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Time-periodic solution for a
fourth-order parabolic equation describing
crystal surface growth*
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Abstract. In this paper, by using the Galerkin method, the existence and uniqueness
of time-periodic generalized solutions to a fourth-order parabolic equation describing
crystal surface growth are proved.
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1 Introduction

In the study of crystal surface growth, there arises the following diffusion equa-
tion

Uy = _.735 + f('rat)a
where u(z,t) denotes the variation of height from the average, j is the atom
current parallel to the surface, and f(z,t) is a noise term caused by shot noise

in the incoming flux. Taking j = ugzz. + HT—:‘Q, we obtain the well-known BCF
model (see [4, 5, 7, 8, 11, 13])
Uy .
Ut + Upprr + (m)m = f(ZC,t), mn (0, 1) x R. (11)

During the past years, many authors have paid much attention to the equation
(1.1). It was Rost and Krug [13] who studied the unstable epitaxy on singular
surfaces using equation (1.1) with a prescribed slopedependent surface current.
In their paper, they derived scaling relations for the late stage of growth, where
power law coarsening of the mound morphology is observed. In [11], in the
limit of weak desorption, O. Pierre-Louis et al. derived the equation (1.1) for
a vicinal surface growing in the step flow mode. This limit turned out to be
singular, and nonlinearities of arbitrary order need to be taken into account.
Recently, H. Fujimura and A. Yagi [4] considered the equation of (1.1). In their
paper, the uniqueness local solutions and the global solutions are obtained, a
dynamical system determined from the initial-boundary value problem of the
model equation was also constructed. In [5], H. Fujimura and A. Yagi continued
a study on the model equation (1.1). They considered the asymptotic behavior
of trajectories of the dynamical system by constructing exponential attractors
and a Lyapunov function. There is much literature concerned with the Eq.(1.1),
for more results we refer the reader to [6, 14] and the references therein.
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Furthermore, several authors have paid attention to the time-periodic prob-
lems [1, 19, 20]. But, to the best of our knowledge, only a few papers deal with
time periodic solutions of fourth-order diffusion equations. In [10, 17], the exis-
tence of time periodic solutions for the Cahn-Hilliard type equation and viscous
Cahn-Hilliard equation with periodic concentration dependent potentials and
sources has been investigated. In [15, 16], Wang et. al. considered the existence
and uniqueness of time-periodic generalized solutions and time-periodic classi-
cal solutions to the generalized Ginzburg-Landau model equation in 1D and 2D
case. In [3], by using the Galerkin method and the Leray-Schauder fixed point
theorem, Fu and Guo studied the existence and uniqueness of a time periodic
solution for the viscous Camassa-Holm equation. There are also many papers
were denoted to the periodic problems, for example [9, 12, 18] and so on.

Here, we investigate the existence and uniqueness of time-periodic general-
ized solutions to the equation (1.1) in one spatial dimension together with the
condition

u(z + 1,t) = u(z,t), t € R, (1.2)
and the time-periodic condition
u(z,t +w) = u(z,t), ze€(0,1), teR, (1.3)

where w > 0 is a constant and f(x,t) is w-periodic functions with respect to the
time ¢, which also satisfies

/Qf(x,t)dx 0.

Throughout this paper, we use the following notations.

Let X be a Banach space, C*(R; X) denotes the set of X-valued w-periodic
functions on R with continuous derivatives up to order k. The norm in C*(R; X)
is defined as

k
lullcerixy = sup {>_ IDjullx},
0<t<w 75

where Dy = 2 || - || x is the norm in X. We also define LE(R; X) (1 < p < o0)
as the set of w-periodic X-valued measurable functions on R such that

1
d P
lullzan = [ lulfat) " < oo, where 1< p <.
0
lull 7 (r;x) = ess sup |lul|x < oo, where p = occ.
0<t<w
Let WEP(R; X) denote the set of functions which belong to LP.(R; X) together

with their partial derivatives with respect to ¢ up to the order k.
In the following, we frequently use the Poincaré inequality (see [2]):

lull* <

1 1
< =||ugl|?, where u(z,t)dr = 0.
2
0

EJQTDE, 2013 No. 7, p. 2



Denote ||| 20,1) by |- lls I+ [z 0,1) DY [I* [loos [|[[zr(0,1) DY |- [lp and [[-[[ z7m (0,1)
by || - || g™, respectively.

2 Integration estimations and existence of the
approximate solutions for problem (1.1)-(1.3)

Let {y;(z)} (j = 1,2,---) be the orthonormal base in L?(0, 1) being composed
of the eigenfunctions of the eigenvalue problem

v + Ay =0, ¢ (0)=y'(1) =0,
corresponding to eigenvalues A\; (j =1,2, ).
Suppose that un(z,t) = Z;\le un;(t)y;(z) is the Galerkin approximate
solution to the problem (1.1)-(1.3), where a group of function upn;(t) (j =

1,2,---,N) € C'(w,R), N is a natural number.
Performing the Galerkin procedure for the equation (1.1), we obtain

UNz .
TTTT D) =/ 0,1 R. 2.1
v ivanes+ (T ) = (0.0) 2.)
with
uny(z+1,t) = un(z,t), tER, (2.2)

and the time-periodic condition
un(z,t +w) =uy(z,t), z€(0,1), teR, (2.3)

Lemma 2.1 Suppose that f € Cy,(R; L*(0,1)), My = supoc;<,, | f(,t)||. Then,
there exists a approximate solution uy for problem (2.1)-(2.3), which satisfies

sup ||UN('5 t)||2 < COM127
0<t<w

where ¢y s a positive constant independent of N, M.
Proof. Using Poincaré’s inequality and Holder’s inequality, we have

1 1t 1 1

lunl* < 5 lluns|® = ——/ unuNzedr < llunl? + 7 lunaes|?,

2 2 Jo 4

that is
1

Multiplying both sides of (2.1) by uy, and integrating it over (0, 1), making use
of Holder’s inequality and (2.4), we obtain

l1d 2 2
L+ e
! U?V ! 2 1 2 2
= = dx-i-/udxguz-i-—u +2
[ o [ fuds < Juwal? + Ll + 2011
1 5 17
< Luaal? + Slun P + 2071 < 2 ol + 2022
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Then,

d 7
Tlunl® + S lluves|® < 407, (2.5)

Integrating (2.5) over [0,w], we get
@ 48
/0 [unza|® < 7M12w. (2.6)

It then follows from (2.6) that there is a t; € (0,w) such that
48

lenaa (s, t)* < =M. (2.7)
Adding (2.4) and (2.7) together gives
2 _ 16, 5
lun G )" < — My (2.8)
Integrating (2.5) again over [t1,¢ 4+ w] (V¢ € [0,w]), using (2.8), we get
16
sup lun (I < un (8l + 8wt = (= + 8w) M. (2.9)
0<t<w

Setting ¢y = 1—76 + 8w, we complete the proof.

Employing the Leray-Schauder fixed-point argument, we can prove that
there exists at least one solution up (t) = Z;\le un;y;j(z) for the problem (2.1)-
(2.3).

Lemma 2.2 Suppose that the assumptions of Lemma 2.1 hold and
f € C,(R;H*(0,1)), fi € C,(R; L*(0,1)).

Then

sup (lune( )72 + [lun (5 )][F:) < 1 (Ma),
0<t<w

where My = supg<,<, (| fllaz + ||fill). Here and in the sequel, c;(Mz)(i =
1,2,--) is nondecreasing with respect to Ma and limpg, g ¢;(Ms2) = ¢;(0) = 0,
ci(Ms) is independent of N.

Proof. Multiplying both sides of (2.1) by —ungz, and integrating it over (0, 1),
we obtain

1d 2 2 /1 UNzUNzzx /1
—— —d dr =0
thHUNmH +||U/szz” + 0 1+|UNI|2 T + 0 fusz X )
Then, using Holder’s inequality, we get
1d
5%”“1\@”2 + HUNCE:MHQ
1 ! u? 1
< = 2 Nz d 1 2 2
< gllowesel?+ [ e+ I + sl
1 1
< ZHuNrMHQ + ||UNIH2 + ZHfH2 + ||Uch||2
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By Nirenberg’s inequality, we have

||uszz||2 + CQ(MQ)'

ol

2
1 2
a2 < (chlunamal llunll + chllunl)” <

and

”UNIIIHQ + c3(Mz).

oo | —

2
2 1
luasll® < (e vzl llun]F + s llux])” <
Summing up, we get
d 2 2

where ¢4(M3) = 2¢3(Ma) + 2c3(Mz) + £ MZ. Integrating (2.10) over [0,w], we
have

/ unzaz (- t)||2dt < cq(Mo)w. (2.11)
0

It then follows from (2.11) that there exists a time t5 € (0,w) such that
[unzea (- t2) || < ca(Mo). (2.12)

Then

1
luna (s t2)I” < Glluneen (s t2)|1* + e2(Mo) < gea(Ma) + e2(Ms). (2.13)

ol

Integrating (2.10) again over [t2,t 4+ w] (V¢ € [0,w]), using (2.13), we obtain

sup |Juna (5 0))1* < lune (- t2)[|* + 2ca(Ma)w = c5(Ma). (2.14)
0<t<w

Based on Sobolev’s embedding theorem, we have
un( D)llcp < cllunllm < ce(Mz), te€[0,w]. (2.15)

Multiplying both sides of (2.1) by unzzzz, and integrating it over (0,1), we
obtain

1d 1 ” 1

Then, using Holder’s inequality, noticing that s < %(1 + s2), we get

1d 9 5

th”UchH + [ uNzzzel

1 1 U/N 2 1 1
< SlluNzzex 2 + / — T dr + —||lu rreT 2 + / de
= 4” N I o [(1+|UNI|2)} 4” N [ ; f
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1 2 ! UNzz 2|uN:n| uN:n:n /
< = TTITT - d d
< glhoeenl®+ [ | - Q| e [
<

1 2 /1 UNzx
— || UNzzzzx +2 P r———— d(L‘
gllnveseal "2 | (1+|uNx|2>

2|UNI| UNII> / 2
+2/ <7 dr + da
o\t [uwal?)? /

1 9 /
= —N|uNszzel® +2 u? midz
1
UNg
= umﬁdﬂ / fRd

1
< §H“Nﬂcwm|‘2 + 2”“sz||2 + 5”“1\/:0:0”2 + M2,

Using Nirenberg’s inequality, we derive that

5 5 1 2 1
§||Uch||2 < §(Cll||UchmcH“" lunzll® + CI2HUN1||) ZHUNMMH + c7(M2),
Summing up, we deduce that
d 9, 1 2
%”UNMCH + §HuszzH < cs(Ma), (2.16)

where cg(Ma) = 2c7(Mz) + 2M3. Integrating (2.16) over [0,w], we have

/ N mmma (- )| 2dt < 208(Mo)w. (2.17)
0

It then follows from (2.17) that there exists a time ¢3 € (0,w) such that
[unzaae (- t3)[1? < 2c8(Ma). (2.18)
Then

I

1 1 2
lunee(:st3) §1—0||UNmm( ts)|I” + —07(M2) —08(M2)+507(M2)-(2-19)

5
Integrating (2.16) again over [t3,t 4+ w] (V¢ € [0,w]), using (2.19), we obtain

sup [unaa (-, 8)]1> < llunea (- ts)l|I” + 2cs(Ma)w = co(My). (2.20)
0<t<w

Based on Sobolev’s embedding theorem, we have
luna (- Dllcoy < clunllmz < cio(Mz), t€[0,w]. (2.21)

Multiplying both sides of (2.1) by uNzzzazz, and integrating it over (0,1), we
obtain

1d ! UN 1
gplovenel® +lnsssl+ [ (52 wsnate = [ fetsnae
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Using Holder’s inequality, we get

1d ) ,
1 2 1
UNz 2 1 2
1 2 1 2 4 1 4 2
u u u u u
< 4/ %dl‘ﬁ-l‘l‘l/ Mdmﬂﬁ/ —Na Nzzz o
o (L4 [unal?)? o (L+|unz|?)* o (L+ Junz[?)?

4

! u?\, Un ! 2 1 2
+256/ Ad:ch/ 2dr + —||uUNgzzes

1
< 5||UNIIZ||2 + 40||“Nﬂcﬂc||§1l + ]\422 + §||“Nﬂcmm||2

By Nirenberg’s inequality, we have

||UNmmmzz||2+cll(M2);

ool =

1 2
5||Uszz||2 < 5(Cll||uNmmmmm||3 luneell® +012||“NM||)2 <
and

||uszzzz||2+012(M2)-

ool =

1 11
40||UNII||3 < 40(C/1||Uszz:m|| 12 || U N g || 12 +012||“NM||)4 <
Summing up, we deduce that
d 9 1 2

where c13(Mz) = 2¢11 (M) + 2c12(Ms) + 2M2. Integrating (2.22) over [0, w], we
have

/ lluNzeees (-, t)||2dt < 2¢13(Ma)w. (2.23)
0
It then follows from (2.23) that there exists a time ¢4 € (0,w) such that
||'U/szzzz('; 2‘:4)”2 S 2013(M2)- (224)
Then
luvame )2 < =] (I + 2en (M)
UNzzz\ >~ | UNzzzzz") —-C
N 4 10/uN 4 5 (Mo
1 1
S 2—0013(M2) + gcll(MQ)- (225)

Integrating (2.22) again over [t4,t 4+ w] (V¢ € [0,w]), using (2.25), we obtain

sup [[uneaa (-, D)II* < uneaa( ta)l* + 2c13(Ma)w = c1a(Ma).  (2.26)
0<

<t<w

Based on Sobolev’s embedding theorem, we have

unaa (- )llcpo) < cllunllms < c15(Mz), te€[0,w]. (2.27)
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Multiplying both sides of (2.1) by UNzzzzezze, and integrating it over (0,1), we
obtain

1d ! U 2

1
0

Using Holder’s inequality, we get
1d
2 dt

%HUNIIIIII”Q Jr/o1 (%2>zm dz+/01 fgmdfﬂ
e <1U+N|TN|) =
o, (oo, (G )

1 1
§||uszzzzz||2 +/ fimdx + C(||“Nﬂmm||2 + HUNIIHZL
0

||UN1111||2 + ||'U/szzzzz||2

IN

IN

IN

+||UNII||2 + H“Nmmni + ||UNII||2)
By Nirenberg’s inequality, we get
Alunzezall? < e(€)unersreall® [unzee]|? + chlluneal])?
< Soluarereal® + a6(M),

1 15
CHUNMCHZl < C(Cll |uNzzzzeel 16 |unee| 16 + c/2||uch||)4
1
S 1_6||uszzzzz||2 + 017(M2)7
1 11
C”UNrng < C(C/1||UNMEIIII|| 12 ||Uch|| 2 4 C/2||UNII||)6
1
S 1_6||uszzzzz||2 + 018(M2)7
and
4 / L 11 / 2
cllunzexlls < clAillunerzaee| 2 |unzes |12 + chllunzexll)
1
<

E ”uchmcmc”2 + Clg(Mg).
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Summing up, we deduce that

d 1
_”'U/szzz”2 + _”'U/szzzzz”2 S C21 (MQ)a (228)
dt 2

where Cgl(Mg) = 2(016(M2) + 017(M2) + Clg(Mg) + Clg(Mg) + M22 + CCQ(MQ)).
Integrating (2.28) over [0,w], we have

/ [t smmnne(s )| 2dE < 2601 (Moo, (2.29)
0

It then follows from (2.23) that there exists a time ¢5 € (0,w) such that

||uszzzzz('7t5)”2 S 2021(M2)- (230)
Then
| ()2 < | (152 + e16(Ma)
UNzzzz(s L5 = 16¢ UNzzrzzz( 15 ccl6 2
1 ClG(MQ)
< — M. _— . 2.31
< geen(M2) + — (2.31)

Integrating (2.28) again over [t5,t 4+ w] (V¢ € [0,w]), using (2.31), we obtain

sup [ unzaze (5 0 < unzeaa (5 t5)]17 4 2021 (Ma)w = c22(Ma).  (2.32)
0<t<w

Based on Sobolev’s embedding theorem, we have
lunzae( D)oo < cllunllms < c2a(Ma), te€[0,w]. (2.33)

Multiplying both sides of (2.1) by un¢, and integrating it over (0,1), we obtain

[Jun]?
= (“uewsr — (T g)e + Fouwe)
Nxxxx 1+|UN1|2 x s UNt
1 3 3 3 [ Uy 2
< . 2 “a TTTT 2 “a 2 . — d
< gl o+ Sl + 31+ 3 [ () as
1 3 3
< 2 2, 9 2 92
> 2||uNt|| +2||uszzz|| Jr2||f||
1 2 1 2 2
UNzx 2u]\] UNzx
+3/ (7) d$+3/ (Ii) dzr
o \1+|una|? o \(1+ |unel?)?
< 1 2 § 2 § 2 2
> lunell® + Slluneeeal|” + S I1FI7 + clluvell
2 2 2
1 9 3 3. 9
S §||uNt|| =+ 5022(M2) + §M2 + CCQ(MQ).

Hence

||UN15||2 < ng(MQ) = 3022(M2) + 3M22 + QCCQ(MQ). (2.34)
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Differentiating (2.1) with respect to t, we get

"N )= fiy (2,8) € (0,1) X R, (2.35)

UNtt + UNzaaat T (m
x

Multiplying both sides of (2.35) by ungu.t, and integrating it over (0,1), we
obtain

1d|
2dt

1 1
UN g
= PEEE—— TTT dx — zx de.
/0 (1+|UNI|2)tUN tax /0 frungarde
1 L UNE 2
Howaen? +2 <7 s
4 o \ 14 |unz|?

o [ (et e el 02
— = XL —|UNzz
o \(1+ [una]?)? g et 2

|UNact||2 + ||UNm:m:||2

IN

1 5 1
< ZHUNamztlﬁ + 5”“1\/%”2 + ZHUNIHHQ + M22

Using Nirenberg’s inequality, we obtain

||UNxxact||2 + 024(M2);

ol

5 1 2
§||UNmt||2 < S(Alunzaadl |3 lune| 5 + chllun)® <

2
and

2 1
(i llunaaatll? lunell® + chllunel)* < 2 lunaaed|* + cos(Ma).

A~ =
| =

1
Z||uszt||2 S

Summing up, we have

d
EHUNItHQ + ||uN:n:nzt||2 S 026(M2); (236)

where ca6(Mz) = 2¢24(Mz) + 2c95(Ms) + 2M3. Integrating (2.36) over [0, w], we
have

/ llunzwwt (- t)||2dt < cog(Ma)w. (2.37)
0

It then follows from (2.37) that there exists a time ¢ € (0,w) such that
||UNmmmt('at6)||2 S 026(M2)- (238)

Then

1 2 1 2

[unet (- t6) 1> < s=llunaaet (-5 t6)|* + Tcoa(Ma) < s=cag(Ma) + Zcaa(M2)2.39)
20 ) 20 )

Integrating (2.36) again over [t,t + w] (V¢ € [0,w]), using (2.39), we obtain

sup Jlunae(- 1)[1? < llunae (s t6) |1 + 2c26 (M2 )w = cor(Mo). (2.40)
0<t<w
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Based on Sobolev’s embedding theorem, we have
lune(- )l co,n) < elluntllar < cear(Mz), ¢ €0,w]. (2.41)

Multiplying both sides of (2.35) by unzazat, and integrating it over (0,1), we
obtain

1d ! UN !
§E”UNxxtH2 + HuN:c:czth2 = */ (71) UNxmmxtdx +/ ftumexxtdx-
0 axt 0

1+|UNz|2
Therefore

1d

§%Huszt”2 + ||Umexxt||2

1 1 un 2 1
< 7 2 (—==]) d 2/ 2d
> 4||Uszzzt|| + /0 (1+|UN1|2):“ T + ) ft €T
<

1 L/ un 2 L bunstuneatung \’

2 xxt x T xt
—NuNzzzz +8/ —_— d:z:+8/ ————— | dz
4” N t” 0 (1+|UN1|2) o ( (1+|UNx|2>2 )

1 2 1 3 2 1

U3, UNzzt AU, UN o UN ot 2

+8/ (Nmi)dﬁg/ (I— dr+2 [ f2dx
o \(1+[u3,)? o \ (1+[unz[?)? 0o '
1

< Jlunssse® + cllunsd|® + cllunad® + 243,

Nirenberg’s inequality gives

1 2 1
CH“NthQ < C(ClllluNzcmzt”; HUNMHg + C/2|‘“Nwt||)2 < ZH“NmmthQ + cag(Ma).
Summing up, we get
d 2 2
%HusztH + HuN:nzzth S 029(M2>; (242)

where cag(Ma) = 2cca7(Ms) + 2ccas(Ma) + 4M3. Integrating (2.42) over [0,w],
we have

/ [t ammae(c+ O)|[2dt < ca0(Ma)w. (2.43)
0

It then follows from (2.43) that there exists a time t7 € (0,w) such that
HUNmmmmt('; 2‘:7)”2 S CSO(MQ)- (244)
Then

cas (M)

1 1 CQg(lMQ)
xxt\® t 2 < zxxxrt\® t 2 — < — M + _—
||uN t( ) 7)” = 4CHUN t( ) 7)” c = 40030( 2) c

(2.45)

Integrating (2.42) again over [t7,t 4+ w] (V¢ € [0,w]), using (2.45), we obtain

sup [[unaat( OI° < unwasat( t7)[|* + 2e30(Ma)w = c31(Mz).  (2.46)
0<t<w
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Based on Sobolev’s embedding theorem, we have
lunae(, t)llcon) < cllunellm < cear(Mz), € 0,w]. (2.47)

Combining (2.9), (2.16), (2.21), (2.27), (2.33), (2.35), (2.40) and (2.46) to-
gether, we complete the proof of Lemma 2.2.

3 Existence and uniqueness of solutions for the
problem (1.1)-(1.3)

Theorem 3.1 Suppose that the assumptions in Lemma 2.2 is satisfied, then
there exists a generalized time-periodic solution

u(z,t) € L2 (R; H*(0,1)), u¢(z,t) € LE(R; H*(0,1)), (3.1)

for problem (1.1)-(1.8), which satisfies

w pl

/ / <ut F U + () — f> pdrdt =0, Yo € L2(R: L(0,1)).(3.2)
0Jo 1+ Jug|

FEspecially, if My is sufficiently small, the solution is unique.

Proof. Based on Lemma 2.2 and Sobolev’s embedding theorem, we obtain the
following estimate

JSup (lune G, )l cro,n) + lunllespo,1)) < es2(Ma). (33)

It then follows from (3.3) and Ascoli-Arzeld’s theorem that there exists a func-
tion u(z,t) and a subsequence of {uy(z,t)}, still denoted by {un(z,t)}, such
that, when N — +oo, {un(z,t)}, une(x,t)} uniformly converge to u(x,t) and
ug(z,t) on [0,w] x (0, 1). Based on the result of Lemma 2.2, when N — +o00, the

subsequences {Unzz }y, {UNzzz by {UNzzzz )y {UNt}, {unze} and {ung.e} weakly
converge t0 Ugz, Uzzs, Uspre, Uty Uge and Uz in L2 (R; L2(0,1)). Set

W = {ulu e L2(R; H*(0,1)),u, € L>(R; H*(0,1))}.

Aubin’s compact lemma implies that the embedding W — L2 (R; H?(0,1)) is
compact. Owing to the assumptions, we know that there exists a subsequence
of {un(x,t)} still denoted by {un(x,t)} such that, when N — +oo, {un(z,t)}
is convergent in L2 (R; H3(0,1)).

Setting F(s) = 7715+ according to the previous subsequences {un(z,t)},

we conclude that {[F(un.)].} = {(%) } weakly converges to [F(ug)]. =

(1+TT|) in L2(R; L2(0,1)). In fact, for any w € L2(R;L%(0,1)), by (3.3),
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we have

|Aﬁwwmm—wwmmmw

w pl
= // (|FI(UNE) - FI(UI)HUNEE' + |Fl(um)||uNmm - Uwz') |w|dxdt
0Jo
w prl
< // (|IF" (Ouns + (1 — O)uy)|[une — us|[unes||w|) dadt
0 Jo
w prl
0Jo
w pl
< 032(M2>// (June — ta| + [UNze — Usa|)|w|dzdt
0 Jo
< esa(Ma)[[lune — tzl|L2((0,w)x (0,1)) + [UNzz — Uz || L2 ((0,0)x (0,1))]

Jlwll L2 ((0,0) x (0,1))5 (3.4)

where 0 € (0,1). By (3.4), we know that there exists a subsequence {un(z,t)}
such that {[F(unz)].} weakly converges to [F(uy)], in L2(R; L%(0,1)). Then,
problem (1.1)-(1.3) admits a generalized time-periodic solution w(z,t), which
satisfies (3.1) and (3.2).

Now, we are going to prove the uniqueness of the solution. Suppose that
u(z,t) and v(x,t) are two solutions of (1.1)-(1.3). Let &(z,t) = u(x,t) —v(x,t),
then &(z,t) satisfies the following problem

gt + £mmmm + [F(uz)]z - [F(Uz)]m = 0; HARS (Oa 1)a te Ra
(t+w) = £z t), teR.

Multiplying both sides of the equation of (3.5) by &, integrating the products
over (0,1) and using the mean value theorem, we obtain that

1d

1
516+ Il = [ (Plu) = Pu)sda

= [ O+ (- Deede < s
< 1l + s ORI IEN = 1here P ~ ess MR € )
< Sl + less (M) el (36)
Using Poincaré’s inequality, we get
€12 < 2l = ~2 (6. 6xe) < 7llacll® + €I

which means

1€aall?.

Wl

l€l* <
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It then follows form (3.6) and the above inequality that
d
€7 + 3 = 2esa (M) €]* < 0. (3.7)

Taking M, sufficiently small such that 3 — 2[c3a(M>)]* > 0, using Gronwall’s
inequality, we have

—(3—2[ca2(M2)]*
IEC, DI < 11, 0)Pe G2Vt > 0,

Since £(z,t) is time-periodic, for any ¢t € R, there exists a natural number Ny
such that t + No& > 0 and

1661 = 1EC, ¢+ Now)|* < [|&(:, 0)|Ze=B=2esz (DN -y > N,

that is
1€C,6)* =0, VteR.

Then, Theorem 3.1 is proved.
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