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Abstract. In this paper, we investigate the basic structural properties of
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1. Introduction and preliminaries

In the last decades, a considerable focus on Volterra integro-differential
equations and fractional calculus has been stimulated by the variety of their
applications in engineering, physics, chemistry and other sciences ([3], [11],
[17], [19]-[20], [23]). The class of g-exponentially equicontinuous (Cj, 1)-
semigroups was introduced by V. A. Babalola in [2] (cf. also [4], [9]-[10] and
[24]), and the purpose of our study is to examine the possibility of extension of
the results obtained in this paper to abstract Volterra equations and abstract
time-fractional equations. In such a way, we continue our previous work
contained in [12]-[16].

The paper is organized as follows. In Theorem 2.1-Theorem 2.2, we
generalize the subordination principle for abstract time-fractional equations,
and the abstract Weierstrass formula (cf. [12, Theorem 3.9, Theorem 3.21]).
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In the third section of the paper, we analyze some generation results for q-
exponentially equicontinuous (a, k)-regularized C-resolvent families in com-
plete locally convex spaces (notice that the completeness of underlying locally
convex space F is not used in the second section as well as in the formulation
of Theorem 3.1(i)). Although the restriction C' = I seems inevitable here, it
is not clear whether the condition k(0) = 0, used only in the proof of non-
degeneracy of the (a, k)-regularized resolvent family (R,(t)):>o appearing in
the formulation of Theorem 3.1(i), is superfluous (for further information in
this direction, we refer the reader to [19, Proposition 2.5] and [12, Proposi-
tion 2.4(ii)]). Theorem 3.1 is the main result of the paper and has several
obvious consequences of which we will emphasize only the most significant
perturbation type theorems (cf. Theorem 3.2 and Example 3.1).
Throughout the paper, we assume that F is a Hausdorff sequentially
complete locally convex space, SCLCS for short, and that the abbreviation ®
stands for the fundamental system of seminorms which defines the topology
of E. By L(FE) we denote the space which consists of all continuous linear
mappings from E into E. The domain and the resolvent set of a closed linear
operator A acting on E are denoted by D(A) and p(A), respectively. We use
the notation D (A) := [,y D(A™). Suppose F is a linear subspace of E.
Then the part of A in F, denoted by Ajp, is the linear operator defined by
D(Afp) ={z € D(A)NF : Az € F} and Ajpx := Az, v € D(Ap). Let
C € L(E) be injective. Then the C-resolvent set of A, denoted by pc(A), is
defined by po(A) :={\ € C: A\ — A is injective and (A — A)~'C € L(E)}.
For every p € ®, we define the factor space E, = F/p~*(0). The norm
of a class z +p~*(0) is defined by ||z +p~*(0)||g, := p(z) (x € E). Then the
canonical mapping ¥, : £ — FE, is continuous; the completion of E, under
the norm || - ||, is denoted by E,,. Since no confusion seems likely, we also
denote the norms on E, and L(E,) (E, and L(E,)) by || - ||; Le(E) denotes
the subspace of L(FE) which consists of those bounded linear operators 7' on
E such that, for every p € @, there exists ¢, > 0 satisfying p(Tz) < ¢,p(z),
x € E. The infimum of such numbers ¢,, denoted by P,(T"), satisfies P,(T) =
SUD, e p()<1 P(T'T) (p € ®). It is clear that F,(ThT) < Po(Th)F,(T2), p € @,
Ty, Ty € Lg(E) and that P,(-) is a seminorm on Lg(E). If T' € Lg(E) and
p € ®, then the operator T, : E, — E,, defined by T,(V,(x)) := V,(Tx),
x € E, belongs to L(E,). Moreover, the operator T}, can be uniquely extended
to a bounded linear operator T, on E, and the following holds: ||T,|| =
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IT,|| = P,(T). Define V,, :== {x € E : p(x) < 1} (p € ®) and order ® by:
p>qift V, CV, (p, ¢ € ®. The function 7, : E, — E,, defined by
Top(Vp(2)) := Yy(x), x € E, is a continuous homomorphism of E, onto E,,
and extends therefore, to a continuous linear homomorphism 7, of E, onto
E,. The reader may consult [2] for the basic facts about projective limits of
Banach spaces (closed linear operators acting on Banach spaces) and their
projective limits.

Given s € R in advance, set [s] := inf{l € Z : s < [}. The Gamma
function is denoted by I'(-) and the principal branch is always used to take
the powers. Set 0% := 0 and g,(t) := t*!/T(a) (o > 0, ¢t > 0). If § € (0, 7],
then we define 5 := {A € C: X\ # 0, |arg)\| < §}. We refer the reader
to [22, pp. 99-102] for the basic material concerning integration in SCLCSs,
and to [12] for the definition and elementary properties of analytic functions
with values in SCLCSs.

We need the following definition from [11]-[12].

Definition 1.1.

(i) Let 0 < 7 < o0, k € C([0,7)), k # 0 and let a € L}, ([0,7)), a # 0. A
strongly continuous operator family (R(t)):cjo,-) is called a (local, if 7 <
o0) (a, k)-regularized C-resolvent family having A as a subgenerator iff
the following holds:

(i.1) R(t)A C AR(t), t € [0,7), R(0) = k(0)C and CA C AC,
(i.2) R(t)C = CR(t), t € [0, 7‘) and
(i.3) R(t)x = k(t)Cz + fo s)AR(s)xds, t € [0,7), x € D(A);

(R(t))te[o,r is said to be non-degenerate if the condition R(t)r =0, t €
[0, 7) implies « = 0, and (R(t))tc[o,r) is said to be locally equicontinuous
if, for every ¢t € (0,7), the family {R(s) : s € [0,¢]} is equicontinuous.
In the case 7 = 00, (R(t))t>0 is said to be exponentially equicontinuous
(equicontinuous) if there exists w € R (w = 0) such that the family
{e"“'R(t) : t > 0} is equicontinuous.

(ii) Let 8 € (0,7 and let (R(t))i>0 be an (a, k)-regularized C-resolvent
family. Then it is said that (R(t));>o is an analytic (a, k)-regularized
C-resolvent family of angle 3, if there exists a function R : ¥3 — L(FE)
satisfying that, for every x € E, the mapping z — R(z)z, z € X5 is
analytic as well as that:
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(ii.1) R(t) = R(t), t > 0 and
(ii.2) lim, o .ex, R(2)z = k(0)Cx for all v € (0,3) and x € E.

It is said that (R(t)):>o is an exponentially equicontinuous, analytic
(a, k)-regularized C-resolvent family, resp. equicontinuous analytic

(a, k)-regularized C-resolvent family of angle (3, if for every v € (0, 3),
there exists w, > 0, resp. w, = 0, such that the set {e “7*IR(z) :
z € ¥, } is equicontinuous. Since there is no risk for confusion, we will
identify in the sequel R(-) and R(-).

In the case k(t) = ga41(t), where a > 0, it is also said that (R(t)):cjo,r)
is an a-times integrated (a, C')-resolvent family; in such a way, we unify the
notions of (local) a-times integrated C-semigroups (a(t) = 1) and cosine
functions (a(t) = t) in locally convex spaces ([6], [18], [27]). Furthermore,
in the case k(t) = [, K(s)ds, t € [0,7), where K € L} ([0,7)) and K # 0,
we obtain the unification concept for (local) K-convoluted C-semigroups and
cosine functions ([13]). If C'= I, then (R(t)):e[o,r) is also said to be an (a, k)-
regularized resolvent family with a subgenerator A ([8], [11]-[12], [19]). From
now on, we always assume that a # 0 in L}, ([0, 7)) and that K, k, ki, kg, ---
are scalar-valued kernels; all considered (a, k)-regularized C-resolvent families
will be non-degenerate.

Let a(t) be a kernel. Then one can define the integral generator A of
(R(t))tejo,r by setting

(1)
A={(a.y) € Ex B: R(t)x — k(1)Ou = /0 alt — $)R(s)yds, 1€ [0,7)}.

The integral generator A of (R(t))tefo,r) is a linear operator in E which ex-
tends any subgenerator of (R(t)):cp,-) and satisfies C~'AC = A. The local

equicontinuity of (R()):cjo,r) guarantees that A is a closed linear operator in
E; if, additionally,

(2) A/a(t — $)R(s)xds = R(t)r — k(t)Cz, t € [0,7), x € E,
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then R(t)R(s) = R(s)R(t), t, s € [0,7) (cf. [15]) and A is a subgenerator
of (R())e[o,-)- For more details on subgenerators of (a, k)-regularized C-
resolvent families, the reader may consult [12]-[13].

The following condition will be used frequently:

(P1): k(¢t) is Laplace transformable, i.e., it is locally integrable on [0, co) and
there exists € R such that k(\) := L(k)()\) := blim fob e ME(t)dt =
I e Mk(t)dt exists for all A € C with RA > £.

Put abs(k) :=inf{R\ : k()\) exists} and denote by £~! the inverse
Laplace transform.

Let > 0, let § € R and let the Mittag-Lefller function E, g(z) be
defined by E,3(z) ==Y .~ 2z"/T'(an + (), z € C. In this place, we assume
that 1/T'(an + ) = 0 if an + 3 € —Ny. Set, for short, E,(z) := E,1(2),
z € C. The Wright function ®.(¢) is defined by @, (¢) := L71(E,(=N))(t),
t > 0. As is well-known, for every a > 0, there exists ¢, > 0 such that:

(3) Eo(t) < caexp(t®), t > 0.

Henceforth D¢ denotes the Caputo fractional derivative of order « ([3]).
The asymptotic expansion of the entire function E, g(z) is given in the
following lemma (cf. [26, Theorem 1.1]):

Lemma 1.1. Let 0 < o < im. Then, for every z € C\ {0} and m €

2
N\ {1}:
Buals) = L3 20 -5 L o, 1o - o

where Zg is defined by Zy := 2Y/*e*™/* and the first summation is taken over
all those integers s satisfying | arg z + 2ms| < a(5 + o).

For further information concerning Mittag-Leffler and Wright functions,
we refer the reader to [3, Section 1.3].

2. Q-exponentially equicontinuous (a, k)-regularized C-resolvent
families

We introduce (analytic) g-exponentially equicontinuous (a, k)-regularized
C-resolvent families as follows.

Definition 2.1.
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(i) Let k € C([0,00)) and let a € L}, ([0,00)). Suppose that (R(t)):>0 is a
global (a, k)-regularized C-resolvent family having A as a subgenerator.
Then it is said that (R(t)):>0 is a quasi-exponentially equicontinuous (q-
exponentially equicontinuous, for short) (a, k)-regularized C-resolvent
family having A as a subgenerator iff, for every p € ®, there exist

M, > 1, w, > 0 and g, € ® such that:
(4) p(R(t)x) < Mpe“r'q,(z), t >0, z € E.

If, for every p € ®, one can take w, = 0, then (R(t)):>o is said to be an
equicontinuous (a, k)-regularized C-resolvent family.

(ii) Let 8 € (0,7] and let A be a subgenerator of an analytic (a,k)-
regularized C-resolvent family (R(t));>o of angle 8. Then it is said that
(R(t))+>0 Is a g-exponentially equicontinuous, analytic (a, k)-regularized
C-resolvent family of angle (3, if for every p € ® and € € (0, (), there
exist My > 1, w, > 0 and ¢, € ® such that:

p(R(2)x) < M, en<Flg, (z), 2 € X5, z € E.

It is clear from Definition 2.1 that every g-exponentially equicontinuous
(a, k)-regularized C-resolvent family (R(t)):>¢ is locally equicontinuous. On
the other hand, the following example from [2] shows that (R(t)):>o need not
be exponentially equicontinuous, in general: Let a(t) = k(t) =1,let C =1
and let the Schwartz space of rapidly decreasing functions S(R) be topol-
ogized by the following system of seminorms py,,(f) = [|z™f™(2)||r2)
(m, n € Ny, f € S(R)); notice that the usual topology on S(R), induced
by the seminorms gm,(f) = [|J2™f™(2)||1=®) (m, n € Ny, f € S(R)),
is equivalent to the topology introduced above. Set (S(¢)f)(x) := f(e'z),
t >0,z € R, feSMR). Then (S(t))i>0 is a g-exponentially equicontinu-
ous (a, k)-regularized resolvent family (i.e., q-exponentially equicontinuous
(Cop, 1)-semigroup) whose integral generator is the bounded linear operator
A € L(S(R)) given by (Af)(x) :=azf'(z), z € R, f € S(R); (S(t))t>0 is not
exponentially equicontinous, (S(t));>0 has no Laplace transform in S(R) and
Prn(S () f) = =2ty (F) (t >0, m, n € Ny, f € S(R)). It can be
easily proved that there does not exist an injective operator C' € L(S(R))
such that A is the integral generator of an exponentially equicontinuous C-
regularized semigroup in S(R).
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Let A be a subgenerator of an exponentially equicontinuous (a, k)-
regularized C-resolvent family (R(t));>o satisfying the equality (2) for all
t > 0and x € E. If a(t) and k(t) satisfy (P1), then one can define, with
the help of Laplace transform, the integral generator A of (R(t))o by (1);
in case that a(t) is a kernel, then the definition of integral generator A of
(R(t))t>0 coincides with the corresponding one introduced in the first sec-
tion ([15]). Suppose now a(t) and k(t) satisfy (P1) as well as (R(t)):>0 is a
g-exponentially equicontinuous (a, k)-regularized C-resolvent family with a
subgenerator A. We will prove that A, defined by (1), is single-valued. To-
wards this end, assume that y € E satisfies fot a(t —s)R(s)yds = 0, t > 0.
Let p € ®. Then, for any A > max(abs(a),w,),

o)

/ e, /0 Caft— R(s)yds ) dt = fe” /0 "t — )V (R(s)y)dsdt = 0.

0

By the uniqueness theorem for the Laplace transform, one yields ¥,(R(t)y) =
0, t > 0, which implies by the arbitrariness of p and the non-degeneracy of
(R(t))e=o that R(t)y = y = 0, t > 0. Hence, A is a linear operator in
E. Tt readily follows that A is a closed linear operator in E which extends
any subgenerator of (R(t));>o and satisfies C"'AC' = A. Let A and B be
subgenerators of (R(t));>o. Then Az = Bz, v € D(A) N D(B), and A C
B & D(A) C D(B). If (2) additionally holds, then R(t)R(s) = R(s)R(t),
t, s >0, A itself is a subgenerator of (R(t));so and A = C~*AC. Assuming
that (2) holds with A replaced by B therein, we have the following:

(i) C7'AC = C™'BC and C(D(A)) C D(B).
(ii) A and B have the same eigenvalues.
(ii) AC B = pc(A) C pa(B).

The proof of following proposition is standard and as such will not be
given.

Proposition 2.1.
(1) Let (R(t))i>0 be a global exponentially equicontinuous (q-exponentially

equicontinuous) (a, k)-reqularized C-resolvent family with a subgenera-
tor A and letb € Lj,.([0,7)) be a kernel. If the function t — fot |b(s)|ds,

loc
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t > 0 s exponentially bounded, then A is a subgenerator of a global ex-
ponentially equicontinuous (q-exponentially equicontinuous) (a,k x b)-
regularized C-resolvent family ((b* R)(t))i>o0-

(ii) Let (£;)ier be a family of SCLCSs and let E := [],.; E; be its direct
product. Assume that, for every i € I, (Si(t))i>0 is a g-exponentially
equicontinuous (equicontinuous) (a, k)-reqularized Cj;-resolvent family
in E; having A; as a subgenerator. Set A; = [[,.; Ai, C = [],c; Ci
and S(t) = [l,c;Si(t), t > 0. Then (S(t))=0 is a g-exponentially
equicontinuous (equicontinuous) (a, k)-reqularized C-resolvent family in
E, having A as subgenerator.

(i) Assume (R(t))i>0 s a g-ezponentially equicontinuous (equicontinuous)
(a, k)-regularized C-resolvent family with a subgenerator A. Set p,(x) :=
Z?:Op(Aix), € Do(A), p € ®, n €N, Ro(t) := R(t)\Doo(A)a t >0,
A = Apoay and Co = Cipa). Then the system (pn)pconen
induces a Hausdorff sequentially complete locally convex topology on
Do(A), A € L(Dy(A)) and (Roo(t))i>0 is a g-exponentially equicon-
tinuous (equicontinuous) (a, k)-reqularized Cy -resolvent family with a
subgenerator A. Furthermore, the following holds: If (R(t))io is a
g-exponentially equicontinuous (equicontinuous), analytic
(a, k)-regularized C-resolvent family of angle f € (0,7] and R(z)A C
AR(z), z € ¥, then (Roo(t))i>0 is likewise a g-exponentially equicon-
tinuous (equicontinuous), analytic (a, k)-regularized C-resolvent family

of angle 3.

Notice that it is not clear whether the general assumptions of Proposi-
tion 2.1(iii) imply that the space Do (A) is non-trivial. Now we would like
to observe that the assertions of [13, Theorem 2.1.27(xiii)-(xiv), Theorem
2.5.1-Theorem 2.5.3, Remark 2.5.4(iii), Theorem 2.5.5-Theorem 2.5.6] and
[16, Theorem 2.1, Corollary 2.2, Theorem 2.3, Corollary 2.4] can be simply
reformulated for (analytic) g-exponentially equicontinuous (a, k)-regularized
C-resolvent families in SCLCSs. This is not the case with the assertions
of [12, Theorem 2.14-Theorem 2.15]; even on reflexive spaces, the adjoint
of a g-exponentially equicontinuous (Cj, 1)-semigroup need not be of the
same class ([2]). Notice also that Proposition 2.1(ii) can allow one to con-
struct some artificial examples of g-exponentially equicontinuous (not expo-
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nentially equicontinuous, in general) (a, k)-regularized C-resolvent families,
with C' # I or k(0) = 0.
The following theorem is an extension of [12, Theorem 3.9].

Theorem 2.1. Assume kg(t) satisfies (P1),0 < a < 3,7 =a/f and A
is a subgenerator of a g-exponentially equicontinuous (gg, kg)-reqularized C-
resolvent family (Ss(t))i>0 satisfying (4) with R(-) replaced by Ss(-) therein.
Assume that there exist a continuous function k. (t) satisfying (P1) and a
number v > 0 such that k,(0) = kg(0) and

(5) Ea(A) = N5 (A7), A > v,

Then A is a subgenerator of a g-exponentially equicontinuous (ga, ko )-reqularized
C'-resolvent family (S.(t))i>0, given by

Sa(t)z = / tP, (st ) Ss(s)xds, x € E, t >0 and S,(0) := k,(0)C.
0

Furthermore,

(6) p(Sa(t):c) < ¢, M, exp(w;/yt)qp(a:), pe®, t>0, e L.
Let p € ®. Then the condition

(1) p(Ss(t)x) < My(1+1)e qy(x), >0, 2 € E (§ >0),
resp.,

(8) p(Sp(t)z) < Mytrer'qy(x), t >0, z € E,

implies that there exists Mz’) > 1 such that

(9)
p(Sa(t)z) < M) (1+ ) (14 wpt&’(l_”) exp(w},”t)qp(x), t>0, zek,

resp.,

(10)
p(Sa(t)z) < MI’)t&”(l + wpt&’(l_”) exp(w;”t)qp(x), t>0, zek.

We also have the following:
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(i) The mapping t — Sa(t), t > 0 admits an extension to X1 _1yz
fy k)
and, for every x € E, the mapping z — So(2)x, 2 € X 2o1)z n

:

gv
analytic.

(i) Lete € (0, min((% —1)5,7)). If, for every p € ®, one has w, = 0, then
(Sa(t))i0 is an equicontinuous analytic (ga, kq)-reqularized C'-resolvent

family of angle min((% - 1)%,m).

(ili) If wy, > 0 for some p € ®, then (S4(t))i>0 is a g-exponentially equicon-
tinuous, analytic (g, ka)-reqularized C-resolvent family of angle
min((% —1)3,%).

Proof. By definition of Wright function and (3), we have that (cf. also the
proof of [3, Theorem 3.1]):

p(Sa(t)z) < qp(x)/t_“/CIJ7 (st™7) M,e“r*ds

= Myg,(2)E, (wpt?) < Myc, exp(wh/it)gy(x), p€ ®, x € E, t >0,

which implies (6). By the proof of the above-mentioned theorem, we get that
(Sa(t))i>0 is strongly continuous. It can be easily seen that S, (t)A C AS, (%)
and S,(t)C = CS,(t) (t > 0). Let z € D(A) and p € ® be fixed. Using
[3, (3.10)], the functional equation of (Sz(t)):i>o (cf. Definition 1.1(i.3) with
a(t) = gs(t) and k(t) = kg(t)), the Fubini theorem and the elementary
properties of vector-valued Laplace transform, it follows that there exists a
sufficiently large number x, > v such that (the integrals are taken in the
sense of convergence in F,):
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=\t /e_/\vs\llp(kg(s)C'x+ /gg(s - r)Sﬂr)Axdr)ds

0

o

= N g (W)W, (C) + NI [ eV, (Sp(s) Az)ds

\»8

= X’*lk;;()\'y)llfp(Cx) AN [ e, (S5(s) Ax)ds

S —3 o

(12)
= /e)‘t\l’ (k ()C’:c)dt+/ )‘t\I’ /ga (t—s)S, Axds)d
0 0
o0 t
- /G—Atq;p<ka(t)0x+/ga(t - s)Sa(s)Axds>dt, A > Ky,
0 0
where (12) follows from (5) and (11). Therefore,
(13)
o) t
/ e MY (S (t)x — ko(t)Cx — /ga(t - S)Sa(s)Axds>dt =0, A > K.
0 0
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By the uniqueness theorem for the Laplace transform and the fact that
E is Hausdorff, we obtain from (13) that S,(t)x = k.(t)Cx + fot ga(t —
$)Sa(s)Axds, t > 0. Suppose now that S,(t)r = 0, t > 0 for some z € E.
Then, for every p € @, there exists a sufficiently large &, > 0 such that
(11) holds for any A > &,, which implies by the uniqueness theorem for the
Laplace transform that W,(Ss(t)z) = 0, t > 0. Therefore, Sg(t)x =0, >0
and = = 0, because (S3(t))t>0 is non-degenerate. Hence, (S,(t))i>0 is a q-
exponentially equicontinuous (ga, ks )-regularized C-resolvent family with a
subgenerator A. Suppose now that (7), resp. (8), holds. Using the integral
representation of the Wright Function [3, (1.30)], the Fubini theorem and the
Laplace transform, it can be simply proved that there exists M, > 1 such
that:

[
Ep(1—)

/e“”‘*ﬂ@w(s)s@ds < M;’(l + (wpt?) 7 ) exp(w,/7t),
0

provided w, > 0 and ¢t > wl(,_l)/ 7. This immediately implies that (9), resp.
(10), holds. The proofs of (i)-(iii) essentially follows from [12, Lemma 3.3,
Theorem 3.4] and the proof of [3, Theorem 3.3|; here the only non-trivial
part is the continuity of mapping z — S,(z)z on closed sectors contain-
ing the non-negative real axis (z € E). For the convenience of the reader,
we will prove this assertion in the case that w, > 0 for some p € ® (cf.
(iii)). Put s, := min((% —1)3,5). Let p € ® v € E and § € (0,k,) be
fixed, and let ¢’ € (d, k). By the proof of [3, Theorem 3.3], we infer that
there exist M, 5 > 1 and w, s > 0 such that p(S.(2)z) < M, ye“»>"*q,(x),
2z € Yy and that the mapping z — (2, 5.(2)x), z € ¥, (5 € E*) is
analytic, which implies the analyticity of mapping z — S.(2)z, z € X, .
Let &5 > wyge. Then the function z +— e % *W,(S,(2)x), 2 € Xy is an-
alytic and bounded. Since limg gy U, (S,(t)z) = ¥,(k,(0)Cz), we obtain
from [12, Theorem 3.4(ii)] that lim, ¢ .ex; V) (Sa(2)x) = ¥, (ko (0)Cz). The
above yields lim, g .ex, p(Sa(2)z — ko(0)Cx) = 0, and since p is arbitrary,
lim, 0 .ex; Sa(2) = ko(0)Cr. O

Combining the proof of Theorem 2.1 with [1, Lemma 1.6.7], we obtain
the following slight generalization of the abstract Weierstrass formula [12,
Theorem 3.21]:

Theorem 2.2.
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(i) Assume k(t) and a(t) satisfy (P1), and there exist M > 0 and w > 0
such that |k(t)] < Me“t, t > 0. Assume, further, that there exist a num-
ber ' > w and a function a\(t) satisfying (P1) and ay(\) = a(v/')),
RA > W', Let A be a subgenerator of a g-exponentially equicontinuous
(a, k)-regularized C-resolvent family (C(t))i>0. Then A is a subgener-
ator of a g-exponentially equicontinuous, analytic (a1, ky)-reqularized

C-resolvent family (R(t))>o of angle T, where:

6—52/4t
Ei(t) ::/ k(s)ds, t >0, k1(0) := k(0), and
t
) v

w 2/4¢
e~/

Vvt
0

(ii) Suppose a > 0, B > 0 and ko(t) satisfies (P1). Let A be a sub-
generator of a g-exponentially equicontinuous (gag, kog)-regularized C'-
resolvent family (Rag(t))i>0 and let kg(t) satisfy (P1), kz(0) = kap(0)
and %(A) = )\(*1)/2%()\1/2), R\ > a. Then A is a subgenerator of a q-
exponentially equicontinuous, analytic (gg, kg)-reqularized C-resolvent
family (Rs(t))i>0 of angle 3, where:

R(t)x :=

C(s)zds, t >0, x € E, R(0):=k(0)C.

—s2/4t
Rs(t)x := / e\/ﬁ Ros(s)xds, t >0, x € E, Rz(0) := kg(0)C.
0

It is clear that Theorem 2.1-Theorem 2.2 can be applied to a class of
differential operators with variable coefficients on S(R™) (cf. [2, Section 6]
and [7]). For example, let S(R) be topologized as before and let the operator
A € L(S(R)) be defined by (Af)(z) := 22f"(x) + =f'(z), v € R, f € S(R).
Then A is the integral generator of a g-exponentially equicontinuous cosine
function (C(t)o = 1 (o(e) +o(e7")))sz0 in S(R), which implies by Theorem
2.1 that, for every o € (0,2), the operator A is the integral generator of a
g-exponentially equicontinuous, analytic (¢,, g1)-regularized resolvent family
of angle 6, = min((2 — 1)3, Z). Therefore, for every o € (0,2), the abstract
Cauchy problem:

Du(t, r) = 2%uzq(t, ) + 2uy(t,x), t >0, v € R;
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u(0,2) = fo(z), and u(0, ) = fi(x) if a € (1,2),

has a unique solution for any fy, fi € S(R), and the mapping ¢ — u(t,-) €
S(R), t > 0 is analytically extensible to the sector X5, ([13]). Further-
more, Theorem 3.1 stated below and [13, Theorem 2.4.19] together imply
that, for every a € (0,1), A is the integral generator of a g-exponentially
equicontinuous, analytic (ga, g1)-regularized resolvent family of angle ¢/, =
min((2 —1)%, 7).

We close this section with the following observation. Keeping in mind the
proof of Arendt-Widder theorem in SCLCSs [27, Theorem 2.1, p. 8] (cf. also
[1]), we obtain the representation formulae for (a, k)-regularized C-resolvent
families whose existence have been proved in the subordination principle [12,
Theorem 2.11]. Here we would like to observe that it is not clear whether
the above-mentioned result can be transferred to the class of g-exponentially
equicontinuous (a, k)-regularized C-resolvent families in SCLCSs by means
of these formulae and the method described in the proof of Theorem 2.1.
Nevertheless, Theorem 3.1 enables one to prove a generalization of the sub-
ordination principle for a subclass of g-exponentially equicontinuous (a, k)-
regularized resolvent families in complete locally convex spaces.

3. A generation result for g-exponentially equicontinuous (a, k)-
regularized resolvent families and its consequences

The proofs of structural results given in [2] do not work any longer in
the case of a general g-exponentially equicontinuous (a, k)-regularized C-
resolvent family (R(t));>0. We must restrict ourselves to the case in which
C =1 and (4) holds with ¢, = p (cf. also [2, Theorem 2.8]). In other words,
we will consider a g-exponentially equicontinuous (a, k)-regularized resolvent
family (R(t)):>o which satisfies that, for every p € ®, there exist M, > 1 and
wp > 0 such that:

(14) p(R(t)z) < Mpe*'p(z), t >0, x € E.

In the sequel, the operator R(t), will be also denoted by R,(t) (t > 0).

We call a closed linear operator A acting on E compartmentalized (w.r.t.
®) if, for every p € ®, A, := {(V,(z),V,(Az)) : € D(A)} is a function
([2]). For example, every operator T' € L (FE) is compartmentalized.

Theorem 3.1.
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(1) Suppose a(t) satisfies (P1), k(0) # 0 and A is a subgenerator of a g-
exponentially equicontinuous (a, k)-reqularized resolvent family (R(t)):>o
which satisfies that, for every p € ®, there exist M, > 1 and w, > 0
such that (14) holds. Then A is a compartmentalized operator and, for
every p € ®, A, is a subgenerator of the exponentially bounded (a,k)-
reqularized resolvent family (R,(t))i>0 in E, satisfying that:

(15) |R,(t)]] < Myer', t > 0.
Assume additionally that (2) holds. Then, for everyp € ®,
(16)

a(t — s)R,(s)Tyds = R,()T, — k(t)Tp, t >0, T, € E,,

o\

the integral generator of (R(t))i>o (R_( ))t>0), provided that a(t) is
kernel or that k(t) satisfies (P1), is A (4,), and (R,(t))i>0 s a g-
(a
(t

exponentially equicontinuous, analytic (a,k)- regulamzed resolvent fam-
)0

ily of angle 8 € (0, 7|, provided that (R

(ii) Suppose a(t) and k(t) satisfy (P1), E is complete, A is a compartmen-
talized operator in E and, for every p € ®, A, is a subgenerator of
an exponentially bounded (a, k)-reqularized resolvent family (R,(t))i>0
in E, satisfying (15)-(16). Then, for every p € ®, (14) holds and A
is a subgenerator of a g-exponentially equicontinuous (a, k)-reqularized
resolvent family (R(t))i>o0 satisfying (2). Furthermore, (R(t))i>0 S a ¢-
exponentially equicontinuous, analytic (a, k)-reqularized resolvent fam-
ily of angle B € (0,7 provided that, for every p € ®, (R,(t))i>0 is a
g-exponentially bounded, analytic (a, k)-reqularized resolvent family of
angle (.

Proof. Suppose z, y € D(A) and p(z) = p(y) for some p € ®. Then
p(R(t)(z — y) + fo a(t — s)R(s)A(y — x)ds) = 0, t > 0, which implies
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p(ft a(t — s)R(s)A(y — x)ds) = 0, t > 0. Therefore,

/ —)\t\I/ / (t — s)R(s)A(y — x)ds) dt

0

= /e’\t/a(t — 5)V,(R(s)A(y — z))dsdt = 0, RX > max(abs(a),w,),

and by the uniqueness theorem for the Laplace transform, ¥,(R(t)A(x—y)) =
0, t > 0. Using the fact that (R(t));>o is non-degenerate, we obtain that
p(A(z—y)) = 0 and p(Az) = p(Ay), so that A, is a linear operator in E,. Let
(xy) be a sequence in D(A) with lim,,_,. ¥, (z,,) = 0 and lim,,_», ¥, (Az,) =
y in E,. Then we have lim,, .. p fo (t —s)R(s)Ax,ds) = lim, . || fot a(t —
$)Vp(R(s) Az, )ds||5 = llmn_me0 a(t — s)Ry(s)A, xnds||E =0,t >0,
which implies 0 = lim,, .~ fo —8)R,(s)Apr,ds = fo s)R,(s)yds = 0,
t > 0. Taking the Laplace transform one obtains R,(t )y =0,t >0 and, in
particular, y = 0 since R,(0) = k(0)I and k(0) # 0. The above implies that
A, is a closable linear operator in E, and that A is a compartmentalized
operator in E. It is checked at once that R,(t)A, C A,R,(t), t > 0. Further-
more, (15) holds and the mapping ¢ — R, (t)z,, t > 0 is continuous for any
z, € Ep, which implies by the standard limit procedure that the mapping
t — R,(t)T,, t > 0 is continuous for any 7, € E,. The functional equal-
ity of (R(t))i>o implies R,(t)z, — fo )A xpds, t > 0,
x, € D(4,), and therefore, R,(t)T, fo L (8)A,Tpds, t >0,
T, € D(4,). Hence, A, is a subgenerator of the exponentlally bounded,
non-degenerate (a, k)-regularized resolvent family (R,(t))i>o in E,. If (2)
holds, then R,(t)z, — k(t)z, = A, fot a(t — s)R,(s)xpds, t > 0, x, € E,,
which implies (16). It is not difficult to see that the integral generator of
(R(t))i>0 ((Rp(t))i>0), provided that a(t) is kernel or that k(t) satisfies (P1),
is A (A,). Suppose now that (R(t));>0 is a q-exponentially equicontinuous,
analytic (a, k)-regularized resolvent family of angle 3. Then the mapping
z — R,(2)z,, 2 € X is analytic for any p € ® and z,, € E,, because the
mapping z — R(z)z, z € ¥g (v € E) is infinitely differentiable and U, (-) is
continuous. It is clear that the condition

(17) p(R(2)x) < Mpvee””ﬁ'Z'p(x), reE ze€¥s ., peE®
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for some M,. > 1, w,. > 0 and € € (0, 3) implies the following one:
(18) IRy (2)|| < Mpeen=l, 2 € 55

Now the analyticity of the mapping 2 — R,(2)Z,, 2 € X5 (p € ®, T, € E,)
follows from Vitali’s theorem [1, Theorem A.5]. Let 6 € (0,5). Then the
mapping z — R,(2)z,, 2 € 35 (p € @, 1, € E) is continuous, which implies
by (18) the continuity of mapping 2 — R,(2)7,, z € Y5 (p € ®,T, € E,). The
above implies that (R,(t)):>0 is a q-exponentially equicontinuous, analytic
(a, k)-regularized resolvent family of angle 5 (p € ®). In order to prove
(ii), notice first that the projective limit of {4, : p € @} is A and that
(z,y) € D(A) iff (¥, (z),¥,(y)) € A4, for all p € @. Set, for every p € @,
wi, = max(abs(a), abs(k),w,). By [11, Theorem 2.6], for every p € ®, the
following holds:

k(I —a(\)Ay) 'z, = /e‘AtFp(t)@dt, T, € E,, RA>uw, k(\) 0.

0
Define Fp:{)\E(C:ﬂ?)\>w’}—>L(E)byF = fo e MR, (t)T,dt,
A € D(F, ), T, € E, (p € ®). Then F,(-) is analytlc and Fy(\) = k(I —
a(\) A, prov1ded RN > w), and k()\) £ 0. Suppose now p, ¢ € ® and

p > q. Then it is clear that T(Ry(0)T,) = R,(0)7,(T,), T, € E,. Fix
for a moment ¢ > 0. Then, for every A € C with A > max(w),w ) and

- P Y
k(A)a(A) # 0, we have by [2, Lemma 4.1]:

a
~ - [ 71 _ _ _
= k(A) ([ - a<)‘)Aq) Top(Tp), Tp € Ep.
The above implies 7., (F,(A\)T,) = F,(AN) 74, (T,), RA > max(w!, W), T, € E,,

P g
and:
(19)
dn _ d" — E,
qu(WFP(A)ZUp) - qu()‘)ﬁqp(xp) RA > max(wp,wq) Tp € Ep’ n€N.
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By the Post-Widder inversion formula ([1]) and (19), we get that:

o (Rp(1)Tp) = lim qu(<_1>nn!,1(ﬁ)n+1 [%Fp(k)] x_p>

n—oo t A=n/t
. n -1 /T \n+1 dr __
= Jim (=1 ()" | TR O] o)

= ﬁq@)wqp@_p)v Tp € Fp-

Hence, {R,(t) : p € ®} is a projective family of operators. Denote by
(R(t))i>0 € L(FE) the projective limit of the above family. Then it can be
verified without any substantial difficulties that (R()):>0 is a q-exponentially
equicontinuous (a, k)-regularized resolvent family which satisfies the required
properties. Suppose now that, for every p € @, (R,(t))s>o is a g-exponentially
equicontinuous, analytic (a, k)-regularized resolvent family of angle 8 and
that, for every e € (0,0), (18) holds. Using the equality my,(R,(t)T,) =
R,()7,(T,), t >0, T, € E, and the fact that 7,,(+) is a continuous homo-
morphism from E, onto E,, we obtain from the uniqueness theorem for an-
alytic functions that mg, (R,(2)T,) = Ry(2)7(Ty), 2 € Lg, T, € E,. There-
fore, {R,(z) : p € ®} is a projective family of operators (2 € X5). Define
R(z) as the projective limit of {R,(z) : p € ®} (2 € ¥3). Then the mapping
z+— R(2)x, z € ¥3U{0} (x € E) is continuous on any closed subsector of
Y3 U{0} and, for every ¢ € (0, 3), there exist M, . > 1 and w, . > 0 such that
(17) holds. Let x € E and let C' be an arbitrary closed contour in 5. Then,
for every p € ®, U, (§, R(z)zdz) = §, V,(R(2)z)dz = §, Ry(2)¥,(x)dz = 0,
which implies ¢, R(z)zdz = 0. Hence, for every 2* € E*, § (2%, R(z)z)dz = 0
and the mapping z — (2%, R(2)z), z € ¥3 is analytic by Morera’s theorem. It
follows that the mapping z — R(2)z, z € ¥z is analytic, and the proof of the-
orem is completed through a routine argument. O

Remark 3.1. In order for the proof of Theorem 3.1(ii) to work, one has
to identify the operator A with the projective limit of family {4, : p € ®}.
This can be done only in the case that the space E is complete.

Keeping in mind Theorem 3.1 and [12, Theorem 2.8, Theorem 3.6-
Theorem 3.7], one can simply formulate the Hille-Yosida type theorems for
(analytic) q-exponentially equicontinuous (a, k)-regularized resolvent families
in complete locally convex spaces, provided that a(t) and k(t) satisfy (P1),
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and that k(0) # 0.

The proof of following result follows immediately from Theorem 3.1 and

[15, Theorem 2.11-Theorem 2.12, Corollary 2.15, Remark 2.16].
Theorem 3.2. Let E be complete.

(i)

(i)

Suppose z € C, B € Lg(E), A is densely defined and generates a g-
exponentially equicontinuous (a, k)-reqularized resolvent family (R(t)):>0
satisfying (14). Let (P1) hold for a(t), k(t), b(t), let a(\)/k(\) =
b(A) + 2, RA > w, k(X)) # 0, for some w > max(abs(a), abs(k), abs(b))
and let k(0) # 0. Suppose that, for every p € ®, there exists a suffi-
ciently large number p, > 0 and a number vy, € [0,1) such that:

o] t

/e—uptp(B/b(t — s)R(s)xds + zBR(t)x) dt < ,p(x), x € D(A).
0 0
Then the operator A+ B is the generator of a g-exponentially equicon-

tinuous (a, k)-reqularized resolvent family (Rg(t))i>o. Furthermore, for
everyt >0 and v € D(A) :

t r

Rp(t)xr = R(t)x + /RB(t —r) (B / b(r — s)R(s)zds + ZBR(T)ZL‘) dr.

Suppose B € Lg(FE), | € N, A is densely defined and generates a g-

exponentially equicontinuous (a, k)-regqularized resolvent family (R(t)):>o
satisfying (14). Let k(0) # 0, let a(t) and k(t) satisfy (P1) and let the
following conditions hold:

1) AIB e Ly(E), 1<j<l

(ii.2) There ezist a function b(t) satisfying (P1) and z, w € C such that:

a(\)" /k(\) = b(A) + 2, RA > max(w, abs(a), abs(k)), k() # 0.

(il.3) limyoyoo fy € Ma(t)|dt = 0 and limy_ 4o [, € M[b(t)]dt = 0.

Then A+ B is the generator of a g-exponentially equicontinuous (a, k)-
reqularized resolvent family (Rp(t))i>o-
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(iii) Suppose a > 0, A is densely defined and generates a g-exponentially
equicontinuous (ga, g1)-reqularized resolvent family (R(t))i>o satisfying
(14). Assume exactly one of the following conditions:

(iii.1) a>1 and B € Lg(FE).
(iii.2) a <1 and AVB € Ly(E), 0 < j < [£2].

Then the operator A+ B is the generator of a g-exponentially equicon-
tinuous (ga, g1)-regularized resolvent family (Rp(t))i>o. Furthermore, if
(R(t))i>0 is a g-exponentially equicontinuous, analytic (ga., g1)-reqular-
ized resolvent family of angle B € (0,7/2], then (Rp(t))i>o is.

Concerning Theorem 3.2(iii), it is worthwhile to mention that the asser-
tion of [15, Corollary 2.15] (cf. also [13, Theorem 2.5.7-Theorem 2.5.8]) does
not admit a satisfactory reformulation for g-exponentially equicontinuous
(9a, gap+1)-regularized C-resolvent families in Fréchet spaces, unless C' = [

and # = 0.

Example 3.1.
(i) Let o € (0,1). Set aq(t) := L7HE7)(E), t >0, ko(t) := €', t > 0 and
0o 1= min(3, 57%5)- Suppose E is complete, f € L .([0,00) : E) and

A is the integral generator of a g-exponentially equicontinuous (Cy, 1)-
semigroup (R(t)):>o satisfying (14). Then Theorem 3.1 combined with
the analysis given in [15, Example 3.7] implies that A is the integral gen-
erator of a g-exponentially equicontinuous, analytic (a,, k. )-regularized
resolvent family of angle d,, which can be applied (cf. [20]-[21] and [15]
for more details) in the study of qualitative properties of the abstract
Basset-Boussinesq-Oseen equation:

u'(t) — AD§u(t) + u(t) = f(t), t >0, u(0) =0,

describing the unsteady motion of a particle accelerating in a viscous
fluid under the action of the gravity.

(i) Put E := {f € C*®([0,00)) : limy—ioo f®(z) = 0forall k € Ny}
and ||f|lx == E?:o sup,so | fY ()|, f € E, k € Ny. Then the topol-
ogy induced by these norms turns F into a Fréchet space. Suppose
o >0,0>0,s>1,1> 0 and define the operator A by D(A) :=
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{u € E : cou/'(0) = pu(0)} and Au = cou”, u € D(A). Then A
cannot be the generator of a Cy-semigroup since D(A) is not dense

in £ ([10]). Put A := Afeo, wi(A) == [[2,(1 + ), A € C and
kus(t) == L7(5 (/\))(t), t > 0. Using the well-known estimates for as-

sociated functlons ([13]) and [11, (2.36)], we infer that there exists a
constant ¢; > 0 such that, for every e € (0, 7),

(20)  Jwis(N)] = exp (e (I(1 4+ cote) AN ), A e n, ..

Furthermore, 0 € suppk s, kis(0) = 0 and k;4(t) is infinitely differ-
entiable in ¢ > 0. We will prove that A is the integral generator of
an equicontinuous analytic k; s-convoluted semigroup of angle /2 and
that there does not exist n € N such that A is the integral genera-
tor of an exponentially equicontinuous n-times integrated semigroup
on E (cf. also the proofs of [5, Theorem 4.1-Theorem 4.2, pp. 384—
386]). It is checked at once that the operator A — A is injective for all
A€ C\ (—00,0]. Let A =re (r >0, |0] <), f € Fand u= /2
Then de L’Hospital’s rule implies that, for every k € Ny, the C°-
functions & +— uy(z) = [ e res f(’l‘C (s)ds = er [T ers fR)(s)ds
r>0and r — ugk(x) = [T et fR)(s)ds = et [ emrs fF)(s5)ds,
x > 0 tend to 0 as ©+ — +o0. Taken together with the computation
given in the proof of the estimate (23), the above implies that the
function

u(zx) = i [/: e H@=9) f(5)ds + /:O e“(x_s)f(s)ds}, x>0,

belongs to E. Now it readily follows that the function w(x) := u(x) +
22Z+g 21M fO € MSf dS]e_Mx = U(.T) + K(:u7 f)e—wc7 r 2> 07 belongs to
D(A;) and that (A\— A;)w = f; therefore, A € p(A;) and (A\—A;)"1f =

w. Direct computation shows that

(21)

sup, > |/ (2)] supy>o | (@)
sup |u(x)| < ——=——— and sup |u x(x)| < = , k € Np.
x218| ( )‘ — |)\|COS§ ;)3218| 17k< >| — |)\|1/2COSg 0

Now we obtain that there exists an absolute constant ¢ > 0 such that,
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for every n € N,

n

= 4071, = D suplu? ) + . £)(-1P e ]

j= =0 "

1 / ‘ it ,
e—u(w—S)f(J) s)ds + -1 l,ulf(J—l—l) 0)e H*
i) (s + 3 (-1 (0)

n

< Z{sup

x>0
1,
ZZ ( Yot () p et
=11
e f() ds] +w(p, f) (=1 e }+ |§‘|‘fo||s0§

|A'|'i;'le [ 307+
2

[N 4 )
j 1
Lol dal sl
cos? |\ cos?

2CnllfHo(l +[ul")

—— _'_2 1+ n—1 _
(22)
4n—1 Y 1/2 Y (n—1)/2 - 1 A n/2 Hf”o )
e R e A R P

The inequality exp(—Cz'/*)2" < (sn/¢)", z > 0,¢ > 0,1 > 0 combined
with (20)-(22) implies that, for every € € (0, 7), the family {)\kAl;(A)()\—
A)7t X € ¥, .} is equicontinuous. Moreover, limy_, o )\kf:l,vs()\)()\ —
A7 =0 =k s(0)f, f € E. By [12, Theorem 3.7] and its proof, it
follows that A is the integral generator of an equicontinuous analytic
k; s-convoluted semigroup (R(t)):>o of angle /2 satisfying additionally
that, for every & € Ny and € € (0,7), there exists c¢(k,e) > 0 such
that [|R(2)f|lx < c(k,e)||fllk, 2 € Xr—e, f € E. Assume that there
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exists n € N such that A is the integral generator of an exponentially
equicontinuous n-times integrated semigroup on FE. Without loss of
generality, we may assume that 2n + 3 > 2(3/cy. Then there exists a
sufficiently large v > 0 such that the family {A\™"(A — A)~! : A > v}
is equicontinuous, which simply implies that there exist ¢, > 0 and
n' € N with:

1 ; —A\/2(z—s) £(2n+5)
r—S n d
sl < s

2n+4

+ Z j)\j/Qf (2n+4— _])(0)67)\1/21}

00 2n+5 -1
_|_1|:)\n+2/ ,\1/2 (z—s) s)ds — Z Z (2”+5) \(2n+3—10)/2
2 x

=1 1p=0

—1-1y [—1 (l0) CO)\l/Q_/B 1 < 1/2¢
<ue(t )fl @] - [Srrmm [

(23)
% )\(2n+5)/267)\1/2:v

< cn)\”Han/, A>v, feEE.

Denote by gf(x, A) the function whose supremum appears in (23). Since

) (=)t = 1and T () (0 - 1)(-1) = 1, it can
be easily seen that there exists a sufficiently large number a, > 0,
depending only on n, such that:

2sup ge—(x, A) > 2g.--(0, \)

x>0
2n+5
2n+5 [—1
> \"2)\ + \1/2 —1)I\V/2
R ) G P I8
N 232
(coAY2 4 B)(1 4 A1/2)

which implies limy_, oo A7" SUpP, > Ge— (T, A) = +00. A contradiction.
The question whether there exists an injective operator C' € L(E) such
that A is the integral generator of an exponentially equicontinuous
C-regularized semigroup on FE is non-trivial and will not be further
discussed in the context of this paper; let us only mention in passing

—ap, A", A > ag,
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that the existence of such an operator C' can be proved only with the
help of results concerning ultradistribution semigroups in locally convex
spaces (cf. [13, Subsection 3.6.2] for the Banach space case, and [25]).
Now we will explain how one can use the obtained result in the analysis
of a control problem for a one-dimensional heat equation for materials
with memory (cf. [23, pp. 146-147]). Let L} ([0,00)) 2 a satisfy (P1),
let abs(a) = 0 and let the analytic function a : C\(—o0, 0] — C\(—o00, 0]
satisfy a(\) = a(\), RA > 0. Suppose that o € (0,1) and, for every
e € (0,m) and n € N, there exist ¢/, > 0 and ¢,, > 0 such that
|a(A)]™" < el exp(c?, A7), A € Eq_. By [12, Theorem 3.7], we get
that, for every [ > 0 and s € (1,1/0), the operator A is the integral
generator of an equicontinuous analytic (a, k;s)-regularized resolvent
family (S(t))i>0 of angle 7/2 satisfying additionally that, for every k €
Ny and € € (0, 7), there exists c(k, €)' > 0 with ||S(2) f||x < c(k, €)'|| f]|x
2z € ¥n_e, f € E. This, in particular, implies the existence of regularized
solutions to the problem [23, (5.68), p. 147].

Suppose E = L?*(R"), 0 <l <nand 1 < a <2 Put N, :={ne
NG @ m41 = -+ - =, = 0} and recall that the space E; is defined by
E ={f € E: f" ¢ Eforalln € N}}. The totality of seminorms
(@, (f) =2, 1f || 2@y, f € Ey; € Nb) induces a Fréchet topol-
ogy on Ey ([27]). Let a, € C, 0 < [n| < N, let P(z) = >, -y aya”,
r € R", and let w > 0 satisfy sup, g« R(P (7)) < w. Suppose that
the operator P(D)f =3 -y a,(—i)" £ acts on E; with its maximal
distributional domain. Then we know that P(D) generates an expo-
nentially equicontinuous (ga, g1)-regularized resolvent family (R, (t)):>0
in the space Fj (cf. [12, Example 3.17] and [14, Remark 2.2]) and that
there exists a constant M > 1 such that:

@y (Ra(t)f) < Me*'q,(f), t >0, f € E;, n €N,

Let ¢ € C*(R") possess bounded derivatives of all orders and let
(Bf)(z) :== ¢(x)f(z), f € E, x € R". Then B € Lg(E;) and, by
Theorem 3.2(iii), the operator P(D) + B generates a g-exponentially
equicontinuous (g, g1)-regularized resolvent family (RZ(t));>o in the
space Fj.

EJQTDE, 2012 No. 94, p. 24



References

1.

10.

11.

12.

W. ARenDT, C. J. K. BATTY, M. HIEBER, AND F. NEUBRANDER,

Vector-valued Laplace Transforms and Cauchy Problems, Birkhauser-
Ver-lag, Basel, 2001.

V. A. BABALOLA, Semigroups of operators on locally convex spaces,
Trans. Amer. Math. Soc. 199 (1974), 163-179.

E. BAZHLEKOVA, Fractional Evolution Equations in Banach Spaces,
PhD Thesis, Eindhoven University of Technology, Eindhoven, 2001.

B. DEMBART, On the theory of semigroups on locally convex spaces, J.
Funct. Anal. 16 (1974), no. 2, 123-160.

K.-J. ENGEL AND R. NAGEL, One-Parameter Semigroups for Linear
FEvolution Equations, Springer-Verlag, Berlin, 2000.

D. H. Jeong, J. Y. PARK, AND Y. W. Yu, Ezponentially equi-

continuous C'-semigroups in locally conver space, J. Korean Math. Soc.
26 (1989), no. 1, 1-15.

T. KALMES, Hypercyclic, mixing, and chaotic Cy-semigroups induced
by semiflows, Ergod. Th. Dynam. Sys. 27 (2007), no. 5, 1599-1631.

M. KiMm, Remarks on Volterra equations in Banach spaces, Commun.
Korean Math. Soc. 12 (1997), no. 4, 1039-1064.

H. KomMmATSu, Semi-groups of operators in locally convexr spaces, J.
Math. Soc. Japan 16 (1964), no. 3, 230-262.

T. KOMURA, Semigroups of operators in locally convex spaces, J. Funct.
Anal. 2 (1968), no. 2, 258-296.

M. KoOSTIC, (a, k)-regularized C-resolvent families: reqularity and local
properties, Abstr. Appl. Anal. vol. 2009, Art. ID 858242, 27 pages,
2009.

M. KosTIC, Abstract Volterra equations in locally convex spaces, Sci.
China Math. 55 (2012), no. 9, 1797-1825.

EJQTDE, 2012 No. 94, p. 25



13

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. M. KosTi¢, Generalized Semigroups and Cosine Functions, Mathe-
matical Institute Belgrade, 2011.

M. KoSTIC, Abstract differential operators generating fractional resol-
vent families, Acta Math. Sin. (Engl. Ser.), submitted.

M. KosTiIC, Perturbation theory for abstract Volterra equations, Abstr.
Appl. Anal., submitted.

M. KosTIC, Some contributions to the theory of abstract Volterra equa-
tions, Int. J. Math. Anal. (Russe) 5 (2011), no. 31, 1529-1551.

M. L1, Q. ZHENG, AND J. ZHANG, Regularized resolvent families,
Taiwanese J. Math. 11 (2007), no. 1, 117-133.

J. C. L1 AND S.-Y. SHAW, N-times integrated C-semigroups and the
abstract Cauchy problem, Taiwanese J. Math. 1 (1997), no. 1, 75-102.

C. LizaMA, Regularized solutions for abstract Volterra equations, J.
Math. Anal. Appl. 243 (2000), no. 2, 278-292.

C. LizaMA AND H. PRADO, Fractional relaxation equations on Banach
spaces, Appl. Math. Lett. 23 (2010), no. 2, 137-142.

C. Lizama AND P. MIANA, A Landau-Kolmogorov inequality for gen-
erators of families of bounded operators, J. Math. Anal. Appl. 371
(2010), no. 2, 614-623.

C. MARTINEZ AND M. SANZ, The Theory of Fractional Powers of
Operators, North-Holland Math. Stud., Amsterdam, 2001.

J. PRUSS, Evolutionary Integral Equations and Applications, Birkhauser-
Verlag, Basel, 1993.

T. UsHIJIIMA, On the generation and smoothness of semi-groups of
linear operators, J. Fac. Sci., Univ. Tokyo, Sect. TA 19 (1972), no. 1,
65-127.

T. USHIJIMA, On the abstract Cauchy problem and semi-groups of lin-
ear operators in locally convexr spaces, Sci. Pap. Coll. Gen. Educ.
Univ. Tokyo 21 (1971), 93-122.

EJQTDE, 2012 No. 94, p. 26



26. R. WoNG AND Y.-Q. ZHAO, Exponential asymptotics of the Mittag-
Leffler function, Constr. Approx. 18 (2002), no. 3, 355-385.

27. T.-J. X1A0 AND J. LiaANG, The Cauchy Problem for Higher-Order
Abstract Differential Equations, Springer-Verlag, Berlin, 1998.

(Received June 11, 2012)

MARKO KosTIi¢

UNIVERSITY OF NOVI SAD

FAacuLTYy OF TECHNICAL SCIENCES

TRG DOSITEJA OBRADOVICA 6, 21125 NOVI SAD, SERBIA

E-mail: marco.s@verat.net

EJQTDE, 2012 No. 94, p. 27



