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ABSTRACT. Some oscillation criteria are established for the second order nonlinear
neutral differential equations of the form

((2(t) + ax(t —71) = ba(t + 12))*)" = q(t)2” (t — 1) + p(t)2” (t + 02),
and
(@(t) — az(t — 1) + ba(t +12)*)" = q()2” (t — 1) + p(t) 2’ (t + 02)

where o and 3 are the ratios of odd positive integers with G > 1. Examples are
provided to illustrate the main results.

1. INTRODUCTION

In this paper we study the oscillatory behavior of all solutions of neutral differen-
tial equations of the form

2

((w(t) + ax(t =) = ba(t + 1)) = q(O)2"(t — o0) + p(t)2”(t + 02),  (1.1)

and
((x(t) — azx(t — 1) + bzt + 1)) = q()2” (t — 01) + p(t)2"(t +05)  (1.2)

where t > ty > 0, a and b are nonnegative constants, 71, 72, 01 and oy are positive
constants, q(t), p(t) € C ([ty, ), [to,o0)) , a, and (3 are the ratios of odd positive
integers with 6 > 1.
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Let 6 = max{7,0;}. By a solution of equation (I]) or (CZ), we mean a real
valued function z(t) defined for all ¢ > ty — 6, and satisfying the equation ([IL1I) or
([C32) for all ¢ > ty. A nontrivial solution of equation (1) or (CZ) is said to be
oscillatory, if it has arbitrarily large zeros; otherwise it is called nonoscillatory.

The problem of determining oscillation and nonoscillation of second order delay
and neutral type differential equations has received great attention in recent years,
see for example [1-21], and the references cited therein.If a = 0 or b = 0 and either
q(t) = 0 or p(t) = 0, then the oscillatory behavior of solutions of equations ([LIl) and
([C2) are studied in [1, 4, 16, 810, [14-18, 20]. In particular if « = =1 and a = 3,
then the oscillatory behavior of solutions of equations ((ILl) and ((LZ) are discussed in
12,13, 15, [, 1113, [19, 21]. Motivated by this observation, in this paper we establish
some new sufficient conditions for the oscillation of all solutions of equations ([LTI)
and (C2) when § > 1.

In Section 2, we present some sufficient conditions for the oscillation of all solutions
of equations (1) and (CZF). Examples are provided in Section 3 to illustrate the

main results.

2. OSCILLATION RESULTS

In this section we shall obtain some sufficient conditions for the oscillation of all
solutions of the equations ([LTl) and ((CZ). Before proving the main results we state

the following lemma which will be useful in proving the main results.

Lemma 2.1. Let A>0, B>0, and v > 1. Then

1

v Y
AT+ B 2 o

(A+ B). (2.1)
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If A > B, then

A"~ B> (A- B). (2.2)

Proof. The proof may be found in [19]. [

First we study the oscillation of all solutions of equation ().

5
) > 0, and q(t) and p(t) be

Theorem 2.2. Let o; > 7; fori =1,2,(1+ a” — 51

positive and nonincreasing for all t > ty. Assume that the differential inequalities

t

y"(t) — p(t) 7 Yt + oy — ) >0, (2.3)

B—1 B _ B/«

26-1(1+a 25_1) /

" Q(t) B/a

Y <t> - 2[371(1 T aﬁ)ﬁ/ay (t — 01+ Tl) > 0, (2'4)
and

y'(t) + gty (t — o1 — 1) + cp(t)y?*(t+ 05 — 72) <O (2.5)

11 281\
where ¢; = min 3 21 <b—5> Jhave no eventually positive increasing solu-
tion, no eventually positive decreasing solution,and no eventually positive solution,

respectively. Then every solution of equation (L) is oscillatory.

Proof. Assume that x(t) is a nonoscillatory solution of equation ([I1]). Without loss
of generality we may assume that there exists t; > to such that z(t — 0) > 0 for all
t > 1. Set

2(t) = (z(t) + ax(t — 7)) — bx(t + 1)), t > t;.
Then 2"(t) = q(t)z°(t — 1) + p(t)z°(t + a3) > 0 for all ¢ > t;. Therefore, both
z(t) and 2/(t) are of one sign for all ¢ > ¢;. We shall prove that z(¢) > 0 eventually.

Indeed, if z(t) < 0, then

0 <u(t)=—2(t) = (ba(t+m) —ax(t — 1) — x(t)* < b2t + 7).
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That is

1
27 (t) > b—ﬁuﬁ/o‘(t — 1) >ttt — 1), t >t

Using the above inequality in equation ([1I), we have

0 = u'(t) +q(t)2”(t — o1) + p(t)a"(t + o2)

t t
u”(t) + %uﬁ/a(t — 01— T2) + %uﬁ/a(t + 09 — 72),

or
u"(t) + clq(t)uﬁ/a(t — 01 — T2) + Cﬂ?(t)uﬁ/a(t + 09 — 7'2) < 0.

Hence u(t) is a positive solution of the inequality (), a contradiction. Therefore

z(t) > 0 eventually. Now we define a function y(t) as
8 v’
y(t) =z(t) + a’z(t — ) — F'Z@ + 1), t > t. (2.6)
Then
bs
y'(t) = 2'(t)+d (t—7) — Fz"(t + 7o)
= q(t)2°(t — o) +p(t)2’(t + 02) + a” (Q(t — )2’ (t — o1 — 1)
B
+p(t — )2’ (t+ 03 — 1)) — 251 (q(t + )2’ (t — 01 + 72)
+p(t + )2 (t + o2 + 1)), t > . (2.7)

Using the monotonicity of ¢(t) and p(t) and the inequality [Z1I) in 1), we get

y'(t) > géf)l (le(t = o)+ aa(t = o1 = 7)) = V2P (t = 71 + 7))

p(t)

26-1

+ <[:17(t +03) + ax(t + 0y — 1)]" =022t + 0y + 7'2)> > 1.

Now using z(t) > 0 for ¢t > t;, and the inequality (22) in the above inequality, we

obtain

t t
Yy (t) > %zﬂ/“(t —oy) + %zﬁ/“(t +09) > 0,t >t (2.8)
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which implies that both y(t) and y/(t) are of one sign, eventually. We shall prove

that y(¢) > 0 eventually. If not, then

v’ v’

0 <w(t) =—y(t) :—z(t)—aﬁz(t—ﬁ)—i-zﬁ c2(t+ 1) < 251 z(t + 712).

261
bs

t) [28-1\7/ t) (28-1\ "
0> U”(t) + Qqﬁ(—)l ( BB ) Uﬁ/a@ — 01— T2) 5/5—)1 ( BB ) Uﬁ/a(t + 09 — T2),

Hence z(t) >

v(t — 72). Using the last inequality in (2§)), we obtain

or
V" (t) + g0t — o1 — 1) + ap(t) vt + 00 — 1) <0, > 1.

Therefore v(t) is a positive solution of (3), contradiction. Thus y(¢) > 0, eventu-
ally. Next we consider the following two cases:

Case:1. Let 2/(t) < 0 for all ¢t > t5 > ¢;. We claim that ¢/(t) < 0 for all £ > to. If
not, then y(¢) > 0, y'(¢) > 0 and y”(¢) > 0 imply that tlg& y(t) = oo. On the other
hand, z(t) > 0 and 2/(t) < 0 imply that tlirono 2(t) = ¢ < co. Applying limit on both
the sides of equation (8) we obtain a contradiction. Thus y'(t) < 0 for all ¢ > t,.

Using the monotonicity of z(t), we obtain

bs
y(t) = 2(t) +d’z(t —m) — 551 2(t + 7m2)

< (14ad)2(t —1),t >t

The above inequality together with (Z8) implies that

q(t) vt — o1 + 1)
V02 5 e

t > 1s.

Thus y(t) is a positive decreasing solution of the inequality (24]), which is a contra-
diction.

Case:2. Let Z/(t) > 0 for all ¢ > t5. Now we consider the following two subcases:

EJQTDE, 2012 No. 75, p. 5



Subcase (i): Assume that y'(t) < 0 for all ¢ > t5. Proceeding as in Case 1, and

using the monotonicity of z(t), we obtain
y(t —o1) < (1+d%)z(t — o).
Using the last inequality in (Z28§]) and the monotonicity of y(t), we obtain

o) 2 8o

(t) o
= 251(1q+ aﬁ)ﬁ/ayﬁ/ (t=o1)
q(t)

= 20 1(1+ aﬁ)ﬁ/ayﬁ/a@ — o+ ),

and once again y(t) is a positive decreasing solution of the inequality ([Z4I), which is
a contradiction.

Subcase (ii): Assume that y/(t) > 0 for all t > t,. Then we have y(t+) < (1+a° —
b
26-1

)z(t + 72), and this with (28)) implies

t t
y”(t) > p( )Zﬂ/a(t 2) > p( ) bg
£—1 B _ _— B/«
26-1(1+a 2/3—1) /

96-1 Yot + oy — 7).

That is, y(t) is a positive increasing solution of the inequality (Z3), which is a

contradiction. The proof is now complete. |

Remark 2.1. Theorem 22 permits us to get various oscillation criteria for equation
([CI). Also we are able to study the asymptotic properties of solutions of equation
(C1) even if some of the assumptions of Theorem are not satisfied. If the differ-
ential inequality (Z3)) has eventually positive increasing solution then the conclusion
of Theorem will be replaced by “every solution z(t) of equation ([1I) is either

oscillatory or z(t) tends to co as t — 00.”

EJQTDE, 2012 No. 75, p. 6



Next we present a ready to verify conditions for the oscillation of all solutions of

equation ([LT).
Corollary 2.3. Let o; > 7; fori=1,2,(1 4+ a* — 20hl) >0, and = «. If
t+oo—12
li?iigp / (s —t)p(s)ds > (1 +a” — F)Qo‘_l, (2.9)
¢
¢
lim sup / (t— $)q(s)ds > (14 a®)2°~", (2.10)
e t—o1+711
and
¢
o 2b~
h%n inf (s —o1 — 1) (p(s) +q(s))ds > — (2.11)
—00 (&
t—o1—T71

then every solution of equation (1)) is oscillatory.

Proof. Let y(t) be a positive solution of (), for t > ¢; > to. Then we have y”(t) < 0
for all ¢ > t;. Further y/(t) > 0 for all ¢ > ¢;, otherwise y(t) — —o0 as t — —o0.

Hence we have y(t) > 0, ¥/(t) > 0 and y"(t) <0, for ¢t > ¢;. Then we obtain

t
y(t) > 5y’(t) for t >ty > 2t4.

From (ZH) and the monotonicity of y(t),we have

1
y'(0) + 2 () +a()y(t — o1 = 7) <0, £ = to.
Combining the last two inequalities,we obtain
1
V(1) + g (0) At~ o~ (0 ) <0, 12t

Let w(t) = y'(t). Then we see that w(t) is a positive solution of

W (1) + 5 (0(0) + a1~ o~ rJult — 01 ) <0, 121
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which is a contradiction by condition(2.11) and Theorem 2.1.1 in [15].Hence (2.5)
has no eventually positive solution. More over condition (9 is sufficient for the
inequality (23)) to have no positive increasing solution and condition (ZI0) is suffi-
cient for the inequality (4] to have no positive decreasing solution,see [l, Lemma

2.2.12]. Then the proof follows from Theorem 22 [

Next we consider the equation ([CZ), and present sufficient conditions for the

oscillation of all solutions.

Theorem 2.4. Assume that o; > 7, for i = 1,2, q(t) and p(t) are positive and

nondecreasing functions for t > to. If the differential inequality

p(t) Y3/t + o9 — )
"(t) — > 2.12

has no positive increasing solution, the differential inequality

t) y"(t — o + 1)
npy - 4L > 2.1

has no positive decreasing solution, and the differential inequality
y"(t) + caq(t)y” (t + 71— 01) + cop()y”/*(t + 71 + 02) <O (2.14)

1 1 2[371 B/a
where ¢o = min 5951 <—/3) , has no positive solution, then every solu-
a - a

tion of equation (L2) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (CZ). Without loss of gen-
erality, we may assume that there exists a t; > ¢y such that x(t — 8) > 0 for all

t > t1. By setting

2(t) = (z(t) —azx(t — ) + bx(t + 1))t >ty
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we have 2”(t) = q(t)z°(t — 1) + p(t)zP(t + 02) > 0 for all ¢ > t,. Therefore, both
z(t) and 2/(t) are of one sign for all ¢ > t;. We shall prove that z(¢) > 0 for all

t > t;. If not, then z(¢) < 0 and

0<u(t)=—2(t) = (ax(t—m)—ba(t+m)— ()"

< a%z(t —m)

which implies that

B/
iy > L)

> 3 > Cng(t + 1) for all t > t;.
a

From equation ([L2), we obtain

0 = u"(t) +qt)z®(t — o1) + p(t) 2 (t + o)

> u'(t) + eag(Wu(t — o1 + 1) + p(t)u?/ o (E+ 7 + o).

Thus u(t) is a positive solution of the inequality (ZI4l), which is a contradiction.

Hence z(t) > 0 for all ¢ > ¢;. Now define a function y(t) by

B
y(t) = 2(t) — %z(t —7)+ bﬁz(t + 1), forall t > t;. (2.15)

Differentiating (ZI3]) twice, and using the equation (L), we obtain

E
y'() = ) = g (=) + D (4 )
£
a
= q()2P(t — 1) + p(t) 2’ (t + 03) — Fq(t — )Pt — 1 — oy)

B
a
_Fp(t - Tl)lﬂ(t — T+ 0'2) + bﬁq(t + Tz){Lﬂ(t + T — 0'1)

+bﬁp(t + TQ)ILﬁ(t + Ty + 09).
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Using the monotonicity of ¢(¢) and p(t) in the above inequality, we obtain

y'(t) > qt) {xﬁ(t —o01) — QZﬁlxﬁ(t —n—o) PPt - 01)]

B
(1) {xﬁ(t toy) — %xﬁ(t ot og) + VPPt T+ 02)} (2.16)

Now using the inequalities (21), (Z2) and z(¢) > 0 for all ¢ > ¢;, we obtain

t t
ﬂ@ﬁz%%%wd—aﬁ+%%%%ﬁ+ag>Qt2h. (2.17)

Therefore, both y(t) and y/(t) are of one sign eventually. We prove that y(t) > 0,

eventually. If not, then y(t) < 0 and
ab ab

0<o(t)=—y(t) = —Qﬁilz(t — 1) =Wzt + 1) — 2(t) < 2ﬁilz(t — 7).
201
Hence z(t) > 3 v(t 4+ 7). Using the last inequality in (ZI1), we obtain
a
_1\ Bl B—1\ B/ex
Oz’l}”(t)+2ﬁfl ( aﬁ ’Uﬁ/ (t+7’1—0'1)*|>2[371 aﬁ ’Uﬁ/ (t~|»7'1+0'2).
or

V'(t) + caq()0?(t+ 71 — 01) + cop(t Ot + 11+ 02) <0, 8>t
Thus v(t) is a positive solution of the inequality [ZI4l),a contradiction. Hence y(t) >
0, eventually. Now we consider the following two cases.

Case:1 Assume that there exists a t5 such that 2/(t) < 0 for all ¢ > t5 > ;. Then
we prove that y'(¢) < 0. Suppose y'(t) > 0. Then y(t) > 0, ¥/'(t) > 0 and y"(t) > 0
imply that tli>r£> y(t) = oo. On the other hand, z(¢) > 0 and 2/(¢f) < 0 imply that
lim z(¢) = ¢ < co. Letting ¢ — oo on both sides of (ZIH), we obtain a contradiction.

t—o0

Hence ¢/(t) < 0 for all ¢t > ¢,. Now using the monotonicity of z(t), we get
aP
y(t) = z(t) — Fz(t — 1)+ 02t + 1)

< 2(t) + 0Pzt ) < (14+07)2(1).
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Using the last inequality in (I7) and the monotonicity of y(t), we have

" Q<t) B/ q(t) B/a

Thus y(t) is a positive decreasing solution of the inequality ([ZI3), a contradiction.
Case:2 Let Z/(t) > 0 for all ¢ > ¢, > t;. Now we consider the following two
subcases.
Subcases (i): Assume that 3/(t) < 0 for all ¢ > ¢,. Then proceeding as in Case
1 and using the monotonicity of z(t), we obtain

y(t) = 2(t) — 2Z—Blz(t — )+ V2t + 1) < (1 +00)2(t + 7).

Using last inequality in (Z17) and the monotonicity of y(t), we get

q(t)

>
— 20-1(1 4 BB/

q(t)

" t >
y(t) 2 26-1(1 4 BB/

yﬁ/a(t—ol—Tg) yﬁ/a(t—alJrﬁ).

Thus y(t) is a positive decreasing solution of the inequality ([ZI3), a contradiction.
Subcases (ii): Assume that y/(t) > 0 for all t > 5. Then using the monotonicity
of z(t), we have

af
y(t) = 2(t) — Fz(t — 1)+ VP2t + 1)

< 2(t) + V2t + 1) < (14 0)2(t + 7).

Using the last inequality in (2I7), we obtain

//(t) > p<t) yﬁ/a(t +02 — T2)
Y= e ey

Therefore y(t) is a positive increasing solution of the inequality [ZI2), a contradic-

tion. This completes the proof. [
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Remark 2.2. Theorem[Z.4 permits us to get various oscillation criteria for equation
([C2). Also we are able to study the asymptotic behavior of solutions of (L2) if some

of the assumptions of Theorem[2.4 are not satisfied.

Corollary 2.5. Let o; > 7, fori=1,2, and 3 = a. Assume

t+o2—To
lim sup / (s —t)p(s)ds > (1 +b%)2*7 1 (2.18)
t—00 f
¢
lim sup / (t —8)q(s)ds > (1 +b*)2°71 (2.19)
e t—o1+71
and
t oy
liminf / (5471 — o0)(p(5) + als))ds > (2.20)
t+711—01

Then every solution of equation ([L2) is oscillatory.

Proof. The proof is similar to that of Corollary 2.3, and hence the details are omitted.

3. EXAMPLES

Now we present some examples to illustrate the main results.

Example 3.1. Consider the differential equation

((x(t) + %x(t —1) - %x(t - 1)) ) - A;p3(t—3)+2+78

36(t — 3)2 ot + 4)
(3.1)
1 1 231
Here a = 5, b= g, Oé:ﬁ:?),’?'l = Ty = 1,0'1 :3,0'2:4, Q(t) = m, and
28

p(t) = e Then it is easy to check that condition [Z3) of Corollary[Z3 is not
satisfied. Therefore equation ([BI) has a nonoscillatory solution. In fact x(t) =t is

one such nonoscillatory solution, since it satisfies the equation (BJI).
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Example 3.2. Consider the differential equation
3 1 "3 3
z(t) + §:c(t —7/2) — ix(t +7)) = §:c(t — 3m) + §x(t +57/2), t > Tr. (3.2)

Here a =

7b:_a
2

a = 3 = 1. Then one can see that all the conditions of Corollary [Z3 are satisfied.

1 3
g T =n/2,79y =m, o1 =3m, oy =51/2, q(t) =p(t) = B and

Hence all the solutions of equation [B2) are oscillatory. In fact x(t) = sint is one

such solution of equation [B2), since it satisfies the equation ([B2).

Example 3.3. Consider the differential equation

3\ 9edn Qe 302
((az(t) +eta(t—7) — e Pt + 7)) ) = 2 (t—op)+ ) 23 (t+az),t > to,
(3.3)
] _ 9630'1
with o1 > 1 and 09 > To.Here a = €™, b=, o= =3, q(t) = 5 p(t) =

Qe 302
2

condition (2.9). Therefore all the solutions of equation B3) are not necessarily

. Then one can see that all conditions of Corollary [Z23 are satisfied except

oscillatory. In fact x(t) = €' is one such nonoscillatory solution, since it satisfies

equation B3) .

Example 3.4. Consider the differential equation

((@(t) — az(t — 1) + ba(t +2m))*)" = qa® (t — 3m/2) + pa® (t + 57/2) , ¢ > 3.
(3.4)
L s 3 w3
Hereazie”/, b = ¢ B =7, om =7, 0 = 31)2, 0y = 37/2, q =
(8¢3™ + 27e*™),p = (8 4 27e™™), and o = 3 = 3. Then one can easily verify that
all the conditions of Corollary [Z2 are satisfied. Hence all the solutions of equation

@A) are oscillatory. In fact x(t) = e/3sin'/3t is one such oscillatory solution of

equation (B2).
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Example 3.5. Consider the differential equation

-7 7 5\ _ 25 501 5 25 5o 5
((:p(t)—e o(t — 1) + ezt + 1)) ) =5 e (t—01)+?e 2’ (t + 09)

(3.5)
| ) 25
with o9 > 7 and o9 > To. Here a = e ™, b = €™, q(t) = e 7op(t) =
25
36502, and o = = 5. Condition [ZTI9) of Corollary[Z3 is not satisfied. Therefore

all the solutions of equation [BA) are not necessarily oscillatory. In fact x(t) = e™*

is one such nonoscillatory solution, since it satisfies the equation ([BH).

We conclude this paper with the following remark.

Remark: It would be interesting to study the oscillatory behavior of all solutions

of equations (LTl) and (CZ) when g < 1.
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