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Periodic solutions for a neutral delay predator-prey

model with nonmonotonic functional response®
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Abstract: By using a continuation theorem based on coincidence degree theory, some new
sufficient conditions are obtained for the existence of positive periodic solutions of the following

neutral delay predator-prey model with nonmonotonic functional response:
2'(t) = z(t)[r(t) — at)z(t — o(t)) — b(t)z'(t — o(t))] — g(x(t))y(?),

y'(t) = y(O)[=d(t) + p(t)g(z(t — 7(t))].
Moreover, an example is employed to illustrate the main results.
Keywords: Predator-prey model; neutral delay; nonmonotonic functional response; positive
periodic solution; coincidence degree.
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1 Introduction

In a classic study of population dynamics, the predator-prey models have been studied ex-
tensively. We refer the reader to [1—5] and the references cited therein. Up to the present,
most authors just studied systems with monotonic functional response, such as [6,7]. However,

the actual living environments of species are not always like this due to the ecological effects of
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human activities and industry, e.g., the location of manufacturing industries and pollution of
the atmosphere, rivers, and soil etc. In view of such kinds of situations, Fan and Quan [8] in-
vestigated the existence and uniqueness of limit cycle of such a type of predator-prey system, in

which the predator would decrease its grasping ability while the prey has group defence ability,

namely,
& =®(z) —y¥(z),
Y =y[p¥(z) - D).
where
®(0) =0, lim ®(z)<0, U(z),®(zx)ec C0,+00), W(0)=0,
and

Jk > 0,such that (z —k)¥'(z) <0 and lim ¥(x) =0,

Tr—0Q0
u, D are positive constants. For a special case of this system, in view of time delay effect, Ruan
[9] and Xiao [10] considered the bifurcation and stability of the following predator-prey model

with nonmonotonic functional response

2 (t) = z(t)[a — bx(t)] — cz(t)y(t)

m2+z2(t)’

(1.1)
Y () = y(t)[—d + ).

where z(t) and y(t) represent predator and prey densities respectively, a,b, m,u and d are all
positive constants, and 7 is a nonnegative constant. Furthermore, Fan and Wang [11] established
verifiable criteria for the global existence of positive periodic solutions of a more general delayed
predator-prey model with nonmonotonic functional response with periodic coefficients of the
form

a'(t) = x(t)[a(t) = b(t)z(t)] — g(x(t))y(t),

y'(t) = y()[=d(t) + p(t)g(x(t — 7))].

In particular, Kuang [12] studied the local stability and oscillation of the following neutral delay

(1.2)

Gause-type predator-prey system:

2/ (t) = ra(t)[1 — D]y (p(a(t)),
(1.3)

y'(t) = y(t)[—a+ Bp(z(t — 0))].
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Since the coefficients and delays in differential equations of population and ecology problems
are usually time-varying in the real world, the model (1.3) can be naturally extended to the

following neutral delay predator-prey model with nonmonotonic functional response:
#'(t) = z(@)[r(t) — a(t)x(t — o(t)) = b(t)a'(t — o(t))] — g(x(t)y(?),

y'(t) = y()[=d(t) + p(t)g(z(t — 7(t))].

where z(t) and y(t) represent predator and prey densities respectively, 7(¢),a(t), b(t),d(t), and

(1.4)

w(t) are all positive periodic continuous functions with period w > 0, o(t),7(t) are w-periodic
continuous functions, the function g satisfying the following conditions:

(i) g€ C0,+00), g(0) =05

(ii) There exists a constant &k > 0 such that (z —k)¢'(z) <0 for x #k;

(i) lim g(z) =0,

where C™ is the nth order continuous function space, n =1, 2.

As pointed out by Kuang [13], it would be of interest to study the existence of periodic
solutions for periodic systems with time delay. The periodic solutions play the same role as
is played by the equilibria in autonomous systems. In addition, in view of the fact that many
predator-prey systems display sustained fluctuations, it is thus desirable to construct predator-
prey models capable of producing periodic solutions. To our knowledge, no such work has been
done on the global existence of positive periodic solutions of (1.4). Motivated by this, our aim
in this paper is, using the coincidence degree theory developed by Gaines and Mawhin [14], to
derive a set of easily verifiable sufficient conditions for the existence of positive periodic solutions

of system (1.4). For convenience, we will use the following notations

. . - 1
o= max {FO). 1= max{fO). 1~ = min {100} T== [ fyae

te[0,w]
In this paper, we always make the following assumptions for system (1.4).

(Hy) be CYR,(0,+x)),0 € C*(R,R),1 —0o'(t) > 0 and c(t) > 0, where

o(t) = a(t) — B'(t), B(t)= 1_6(70% teR.

(Hy) 1—7'(t) >0, LA~ > C™d, rrhz)ix]{b*,B*}eﬁl < 1, where
te|Ow

o) = —e®) A(t):%, L= min W), h(0) = g%t)))’
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t = p(p) is the inverse function of p =t — o(t), t = ¥ (q) is the inverse function of ¢ =t — 7(t),

and
27

2r d 9w + | B'|gel
61:1n0_+3+f+2m, By = In( _ 2Tw + | B w
C

A+M) 1 — Bteb

(H3) g(k)m > d.

(Ha) For g(u1) = g(uz) = £, we have

Tl

ISR

0<u < =< uo.

2 The existence of a positive periodic solution

In this section, we shall study the existence of at least one positive periodic solution of system
(1.4). The method to be used in this paper involves the applications of the continuation theorem
of the coincidence degree. For the readers’ convenience, we introduce some concepts and results
concerning the coincidence degree as follows.

Let X, Z be real Banach spaces, L : DomL C X — Z be a linear mapping, and N : X —
Z be a continuous mapping. The mapping L is called a Fredholm mapping of index zero if
dimKerL = CodimImL < +o00 and I'mL is closed in Z.

If L is a Fredholm mapping of index zero and there exist continuous projectors P : X — X,
and @ : Z — Z such that ImP = KerL,KerQ = ImL = Im(I — Q). It follows that L |
DomL N KerP : (I — P)X — ImL is invertible. We denote the inverse of that map by Kp.

If  be an open bounded subset of X, the mapping N will be called L-compact on € if
QN(Q) is bounded and Kp(I — Q)N : Q — X is compact.

Since Im(@ is isomorphic to KerL, there exists an isomorphism J : Im@Q — KerlL.

Lemma 2.1 (Mawhin’s continuous theorem [14]). Let Q C X be an open bounded set. Let L be
a Fredholm mapping of index zero and N be L-compact on . Suppose further

(i) for each X\ € (0,1),z € 902N DomL, Lx # ANx;

(i) for each x € 00N KerL,QNz # 0;

(i1i) deg{ JQN,Q N KerL,0} # 0.

Then the operator equation Lx = Nx has at least one solution in QN DomL.
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Lemma 2.2 (See [11]). Suppose (H3) holds, the algebraic equations
7u — au® — h(u)v = 0,
—d +7g(u) =0
has a unique positive solution if and only if, there exist two positive constants uq and us such

that

U < < Uug,

fl =l

and

SIEY

0 <u <wug, and g(ui) = gug) =

Theorem 2.1. Assume that (Hy) — (Hy4) hold. Then system (1.4) has at least one w-periodic

solution with strictly positive components.

Proof. Consider the following system:

uy(t) =r(t) — a(t)er(t=o(t) _ b(zﬁ)eul(t—a(t))u’1 (t—o(t)) — h(emr®))eu2®) o
2.1

uh(t) = —d(t) + p(t)g(er=TW).
where all functions are defined as ones in system (1.4). It is easy to see that if system (2.1)
has one w-periodic solution (uf(t),u3(t))”, then (z*(t),y* ()" = (ei®, )T is a positive
w-periodic solution of system (1.4). Therefore, to complete the proof it suffices to show that
system (2.1) has one w-periodic solution.

Take

X=Z={u=(u(t),ust)? € CYR,R?) : u;(t + w) = w;(t),t € R,i = 1,2},

and define
uloo = max {fur ()] + [ua ()]}, ull = [uloo + [t]oc-
te[0,w]
Then X and Z are Banach spaces when they are endowed with the norms || - || and |- |,

respectively. Let L: X — Z and N : X — Z be
L(ur (t),uz(t)" = (uy (t), uy(t)"

and
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[ul(t)] - [m) — a(t)em =) _ p(p)em o)y (1 — o (1)) — h(e" D))
us(t) —d(t) + p(t)g(er=TO))

With these notations system (2.1) can be written in the form

Lu= Nu, uelX.

Obviously, KerL = R*, ImL = {(uy,u2)" € Z : [ us(t)dt = 0,i = 1,2} is closed in Z, and
dimKerL = codimImL = 2. Therefore L is a Fredholm mapping of index zero. Now define two

projectors P: X — X and Q: Z — Z as
Ul (t) B uq Up (t)
uz(t) U us(t)

0 |:u1(t)] _ |:u1] |:u1(t)] <z
us(t) a | | ust)

Then P and @) are continuous projectors such that

P

and

ImP = KerL,Ker@Q =ImL =Im(I — Q).

Furthermore, the generalized inverse (to L) Kp : ImL — DomL N KerP exists and has the

K, (u) = /O tu(s)ds—i /0 ) /0 " u(s)dsdt.

Then QN : X — Z and Kp(I — Q)N : X — X can be read as

form

L5 8 — (alt) — B (1))t =)y _ b om0 uz(®)
[ =ttty = e o) e e a

(@Nyu=| =70,
5[] - a0+ nogteneron]ar
0
and
/t |:7-(5) _ C(S)eul(s—o(s)) _ h(eul(s))eug(s):| ds — b(t)eul(t—a(t)) + b(o)eul(—a(O))
Kp(I-Q)Nu= |"°,
/ [ —d(s)+ ms)g(e“ﬂs—“s”)] ds
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) /0 i [T(s) — (s)er (5o _ h(eul@)ew(s)} s
_(i -2) /O ’ [— d(s) + M(s)g(euus—r(s)))] ds

Obviously, QN and Kp(I — Q)N are continuous by the Lebesgue theorem, and it is not difficult

to show that Kp(I — Q)N () is compact for any open bounded © C X by using Arzela-Ascoli

(€
theorem. Moreover, QN () is clearly bounded. Thus, N is L—compact on 2 for any open
bounded set 2 C X.
Now we reach the position to search for an appropriate open bounded subset € for the
application of Lemma 2.1. Corresponding to operator equation Lu = ANwu, A € (0,1), we have
wy(t) = A[r(t) — a(t)erE=o®) — p(t)er =)y (t — o(t)) — h(er1®))eu2®)]]
(2.2)
ub(t) = A[=d(t) + p(t)g (e =N,

Suppose that (ui(t),u2(t))’ € X is a solution of (2.2) for a certain A € (0,1). Integrating (2.2)

over the interval [0,w] leads to
/ [r(t) — a(t)e =o®) —p(t)er=oy) (1 — o(t)) — h(eD)e2W]at =0 (2.3)
0

and
/ “led(r) + ult)g(en Ot = 0, (2.4)
0

Note that

/ b =IO (¢~ o (1))t = / Lt?(e“l(t"’(t)))’dt: / B(t) (e (=0 gy
0 o 1—0d'(t)

:B(t) uy (t—o(t)) / B u1 (t—o(t)) dt = / B u1 (t— U(t))d ,
which, together with (2.3), implies
/ [e(t)e™t=00) 4 p(er®)er2®)dt = 7. (2.5)
0
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From (2.4), we have

/0 p(t)g(er TN dt = dw. (2.6)

In view of (2.2),(2.5) and (H;), one can find

/ ‘ —[un () + AB(t)e (dt / r(t) — e(t) =) — p(e)cre00)
0

< / r(t)dt + / [e(t)e 1 (=7 4 (e O)er=Wlar - (2.7)
0 0

=2rw.

Let ¢t = ¢(p) be the inverse function of p = ¢ — o(t). It is easy to see that ¢((p)) and o’ (p(p))

are all w-periodic functions. Furthermore, it follows from (2.5) and (H;) that

w w—o(w) 1
Tw 2/ c(t)etr t=o®) gy — / c(e(p a1 B —
0 ) —o(0) (ele)) 1—0o'(e(p))

= MMBM(?) — ¢ C(gp(t)) eul(t)
e R e

which yields

/0 [%em(ﬂ + c(t)eul(tfo(t))]dt < 9w,

According to the mean value theorem of differential calculus, we see that there exists £ € |

such that
_APO) ui©) | o) Eo©) < o,

and

which, together with (2.7), imply that, for any ¢ € [0,w],
ur (t) _{_)\B(t)eul(tfo(t)) <up(€) + )\B(ér)em(ﬁ*O(ﬁ) / ‘dt ) + AB(t)e u1(tfa(t))] dt
<lnC——|—B‘L —|—2rw—ﬂl

As AB(t)e"1(t=2(®) > 0, one can find that

0,w]

ul(t) <p, te [O,w]. (2.8)
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Since (u1(t),us2(t))” € X, there exist &,n; € [0,w] (i = 1,2) such that

ui(&) = min {ui(t)},  wi(n) = max {u;(t)}, i=1,2. (2.9)

te[0,w] te[0,w]

According to (2.2), (2.5) and (2.8), for any t € [0,w], we obtain
1 =x [ i) = a@en O < pgen O (e o(n) — e e
</ ()dt—i—/ e(t)e w1 (t—o(t)) + h(e u1(t)) ua( t) dt+/ ‘B uy t)) uq (t— O(t)‘dt
+ [ e O e oo

<27w + | B'|peP w + /O [b(t)e E= )yt (1 — o (t))|d.

In addition,

w w—o(w) 1
[b(t)e" 7O (t — o (t))|dt =/ |b((p))e" P} (p)|————dp
/0 ! —o(0) B — o/ (p(p))
wmel@)  b(p(p))
= ) eun(p)y p)|dp
/_U(O) o W)
w—o(w) )1
= [ BN P )y
—0o(0)
w—o(w)
st [T )l
—a(0)
=Bt / |uy (t)|dt
0
which implies that
/ (1) dt < 27w + |B'|pePw + BteH / ol (1) . (2.10)
0 0
From (Hs), we obtain
w o, 27w + | B'|peP w
/0 |y (t)]dt < T B (2.11)
Since
. Y g(ﬂf) o : _
ili)l’%) h(z) = il_)r% =9 (0) and ZEIJ?OO h(z) =0,
there exists a constant M > 0 such that
h(z) <M, for z € 0,+00). (2.12)
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Let t = 1(q) be the inverse function of ¢ = ¢t — 7(t). It is easy to see that u(1(q)) and 7/(1(q))

are all w-periodic functions. By virtue of (2.6), (2.9), (2.12) and (Hz2), we have

T — / () g(e =T gt — / ) 0ygr < A ppgen ),
0 0

L=7'(¥(1))
and so
) 2 In(p)
ur(m) = (5577)-
Then
v d 27w + |B'|pePrw
/ —
) > wn) - [ @l (G - THEEEE s ey
It follows from (2.8) and (2.13) that
Jnax, lu1 ()] < max{[B1],|B2|} =: Dy. (2.14)
From (2.5) and (H3), one can find that
F
uz(€2) < In(7). (2.15)

In view of (2.6)

dw :/ u(t)g(er TN gt > L/ u(t)e“l(tT(t))dt:L/ Me“l(wdt > LA/ et
0 0 o L—7(¥(t)) 0

This implies that

Notice that

we can get from (2.5) and (Ha) that

Tw—C Jy e Wdt | TLA"w — CFdw

uz(m2) , > N u2(t) gt > 2.1
erTes /0 ¢ = M = LMA- (2.16)
i.e.
FLA~ —Ctd
> _ ). .
ug(n2) > 111( TMA— ) (2.17)
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In addition, it follows from (2.2), (2.6) that, for any ¢ € [0,w],

/O i uby ()] dt = A /O - ( —d(t)+ ,u(t)g(e“l(t_T(t)))‘dt < /0 i d(t)dt + /0 i w(t)g(eE"ONdt = 2dw,

which, together with (2.15) and (2.17), implies that for ¢ € [0, w],

us(t) < un(€a) + /0 “updldt < (D) + 2 =

and
@ FLA~ — C*d —
ua(t) > ua(n —/ ub(t)]dt > In (—————) — 2dw =: B4.
2(t) > uz(n2) 0!2()! ( TR ) 4
Hence
ox lua(t)| < max{|Fs],[Ba]} =: Do. (2.18)

From (2.2), (2.8), (2.12) and (2.18), one can find that for any ¢ € [0, w],
(0 =]A[r(0) = a7 b O (1 - o (1)) — he )]
<rt +ate® + b+eﬂl|u'1|0 + MeP?
and
[uh(®)] = [A[ = d@) + u(t)gle )| < dF + pt e
These, together with (Hs), yield

+ + .01 Do
; rt+ate’ + Me”?
‘u1’0 S 1 _ b+€61 - D37 (219)

and

lublo < dt + ptMePr =: Dy. (2.20)

From (2.14), (2.18)-(2.20), we have
lull = lulso + [u'|cc < D1+ D2+ D3+ Dy.

Furthermore, it follows from (H4) and Lemma 2.2 that the algebraic equations
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has a unique solution (u*,v*)? € Ri with u*,v* > 0. Denote D = Dy + Dy + D3 + D4 + Dy,

where D > 0 is taken sufficiently large such that
[(In{u"}, In{v")[| = max{|In{u"}[,|In{v*)[} < Do.

We now take

Q={z(t) e X :||z|]| < D}.

This satisfies condition(i) in Lemma 2.1. When (uy(t), u2(t))T € 0QNKerL = 0QNR2, (uy(t), us (t))T
is a constant vector in R? with |u;| + |ug| = D. Thus, we have
uy T —ae"t — h(e")e"? 0
ov| =" 4
us —d +pg(e) 0
This proves that condition (ii) in Lemma 2.1 is satisfied.
Taking J = I : ImQ — KerL, (uy,u2)” — (u1,u2)”, in view of the assumptions in Theorem

2.1, a direct computation gives
deg{JQN,Q N KerL,0} # 0.

By now we have proved that €2 satisfies all the requirements in Lemma 2.1. Hence, (2.1) has
at least one w-periodic solution. Accordingly, system (1.4) has at least one w-periodic solution

with strictly positive components. The proof of Theorem 2.1 is complete. [

Remark 2.1. [t is easy to see that (Hs) is also the necessary condition for the existence of

positive w-periodic solutions of system (1.4).

Remark 2.2. The time delays o(t) and 7(t) have influence on the existence of positive periodic

solutions to system (1.4).

Remark 2.3. If o(t) = 0,7(t) = T are positive constant, the result is still holds. But the priori

c(p(t)) _ _p@@®)
ooy M) =

1=4/(p(1))
should be replaced by B(t) = b(t +0),C(t) = c(t + o), A(t) = p(t + 7).

bounds of all positive periodic solutions are different, The C(t) =
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3 An Example

In this section, we give an example to illustrate the results obtained in previous sections.

Example 3.1. Consider the following system:

2'(t) = z(t)[(3 + 2sin(207t)) — (5 — § cos(20mt))z(t — 53— sin(207t))

— s (t — 5= sin(20mt))] — gﬁ;@;g, (3.1)

x(t— <1 sin(20mt
(t) = (0] = 5851 — § cos(20mt) + L]

A straightforward calculation shows that

1 1 lb-i- 3

r=S A=y 2000 MUY T 200’ YT 10
and
Bit) = ——, C(t) =2, A()=1, c(t) = alt) = (20rt)
) 1007 5 =1, c¢(t)=a cos(207t),
Further,
B =In12+0.84, By =-21276, L= min h(e*) = 0.0013,
te(B2,61]
Hence,
1 1
Ep=—=>—.
9(kE= 5 > 555

In addition,

3
bt BTl = = %12 x 2% = 04170 < 1
Jnax {67, BT = o555 ¢

and

1
x — = 0.0025.

FLA™ =3 x 0.0013 x 1 =0.0039 > CTd = 500

DO | —

Consequently, all the conditions in Theorem 2.1 hold. Therefore, system 3.1 has at least one
1—10—periodic solution with strictly positive components.

Remark 3.1. To the best of our knowledge, few authors have considered the problems of
periodic solutions of neutral delay predator-prey model with nonmonotonic functional response.
One can easily see that all the results in [15-17] and the references therein cannot be applicable
to Eq. (3.1) to obtain the existence of %—periodic solutions. This implies that the results of this

paper are new.
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