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Abstract

In this paper, we prove the existence, uniqueness, and continuous dependence
of the mild solutions for a class of fractional abstract differential equations
with infinite delay. The results are obtained by using the Krasnoselskii’s fixed
point theorem and the theory of resolvent operators for integral equations.
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1. Introduction

Motivated by the fact that abstract functional differential equations with
infinite delay arise in many areas of applied mathematics, this type of equa-
tions has received much attention in recent years [1]. The works of Bahuguna,
Pandey and Ujlayan [2], Liang, Xiao and Casteren [3], Liang and Xiao [4],
Henriquez and Lizama [1], Baghli and Benchohra [5], and references therein,
provide a basic theory for abstract functional differential or integrodiffer-
ential equations with infinite delay. They established theorems about the
existence, uniqueness, or existence of periodic solutions.

It is worth pointing out that all of the aforementioned problems have
been restricted to integer-order differential equations. Recent investigations
in physics, engineering, biological sciences and other fields have demonstrated
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that the dynamics of many systems are described more accurately using frac-
tional differential equations [6-9]. There have been some attempts on frac-
tional evolution equations and their optimal control or controllability [10-15].
Also, the problem of the existence of a mild solution for abstract differential
equations with fractional derivatives has started to draw some initial research
attention leading to inspiring results, see e.g. [16-18]. In [16-17], Zhou and
Jiao introduced an appropriate concept for mild solution and established the
criteria on existence and uniqueness of mild solutions to nonlocal Cauchy
problem of fractional evolution equations by considering an integral equation
which was given in terms of probability density and semigroup. Furthermore,
Wang, Wei and Zhou [19] studied the fractional finite time delay evolution
systems and optimal controls in infinite-dimensional spaces. They obtained
some sufficient conditions for the existence, uniqueness and continuous de-
pendence of mild solutions of these control systems. Then, Wang, Zhou
and Medved [20] derived the solvability and optimal controls of a class of
fractional integrodifferential evolution systems with infinite delay in Banach
spaces. In [20], existence and continuous dependence of mild solutions were
investigated by utilizing the techniques of a priori estimation and extension
of step by steps.

Particularly, Herndndez, O’Regan and Balachandran in [18] considered a
different approach to treating a general class of abstract fractional differential
equations

{ D(‘;()xit) +g(t,xz(t)) = Az(t) + f(t,z(t)), t€]0,qa, (1.1)

where 0 < a < 1. The authors of [18] gave the definition of the mild solution
to the problem (1.1) by using the well developed theory of resolvent operators
for integral equations and studied the existence of this class of solutions.

Motivated by the approach of [18], we consider the following fractional
abstract differential equations with infinite delay

{D%x(t)—g(t,m]:Aw)+f<t,xt,f57<t,s,ass>ds>, tefa, o
z(t) = ¢(t), t e (—o0,0], *

where a > 0, 0 < a < 1, A is the infinitesimal generator of an analytic
semigroup of uniformly bounded linear operators 7'(¢);>0, on a Banach space
E with norm ||.||; the functions f, g, will be given later. Let x;(.) denote
x(0) = x(t +0),0 € (—00,0], and the derivative D* is understood here in
the Caputo sense.
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First, we apply the Krasnoselskii’s fixed point theorem and the theory
of resolvent operators for integral equations to establish our existence re-
sult. Then, we derive the uniqueness of mild solutions by using the Banach
contraction principle. Furthermore, the continuous dependence of the mild
solutions on the initial condition is investigated.

2. Preliminaries

First, we give some notations needed to establish our results.

We assume that E' is a Banach space with norm ||.||; A is the infinitesimal
generator of an analytic semigroup of uniformly bounded linear operators.
D(A) is the domain of A endowed with the graph norm ||z|| p(ay = ||z ||+ Az]|.
We denote by L(Z, W) the space of bounded linear operators from Z to W
endowed with the operator norm denoted by ||.||rzw). Especially when
Z = W, we write simply L(Z) and ||.||z(z). Let J C R and denote C(J, F)
to be the Banach space of continuous functions form J into £ with the norm
[ollcwm = supre l2(0) ] where @ € C(J, E).

Next, consider the abstract integral equation:

1 b Ax(s)
t) = f(t ds, tel0, 2.1
o) = )+ o | Goids el (2.)
where f € C([0,al, E).

We introduce some basic definitions, properties and lemmas which are
used throughout this paper.

Definition 2.1. [18,21] A function x € C([0,b], E) is called a mild solution
of the integral equation (2.1) on [0,b] if [5 (t — s)*'a(s)ds € D(A) for all
t €10,b] and

() = F(t) + — 4 /0 0 f<j))1ads, vt € [0,b)].

Definition 2.2. [18,21] A one parameter family of bounded linear operators
S(t),sq on E is called a resolvent operator for (2.1) if the following conditions
are satisfied:

(S1) S(.)x € C([0,00), E) and S(0)x =z for allz € E;

(S2) S(t)D(A) € D(A) and AS(t)x = S(t)Ax for all x € D(A) and every
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t>0;
(S3) for every x € D(A) and t > 0,

. 1 [ AS(s) s
S(t)x = +F(a)/0 (1= s ds.

Lemma 2.1. [18,21] If the resolvent S(t),~, for (2.1) is analytic, then
i) for each x € D(A) there is ¢ € L .([0,00), R") such that

loc

15" ()| < oat)|z|lpay a.e. on R, for each x € D(A);

i) if f € C([0,b], D(A)) for some 0 < b < a, then z:[0,b] — E defined by

z(t) = f(t) +/0 S'(t—s)f(s)ds, te€]|0,0]

is a mild solution of (2.1) on [0, b)].

Lemma 2.2. [18] Assume S(t) is compact for all t > 0. Then S'(t) is
compact for all t > 0 and the inclusion map i.: D(A) — FE is compact.

Throughout the study, we assume that the phase space (B, ||.||5) is a semi-
normed linear space consisting of functions from (—oo, 0] into £ satisfying
the following assumptions (cf. Hale and Kato in [22]).

(A1) If z : (—o0,a] — E is continuous on J = [0,a] and zy € B, then for
every t € J the following conditions hold:

(i) = € B,

(i) lls(t)]| < Hllaels,

(i) [J2ells < K (£) Supoencs 15(5) | + Ko(®) 20,

where H > 0 is a constant, K; : [0,+00) — [0,+00) is continuous, Ky :
[0,400) — [0,400) is locally bounded, and H, K, Ky are independent of
x(.). Denote My = sup,; K1(t), My = sup,c; Ko(t).

(A2) For the function z(.) in (A1), z; is a B-valued continuous function on
J.

(A3) The space B is complete.

Before giving the definition of mild solution of (1.2) , we rewrite (1.2) in
the equivalent integral equation:

() = ¢(0) — 9(0, ) + g(t, @) + w3 Jo (t = ) £ (5,25, f5 (s, 7, 2-)d7)ds
Lo fot(t — 5)* L Ax(s)ds, t €10,al,

() = 6(h). € (—00.0]

+
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Let 2 be set defined by
Q={z:(-00,a] = E: x|(_oog € B,z|; € C(J,E)},

where J = [0, al.
The concept of a mild solution of (1.2) can now be stated.

Definition 2.3. A function x € Q is said to be a mild solution of (1.2) on
[0,a] if [;(t — s)* 'x(s)ds € D(A), t€[0,a] and

(t) = p(t , t€(—00,0], (2:2)

~—

{ 1(t) = G() + F(t) + pi A fy(t — 5)°a(s)ds, ¢ € [0,a],

where
G(t) = ¢(0) — g(0,8) + g(t, x1),
F(t) = ﬁ /0 (t— 8 (s, 22, /0 (s, 7,2, )dr)ds.

The key tool in our approach is the following fixed-point theorem.

Lemma 2.3. ( Krasnoselskii’s Fized Point Theorem) Let Q be a bounded
closed and convex subset of E and let Fy, Fy be maps of Q into E such that
Fix + Fyy € Q for every pair x,y € Q. If Fy is a contraction and Fs is
completely continuous, then the equation Fix+ Fox = x has a solution on Q.

3. Main results

In this section, we present and prove our main results.
First, we list some assumptions:

(H1) The resolvent operator S(t),, is compact.

(H2) g : [0,a] x B — D(A) is a continuous function and there exist a
constant K, and a function L, € C([0,a], RT) such that

lg(t z)l[peay < Ky(llzels + 1),

lg(t, ) — gt ye)lpay < Lg(®)llwe — ells

for all t € [0, a], and every z,y € Q.
(H3) v: D ={(t,s) € [0,a] x [0,a] : s <t} x B— B and there exist a
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constant K, > 0 and a function L, € C([0,a], R") such that
17 (t, 5, 2) I8 < K5 ([[2s]ls + 1),

17(ts s, 25) = (8,90l < Ly(@) |75 — yslls

for all ¢ € [0,a] and every z,y € Q.
(H4) f:]0,a] x B x B — D(A) is a continuous function and there exists
a constant Ky > 0 such that

(8 2,y peay < Kp(llzlls + [yl +1)

for all t € [0,al, and every z,y € Q.
(H5) There exists a function Ly € C([0,a], RT) such that

L1 (s ey we) = (& s ue) [ peay < Ly (@) (2 = yells + [lwe — wl]s)

for all t € [0,al, z,y,w,u € Q.

3.1. Existence of solutions
We now establish our existence result.

Theorem 3.1. Assume o € (0,1) and the following conditions are satisfied:

(i) #(0) € D(A) and there exists a constant Ky such that ||[¢(0)| pay <
Kyllols:

(17) (Hy) ~ (Hy) are satisfied;

(i13) KoMy <1 and Ly(0)M; < 1.

Then the Cauchy problem (1.2) has a mild solution on (—oc,b] for some
0<b<a.

Proof. Since Ly(0)M, < 1, KoMy < 1, |Lg|c(o,q,r)y M1 — Lg(0)M;, and
l¢allLio,q,r+) — 0 as ¢ — 0, there exists 0 < b < a such that

Kb
(14 bllpallorqos.re) [KgMy + —2— (K, b+ 1)M] < 1, (3.1)
al'(a)
(1 +blleallrqop,zH) Lol cqoy,rry M1 < 1. (3.2)

For any positive constant k, €  and ||z||¢(,g) < k, we introduce the
map [': Q — Q

G+ F(t) + 5k [y S'(t = 8)[G(s) + F(s)]ds, te€[0,b],
@@@”‘{¢u) “ . te (00,0
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Now we prove that I' is well defined.
From the assumptions (i), (H2) ~ (H4), we obtain for ¢t € [0, b]

IG#)Ipay < Kgllolls + Ky(l|olls + 1) + Kg(||lzells + 1)
< (Kyp+ Ky, + K M) |65 + Ky(Mik +2)

and
1 t o1 S
IE@lpey < g [ @ =) f (s, 25 [ (s, 7,20)d7)|[peayds
(@) Jo 0
TG [
< — t—3s) " K¢(||xg|ls + Y(s, T, z;)dT||p + 1)ds
o) J, (t—s) rllzslls + |l i ( )dr|] )
< PK (K.b+ 1) (Mk + M| ¢||5 + 1)

Thus from Lemma 2.1, we have

/ 't — $)[G(s) + F(s)]ds < / oalt = $)G(s) + F(s)]| payds
< [(Kg+ Ky + K,M))||6lls + Kg(Mik + 2)

Ky
al'(a) (K’Yb + DMk + Malolls + D)Ibllpallz (s,

which implies that the function s — S'(t — s)[G(s) + F(s)] is integrable on
0,¢] for all ¢ € [0,b]. Since G(.) and F(.) are continuous, it shows I" is well
defined.

Let us introduce the map y(.) : (—oo,b] — E by

_f 6(0)+ [ S'(t—s)p(0)ds, ¢ € [0,b],
y@)—{(p(t) ) Lt e (—o00,0].

It is clear that yy = ¢.
For each z € C([0,b], E) with z(0) = 0, let 2z be defined by

o oz(t), te]0,0],
Z(t)_{o .t e (—o0,0].

If z(.) satisfies the integral equation
t
z(t) = G(t) + F(t) + / S'(t — s)[G(s) + F(s)]ds,
0
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we can decompose z(.) as z(t) = 2(t) + y(¢),0 < ¢t < b, which implies
xy = 2 + 1y for every 0 < ¢ < b and the function z(.) satisfies

2(t) = G.(t) + F.(t) + /0 S'(t — 8)[G.(s) + F.(s)]ds, (3.3)

where G.(t) = g(t, 2 + v+) — 9(0, ¢),
Fo(t) = w5 Jo (0 = 9)°7 f (5, 2 + 4ss Jo (5,7, 20 + yr)dr)ds.

Denote y = {2z € Q : 2y = 0} and let ||.||o, be the seminorm in €
defined by

[2lley = llz0llz + sup |2(¢)] = sup [z(t)], 2 € Qo.
0<t<b 0<t<b

Then (o, ||.|lo,) is a Banach space.
To bring out the results, we define the operator P : {2y — €y by

t
(P2)(t) = Ga(t) + Fu(t) + / S'(t — 8)[Ga(s) + Fu(s)]ds, 1€ [0,
0
That the operator I' has a fixed point is equivalent to P has a fixed point,
and so we turn to proving that P has a fixed point.

For any positive constant k, let z € B, = {z € Qo, ||2]|q, < k}. We can
decompose P as P = P, + P», where

(Piz)(t) = G,(t) + /0 S'(t — s)G.(s)ds,

(Pyz)(t) = F.(t) + /0 S'(t — s)F,(s)ds.

From (3.1) we know (1+b{|wal|£1(j0,0),5+)) KM +%(wa+ 1)M;] < 1.

o)
Let
. bllpall + 1
_ L
1= [KoMy + 575 (Kb + )M (bl oall + 1)

(07

~{[K9+%&)(KJ)+1)][M1K¢|!¢st(b|mH+1)+M2|!¢|!B+1]+Kg(|!¢|!zs+1)}-

We will show the operator equation z = Pz 4+ P,z has a solution in B, .

Our proof will be divided into three steps.
Step 1. P12y + Pozy € By, for any 21, 2o € By, .
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Il’ltI'OdllCiIlg the notation C() = Mll{?o + M1K¢>”¢”B<1 +b|’¢A|’L1([O7b]7R+)) +
M| dlls, Cr = Ko(Co+ 1) + Ky ([8]ls + 1), Co = g5 (Kb + 1)(Co + 1),
Cy = K (K,b+1)(Co+1).

Obviously (P1z1)(t) and (Pez9)(t) are continuous in ¢ € [0,b]. For any
A Bko

IA

Myko + My[[[¢(0)|[ peay + /0 15°(t = 5)¢(0)[|ds] + Ma||¢]5

Miko + My Kyl|o||5(1 + blloalliqop,rt)) + M| dlls
— CQ.

12 + wills

IA

The assumptions (H2) and (H4) imply

1G= (Dl pay Ko(ll20 + yulls + 1) + Ky([[0]ls + 1)

<
< Ky(Co+ 1)+ Ky([lolls +1) = G

and
152, (1) pay
1 t . s .
< —/(t—S)a_1||f($7228+y57/ 7(577722’r+y7')d7_)”D(A)dS
L(a) Jo 0
1 t . s A
< o =T R s e+ [ (57 e ) sy + 11
L(a) Jo 0
1 t _ . .
< —/(t—S)“ LK (11208 4 yslls + B b([| 225 + yslls 4 1) 4 1]ds
L(a) Jo
K
< Kb+ 1)(Cy+1) = Cs.
= OéF(Oé)( Y + )( 0+ ) 2

Therefore, we obtain

[(Prz1)(2) + (Po22) (1)

|G, (t) + /t S'(t — s)G., (s)ds + F,(t) / S'(t (s)ds|
Ch + Clb|’90(j4”L1([0,b},R+) + Co + Cablloall L (o, %)

(Cr + Co) (1 + bllallrr(o,r+)
k:Oa

IAIA

which 1mphes H(Plzl) + (PQZQ)HQO < ]{Zo. That is (Plzl) + (PQZQ) € ]Bko-
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Step 2. P, is a contraction on By, .
For any 21,22 € By, and t € [0,b], we get by using the assumptions
(H2)and (A1)
1G=,(8) = Go, (D)l peay

|Lglcqon,r0)|| 216 — 22|
| Lg|c(o.p, r+) Ml 21 — 22|00 -

IA A

Therefore

[(Prz1)(t) — (Pr22)(t)

< |G (1) = G (D)lpeay + / 1S"(t — s)[G=, (5) — G, (5)]]|ds
< | Lgleqop,rnyMillzr = 22llay + bll@allron,z4) | Lol cop,ry Ml 21 — 220,
< |Lg|C([0,b],R+)M1(b||90A||L1([0,b],R+) + 1)||Z1 — ZZHQO-

That is

[(Prz1) — (P122) oy < [Lgleqos,zryMillleallr o,z + D21 — 22ll0,-

According to (3.2) we see P is a contraction map on By, .

Step 3. P, is a completely continuous operator.

At first, we prove that P, is continuous on By,. Let {z"} C By, with
2" — z on By,. Obviously Z' — 2, as n — oo for ¢ € [0, b]. We have by (Hj3)
and (A1)

n/vunﬁ+ww—/vuaz+mwm
0 0
< /|W@J@¢+%»—v@w¢f+%wmh

0

< /uumwﬁmﬁ—zmw
0

IA

/ |Ly|cqo,s, ) M| 27 — 27 ||qodT
0

< |L,|eqop,rryMibl 2y — 2o, — 0, n — oo.

From the assumption (H,), we obtain
f(3,2?+ys,/ V(s, 7, 2 4y-)dr) — f(s, Zs—'_ym/ v(s, 7, 5 +y;)dT), n— oc.
0 0
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By the Lebegue dominated convergence theorem, for any € > 0 be given,
there exists N > 0 such that

1 /t 1 S .
L <v—$a|uw@:+y&/’warwf+%mh>
F(a) 0 0
—ﬁ@a+%/ﬁmmz+%mﬂmw@
0
< g

for t € [0,b],n > N. Then for ¢t € [0,b],n > N, we see that

[(P22")(t) = (P22) (1)
1

t S
——1/@—SW*W@ﬁ?+%x/v@mﬁf+%Mﬂ
F(a) 0 0

-Juz+%/ﬁwmz+%mﬂmw®

0
t ) 1 s B . T .

+/ IIS(t—s)—/ (s—1)* 1[JC(T,ZTHJT,/ (7, &, 28 + ye)dE)
0 F(a) 0 0

-4mz+%lvv@%+W%MW@

IN

IN

t
€+ 5/ pa(t —s)ds
0
< (L+blleallzrqop,r+))e,

which implies that P,z" — P?z as n — o0o. So P, is continuous on [0, b].
Next, we will show that { Pz, z € By, } is equicontinuous on [0, b].
Let f.(s) = f(s, 25+ s, Jo (s, 7, 2- +y-)d7). By the assumptions (Hj) ~
(Hy), we have

1)
W@%+%/7@ﬁ%+%ﬂﬂmm
0

< Kf[”és + Y|l + Kﬂ/b(Hés +yslls + 1) + 1]
< Kp(Kb+1)(Co+1) = Cs.

For ¢t € [0,b] and h > 0 such that ¢ + h € [0, b], we get

£+ h) = F.(t) ]l p(ay

EJQTDE, 2012 No. 56, p. 11



gy [ = s s [ = sl

< ﬁ/ [(t— )% = (t+ b — 8)° || £ ()| payds
+ﬁ / (t+h = 5)° 7| £o(5)l| payds

h*.

Cg C13 203
< o « « « <
— al(«) 1 = (- h)* ]+ aT(a)h ~ al'(«a)

We infer that there exists 0 < 0 < b such that ||[F.(t + h) — F.(t)|pa) < €
and h||@allL1(j,e+n),r+) < € for all z € By, and every 0 < h < 6. Then we have

[(Poz)(t +h) = (Paz)(1)]]

< ||E(t+h) — F.(t)|nwy
t+h ¢
* / S(t+h—s)F.(s)ds - / S/t — 5)F.(s)ds|
0
< et [ n-RElas [ 186 - IR 8 - Bl
< 8+C2h”()0AHL1 ([t,t+h],RT) _'_ngQOAHLl ([0,b],R+)
< (b”SOA”Ll([o,b},Rﬂ + Cy + 1)e.

which implies { P2z, 2z € By, } is right equicontinuous at t € (0,b). Using the
same argument, we can get {Pyz, 2z € By, } is left equicontinuous at ¢ € (0, b]
and the right equicontinuous at zero. Thus {Pyz, z € By, } is equicontinuous
on [0, b].

Let t € (0,b] and 0 < ¢ < min{t,1}. From Bochner integral (see [23,
Lemma 2.1.3]), for « € By,, we have

F(t) = ﬁ /0 (= o) fz(s)ds+ﬁ / (t— )1 f.(5)ds
& Bew (0.5)+ ﬁ(t — Yeol(t—s) 1 f.(s) : 5 € [e.1]),

where co(S) denote the convex hull of a set S.
On the other hand, since S’(.) € C([0, b], E), for the €, there exist numbers
0=350<s5 < ...... < Spy1 = t such that |s; — s;4q| < e foralli=0,1,..n

and [|S(s) = 5" (sj)llcqon.e) < 155,58 € [8), 8j11],5 = 1, ..n.
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Then for ¢ € (0,0], z € By,, we get

/S’t—s / S'(s t—sds+Z/ S'(s:)|Fu(t — s)ds

Noting that

IS @R = )81 < Callpalls oo,

- Sit1 ngE
1> / ') = S ().t~ s)d] <
i=1 si b+17
we obtain that
{(P22)(t),z € By} C C: + K.,
where K. C E' is a compact set and Diam(C.) = OCCFSEO() + Collpallro.e,r+) +

ﬁ—Qf — 0 as ¢ — 0. This proves that the set {(P2)(t), 2z € By, } is relatively

compact on [0, b].

Hence P, is a completely continuous operator.

Using Lemma (2.3), we obtain that P, + P, has a fixed point on By,
which means that the Cauchy problem (1.2) has a mild solution. O

2. Uniqueness of solutions
We now discuss the uniqueness of mild solutions by using the Banach
contraction principle.

Theorem 3.2. Assume the condition (i) in Theorem 3.1 and (Hy) ~ (Hs)
hold. Also Ly(0)My < 1. Then the Cauchy problem (1.2) has a unique mild
solution on (—o0,b] for some 0 < b < a.

PTOOf. Since Lg(O)Ml < 1, ‘Lg‘C([O,c},I%L)MI — Lg<O>M1 and HSOAHLl([O,c],R‘*) —
0 as ¢ — 0, there exists 0 < b < a such that

b*|Lf|cqo,),r+)
al'(a)

[ Lglcop,r+) + (Kb +1D)IMy(1+0lallzrqog,rty) < 1. (3.4)
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For k > 0,2 € Q and ||z||¢(s,r) < k, we define an operator ® : Q2 — Q by

[ G+ F()+ [} S'(t—s)[G(s) + F(s)]ds, teJ,
(‘D‘”)“"{qs(t) : L e (o0,0],

where G(t) and F'(t) are as Definition 2.3. From Theorem 3.1, we see that ¢
is well defined.

Similar as Theorem 3.1, we also define the operator P : {2y — )y by

(P2)(t) = G.(t) + Fo(t) + / St - 8)[Ga(s) + Fa(s))ds, 1€ [0,0],

where g, G.(t) and F,(t) are as Theorem 3.1.
It is clear that the operator ® is a contraction on € is equivalent to P is
a contraction on €. In fact, for 21,29 € Qg and t € [0, b],

[(Pz1)(t) = (Pz)Ol < G (8) = Go(D)lpay + [1F (8) = Fop(8) [l ea)

n / 1S'(t = 5)[Gy (5) — Gy (5)] | ds
+ / 1St = 8)[F, () = Fuy(s)] .

From the assumption (H) and (A1), we obtain

|G (t) = G (V)llpay = gt 2 +ye) — g(t, 22 + ve) [ Da)
|L(9)|cqop),m0) |21t — 22|
|L(9)|C([0,b},R+)M1”21 — 2| q,-

IAIA

By (Hs) and (Hj), we see that

12 (8) = Fo (D)l pay

1 /t S
< (s et / (5,7, 21 + ) )
F(@ 0 0
F(5 B+ g / (5,7, 27 + y,)dT) || pgayds
0
1
<

t

[ t— a—1 L . R L ) )

I'(a) /0( $)* | Lyleqo,s,r0) || 21s — 2258

+/ 1v(s, 7, 217 + y7) — (8,7, Z2r + ) |Ipd7]ds
0
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1 t
< o | (t=s)TML M,z —
= T(a) /0< $)* | Lsloqog,rH [Mill21 — 22(laq

+/ K,YHP:“lS—ZA’QSHBdT]dS
0

b* | Lf|C([o,b],R+)

S O{F( ) [M1||Zl - ZZHQ() + K’YleHZl — ZQHQO]
b Lg|cqon,r+)
OzFé )] M (Kb +1)[|z1 — 220,

Thus we have

[(P21)(t) = (P2) @)

b L¢|cqo.),r+
< Loloqonno M + | Lsloqo ),

(K50 + D]ffz1 = 22l

al'(a)
ba|Lf|C 0,b],R+
HlLleqoann M+ —=Z R B2 M (b + Dlblleall onre 21 = 2lag
ba|Lf‘C([0,b],R+)
< [Lgleqp.r) + aT(a) (K50 + DMy (bllpallzrqon.rr) + D21 — 22lao-

According to (3.4), we see that P is a contraction on §2y. By the Banach
contraction principle, we know the Cauchy problem (1.2) has a unique mild
solution. O

3.3 Continuous dependence of solutions
In the next result we investigate the continuous dependence of the mild
solutions on the initial condition.

Theorem 3.3. For each ¢q,¢po € B, suppose that there exists a constant
K, such that ||$1(0) — ¢2(0)||pay < Ki|l¢r — ¢2|ls and suppose the condi-
tions in Theorem 3.2 are satisfied. Then for the corresponding mild solutions
x1(t), z2(t) of the problem

{ D[a(t) — g(t,@1)] = Ax(t) + f(t, 20, fy (L, s, 25)ds), t€[0,a],
()Z () ) tE(—O0,0],

we have the inequality

M,C5
1—Cg

+ Cy)||p1 — 925 (3.6)

|x1e — ol s < (
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where t € [0,b], Cy = MK, (1 +bll@allLcqon,r+)) + Ma,

Cs = (14 bllpallzrcqop,r) | Leleos,r)(Ca + 1)
+ba\Lf|C([o,b},R+)(|Lv\0([0,b],3+)b +1)
al'(«)

04]7

b |Ltleqop,z+) (| Lyl ogop,r+)b + 1)
al'(a)

Cs = (1+bllpall L cqon,29) | Lgleqos,rH)+ 1A%

From Theorem 3.2, we know that Cg < 1.

Proof. From Theorem 3.2, each of the solutions of the Cauchy problem (3.5)
exists and is unique on (—o0, b for some 0 < b < a.

We rewrite z;(.) as x;(t) = 2(t) + v:(t)(i = 1,2),0 < ¢t < b, where
Zi(t), y;(t) are defined as Theorem 3.1. Furthermore, z; = Z; + yu,0 <t < b
and z;(.) satisfies

2(t) = Ga( /S't—s (s) + F.,(s)]ds,

where G, (t) = g(t, Zit + yir) — 9(0, ¢;),
in (t) = F(la) fO t - S oz 1f<37 Zis T Yis, fo 7 S, T, ZiT + yiT)dT)dS-
Consequently, for ¢ € [0, ]

21 (t) - ZQ(t) = [GZ1 (t) - Gz2 (t)] + [Fz1 (t) - Fz2 (t)]
+ [ 8= 5)(6u(5) - Guolas

0
t
+/ S'(t — s)[F,,(s) — F.,(s)]ds.
0
Using the assumptions, we obtain

|G-, (1) — G, (D) pay

lg(t; 210 + y1e) — (L, 22 + y2u) | peay + [19(0, &1) — 9(0, d2)[[ p(a)
| Lglcqop,re) |21t — 22|l + [[y1e — yael [ + |01 — d2]|5]

| Lgloqop,r+) [Millz1 — 22|, + M S [y1(s) — ya(s)|]

+Mal|p1 — @2l + (|1 — ¢2ll5]
| Lglcqop,re)[Millz1 — 22lla, + Mi([|¢1(0) — $2(0)[[p(a)

+/0 1S (t = 5)(#1(0) — ¢2(0)) || p(ayds) + Moalld1r — alls + [|¢1 — ¢2||5]
| Lgleqop,re)[Millz1 — 2allq, + (Ca+ 1)|[¢1 — é2l|5],

IA A CIA

IA

IA
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and

[F20 (8) = £y (8) | peay

1 /t . . ¢ .
< — @—ﬁarV@wu+m¢/w@m¢h+m»w>
F(a) 0 0
_f(sa 228 + y287/ 7(87 T, 227’ + yZT)dT)HD(A)
0
<t [ = ool + w1~ 20— g
= AN - S c([o,s],RT) ]| ?1s Y1s — Z2s — Y2s||B
F(Oz) ] F1C([0,s],RT)
+ [ Ealoor oo+ 31r — 20 = g ladrlds
0
b L C (L C “o+1 R R
< PlLsleqon.rn(Ealogonr )|’zlt+y1t_z2t_y2tHB
al'(«)
b*|L (| L b +1
< Ylrewonan(nloqonand ¥ 1) . v 4 Clgn — dals).
al'(a)
Therefore
|21() — 22(t) ||

< Gar(t) = oDl pay + 1o () — Fon (0) [ty
-w/gwszx%@wmwwlgwmm@%nﬁmw

< Gsllz1 — 2z2llay + Csl|éd1 — @2l
Thus

|21 — 22]lo, <

< gl —anls

On the other hand, since z;; = Z;; + yur, O <t < b, we have

|71: — ot
< 2w = 2l + [lyae — yoells
< Mi||z1 — 22/l + Callgr — ¢2[l5
M, C
< H<Z51 ¢2ll5 + Calldr — ¢2lls
M C
s<1;+@w1@w
Therefore the inequality (3.6) is held. O

EJQTDE, 2012 No. 56, p. 17



References

1]

[10]

H.R. Henriquez, C. Lizama, Periodic solutions of abstract functional
differential equations with infinite delay, Nonlinear Analysis TMA 75
(2012) 2016-2023.

D. Bahuguna, D.N. Pandey, A. Ujlayan, Non-autonomous nonlinear
integro-differential equations with infinite delay, Nonlinear Analysis
TMA 70 (2009) 2642-2653.

J. Liang, T.J. Xiao, J. Casteren, A note on semilinear abstract functional
differential and integrodifferential equations with infinite delay, Appl.
Math. Lett. 17 (2004) 473-477.

J. Liang, T.J. Xiao, The Cauchy problem for nonlinear abstract func-
tional differential equations with infinite delay, Computers and Mathe-
matics with Applications 40 (2000) 693-703.

S. Baghli, M. Benchohra, Multivalued evolution equations with infinite
delay in Fréchet spaces, Electronic Journal of Qualitative Theory of
Differential Equations, 2008(33) (2008) 1-24.

I. Podlubny, Fractional Differential Equations, Academic Press, New
York, 1999.

K.S. Miller, B. Ross, An Introduction to the Fractional Calculus and
Fractional Differential Equations, John Wiley and Sons Inc. New York,
1993.

R. Hilfer(Ed.), Applications of Fractional Calculus in Physics, World
Scientific Pub Co, Singapore, 2000.

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of
Fractional Differential Equations, North-Holland mathematics studies,
vol.204, Elsevier, 2006.

J. Wang, Y. Zhou, M. Feckan, Alternative results and robustness for
fractional evolution equations with periodic boundary conditions, Elec-
tronic Journal of Qualitative Theory of Differential Equations, 97(2011)
1-15.

EJQTDE, 2012 No. 56, p. 18



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

J. Wang, Y. Zhou, A class of fractional evolution equations and optimal
controls, Nonlinear Analysis RWA 12 (2011) 262-272.

J. Wang, Y. Zhou, Mittag-Leffler-Ulam stabilities of fractional evolution
equations, Appl. Math. Lett. 25(2012) 723-728.

J. Wang, Y. Zhou, W. Wei, Optimal feedback control for semilinear

fractional evolution equations in Banach spaces, Syst. & Control Lett.
61(2012) 472-476.

J. Wang, Y. Zhou, Complete controllability of fractional evolution sys-
tems, Commun. Nonlinear Sci. Numer. Simulat. 17(2012), 4346-4355.

J. Wang, Z. Fan, Y. Zhou, Nonlocal controllability of semilinear dynamic
systems with fractional derivative in Banach spaces, J. Optim. Theory
Appl. 154(2012), 292-302.

Y. Zhou, F. Jiao, Existence of mild solutions for fractional neutral evo-
lution equations, Computers and Mathematics with Applications 59
(2010) 1063-1077.

Y. Zhou, F. Jiao, Nonlocal Cauchy problem for fractional evolution equa-
tions, Nonlinear Analysis RWA 11 (2010) 4465-4475.

E. Hernandez, D. O’Regan, K. Balachandran, On recent developments in
the theory of abstract differential equations with fractional derivatives,
Nonlinear Analysis TMA 73 (2010) 3462-3471.

J. Wang, W. Wei, Y. Zhou, Fractional finite time delay evolution sys-
tems and optimal controls in infinite-dimensional spaces, J. Dyn. Control
Syst. 17(2011), 515-535.

J. Wang, Y. Zhou, M. Medved, On the solvability and optimal controls
of fractional integrodifferential evolution systems with infinite delay, J.
Optim. Theory Appl. 152(2012), 31-50.

J. Priiss, Evolutionary Integral Equations and Applications, Birkhauser
verlag, Berlin, 1993, 30-65.

J.K. Hale, J. Kato, Phase space for retarded equations with infinite
delay, Funkcialaj Ekvacioj 21 (1978) 11-41.

EJQTDE, 2012 No. 56, p. 19



[23] R.H. Martin, Nonlinear Operators and Differential Equations in Banach
Space, Robert E. Krieger Publ. Co., Florida, 1987.

(Received March 28, 2012)

EJQTDE, 2012 No. 56, p. 20



