)PE|[E[P-
By (A.1),(A.2) and Holder’s inequlity, we obtain

p

t
I3 §3p‘1[TE(/ |f (s, X51) = f(t,5,0)[*ds)2 + / lg(t, s, X271 = g(t,5,0)*ds)?
0
t
B[ [ (s X2 )~ H (b .0.) Prldy)ids) )
0 Jlyl<c
t t
<3P1(T 4+ 1) E| / K(t,s)G7 (| X271 P)ds]5 + 371 E] / K(t,5)G¥ (| X =1 P)ds]
<3P~ 1/ K23 (t, 8)ds] "= [2(T + 1 / G(E| X" 1) ds—l—/ G(E|X"1P)ds]

<K, T (2T +1) / G(EIXTP)ds + / G(EIX2" ) ds).
0 0
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Substituting the above inequalities Bf I, andis into (3.2) implies

t t
E’Xn(t)’p §Cg71 + 0372/ G(E’Xsn_lfp)ds + 0372/ G(E‘Xg:l‘p)ds,
0 0

p—2

V4 p—=
whereCs 1 = 3P~ (14 k)PE||¢||P + 3P K (T +1)],C32 = 3%722(T+ 1)K, * . ForG(u) is a positive concave
function, there exists a positive constansuch thatG(u) < a(1 + u). Hence
~ t t
E|Xn(7f)|p SCg,l + 0372/ a(l + E|Xg_1|p)d5 + 0372/ (1(1 + E|X§:1|p)d8
0 0
t t
SCg,l + 2(16’3,2’1—1 + (103,2 / E|X;L71|pd8 + (103,2 / E|X§:1|pd8 (33)
0 0

By Lemma 2.1, we derive

1 ~ 1 1 -
EIX™(t)[P ng]X"(t)]er FE\D(XZL)IP < WE’Xn(t)’erﬂE\me
1 -
<— —FBIX")P +&E|E]|P + Kk sup E|X™(s)P.
SA = | X" (1)] [1€]] OSSI; | X" (s)]

It follows that

K

1 -
sup E|X"(s)|P < Bl€|P + ——— sup E|X"™(s)P. 3.4
s BX(5) € T BIEP + s s ELX7(0) 34

Substituting (3.3) into (3.4), we get

CLC32 t 1 (ZCgQ /t 1
sup E|X"(s)|P <C. —|—7’/EX” s+ 0)|Pds + ——=— E|X" *(s+60-)Pds
s EX(P <Coa+ 22 [ pxn s oypas + 920 [ i o)

t
§0373+0374/ (BIEIP + sup E|X""'(r)[P)ds
0 0<r<s

t
<C33+TC34E|E]|P + 0374/ sup E|X"71(r)|pd5,
0

0<r<s

whereCs 3 = 12 E|[¢]P + 7257 (Ca1 + 2aC55T), Cy 4 = <252 Therefore,

t
max sup E|X"(s)[” §03,3+TC3,4E||£||”+03,4/ (BlE][” + max sup E|X"(r)[")ds
1<n<k p<s<t 0 1<n<ko<r<s

t
SC&g+2T0374EH§HP+0374/ (max sup E]X"(r)\p)ds
0 1<n<ko<r<s

So we can apply the Gronwall inequality to get the inequality
max sup E|X"(s)” < (C3 3+ 27Cs 4B||g][P)e47.
1<n<k 0<s<t

Sincek is arbitrary, this leads to the inequality

sup sup E|X"(t)]P < 4o0. (3.5)
n t€[0,T]
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Consequently, we know that™(¢) € L% for eachn € N. In the following, we will prove the existence and
uniqueness of the solution to Eq.(1.1), we first study theterice.
Existence. Let

t

I :/t[f(t,s,xg—l)—f(t,s,Xy—l)]ds+/ lg(t,s, X271 — g(t, s, X H)]dB(s)
0 0
' n=l )~ H(t,s, X™1, )N (ds, dy)
+/0 /y<C[H(t,s,Xs ) L8, XLy dy).

Using Lemma 2.1 and (3.1), we have

E[X™(t) = X™(1)

(X{') = DX + E|LJ

1

<k sup E|X"(s) — X™(s)|P + — E|L[P. (3.6)

0<s<t (1—r)

According to (A.1) and Holder’s inequality,
ElLfP §3p‘1[TE(/Ot|f(t,s,X?‘1) — f(t, 5, XH|*ds)E + / lg(t, s, X271) — g(t, s, X" 1) 2ds) 2
B[ [ Ve X2 )~ H s X2 ) P
yl<e
§3p_1{2(T+1)E[/tK(t,s %(]E\X" Lo xm=1pyds)s + / K(t,s) % (|BIX"~ — X 1P)ds) 2}
<gr! / K73t s)ds) = (2T + 1 /GE]X" L xm=1p) ds+/ G(E| XMt — x™ 1P ds]
<3P(T+1 G Oiug E| X" r) — X™ () |P)ds. (3.7)

Combining this with (3.6), we see that

t
E|X"(t) — X™(t)|P <k sup E|X"(s) — X" (s)]P + Cs5 G( sup E|X"_1(r) — Xm_l(r)|p)ds

0<s<t 0 0<s<r
p—2
whereCs 5 = %Kl 2", Consequently,
sup E|X™(s) — X™(s) Cas /G sup E|X"'(r) — X 1(r)[P)ds
0<s<t 0<r<s

Seth(t) = limsup,, ,, o E|X"(t) — X™()|P. Thus, by Fatou’s Lemma,

C
sup FE|h(s) 35 G ( sup Elh(r)|P)ds
0<s<t 0<r<s

According to Lemma 2.2, we havet) = 0, for anyt € [0,7]. This means tha{X(™ n € N} is a cauchy

sequence ik, hence there is ak € L?., such that

lim sup E|X"(s)— X(s)]P =0.

n—00 )< g<T
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Moreover, Letting: — oo, we can get for alt € [0, 77,
Bl [ (105,07 = s XS
<P 170567 ()) = flt5, X))
<PB([ K(t9)GH (X0 5) - X))’
gT(/Ot Kp%(t, s)d5)¥ /Ot G(E| X" (s) — X(s)|P)ds — 0.
Similarly, asn — oo, we can obtain

Ey/ L5, XP1Y — g(t, s, X,)dB(s)]P — 0,

E’/ / [H(t,s, X""1 y) — H(t, s, Xs—,y)|N(ds, dy)|P — 0.
yl<c

Taking limits on both sides of (3.1) gives the existence.

Uniqueness. LeX (t) and X (¢) be two solutions of Eq.(1.1). Set

t

I5 :/0 [f(t,S,Xs) - f(t’says)]ds +/ [g(t"S’XS) - g(t’says)]dB(S)

0

t o~
+ / / H(t, 5, Xo_y) — H(t, 5, Xo_,y)| N (ds, dy).
0 Jly|<e

By virtue of Lemma 2.1, we get

_ _ 1 — 1
E|X(t) = X()IP =E|D(Xt) — D(Xy) + I5]P < — sup E|D(X;) — D(X)[P + — E|I5|”
KPL <<t (1—r)P
<k sup E|X(s)— X(s)|P + B|I5|P. 3.8
<x sup EIX(s) = X() + s EI @8)

By a similar argument as (3.7), we derive

E|I;|P <3°(T+1) K =5 G (sup E|X(r) — (’I“)|p)d8
0<r<s

Substituting this into (3.8) gives
- - 3(T+1) v52 [ —
sup E|X(s) — X(s)|P <k sup E|X(s) — X(s)|+ ~——5K;° G( sup E|X(r)— X(r)]P)ds
0<s<t 0<s<t (1—-r)P 0
which implies that
sup E|X(s) — X(s)]P < _3 T+ 1 G (sup E|X(r) — X(r)|P)ds. (3.9)
0<s<t 0<r<s
Combining (3.9) with the Bihari inequality leads to
E|X(t) — X(t)]P = 0.

The uniqueness has been proved. This completes the proof. O
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4. Path continuity of the solution

In this section, in addition to the assumptions (A.1) andBjAwe also assume that:

(A.4) For allt,t',s € [0, T] andz € R?

|f(t, S, ,I) - f(tla S, $)|2 \4 |g(t7 S, x) - g(t/, S, $)|2 \4 / |H(t, S, T, y) - H(tla S, T, y)|21/(dy)
lyl<c
<F(t,t',s)(1+ |z]),
and fory > 0, there exists a positive constalit, such that
t
/ F(t,t',s)ds < Ks|t —t'|.
0
(A.5) There exists a positive constafit, such that

t t t t
/ |f(t,s,0)[“ds Vv / lg(t,s,0)[“ds v / / |H(t,s,0,y)|*v(dy)ds V / Kﬁ(t, s)ds < Ks,
0 0 0 J)yl<e 0

wherel < u < p.

If we denote byX (t) = X (t) — D(X;). Then from Eq.(1.1) we get
Xt)-X(t)=J+ 1, t' <t, (4.1)
where
t t t "
n= [ fesxods+ [ gtsXgape)+ [ [ Hes X pN sy

t/ t t Jly|<e

and
v t
Jo= [ (s X0~ £ Xlds + [ lg(tis X))~ gt 5, X))dB(s)
0 0
t -
+/ / [H(t,s, Xs_,y)— H(t',s, Xs_,y)]N(ds,dy).
0 Jlyl<e
In what follows, we will study the path continuity of the stins. Firstly, we give an useful Lemma.

Lemma 4.1. Under assumptions (A.1) and (A.3-A.5), there exist twotpesconstants”; and A € (0, 1], such
that
EIXt) =X <Cilt =t t>t.

Proof. By (4.1), we have

E|X(t) - Xt <27 YE|L|P + E|LP). (4.2)
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In the following, we will considet|.J; [P and E|.J2|P, respectively. FOE|.J;|?,

t t
ElLP <22 V[E| / £(t,5,0)ds + / ot 5,0)dB(s) / Ht,5,0,4) N (ds, dy)|?
t t Jlyl<e

+ B [ 15,0 = f(t.5,0lds+ [ lo(t.5,X,) = g(t.5.0lB(s)

t/
t ~
w [ s X ) - Hts.0.9) ¥ s,y
t Jlyl<e
:I2p_1(E|J11|p + E|J12|p).
Lettinga > 1, § = -2 andp > 2, then by Holder’s inequality, we have

p P

(4.3)

Bl Jn [P <3P~ 1TE/ |f(t,s,0)?ds)2 + / lg(t,s,0)>ds)? + / / H(t,s,0,y)>v(dy)ds)?]
t Jlyl<e

<3N (T + 1)[( ; If(t,s,o)l%“ds)% +(/t/ l9(t, 5,0)[**ds) 2

! 2 a N |55
T / [/y|<c'H“’5’°’y)' v(dy)]*ds) B |t — ¢

<Cyqlt — t/|2£9,

b b
whereCy = 371 (2K} + K?fT%)(T + 1). Using (A.1), we derive

t t
E|J12|p §3p1{E|/ [f(t, SaXs) - f(ta 5’0)]d‘9|p + E| [g(t’ SaXS) - g(ta 5’0)]dB(5)|p
t t

o / J o [H (6 X y) = H(t,5,0,)]N (ds, dy)lF)

P
2

<3" ! TE( t/t|f(t,s,Xs) — f(t,5,0)*ds)? + EX t,t lg(t, s, X5) — g(t,5,0)|ds)

t
1 B / / H(t, s, Xoo,y) — H(t, 5,0,y)2v(dy)ds)}]
t' Jlyl<e

t t
<sp-1o7 + V)E[ [ K(t, )G (X, )ds]b + 3p—1E[/ K(t, )G (|Xs_P)ds]3.
t/

t/
Thanks to the extended Minkowski’s inequality (see [18]r@llary 1.30), we obtain

(B[ K 9)Gr(X,P)ds] ) < / K(t,5)[EG(X.[P)]7ds.
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Therefore

E|JialP <37712(T + 1)( /tK(t, DECUX.PIFds)E + 3 ([ K(t, ) BG(Xo ") ds)?

t

Y4
2

t 2
<FaT+1)([| Kt + Bl + sup BIX ()P ds

Y4
2

t
<3Pa(T + 1)1+ B|l¢|P + sup E\X(s)\p)(/ K(t, 5)ds)
0<s<T t/
t p—
<3a(T +1)(1 + E||E|P + sup E|X(s)P)([ K72 (t,s)ds)" > [t —¢]
0<s<T t’

<Cuyplt =], (4.5)

p—2

whereCy » = 3Pa(T +1)(1+ E||¢|[P +supp< <1 E| X (s)|P) K3 * . Substituting (4.4) and (4.5) into (4.3) implies
E|L [P < 227y |t — 1|77 + Cyolt — ¢']]. (4.6)
For E|.J2|P, it follows from (A.4) that
t’ v t’ v
Bl <3 LB 165X — £ s, X)PAs)E 4 ([ Jolts,X.) - g(t' 5, X) Pt
0 0

tl
+B( / / H(t,s, Xo_,y) — H(t', 5, Xs_, ) Po(dy)ds) ]
0 ly|<e

t t
<312 + 1) B / F(,t,8)(1+|Xs[*)ds]2 + 3" B[ | F(tt,8)(1+ |X,_[)ds]?.  (4.7)
0 0
Similarly, by the extended Minkowski’s inequality, we have
¢ 9 P ¢ 9\P-2 P
E(/ F(t' t,s) 1+ |Xs_[?)ds)z <( | F#,t,8)[E(1+|Xs_|?)2]rds)?
0 0
¢ p—2 2 P
<(| F(t,9)[2°F (1+ E|X,_|")]rds)®
0
— tl
<™+ B¢+ sup EIX(s)P)([ F(t.t,s)ds)5.  (4.8)
0<s<T 0
Substituting (4.8) into (4.7) gives
Bl )P < Cyglt — 1'%, (4.9)

p(p—2)

whereCy3 = 3P(T+1)27 7 (1+ E|[¢]|P +supy<s<7 E|X(s)[). By (4.2), (4.6) and (4.9), we derive that there

exists a positive constant; such that
EIX(t) = X()P < it =¥,

where\ = min{4;, %, 1}. This completes the proof. O
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To get the path continuity of the solution for Eq.(1.1), weden additional assumption:

(A.6) Let¢ : [—7,0] — R? be a Lipschtiz continuous function satisfying
|£(t)_£(5)| §K4|t_5|a\v/_7—§t75§05 (410)
whereK} is a positive constant.

Theorem 4.1. Under assumptions (A.1) and (A.3-A.6), there exists aipesibnstantCs, such that, fol) < ¢’ <
t<Tandt—t <,
E|X(t) = X(t')[" < Coft — 1)1,

where) is defined in Lemma 4.1.

Proof. Let A =t —t'. By Lemma 2.1 and 4.1, we obtain
_EID(Xy) = D(Xe)PP | EIX(8) = D(X) = X(#) + D(Xy)P

BIX(t) - X))

kP~1 (1—r)p-t
_EID(X,) - DXl | BIX () ~ X(#)]
kP~1 (1—r)p-t
c, AN
— X
<I€E’Xt Xt ’ + (1 — //V')p_l . (411)
Obviously,
E|X;— XpyP< sup E|X(t+0)—X{H +0)P<  sup E|X{H+A)-X{H)P
—7<0<0 —r<t'<T—A
< sup EX{H'+A)-X{T)P+ sup EX{H+A)—-X{T)P. (4.12)
—7<t'<0 0<t/<T—A
Substituting (4.12) into (4.11), we get
/ / / CHAA
sup  E|X(t) — X(t|]P < sup E|X({' +A) - X(t)[P+ (4.13)
0<t/<T—A — K _7<¢'<0 (1—r)P
Note that
EI X' +A) - X{)P <2P7'BEIX({H +A) — X(0)P + 271 E|X(0) — X ()P (4.14)
and

sup E|X({t'+A) - XHHP< sup E|XHE+A)-XE)P+ sup E|X({H +A)—-X({)P
—7<t/<0 —T<H<—A —A<t'<0

< K4A+ sup E|X({ +A)—X()P. (4.15)
—A<t'<0

Thus, by (4.14) and (4.15), we derive

sup E|X({t'+A)-X{#)P < (2”_1 + 1) K4A + op—1 sup E|X({ + A)— X(0). (4.16)
—7<t'<0 —A<t'<0
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Substituting (4.16) into (4.13), we see that

sup  E|X(t) - X()P < Cys sup E|X({ +A)— X(0)]P + CysA

0<t/<T—A —A<U<0
=Cy4 sup E|X(s) — X(0)|P + CysA%, (4.17)
0<s<A
whereClyy = 45, Cys = (271 + KA 4 79
Ci1AN
ElX(s) = X(0)P <x sup E|X(s+0)—-XO) + —7. (4.18)
—r<6<0 (1—r)P
For0 < s < A, we obtain
sup E|X(s+0)—X(O0)|P < sup E|X(s+6)—XO)P+ sup E|X(s+60)—X(0)P
—7<0<0 — <0< —s —5<6<0
<KjA+ sup E|X(s+6)—X(0)P (4.19)
—5<0<0
and
sup E|X(s+0)—X(0)]P
—5<6<0
1
<L s EX(s+6)— XOF + ——— sup E|X(0) — X(O)]
VE _s<6<0 1 — k3D —s<6<0
1 1
<— sup E|X(s+0)— X)) + ——K4A
K —5<6<0 1 — k26D
1 1
<— sup E|X(s) — X(0)]f + ———K4A. (4.20)
K 0<s<A 1 — k26-D)
Substituting the inequalities (4.19) and (4.20) into (3.di8es
sup E|X(s) — X(0)|]P < vk sup E|X(s)— X(0)]P + C4,6A>‘,
0<s<A 0<s<A
whereCy ¢ = = )p —C 4 kKA — £ K A2 Therefore
1— HQ(P*D
sup E|X(s) — X(0)P < —C16_A (4.21)
0<s<A 1—vk
Using (4.17) and (4.21) leads to
Np np — 14046 A
EX(t)-X{t)P < sup E|X(t)—-X({)P < (=——F +Cy5)A"
0<t'<T—A 1 -k
Letting Co = Cf 4\0/4_6 + Cl4 5, then the result follows. O
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5 Continuous dependence of solutionson theinitial value

In this section, we will give the continuous dependence bftems on the initial value.

Theorem 5.1. Let X¢(t), Y¢(t) be two solutions of NSDVE Eq.(1.1) with initial valge= {£(t), —7 < t < 0}
and¢ = {¢(t),—7 < t < 0}, respectively. If the assumptions (A.1-A.3) hold. Thervfor- 0, there exists a
9 > 0 such that

EIXe(t) ~ Ye(t))P <e, when E[€ —(|P <.

Proof. Note thatX,(t),Y:(t) are two solutions of NSDVE Eq.(1.1) with initial valgeand(, respectively. We

have
X(t) — D(X,) =€(0) - D(€) + /0 F(t, 5, X,)ds + /0 o(t, 5, X,)dB(s)
Ht,s, Xs_, N ds,d
+ /0 L y)N (ds, dy)
and
Y(t) - D(Y;) =C(0) - D(C) + / F(t,s,Y)ds + / o(t, 5, Y)dB(s)
0 0
Ht,s, Ys_, ]Vds,d .
+ /0 O Yo )N s, dy)
Hence,
X(t) — Y(£) =€(0) — ¢(0) + D(X;) — D(Y;) — [D(€) — D(C)] + L(1).
where

L) = [ 1t X)) = f(t.s,Yolds + [ lg(t,sX) = glt,5, YlB()
0 0
H(t, s, Xs_,y) — H(t,s,Ys_,y)|N(ds, dy).
n /0 /l[ ( y) - H( y)| N (ds, dy)
By Lemma 2.1, we derive
E|X(t) =Y (t)[

1
-1

T PIE) = C0) = D) = D) + L)

<kBl|§ —C|P + £k sup E|X(s) —Y(s)[ +
0<s<t

<—=EID(Xy) - D(Yy)|P +

1-r

which implies

K

sup E|X(s) ~ ¥ ()] <

0<s<t 11—k

Ellg =<l + sup E[£(0) —¢(0) = [D(&()) — D(C(1)] + L(s)”

(1= K)P o<s<t
n—1

<Cs1Blle —CIIP + ~— sup E|L(s)P,

(1= K)P o<s<t
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whereCs ; = T2 + % Notice that

t t
sup E|L(s)|]P <3"\[TE( / Flts, X0) — f(t 5, Y)2ds)b + B / gt 5, Xs) — g(t,5,Ys)2ds) 3
0<s<t 0 0

B / / (s X ) H( s Yo Pr(dy)ds) ]

2 P
2 2

<3 1(T +1 /Kt s %E|X — Y, |P)ds] +3p1E[/tK(t,s %(E|X,— o |P)ds]
<3P~ / Kvo2(t,s)ds) 2 [2(T + 1 / G(E|Xs — Yy[P) ds+/ G(E|Xs_ — Y,_|P)ds]

<y UKL AT+ 1) / G(E|X, — Yi[P)ds + / G(E|Xo- — Yo P)ds]

<3(T + 1)K, ? / G(E||¢ —¢||P)ds + 3P(T + 1)K, = G Os<u1<) E|X(r) =Y (r)|P)ds

We derive

sup E|X(s) =Y (s)]P

0<s<t
p—2 p—
3PPUT+ 1)K ? YT+ 1)K 2 [
<Cs 1 E|l€ = C|]P + L__TG(E||€ - C||P) + 1 G E|X(r) =Y () P)d
>~U51 HE CH (1 —/g)p ( H§ CH ) (1 —/g)p 0 (02228 ’ (T) (T)’ ) S
p—2
Letuy = Cs1Bll¢ — [P + 2K pqE|je — ¢|P), ult) = suppe,<; E|X(s) — Y (s)]? andv(t) =

(1-k)P

. By Lemma 2.2, we obtain(t) < p~*(p(ug) + T(t)). ForG(s) is a continuous nondecreasing

p—2
32-NTH1)K, 2

(1-k)P
positive functionp, ,0_1 are nondecreasing functions. In faﬁ}ﬂL @ds = 400, it follows that , forve > 0, there

exists are; ands; < e such thatf” G( yds > To(t). Therefore, we can find@such that, wherk||$ — " < 4,

ug < €1. Then

This completes the proof. O

Remark 5.1. Here we state some examples of functi@n) satisfying the assumptions in Theorem 5.1. Let

d € (0,1) be sufficiently small. Define

G () xlog%, 0<z<y;
1\T) =
Slog 3 + Gi(6—)(x —6), x>.

Go(2) a:loglloglogl 0<x<d;
2\T) =
§log tloglog 3 + G4(6—)(z —8), x>6.

where G’ denotes the derivative of functigd. G; and G, are both concave functions satlsfyl[fg+ e (x

400,71 =1,2.
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6 NSDVE with fractional Brownian motion kernel

We can represent a fractional Brownian motion(FBM) over géfimterval by:
t
B (¢) .= / Ky (t,s)dB(s),t > 0,
0

where B(s) is a standard Brownian motion, ariy (¢, s) is called the kernel of FBM withH € (0,1). For
H> 1
t
Kg(t,s) = cHséH/ (u— S)Hfgquédu,
S

H(2H-1)

WhereCH = [B(QTJ{—%)

]2,¢ > s andg is the Beta function. Fol < z,

tig—1 H-1 i1y ! H-L H-3
Kp(t,s) =bu[(0)"72(t — )" 72 = (H — 5)s2 (u—s)""2u" " 2dul,
S S
whereby = [{22-5(1 — 2H,H + %)]%, t > s. More properties of FBM can be found in [19], [20] and [21].

We consider the following NSDVE with the kern&ly of FBM:
t t
X(t) = D) =60) = DO + [ Kult:5)f(s, X)ds + | Kinlt.s)g(s, X)dB()
0 0

+ /t Ky (t,s)H(s, Xo_,y)N(ds, dy). (6.1)
0 Jlyl<e

We make the following assumptions:

(A.7) For allzy, 25 € R? ands, t € [0, T],

2
P

|f(s,21) = f(s,22)” VIg(s,21) — g(s,22) V/ |H (s, x1,y) — H(s, 22,y)*v(dy) < G7(jo1 — a2?),

lyl<c
where function5(.) is defined as in (A.1).

(A.8) For all s € [0, T, there exists a positive constalit, such that

f(5,0)Vg(s,0) Vv y H(s,0,y)v(dy) < Ks.
y|<c

Theorem 6.1. Assume that one of the following conditions hold:

(i) Letp € (27, 5727). H € (3, 3) and assumptions (A.3),(A6-A.8) hold;

(i) Letp € (%, =%7), H € (1, 3) and assumptions (A.3),(A.6-A.8) hold.
Then there exists a unique continuous progressively mabkguprocesg X (¢),0 < ¢ < T'} satisfying Eq.(6.1).

Proof. In the proof, we will use the lettet’ to denote an unimportant constant, whose value only deperieo

subscripts and may change for one place to another. Assom(@i7) implies (A.1), because of

’KH(t7 3)(f(37x1) - f(sva))P v ‘KH(t7 3)(9(371'1) - g(sva))‘Q

\//|< ‘KH(t7 3)(H(37x17y) —H(S,I‘g,y))‘2l/(dy)

—|Knu(t,s)2Gr (E(je) — 22]")).
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Using (A.7) and (A.8), we derive

Kn(t,)f(s,2) = Ku(t',s)f(s,2)]
=/ (s, 0K (t,s) — Kr(t,s)[?
=2(f(s,2) — F(5,0) + £ (5,0)2) K (t,5) - Kpa(t',5)P
<2\Kp(t,s) — Kt )G (|a]) + |f(s,0)[?)
<2\Kpr(t8) — K (t', ) P[Cp(1 + [2P) ¥ + |£(s, 0)[?]

<CplKn(t,s) — Ku(t',s)*(1 + |z?).
Similarly, we can get

Ku(t, $)9(s,2) — Kn(t',s)g(s,2)P v /| VR0 ) H )~ K@) Hs, )P ()
y|<c
<Cy\Kn(t,s) — Ku(ts)2(1 + [2]2).
Thanks to

t
/ |Ki(t,s)— Kg(t' s)|?ds < |t — /|2
0

Therefore, assumption (A.4) holds. By Theorem 3.1 and #\gican prove that assumption (A.5) holds, then
the results follow.
ForH > 1,
Kg(t,s) = cystH /t(u - S)H_%UH_%du < Cyti—352—H /t(u - S)H_%du < C’Tﬂs%_H(t - S)H_%,
s s
which implies that, fop > 5,

t by 1.2 o g
Kj=(t,s)ds < CT7H/ (s277(t —s)"72)p2ds < CT7H/ (s277)r=2ds < 00.
0 0 0

Obviously, wherp < 52—,
t t t
[ Eu s 0pasy [ Kt sy 0rasy [ K0P vdgds
0 0 0 Jlyl<e
t t
§Cp,T/ |Kp(t,s)Pds < Cp,T/ s@Hrgs < .
0 0
It leads to
t t t
/ \KH(t,s)f(s,O)]“ds\// ]KH(t,s)g(s,O)]“ds\// / |Kp(t,s)H(s,0,9)>v(dy)ds < oo, (6.2)
0 0 0 Jlyl<e

wherel < u < p. WhenH € (3,2), we have2 < -1~ < --2—. Thus, (A.5) holds. So by Theorem 3.1 and 4.1,

the result (i) follows.
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ForH < % by the boundness of FBM's kernel(see [21], Theorem 3.2)haue
Ky(t,s) < Cysf=3(t — s)H3.

Therefore, whem > ., we obtain

t 2p t 2p 1 m-1 (2H-1)
/0 KE2(t,s)ds gCT/O (sH*%(t — S)H*%)Pgds < CT7H/0 x P2 p(l —x) »2 " da
2Hp—2 2Hp—2

:CT,Hﬁ( p_2 ) p_2

) < o0,

and wherp < 25, we get
t t t
/ K (t,5)(s,0)Pds v / Ky (t,5)g(s, 0)Pds v / / Ky (t,5)H(s,0,)Pv(dy)ds
0 0 0 Jlyl<e
t t
gcT/ Ku(t, s)Pds < CT/ 73 (¢ — )3 s
0 0
1 1
=Cr,uB((H — 5)p +1,(H - 5)p +1) < 0. (6.3)

According to (6.3), we know (6.2) holds. Note thdte (1, 1) follows 2 < £ < 2. We see that (A.5) holds.

Therefore result (i) follows. This completes the proof. O
References

[1] M. Berger, V. Mizel, Volterra equations with 1td integs, | . J. Int. Equation2(1980)187-245.
[2] M. Berger, V. Mizel, Volterra equations with 1td integs, Il . J. Int. Equation2(1980)319-337.
[3] P. Protter, Volterra equations driven by semimartiegadnn. Probab13 (1985) 519-530.

[4] E. Pardoux, P. Protter, Stochastic Volterra equatioith anticipating coefficientsAnn. Probab.18 (1990)
1635-1655.

[5] J.Yong, Backward stochastic Volterra integral equadi@and some related problen®&toch. Process. Appl.
116(5)(2006) 779-795.

[6] J. Yong, Continuous-time dynamic risk measures by backvstochastic Volterra integral equatiofgpl.

Anal. 86(11)(2007) 1429-1442.

[7] Z. Wang, X. Zhang, Non-Lipschitz backward stochasticlt®ra type equations with jumpsStoch.
Dyn.7(4)(2007) 479-496.

[8] Y. Ren, On solutions of backward stochastic Volterraegral equations with jumps in Hilbert spacds,

Optim. Theory Appl144(2010) 319-333.

EJQTDE, 2012 No. 74, p. 17



[9] W.G. Cochran, J. S. Lee, J. Potthoff, Stochastic vaiteguations with singular kernelStochastic Process.
Appl.56 (2) (1995) 337-349.

[10] L. Decreusefond, Regularity properties of some stetiba/olterra integrals with sigular kerndPotential
Anal. 16(2002) 139-149.

[11] z.Wang, Existence-uniqueness of solutions to staah&®lterra equations with singular kernels and non-

Lipschitz coefficientsStatist. Probab. Letf78(9) (2008) 1062-1071.

[12] X. Zhang, Euler schemes and large deviations for swt@hd/lterra equations with singular kernels,

Differential Equations224 (2008) 2226-2250.

[13] X. Zhang, Stochastic Volterra equations in Banach epaand stochastic partial differential equatidn,

Funct. Anal.258 (2010) 1361-1425.

[14] X. Mao, Stability and stabilisation of stochastic diféntial delay equation$&=T Control Theory Appl1(6)
(2007) 1551-1566.

[15] X. Mao, Stochastic differential equations and applaas. Horwood Publications, second edition 2008.

[16] L. Huang, X. Mao, Delay-dependent exponential stgbof netrual stochastic delay systentsEE transac-
tion of automatic control54 (2009) 147-152.

[17] J. Randjelovic, S. Jankovit, On the pth moment exptiakstability criteria of nertral stochastic functional

equations,). Math. Anal. Appl326 (2007) 266-280.
[18] O. KallenbergFoundations of Modern Probabilitnd ed. Springer-Verlag, New York, Berlin.

[19] F. Biagini, Y. Hu, B. @ksendal, T. Zhangtochastic calculus for fractional Brownian motion and &pgtion,
Springer, 2008.

[20] Y. S. Mishura,Stochastic Calculus for fBm and Related Proceskesture Notes in Math. 1929, 2008.

[21] L. Yan, J. Liu, X. Yang, Integration with respect to ftamal local time with Hurst inde% < H <1,
Potential Anal.30 (2009) 115-138.

[22] L. Decreusefond, A.SUstiinel, Stochastic analysis of the fractional Browniamtion, Potential

Anal10(1999) 177-214.

(Received February 26, 2012)

EJQTDE, 2012 No. 74, p. 18



