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Abstract

We correct a recent result concerning the fractional derivative at extreme points. We
then establish new results for the Caputo and Riemann-Liouville fractional derivatives
at extreme points.
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1 Introduction

In recent years several authors have discussed the existence and uniqueness results for wide
classes of fractional differential equations [1, 2, 3, 4, 6, 7, 9]. The techniques implemented
are mainly fixed point theorems, maximum principle and the method of lower and upper
solutions. In this paper we correct a result obtained in [9] and obtain new results concerning
the fractional derivatives at extreme points. These results will be of interest for many
researchers, especially for those who are working in extending the method of lower and
upper solutions to fractional boundary value problems [1, 7]. In the following we present
some definitions and main results concerning the Caputo and Riemann-Liouville fractional
derivatives.

Definition 1.1. Let f € C[0,1], § > 0, and T is the Euler gamma function. The left
Riemann-Liouville fractional integral is defined by

_ s Jot =57 f(s)ds,  §>0,
ﬁﬂﬂ—{f@’ T (1)

Definition 1.2. Let f € C™|[0, 1], the left Caputo fractional derivative is defined by

s d” L (gl (g)ds, m—1<d<neZt,
Def(t) =1 3;ﬂﬂ={}%&k( e S—mezt

Definition 1.3. Let f € C"|0, 1], the left Riemann-Liouville fractional derivative is defined
by

" o [t =)0 f(s)ds, n—1<d<neZt
DO F(H) = — T 0 f(1) = r(n5dtno s, ,
Rf() n f() { f(n)(t), 5IHEZ+.
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It is well-known that if f(0) = f'(0) = --- = fO®=9(0) = 0, then DLf(t) = DSf(t).
In general the relation between the Caputo and Riemann-Liouville fractional derivatives is
given by [5, §]

DEF(0) = D} (10~ X 17010 (12)
k=0
where
DotF = %t’”. (1.3)

2 Main Results

We first show that the following result claimed in [9] is not correct. The following is claimed
as Theorem 2.2 of [9].

o Let a function f € C?(0,1) N C[0,1], attain its minimum over the interval [0,1] at the
point ty € (0,1]. Then DS f(to) >0, forall 1 <6 <2.

As a counter example we consider f(t) = t(t—3)(t—1), 0 <t < 1. Direct calculations imply

that f(¢) has absolute minimum value at ¢, = % < 1. For 1 <4 <2, we have

I'(4)
¢ r

r
ﬂt?’_é, Dg«tQ = FitQ_é and Dgt =0.

(3—19)
Thus,

D1-1f<t ) B (3 4 \/3)1.9 B 30.1(3 4 \/3)0.9

¢ TN 6090(2.9) 2090(1.9)
which contradicts the result in Theorem 2.2 of [9]. We correct the above result by imposing
more conditions on f. We have

= —0.4277--- < 0,

Theorem 2.1. Let f € C?[0,1] attain its minimum at ty € (0, 1), then

5 ty’
Def(to) = T2 —0)

Proof. We define the auxiliary function h(t) = f(t) — f(to),t € [0,1]. Then h(t) satisfies the
following in [0, 1]

h(t) >0, h(ty) = I'(tg) =0, h"(ty) > 0 and DLA(t) = DS f(1).

(6 —1)(F(0) = fto)) —tof(0)|, foralll <5 <2.  (2.1)

Integration by parts of

D h(to) = ﬁ /O O(to — 8)170h(s)ds,

yields
['(2 — 6)DLh(ty) = (tg — s)' °R/(s)|l — (6 — 1)/0 (to — s)"°R/(s)ds. (2.2)

Since h'(ty) = 0 and h”(to) is bounded, there exists p(t) € C[0, 1] such that
R (t) = (to — t)p1(t). We have for 1 < 6 < 2

: W) (o —tm(t) 25 _
Jim TEDE Jim U= Lim (o — )™ pua(t) = 0.
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Hence

(2 — §)Dh(ty) = —t2=31'(0) — (5 — 1) / ’ (to — 8)°H!(s)ds. (2.3)

Since h(tg) = h'(ty) = 0 and h”(ty) is bounded, there exists us(t) € C[0,1] such that
h(t) = (to — t)*us(t). Thus

to to
/ (to — )~ 1h(s)ds — / (fo — )~ in(s)ds,
0 0
is bounded and

R (=D)L 2 o _
I o= Ty Ao =0T () = 0.

Integrating Eq. (2.3) by parts and using the above result together with A(t) >0 on [0, 1]
yields

T(2 - 8)Dih(ty) = —t10(0) — (5 — 1) {(to — ) Oh(s)[ — 6 / ’ (to — s)_‘s_lh(s)ds] ,
= S OR(0) — (6 — 1) { —t%h(0) — & / ’ (to — s)_‘s_lh(s)ds]

= —ty7OW(0) + (6 — Dty°h(0) + 5(5 — 1) /t (to — 5) " h(s)ds
0
> —th(0) + (8 — Dty h(0) = =t~ f'(0) + (6 — D)5 ° (£(0) — f(to))
and the result is obtained. O

Corollary 2.1. Let f € C?|0,1] attain its minimum at to € (0,1), and f'(0) < 0. Then
DL f(te) >0, foralll<§ < 2.

Proof. By Theorem 2.1 there holds DZ f(ty) > ﬁ [(5 — Dt (£(0) — f(to)) —ta ° f1(0)|.
Since f(to) < f(0), to > 0 and f'(0) < 0, we obtain D2 f(to) > 0. O

The following result is obtained as Theorem 1 of [7].
o Let a function f € W(0,T)) N C([0,T]) attain its maximum over the interval [0,T] at
the point T = to,to € (0,T). Then

DLf(to) 20, 0<d<1,

where W((0,T)) denotes the space of functions f € C'((0,T]) such that f" € L((0,T)) and
L((0,T)) being the set of functions Lebesgue integrable on (0,T).
By substituting ¢ = — f, we have the following result.
e Let a function g € WH((0,T))NC([0,T]) attain its minimum over the interval [0, T at the
point T = tg,ty € (0,T]. Then D2g(ty) <0, 0<4§ < 1.

The following result is a simple generalization to the above one for ¢ € (0,1).

Theorem 2.2. Let f € C'[0,1] attain its minimum at ty € (0,1), then

-6

D (to) < F(fO_ Ut~ FOI <0 forail 0 <5 <1, (2.4)
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Proof. We define the auxiliary function h(t) = f(t) — f(to),t € [0,1]. Then h(t) > 0, on
0,1], h(ty) = W (ty) = 0 and h(t) = (to — t)us(t) for some psz(t) € C[0,1]. Integration by
parts of

D2h(ty) = ﬁ /0 0(to — 5)7Oh/(s)ds,

yields
I(1 —0)D%h(ty) = (to — 8)°h(s)| — 0 /0 (to — 5) 2 h(s)ds. (2.5)

For 0 < § < 1, we have o ¢ 0= Yh(s)ds = [°(to — ) °us(s)ds is bounded and
0 o

h(t) . 1-6 _
fim e~ mlto = ) s(t) = 0.

Thus
L(1 = 6)Dgh(to) = —t5°h(0) — 5/0t0(to —5) 7 h(s)ds < —t5°h(0) = —t5°(£(0) — f(to)),

and the result is obtained.
In the following we present analogous results concerning the Riemann-Liouville fractional
derivative.

Theorem 2.3. Let f € C?[0,1] attain its minimum at ty € (0,1), then
-5

D% f(to) > mto_ 50~ Dfta) for all 1< 5 <2 (2.6)

Moreover, if f(t) >0 in [0,1], then D% f(to) > 0.
Proof. From Eq.’s (1.2)-(1.3) we have for 1 <0 <2

t75
T(2—0)

Dif(t) = [(1 _8)(0) + tf'(O)] LS.

Applying the result in Eq. (2.1) yields

-5 —0
Dhf(t) = gy [(1= 070+ 70)| + i [0~ DO = )~ 10 0)
=0

If f(t) > 0 then f(ty) > 0 and finally D% f(to) > O
U

Theorem 2.4. Let f € C'[0,1] attain its minimum at ty € (0,1), then

-5

DS f(ty) < F(lo— 5)f(t0), forall 0 <6 <1. (2.7)

Moreover, if f(ty) <0, then D% f(ty) < 0.
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Proof. From Eq.’s (1.2)-(1.3) we have for 0 < § <1

t—(5

mf(o) + DS ().

Dyrf(t) =

Using the result in Eq. (2.4) we obtain

and D% f(ty) < 0 provided f(to) < 0. O

Remark 2.1. Analogous results for the fractional derivatives at absolute mazximum points
are obtained by applying the above results on — f(t).
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