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Abstract

In this paper we give some new results on second order differential-
operator equations of elliptic type with nonregular boundary condi-
tions with coefficient-operator. The study is developped in Holder
spaces and uses the reduction method of S. G. Krein. Necessary and
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types of solutions. Maximal regularity properties are also studied.
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1 Introduction and hypotheses

Many authors have studied nonlocal boundary value problems: we can first
refer to the pioneering works by T. Carleman [4] and J. D. Tamarkin [19],
see also A. V. Bitsadze and A. A Samarskii [3] who introduce some nonlocal
boundary conditions, to study elliptic problems coming from plasma theory.
The case of a non linear elliptic equation with a nonlocal boundary condition
has been treated by Y. Wang [22]. More bibliographic details on nonlocal
elliptic problems can be found in the monograph of A. L. Skubachevskii [18].
Such nonlocal problems have been also considered in the framework of elliptic
differential-operator equations, studying coerciveness and Fredholmness, see
S. Yakubov [20] and also more recently A. Favini and Y. Yakubov [10],[11],
B. A. Aliev and S. Yakubov [1].

In this work we consider the following second order differential-operator
problem:

u () + Au(z) = f(z), x€]0,1]
u (0) = uo (1)
u(l)+ Hu' (0) = uy 0,

where X is a complex Banach space, f € C?([0,1];X) with 0 < § < 1,
U, U1 o are given elements of X, A is a closed linear operator with domain
D (A) not necessarily dense in X and H is a closed linear operator with
domain D (H). Recall that, for any interval .J

CQ(J;X):{h:J%X, sup M<+oo}.

vyelaty |z — 1yl

Our main assumptions on the two operators A and H are

[0, +00[ C p(A) and sup |[A(A —AI)~

A>0

1\}“) < +00; (2)

this assumption implies that () = — (—A)%, is the infnitesimal generator of
a generalized analytic semigroup on X, see for instance Balakrishnan [2]
for densely defined operators and C. Martinez and M. Sanz [16] otherwise.

D(Q) c D(H), (3)

V¢ e D(H): AVHC = HATC, (4)
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0€p(A), (5)

where A = —2HQe® + I — ¢*? which is well defined on X and belongs to

L(X), due to (2)-(3). We will see that this operator A is in some sense the
”determinant” of Problem (1).

Remark 1

1. Under (2)~(4) one has, for any ¢ € D(H),\ € p(A),u € p(Q) and
x>0

M—A)TTHC=HW\ —A)"¢
(ul = Q)" H¢=H (ul — Q)¢
He"R¢ = e®™@HE.

2. Due to (2), there exists €4 > 0, fa € |0, Z[ such that p (A) contains a
sectorial domain

Seaps = {7 € C\{0} - arg (2)| < Ba} U B(0,¢4),

satisfying

- M
I, >0:¥2 € Seppyr [[(A=2D) ) < 5 f'f;'.

Moreover p(—A) D {z € C\ {0} : |arg (2)| > m — Ba}, thus, we obtain

p(01) > freer o) g o) > T2

and setting Bg = T+ O

we get
p(Q) D {z € C\{0} : |arg (2)] < fo} -
We adapt to our situation the definitions of strict and classical solutions

given by E. Sinestrari in [17], Section 2, p. 34:
We first notice that here D(A) is endowed with the graph norm that is

191l pay = lellx + 1401l » ¢ € D(A),
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and then for an interval J, we define C' (J; D(A)) in the following manner

heC(J;X),
heC(J;D(A) < | h(x)e€ D(A) for any z € J
Ah € C(J; X),

For example if ¢ € D(Q)\D(Q) then h = e*¢ defined from [0, 1] to X then
heC(0.1];X) e (0,15 X) N C ([0, 1 D(A))
(see Proposition 2 below).

e a strict solution u of problem (1) is a function w such that
C* ([0, 1, X) N C ([0, 1]; D(A)),

and which satisfies (1). This strict solution satisfies the maximal regu-
larity property if
u”, Au € C° ([0,1]; X). (6)

When H = 0, which means that we consider Dirichlet boundary con-
ditions, it is known that, under assumption (2), problem (1) has a strict
solution w if and only if ug, u1 9 € D(A) and

f(0) — Aug, f(1) — Auyp € D(A).

Moreover u has the maximal regularity property if and only if ug, u1 o € D(A)
and f(0) — Aug, f(1) — Auio € Da(0/2,4+00), see R. Labbas [13].

When H # 0, the nonregular boundary condition u (1) + Hu' (0) = uy 0,
involves in general, a loss of regularity for the solution u at point 1, but we
must also take into account the fact that this nonregular boundary condition
make sense if u is continuous at 1, with «’' continuous at 0. This leads us to
introduce new types of solutions of problem (1):

e a semiclassical solution of problem (1) is a function u such that
we C([0,1];X)NC? (0,1 X) N C ([0, 1 D(A))

and which satisfies (1); moreover we say that this semiclassical solution
satisfies the maximal regularity property if

{ ue C(0,1];X) and (7)
u”, Au € C? ([0,b]; X) for any b €]0, 1].
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It is well known that any A € C? ([0, 1[; X) can be extended in a function
h € C?([0,1];X), so C?([0,1[; X) = C?(]0,1]; X), this explain the
introduction of the spaces C? ([0, b]; X), b €]0, 1[.

e a semistrict solution of problem (1) is a semiclassical solution of prob-
lem (1) satisfying moreover u € C* ([0,1],X)NC ([0, 1], D((—A)%)>.
We will say this semistrict solution satisfies the maximal regularity
property if it satisfies (7) together with

W, (—A)Tu e C?([0,1],X). (8)

Note that a particular case of Problem (1), that is H = «l, has been
studied by Labbas-Maingot (see [14]). These authors used a direct method
based on the techniques of Dunford integrals to build a representation formula
of the solution.

In this work, a representation formula of problem (1) is found by using
analytic semigroups and fractional operators theory.

This work is organized as follows:

Section 2 is devoted to Problem (1) and contains our main result (The-
orem 13): we first recall classical results on generalized analytic semigroup,
then, under assumptions (2)~(5), we build a representation formula for the
solution of (1) and study the regularity of this representation. Finally we
consider some particular cases in which our invertibility assumption (5) is
satisfied.

In Section 3 we introduce a spectral parameter w > 0 which allows us to
apply the results of section 2.

In section 4, a concrete problem is considered to illustrate our results.

2 Study of Problem (1)

2.1 Generalized analytic semigroup

As in [9], section 2 pp. 975-977, we recall here the definition of a generalized
analytic semigroup (see E. Sinestrari [17], A. Lunardi [15]) and some classical
results (see [6], [7] and [17]).

Let L be a linear operator in X such that
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sup [[(A — p) (M — L)71||L(X) < +00,

AES,s

{ p(L) D Sus = {A € C\ {1} / larg(A — )| < 5 + 6} and

for some given p € R and 6 € }O, 3 [ This says exactly that L is the infinites-
imal generator of a generalized analytic semigroup (e"”L)DO, " generalized”
in the sense that L is not supposed to be densely defined.

Proposition 2 Let L is the infinitesimal generator of a generalized analytic
semigroup (e") _ .

1. Let p € X. Then the two following assertions are equivalent

() e*p € C(0,11:).

(b) ¢ € D(L).
2. Let 0 €10,1[,g € C?([0,1]; X),p € X. Set
S(x) = ety +/ @Iy (s)ds, x€]0,1].
0
Then the two following assertions are equivalent
(a) S € CH([0,1];X)NC([0,1]; D (L))

(b) o € D(L) and g (0) + Ly € D(L).
Let us recall that for an operator P in X satisfying p(P) D ]0, 4+o00[ and

3C > 0,YA >0, [[(P—AI <

_ C
) 1Hz:(X) AW

we define the interpolation space Dp (6, +00) by
Dp (0, +00) = {:c € X :sup |[t'P (P - t[)_la:H < —l—oo} :
>0

Proposition 3 Let 0 € ]0,1[ and L be the infinitesimal generator of a gen-
eralized analytic semigroup (e’“L)pO.
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1. Then the two following assertions are equivalent
(a) et € C°([0,1]; X).
(b) pe DL (97 +OO) :

2. Let g € C([0,1];X) and p € X. Set

S(z) = ety +/ e@=)lg (s)ds, x€l0,1].
0

Then the two following assertions are equivalent
(a) S € CY([0,1];X) N C?([0,1]; D (L)).
(b) g€ C?([0,1];X), ¢ € D(L) and g (0) + Ly € Dy (6, +00) .

3. Let g€ C%([0,1]; X). Then
L/o e*f(g(s) — g(0))ds € D (0, +00).

For these two propositions see, for instance, E. Sinestrari [17].

Notation 4 Let g and h be two given X -valued functions defined on [0, 1]
and 0 € 10,1[. We write g ~¢ h if g— h € C?([0,1]; X).

As a consequence of Proposition 3 we get (see [9] Proposition 8, p. 976):

Proposition 5 Let g € C?([0,1]; X),p € D (L) and set
S(@) =i [ e Itg(s)ds, a e 0.1);
0

then
LS (-) ~pe" (Lp+g(0)).

EJQTDE, 2013 No. 36, p. 7



2.2 Representation of the solution

We assume (2)~(5) and suppose that u is a semiclassical solution of problem
(1). Note that, since u € C ([0, 1[; D(A)) we have ug = u(0) € D(A). In the
following we assume moreover that u; o € D(A).

Lemma 6 One has

u(r) = e*@ep, + e(l_x)Qngol
+6$Q (UQ — Jo) + Ix (9)
—Fe(lix)QAil (uLO — HQUO + 2HQJ0 — [1) + Jx,

where

1 g 1 '
=@ [ € (s ds and =507 [ ey (s)ds, (10
0 T

and
Yo = AilHQUO — A*1u170 — 2A71HQJ0 + GQAil’UQ — GQAiljo + Ailll
Y1 = A_ljo - A_l’UQ.

Proof. Asin [5] (see also S. Yakubov and Y Yakubov [21]), we immediately
deduce that u has the representation

u(x) = e + eI + I, + T, x€[0,1] (11)

where &, & € X and I, J, satisfy (10).
To obtain the final representation of wu, it is enough to find &, and & by
taking into account the data ug,u; 9, f and A. A formal computation gives

50 = Ug — JO - eQA_luLO + GQA_lHQUQ - 26QA_1HQJQ
+ePA ey — ePA e, + QAT

and
& =N urg— AT HQuo + 20 T HQJy — A e@ug + A ey — AT,

from which we deduce (9) by using e?A~1 = A~!e? (which is a consequence of
(4)). We need to justify the terms HQug, HQJyin (9) : ug € D (A) = D (Q?)
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so Quo € D (Q) C D (H), moreover, using Proposition 3, assertion 3, we can
write

@n = 5 [ -ty [ oo
1

- s (e eere-ronas+ero - o),

and thus QJo € D(Q) C D(H). m

In order to simplify representation (9) we first show the following Lemma.

Lemma 7

1. There exists W € L (X) such that WQ™' = Q7'W and

+oo
AT =T-W withW (X) c [ D(QY).
k=1

2. We have
Jo=5Q7 L@ (F(s) — 1 (0))ds + 5Q % (0) ~ Q2 (0)
L= Q7 [ e (7 (1) — f (D) ds+ 5Q 20 (1)~ 52 (1).

Proof. For statement 1 we write
A= —2HQe® +1—-e* =14V,

where V = —2HQe? —¢2? € £ (X). It is clear that VQ~! = Q~1V, moreover
since () generates a generalized analytic semigroup, we have for all m € N

c? € L(X,D(QM)),

SO

+o0
V(X)c(D(QY),
k=1
thus W:= A"V e L(X), WQ™ ' =Q'W and W (X) C HOD (QF).
k=1
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We conclude by noting that
(I-—W)A=AI-W)=A-V=1.
For statement 2, it is enough to remark that for any g € C? ([0, 1]; X)
1 1 1
/ Qg (s)ds = / @ (g (s) — g (0))ds +/ e*?g (0) ds
0 0 0
1
= [ #2Ue() 90D ds+ Q9 (0) - Qg (0),
0
m Now, using (9) and Lemma 7, we can write

1
u(w) = @ep + el M, — ZerQ e f (0)

_%e(lx)QAlQ%Qf (1)

—6(1_$)QW (ULO - HQUO + QHQJO - Il)
1
__e(l—w)QQ—2le (1) + e(l—w)QHQ—lle (0)

2
1 1 !
470 (u ria <o>) SL= 30 [ ) - )ds
0
1
+ell72)@ (—HQuO — HQ7'f(0) +uio+ 5Q—2 f (1)) +J,
1

+ellmmQ (H / e (f (s) — f(0)) ds)

1 o
e [Lee s - rwyas).

0
Setting for ) € X and g € C? ([0,1]; X)
(@) = 9wt [ 9% (s)ds.
0
we can rearrange the terms of u to obtain the decomposition

u=ugr+v+w, (12)
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with the regular part ug in [0, 1] given by
1
up(z) = ey + el — Ce™eRQTf (0) (13)

1

—56(1_x)QeQA_1Q_2f (1)

—6(17:’3)QW (ul,O _ HQUO + 2HQJ0 - [1)
1

—56(1_96)626@@_2]0 (1) + 6(1—$)Q6QHQ—1]0 (O) ’

the terms which gives the behavior near 0
o(z) = S (:c,uo + %QQf (0), %Qlf) (14)
1 1
50 [0 = Fo)as

and the one concerning the nonlocal behavior in 0 and 1

w(z) (15)

= S (1 — 2, —HQuo — HQ £ (0) 4+ uy o + %Q_Qf (1), %Q_lf (1- ))
sty [ [ (f (s) - 1 (0)) ds
0
1 1
_56(1_96)@@—1/0 eQ(f(1—s)— f(1))ds,

(note that since ug € D(A) then HQuy = —HQ ' Aug is well defined).

2.3 Regularity results

To study the regularity of the solution we need some technical lemmas. First
recall that if g € C?([0,1],X),¢ € X, € Dg(0,+00),¢ € D(Q),v €
D (Q?) then

S(e+9) > S(0,9)

QS (1 + Q713 g) =9 QS (-9, 9) (16)

Q2 (10 +Q %2,9) = QS (1 g)
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(1, 9) =9 ¢ (QU + ¢ (0)), (17)
Q/ @ ( g(0))ds € Dg (6, +00) (18)

and
QQ/ g(0))ds € C?(]0,1]; X), (19)
(see Propositions 3 and 5).
Lemma 8 Assume (2)~(5). Let f € C?([0,1],X) and uo € D (A). Then
1. ug,Augp € C~([0,1],X).
2. veC?(]0,1],X)NnC(]0,1],D (A)).
3. Av ~g eQ[Aug — f (0)] and thus

{ Av e C([0,1]; X) < Aug — f(0) € D (A)
Av e C?([0,1]; X) < Aug — f(0) € D4 (0/2,+00) .

Proof.

+o0
1. For any ¢ € X we have e%p, Wo C (| D (Qk) from which we deduce
k=1
that
eQeQp, e Wy € C*([0,1], X) and
_Q26.Q6Qﬁpa _Q26.QW90 SO ([07 1] 7X) )
thus ur € C* ([0,1], X) and Aur = —Q?*ur € C*([0,1], X).

+oo
2. Obvious since for ¢ € X and 2 > 0 we have e*%p C kﬂ D (Qk)
=1

3. Since A = —Q?, we have

Av:QS( ~Quy— 5@ (0) - ) QQ/ £ () ds,
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then, by (17) and (19) we get
Ao = Q8 (-Qu - 3Q10), 5 )
=0 6Q(Q< Quo——Q A ) )
~p €% [Aug — f(0)].
]

Lemma 9 Assume (2)~(5). Let f € C°([0,1],X) and up,u1o € D (A).
Then

1. we C*([0,1[, X)NC([0,1], D (A)).
2. w g ATICHQ™ (Aug — £(0)) and thus
{weCe([Oal],X)ﬁHQ [Aug — f(0)] € D (4)
we C?([0,1],X) e HQ ' [Aug — [ (0)] € D4 (0/2,+0).
3. w([0,1]) € D(Q) <= HQ ' [Aug — £ (0) +I¢] € D(Q).
4. Assuming HQ ' [Aug — f(0) + 3] € D(Q) we get
Qu == " IPQHQ™ [Aug — [ (0) + Ty],
and thus
{ W, Qu e C([0,1], X) & QHQ™! [Aug = £ (0) +3/] € D(4)
w',Quw e C?([0,1],X) & QHQ ' [Aug — f(0) + Tf] € Da(0/2,+00).
5. w([0,1]) € D(Q?) <= HQ™' [Aug — f (0) + Jy] € D(Q?).
6. Assuming HQ™! [Auo — f(0)+ 3] € D(Q?) we get
Q*w =~ "I (Q?HQ™ [Aug — £ (0) + T] — [Auro — £ (1)]),
and thus

Aw € C([0,1], X)) if and only if
Q*HQ ™" [Aug — f(0) + ] — [Aur o — f(1)] € D (A)

Aw € C%([0,1],X) if and only if
Q*HQ ™ [Aug — f(0) + Tl = [Auro — f(1)] € D4 (0/2,4+00).
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Proof. Setting f = f(1 —") and noting that HQ~! € L(X) we have

U}(.T) =5 <1 - wi(h %Q{F) )

where

d = HQ™Auo— HQ™f(0) + g+ 5@ (1) + HQ™3, — L0737

1 1
= HQ '[Aug— f(0) +Ty] +uro+ §Q_2f (1) — iQ_QJf.
400
. Obvious, since for ¢ € X and € [0, 1] we have e!""%p Cc N D (Q).
k=1

2. Due to (18), 1y = HQ ' [Aug — f (0)] + 55 with 3¢ € Dg (6, 4+00). So,
From (16), we get

w = 514 HQ Aw - 0] 507'7)
= Q8 (1-QHQ [Au - 1 0].50°%F),

which gives, in virtue of (17)

w o~ U@ <HQ‘1 [Aug — f(0)] + %Q_Qf(O)) :
~p e(lih)QHQil [AUQ —f (0)] .

3. w([0,1]) € D(Q). Moreover w(1) € D(Q) if and only if

o = HQ ' [Aug — f (0) + Ty] + uro + %sz (1) = %szf € D(Q),
SO

w(l) € D(Q) & HQ™'[Aug — f(0) +T4] € D(Q).
4. From (16), (17) and (19), we get

Qv = Q8 (1= HQ (-1 (0)+31. 507

= e (QHQ  faw - £ 0)+ 2+ 3@ F0)) )
~p eUTIRQHQ™ [Aug — £(0) + T4],

EJQTDE, 2013 No. 36, p. 14



Morerover for g € C? ([0,1], X)), € D (Q) we have

S/(',’g/),g) = QS(J/%Q) +9,

so here

Qw e C([0,1],X) v € C([0,1],X)
Qw e C?([0,1],X) & w € C?([0,1],X).

Then (20) furnishes the desired equivalences.

5. See statement 3.

6. From (16), (17) and (19), we get
@w = @5 (10 5077)
= Q5 (1--Qun37)
~y UTI(QPHQ ™ [Aug — f (0) +3y] — [Auro — f(1)])
since

Q Qo) + 5 (0)
= QHQ [Auy— [ (0) +3
+Q%u10 + %f (1) -

n
Lemma 10 Assume (2)~(5). Let f € C?([0,1],X) and ug,u19 € D (A).
1. If H € L(X) then Qu ~p eW=IQH [Auy — f (0)].
2. If H € L(X) with H(X) € D(Q) then QH € L(X) and
Q*w == "I (QH [Aug — [ (0)] = [Aurg — f (1))
Proof.
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1. Here HQ 7! [Aug — [ (0) + J4] = Q' H [Aug — f (0) + Tf] € D(Q) then,
from Lemma 9, statement 4, we deduce

Qw ~p 6(1_')6’2@[‘[@_1 [AU(] — f (0) + jf]
~p 6(1_')QH [AUO — f (O) + jf] ,

but, from (18), e ™CHT; = Hel=)97, € C?([0,1]; X) which gives
the result.

2. Since if QH € L£(X) then
HQ ' [Aug — f(0) +T¢] = Q*QH [Aug — f (0) + T] € D(Q?),
and from Lemma 9, statement 6, we deduce

Q*w =~y MI(QPHQ ™ [Aug — [ (0) 4 Ty] — [Aug o — f(1)])
~y eI (QH [Aug — f (0) + Tg] — [Aure — f (1)])

but, from (18), e1IPQHTI; = QHe)%3; € C?([0,1]; X) which
gives the result.

|
These two last cases correspond, for example, to operators H = ol and

H=—aQ " (a €C\{0},Rea > 0) which are studied in subsection 2.5.
Lemma 11 Assume (2)~(5) and let uo,uro € D (A).
1. If f € C°([0,1], D(Q)) then
w ((0,1]) € D(Q) == HQ™"Aug € D(Q),
and when HQ™' Aug € D(Q) we have
Qu == " ICQHQ™ [Aug — [ (0)].
2 If f € CO((0,1], D(Q?)) then
w ([0,1]) € D(Q*) <= HQ ' Auy € D(Q?),
and when HQ™' Auy € D(Q?) we have
Q*w =2 "I (QPHQ ™ [Aug — £ (0)] = [Aurg — [ (1)]) -
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Proof.
1. Here f(0) € D(Q) and

QJf—Q/ ~Qf (0))ds € Dg (B, +00).
then, from Lemma 9, statement 3, we get

w([0,1]) € D(Q) « HQ™'[Aug — f(0)+ T3] € D(Q)
& HQ ' Auy— Q'HQ™[Qf (0) + QJy] € D(Q)
& HQ 'Auy € D(Q).

Now when HQ 'Aug € D(Q), Lemma 9, statement 4, furnish
Qu ~ " ICQHQ ™ [Aug — f(0) + Ty,
and we conclude noting that
IRQHQ T, = HQ e 9QT; € C7([0,1]; X).
2. Here f(0) € D(Q?) and

1
Qij = Q/ 5% (QQf (s) — Q*f (0)) ds € Dg (68, 400),
0
then, from Lemma 9, statement 5, we get

w([0,1]) € D(Q*) < HQ™'[Aug— f(0) + 3] € D(Q?)
& HQ 'Aug € D(Q?).

Now, when HQ ' Aug € D(Q?), Lemma 9, statement 6, furnish
Q*w == "I (Q*HQ ™ [Aug — £ (0)] + Q°HQ™'Ty — [Aurg — f (1)])
and we conclude noting that
RQPHQ T I, = HQ ' TIRQT, € C7([0,1]; X))
]
By similar arguments, we can also prove the following Lemma.

Lemma 12 Assume (2)~(5) and ug,u190 € D (A). If H € L(X) and f €
C?([0,1], D(Q)) then

w ([0,1]) € D(Q%) < HAuy € D(Q),
and when H Aug € D(Q) we have
Q*w = "I (QH [Aug — f(0)] = [Aur g — f (1))
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2.4 Main results
Theorem 13 Assume (2)~(5), suppose that ug, w19 € D (A) and
fec?(0,1],X) with 6 €]0,1].
Then:

1. there exists a semiclassical solution u of problem (1) if and only if

Aug — f(0) € D (A),

2. there exists a semiclassical solution u of problem (1) having the mazimal
reqularity property (7) if and only if

Aug — f(0) € Do (0/2,+00),

3. there ezists a semistrict solution u of problem (1) if and only if

Aug — f(0) € D (A)
HQ [Auy — 1 (0) + 3] € D(Q) and
QHQ ™' [Aug — f(0) + T4 € D (A),

4. there exists a semistrict solution u of problem (1) having the mazimal
reqularity property (7)-(8) if and only if

Aug — f(0) € D4 (0/2,+00)
HQ ' [Aug— f(0)+34] € D(Q) and
QHQ ' [Aug — f(0) +3¢] € D4 (0/2,+00),

5. there exists a strict solution u of problem (1) if and only if

Aug — f(0) € D (A)
HQ ' [Aug — f(0)+Jf] € D(A) and
Q*HQ ' [Aug — f(0) + J4] — [Aurp — f (1)] € D (A).

6. there exists a strict solution u of problem (1) having the mazimal reg-
ularity property (6) if and only if

Aug — f(0) € Da(0/2,+00)
HQ ' [Aug — f(0)+J¢] € D(A) and
Q*HQ™ [Aug — f(0) + T¢] = [Auro — f (1)] € D4 (6/2, +00).
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Moreover, in the 6 cases u is unique and given by u = ug + v + w where
ug, v, w are defined in (13),(14) and (15).

Proof. For statements 1 and 2, we first remark that, from subsection 2.2,
if there is a semiclassical solution u of problem (1) then w is uniquely deter-
mined by u = ug + v + w. We conclude by applying Lemmas 8 and 9 and
noting that, since u” + Au = f, then

{AueC([Ol] X)eu eC(0,1],X)
Au e C?([0,1],X) e u”" € C?([0,1],X).

Statements 3~6 are similarly proved. m
We now study some situations where more regularity is given on H or f
which allow us to drop the conditions on Jy.

Corollary 14 Assume (2)~(5). Let f € C°([0,1],X) and ug,u19 € D (4).

1. Suppose that H € L(X) then: there ezists a semistrict solution u of
problem (1) if and only if

2. Suppose that H € L(X) with H(X) C D(Q) then: there exists a strict
solution u of problem (1) if and only if

{ Aug — f(0) € D(A) and
QH [Aug — f(0)] — [Auso — [ (1)] € D (4).

3. Suppose that f € C?([0,1], D(Q)) then: there exists a semistrict solu-
tion u of problem (1) if and only if

Aug € D(QHQ )N D (A) and QHQ* [Aug — f (0)] € D (A).

4. Suppose that f € C?([0,1], D(Q?)) then: there exists a strict solution
u of problem (1) if and only if

{ Aug € D(Q*HQ )N D (A) and
Q*HQ ™" [Aug — f(0)] — [Auro — f(1)] € D (A).
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5. Suppose that H € L(X) and f € C?([0,1], D(Q)) then: there exists a
unique strict solution u of problem (1) if and only if

Aug € D(A)ND(QH) and [Auyo— f(1)]—QH [Aug — f(0)] € D (A).
Proof. For statement 1 and 2, we apply Lemmas 8 and 10, noting that
[Auo — f(0) € D(A) and H[Aug— f(0)] € (A)} = [Auo —f(0)eD (A)] .

For statement 3, we use Lemmas 8, 11 and also the fact that

f(0) € D(Q) € D(A),

which gives

[Auo — £(0) € D(A) and HQ ' Aug € D(Q?)] == Auy € D(QHQ Y)ND (A).

Statement 4 and 5 are similarly treated. m
In the previous corollary, we will obtain, in each case, maximal regularity
for the solution w if we replace D (A) by Dy (0/2, +00).

2.5 Particular case for Problem (1)

We first study the particular case H = al, a € C\ {0} ,Rea > 0 that is

u (x) + Au(z) = f(x), z€]0,1]

The main difficulty is assumption (5) and we need some results of functional
calculus.
Here, our main assumption on A is

{ A is a closed linear operator in X, o(A) C] — 00,0 and

for any 6 €]0,7[, sup ||\ (A — )\I)_lHE(X) < 00, (22)
AESy

where Sy := {z € C\{0} : |arg z| < 0}. Since H = al then
A =1T1—2aQe% — %9,
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and we have to study the functions F, G defined by

{ F(z) =1+ G(2)

G(z) =2aze™* —e %, 2€C.
First we fix g9 > 0 such that B(0,4e3) C p(A).
Lemma 15 Setting S = Sy /4, we get:
1. F,G are holomorphic on a neighborhood of S.
2. x >0 implies |F(z)| > 0.

3. lim  2aze™* + e % =0 and then
Rez—+o00, 2z€8

(a) there exists o > 0 such that z € S and Rez > x¢ imply
2> |F(2)] >1/2.
(b) F is bounded on S.
4. There exists 0y €]0,7/4[ such that F(z) does not vanish on
Yo={2€C:Rez>¢y and |arg(z)| < by},

and min |F(z)| =r > 0.
ZEX

Proof.
1. It is obvious
2. We have, for z > 0

Re F(z) = (1—e ) +2(Rea)ze ™ > 0.

3. We just write for z € S

—Rez 4 672Rez

20z " + e | 2ol |z]e

2v2 |a| (Re z) e~ ez 4 g72Rez,
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4. We have |F(z)| > 1/2 for any
z€¥, ={2€C:Rez>xpand |arg(z)| < 7/4}.

Moreover F'is holomorphic on a neighborhood of
Yo={2€C:¢y>Rez>uzgand |arg(z)| < m/4},

so, on Yo, F' has at most a finite number of zeros (which are not on
the real axis, see statement 2). Thus, we can find 6, €]0,7/4], small
enough such that I’ does not vanishes on

Yo={2€C:¢y>Rez>uzgand |arg(z)| <by}.

Moreover

min |F(z)| = min (ireuzg |F(2)], 1/2) > 0.

ZEX

[ |
Now we set for z € ¥

U(z) = _G)

14+ G(z)
Lemma 16 Under assumption (22), the operator A = I — 2aQe® — €29 is
boundedly invertible and A~ = T — U (—Q).

Proof. Choose 6 €]0,6y] such that o (—Q) C Sp\B(0,2¢9). Note that G
is holomorphic and bounded in a neighborhood of Sp\B(0,2¢;). Moreover
there exists ¢ > 0 such that

|W(z)| = O (2] °) when z — 400, z € Sp\B(0, 2¢0).

So we can define ¥(—@Q) and also G(—Q) (see for instance [12], subsection
2.5.1, p. 45, together with Remark 2.5.1 and fig. 6, p. 46).
We have also A = I + G(—Q) and

(I =¥ (=Q)A = (1-V)(=Q)o(1+G)(-Q)
= [(1-9)[1+G)](-Q)

- (1-15g)uroce

- 1(-Q)
= 1.
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Similarly A(/ =V (-Q))=1. =

If we assume (22), f € C?([0,1],X), ug,u10 € D (A) and consider H =
al (o € C\{0},Rea > 0) then, due to the previous Lemma assumptions
(2)~(5) are satisfied and we can apply Propositions 2, 3 and Corollary 14,
statement 1, to obtain:

Theorem 17 Under (22), we suppose that ug,u1o € D (A) and
fec?(0,1],X) with 6 €]0,1].
Then:

1. there exists a unique semistrict solution u of problem (21) if and only
if Aug — £ (0) € D (A),

2. there ezists a unique semistrict solution u of problem (21) having (7)-
(8) if and only if Aug — f(0) € D4 (0/2,+00).

3. there ezists a unique strict solution u of problem (21) if and only if

Aug — [ (0) € D (A),
Auyg— f(0)+3T; € D(Q) and

Remark 18 Let o € C\ {0} ,Rea > 0.

1. By the same techniques we can consider H = —aQ under hypothesis
(22), study functions F',G defined by

F(z) =14 G(2), G(z)=-202% " —e*

and thus prove that A = I 4+ 2aQ?e? — €2 is boundedly invertible with

G

At=T1— _
1+G

(@),

then (2)~(5) will be satisfied and we can apply Theorem 13.
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2. Notice that we can also solve the Problem

u'(z) + Au(z) = f(z), z€l0,1]
u (0) = ug (23)
—a/ (0) + Qu (1) = uy 0,

since second boundary condition can be written
—aQ M (0) +u (1) = Q tuy,

here H = —aQ™ 1, A = I + 2ae? — €@ € L(X) and, assuming (22),
we can apply Corollary 10 statement 2.

3 Problem with a spectral parameter

In order to provide results for general H satisfying (5), we will consider some
large positive number w and the problem

u’ (z) + Au (x) —wu(x) = f(x), z€]0,1]
u (0) = ug (24)
u (1) 4+ Hu' (0) = uyp.

3.1 Study of Problem (24)

We consider some fixed wy > 0 and we set, for w > wy
A, =A—uwl,

then Problem (24) is Problem (1) with A replaced by A,.
Our main assumptions on the operators are

{ A,, 1s a closed linear operator in X, [0, +o00[ C p(A,,) and

A(Ayy — A (25)
SUp A (Auy = AD) 7|y < oo,

=

this assumption implies that Q, = — (—A.,)
of a generalized analytic semigroup on X.

V¢ € D(H) : Ay HC = HALC, (26)

, is the infnitesimal generator

D(Qu) € D(H). (27)
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Remark 19
1. Assumption (25) implies that for any w > wy

A, 1s a closed linear operator in X,
[wo — w, +00[ C p(A,) and 1 (28)
sup ’ A4+ w—wo) (A, — M)~ HE(X) < 4o00.

AZwo—w

but

-1 -1
up A (A = AD T o) < o A+ w = wo) (Ao = AD) | 55+

so, for any w > wy, Qu, = — (—Aw)%, is the infnitesimal generator of a
generalized analytic semigroup on X . Note that

—1
o = sw [[Ote =) (Ao A
-1
= sAL;%)HA(AWO—M) Hg(x)’

and then cq does not depend of w.
2. Assumption (26) implies that w > wy

YA > wo—w, V¢ e DH), (M —A,) "H¢=H(M —A,) "¢,

Lemma 20 Assume (25) ~ (27), then there exists w* > wgy such that,
for w > w*, the operator A, = —2HQ, e + I — e*? has a bounded in-
verse.

Proof. We can write A, = I — T, with T, = 2HQ,e% + €*?~. Thus,
to show that the operator A, has a bounded inverse, it is enough to have
1Tl ey < 1.

By using Lemma p. 103 in G. Dore and S. Yakubov [8], we have

< ce‘k\/a. (29>

de>0et k>0:
0 <

Q5% [l ) < ce™ and e
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Moreover

HQioQuszl:(X) - HAMOA;luz:(X)
= (A=wl) (A=wD) ™|y
= |[(A=wl = (wo—w)I)(A—wl)~
= HI— (wo —w) (A —wl)”
S 1+007

1
HL(X)

1
HL(X)

and, since H Q;OQ is bounded, then
[2HQ2Q2, Q.7 Q2 e + 29~ HL(X)

< 2| HQL £y Q2 Q0% iy 1REE™ % | 2y + 11629 | 2
< 2 HHQ;<)2HL(X) (14 co) HQ?ﬁQQwHL(X) + H€2QwH£(X) g

1Tl 2

and due to (29) there exists w* > wy such that for w > w*

I, <1

L(X)

u
We can now solve Problem (24)

Theorem 21 Assume (25)~(27), suppose that ug, w19 € D (A) and

fec?(0,1],X) with 0<]0,1[.

For any w > w*

1. there exists a semiclassical solution u,, of problem (1) if and only if

Aug — f(0) € D (A),

2. there exists a semistrict solution u,, of problem (1) if and only if

Aug — f(0) € D(A)
HQ [Aug — £ (0) + ] € D(Q) and
QuHQ," [Aug — £ (0) +Ty] € D (A),
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3. a strict solution u, of problem (1) if and only if

Aug — f (0) € D (A)
HQ, ' [Ayuo — f(0) +34] € D(A) and
QLHQZ [Auuo — £(0) + 3] — [Awuro — f (1)] € D (A).

Moreover, in the 3 cases u is unique and given by u, = Uy r + Vy + Wy
where uy, g, Uy, W, are defined as in (13),(14) and (15) with A, Q, A replaced
respectively by A,, Qu, A.

Proof. Let w > w*. Notice that if we replace A by.A, then Problem
(24) corresponds to Problem (1), assumptions (25) ~ (27) correspond to
(2) ~ (5), indeed due to Lemma 20, hypotheses (25) ~ (27) implie (5).
Then, it is enough to apply Theorem 13 with A replaced by A, noting that
D(A.) = D (A), D(Q.) = D(Q) and

Ausug — f(0) € D(Ay) <= Aug — f(0) € D (A).

Remark 22 In Theorem 21, we will obtain, in each case, mazximal reqularity
for the solution u,, if we replace D (A) by D4 (6/2,+00).

3.2 Particular case for Problem (24)

We consider here H = a(Q.,)” with o € C\ {0} and 8 €] — c0,1]. So
Problem (24) becomes

u () + Au (z) —wu (z) = f(z), x€]0,1]
u(0) = ug (30)
(1) + @ (Quy)’ ' (0) = urp.
If we assume (25) then (26), (27) are satisfied and we can apply Theorem
21 (moreover H € L(X) if § €] —1,0] and H € L£(X) with H(X) C D(Q)
for p €] — 0o, —1]. In these cases we can apply Corollary 10). For example
if 3 =0 we get the following abstract problem

u' () + Au(z) —wu (z) = f(z), x€]0,1]
u (0) = ug (31)
u (1) 4+ au' (0) = uq,

and the result:
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Theorem 23 Under (25), we suppose that ug,u1 9 € D (A) and
fec?(0,1],X) with 6€]0,1[.
We have that for any w > w*

1. there exists a semistrict solution u,, of problem (31) if and only if

Aug — f(0) € D (A)

2. there ezists a strict solution u, of problem (31) if and only if

Aug — f(0) € D (4),

Aug— f(0) +3T; € D(Q) and

OéQw [AMUQ — f (0) —+ jf] — [AWULQ — f (1)] ecD (A)
4 Example
Let M be the linear operator in X = C ([0, 1]) defined by

{ D(M)={veC?(0,1]) :v(0) =v (1) =0}
Mv=v", ve D(M),

and for a fixed ¢ > 0 set
A=-M?—cl and H = M. (32)

A satisfies (22) and thus (2). Moreover, from (32) we deduce (3) ~ (4).
Here Q = —vM? + ¢l and setting

G(z) =20V 22 — cze ™ — e %,
we prove, as in subsection 2.5, that

A = T—2MQe° —e*@
= T+ 2MVM?  cle”VMitel _ om2V Ml
= I+ G(-Q),
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is boundedly invertible and so (5) is verified. We can then apply Theorem
13 to Problem

) = ug (33)
)

Since

{ D(A)={veC*(0,1]) :v(0) =v (1) =2"(0) =v" (1) =0}
Av = —vW —cv,v € D(A),

we can thus deal with the following PDE’s nonlocal Problem

| %(x’y)_g—;(xﬂ)—cu(%y)Zf(x,y),(x,y)6(0,1)>< (0,1)
u(r,0) =u(r,1) = gyu(x()) gl;( 1)=0, z€(0,1)

u(0,y) =uo(y), y € (0,1)

L)+ =2 (0,9) = uro(y), y € (0, 1)
Uu Y ay28x Y _ul,O y), Yy ) .

‘ (34
D (A) is not dense in X = C ([0, 1]) since

D(A)=D(M)={veC(0,1]):v(0) =v(1) =0}.
and for 6 €0, 1]
Dy (0/2,+00) = {v e C?([0,1]) : v(0) =v (1) =0} .
By applying Theorem 13 we obtain:
Theorem 24 For any f € CY([0,1],X),0 €10, 1[ and ug,u1 0 € C*([0,1]),
)

such that
{uumzuan—uu0=uun—o
o (0) = uro (1) = uf o (0) =uin (1) =0~

we have

EJQTDE, 2013 No. 36, p. 29



1. Ifug () + f(0,.) € C([0,1]) and

us? (0) + £(0,0) = up? (1) + £ (0,1) = 0,

then there exists a unique semiclassical solution u of problem (34).

2. Iful” () + £(0,.) € €?([0,1]) and

us? (0) + £(0,0) = uy” (1) + £(0,1) = 0,

then the unique semiclassical solution u of problem (34) has the maxi-
mal reqularity property (7).

Acknowledgements. Authors are thankful to the referee for useful

remarks and simplification in the construction of the representation formula.
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