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Abstract: In this article, we consider the nonlinear eigenvalue problem:

A(|AuPr @72 An) + A(|AuP2 @72 An) = Au|?@ 2y, in Q,
u = Au = 0,0n 0,

where Q is a bounded domain of RY with smooth boundary, A is a positive real number, the

continuous functions p1,p2, and g satisfy 1 < p2(z) < q(z) < pi(z) < ¥ and maxq(y) <
yeN
NIX’;%% for any = € Q. The main result of this paper establishes the existence of two positive

constants Ao and A1 with Ao < Ay such that any A € [A1,400) is an eigenvalue, while and

A € (0, Ao) is not an eigenvalue of the above problem.
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81 Introduction

The study of differential equations and variational problems with variable exponent has
been a new and interesting topic. Its interest is widely justified with many physical examples,
such as nonlinear elasticity theory, electrorheological fluids, etc. (see [1,2]). It also has wide
applications in different research fields, such as image processing model (see e.g. [3,4]), station-
ary thermorheological viscous flows (see [5]) and the mathematical description of the processes
filtration of an idea barotropic gas through a porous medium (see [6]).

In this paper, we are concerned with the study of the nonhomogeneous eigenvalue problem

{ A(|AuPr@=2A0) + A(|AulP2@ "2 Au) = Ajul9® 2y, in Q, )
u = Au = 0,0n 99,
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where  is a bounded domain of RY with smooth boundary, A is a positive real number, and
p1, P2, q are continuous functions on Q.

The study of nonhomogeneous eigenvalue problems involving operators with variable expo-
nents growth conditions has captured a special attention in the last few years. This is in keeping
with the fact that operators which arise in such kind of problems, like the p(x)-Laplace operator
(i.e., A(|Au|P@~2Au), where p(z) is a continuous positive function), are not homogeneous and
thus, a large number of techniques which can be applied in the homogeneous case (when p(z)
is a positive constant) fail in this new setting. A typical example is the Lagrange multiplier
theorem, which does not apply to the eigenvalue problem

{ A(|AuP® =2 An) = AJu]?@®) =2y, in Q, )
u = Au = 0,o0n 012,
where € is a bounded domain of RY with smooth boundary, A is a positive real number, and
p, q are continuous functions on .

On the other hand, problems like (S) have been largely considered in the literature in the
recent years. We give in what follows a concise but complete image of the actual stage of
research on this topic.

In the case when p(z) = g(z) on Q, Ayoujil and Amrouss [7] established the existence of
infinitely many eigenvalues for problem (S) by using an argument based on the Ljusternik-
Schnirelmann critical point theory. Denoting by A the set of all nonnegative eigenvalues, they
showed that sup A = +o0o and they pointed out that only under special conditions we have
inf A = 0. We remark that for the p-biharmonic operator (corresponding to p(x) = p) we
always have inf A > 0.

In the case when max ¢(x) < min p(x) it can be proved that the energy functional associated
Q €Q

to problem (S) has a nontrivial minimum for any positive A (see Theorem 3.1 in [8]).

In the case when min ¢(z) < min p(x) and ¢(x) has a subcritical growth Ayoujil and Amrouss
Q zeQ

[8] used the Ekeland’s variational principle in order to prove the existence of a continuous family
of eigenvalues which lies in a neighborhood of the origin.

In the case when maxp(z) < ming(x) < maxq(z) < N]\i’;f()x), by Theorem 3.8 in [8], for
€N €N €N

every A > 0, the energy functional ®, corresponding to (S) Mountain Pass type critical point
which is nontrivial and nonnegative, and hence A = (0, +00).
In this paper we study problem (P) under the following assumptions:
H(p1,p2.9) : 1 <pa(z) < ¢~ < gt <pi(z) < §, vz e
gt < #pﬁl), Ve e Q,

where ¢~ = min ¢(x) and ¢t = max q(z).
zEQ €N
Inspired by the above-mentioned papers, we study problem (P) from all the cases studied

before. In this new situation we will show the existence of two positive constants Ag and A\;
with Ag < Ay such that any A > A1 is an eigenvalue of problem (P) while any 0 < A < )¢ is not
an eigenvalue of problem (P).

Need to note that our methods in this paper can be applied to the problems in the special
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case when p(x) and g(z) are all constants. Recently, we find that [9] use quite different methods
from ours to consider such special problems and obtain better results.

This paper is composed of three sections. In Section 2, we recall the definition of variable
exponent Lebesgue spaces, LP(x)(f2), as well as Sobolev spaces, W1P(#)(Q). Moreover, some
properties of these spaces will be also exhibited to be used later. In Section 3, we give the main

results and their proofs.
82 Preliminaries

Firstly, we introduce some theories of Lebesgue-Sobolev space with variable exponent. The
detailed can be found in [10-12].
Set
Ci(Q)={heC(Q):h(z) > 1forany z € Q}.
Define

h~ =minh(z), ht = maxh(z) for any h € C; (Q).
zeQ zeQ

For p(x) € C4 (), we define the variable exponent Lebesgue space:
LP@)(Q) = {u : u is a measurable real value function [, [u(z)[P®dz < 400},
with the norm [u]pe) ) = [Ulp@) =Inf{A >0 [, |@|p(l)d:§ <1},
and define the variable exponent Sobolev space
WEPE Q) = {u € LP@(Q) : D*u € LP(Q), |o| < k},
with the norm ||u||Wk,p(m>(Q) = |lullg,p) = ;k | D%l p ()
al<
We remember that spaces LP(®)(Q) and WHP(®)(Q) are separable and reflexive Banach
spaces. Denoting by Wg’p(z)(Q) the closure of C§°(2) in W*r(®) ().
For p(z) € C(Q), by LI*)(Q) we denote the conjugate space of LP(*)(Q) with ﬁ + ﬁ =
1, then the Holder type inequality
1 1
/ |uvlde < (p—_ + q—_)|U|Lp<w>(sz)|U|Lq<w>(sz>, u € L), 0 € L1(Q) (1)
Q
holds. Furthermore, define mapping p : LP(*) — R by

plu) = / [P @,
Q

then the following relations hold

[ulpz) < 1(=1,>1) & p(u) < 1(=1,> 1), (2)
- +
fulpay > 1= lul?,) < plu) < [ul’,), 3)
Y ¥
fulpay < 1= Jul,y < plu) < Jul?, (4)
|u - u|p(m) —0& P( Up — u) — 0. (5)

Definition 2.1. Assume that spaces F, F' are Banach spaces, we define the norm on the
space X := ENF as |lu|lx = ||ullg + ||ul| 7.

In order to discuss problem (P), we need some theories on space X; := Wo ") (Q) N\ W2Pi(®)(Q) (i =

1,2). Since pi(x) > po(x) for any x € Q, so the space VV1 pl(m)(Q) is continuously embedded
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in WyP2"(Q), W2ri(@)(Q) is continuously embedded in W2P2(*)(Q), so X; is continuously
embedded in X5.

From the Definition 2.1, it follows that for any v € X1, [|ull1 = [Jull1 p) + |ull2,p), thus
lully = lulp@) + [Vulp@) + 22 D%t p(a)-

o=
In Zanga and Fu [13], the equivalence of the norms was proved, and it was even proved that

the norm [Awul,,) is equivalent to the norm |lul; (see [13, Theorem 4.4]).
Let us choose on X; the norm defined by [jull; = |Au|y). Note that, (Xi,|| - [|1) is also
a separable and reflexive Banach space. Similar to (2),(3), (4) and (5), we have the following,

define mapping p; : X1 — R by
pr(u) = [ |Auf)da,
Q

then the following relations hold

lui <1(=1,>1) < p1(u) < 1(=1,> 1), (6)
- +

[ulli > 1= HUH’E+ < pr(u) < lullf (7)

fulls < 1= Jlullf < pi(u) < [ullf (8)

it — ulls = 0 pa(un —w) — 0 (9)

Hereafter, let

Npi(x) N
. B N_Qpl(w)v p1($)< 27
pi(z) =
N
+OO, pl(x) Z 57
and N () N
p2(
. B N _ 2])2(55)7 p?(x) < ) )
pa(z) = N
+OO, pQ(SC) Z 3

Remark 2.1. If h € C(Q) and h(x) < pi(x) (i = 1 or 2) for any = € Q, by Theorem 3.2
in [7], we deduce that X; is continuously and compact embedded in L") ().

Remark 2.2. Since p2(z) < pi(x) for any z € Q it follows that pi(z) < pi(x), using
condition H(p1, p2,q) we have a compact embedding X; — L) (Q)(i = 1,2).

83 The main results and proof of the theorem

Since py(z) < pi(z) for any x € Q it follows that Wy ") (Q) (W2P1(*)(Q)) is continuously
embedded in W?2P2(#)(Q). Thus , a solution for a problem of type (P) will be sought in the
variable exponent space X; = Wo' ) (Q) W21 @)(Q).

We say that A € R is an eigenvalue of problem (P) if there exists u € X1\{0} such that

/(|Au|p1(z)_2 + |AulP2 @) =) AuAvdr — )\/ lu|1®)=2ypdx = 0,
Q Q

for all uw € X;. We point out that if A is an eigenvalue of problem (P), then the corresponding
eigenfunction v € X;1\{0} is a weak solution of problem (P).

Define ) )
e mp Jam@ A e+ [y gl Aupda
ueX:\{0} fQ $|u|q(z)dx
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Our main goal is to prove the following result:

Theorem 3.1. Assume that H(p1, p2,q) holds. Then A; > 0. Moreover, any A € [A1, +00)
is an eigenvalue of problem (P). Furthermore, there exists a positive constant g such that

Ao < A1 and any A € (0, )\p) is not an eigenvalue of problem (P).
Proof: The proof is divided into the following four Steps.
Step 1. We will show that A\; > 0.

Since py(x) > ¢t > q(x) > ¢~ > pa(z), Vo € Q, we deduce that for every u € X7,
AT+ |Au|T < 2| Auf ) 4 A=)
and
Ju(@)|7®) < Ju(x)[7 + [u(z)]7 .

Integrating the above inequalities, for any v € X7, we have
/ (18] + [ Aul )de < 2 / (1AufP® + | A=) dz (10)
Q Q

and

w(z)]9®) gz u:vq+ w(z)|? Vdz.
/Q|<>| ds/9<|<>| (@) ) (11)

Using again the fact that ¢= < N]X%;, and 7 < N]\i—q;(ﬁ, we deduce that W, (Q) N
- z +
W24 (Q) is continuously embedded in L (), and Wy™? () N w2 () is continuously em-

bedded in LI (), there exist two positive constants c¢j, c2 > 0 such that

/ [l de < 01/ |Au|” da, Yu € Wy? () N W1 (Q)

Q Q

N (12)

/ [ul”" da < 02/ |Aul7" dz, Yu € WorT () NWT ().
Q Q

By ¢ < ¢t < pi(z) for any x € Q we deduce that X; is continuously embedded in
Wyt () NW?24 (Q) and in I/Vol’q+ (©) NW24"(Q). Thus, inequalities (12) hold true for any
u € Xj.

Using inequalities (11) and (12) it is clear that there exists a positive constant ¢z such that

/ lu(z)|7®) dz < 03(/ |Au|ffdz+/ |Au|? dz), Yu € X;. (13)
Q Q Q

From (13) and (10) we get the estimate

Ju(a)|9®) da < 203(/ | Au|Pr®) dy: +/ |AuP2®)dz), Yu € X. (14)
Q Q Q

Consequently, from (14) we obtain

EJQTDE, 2013 No. 18, p. 5



Jo —pltw) | Au|Pr(®) da + Jo —pztw) | Au|P2(®) dg

)\1 = inf

u€X1\{0} Jo $|u|q(w)dx
A g
> inf L - (2 )
ol L o ol
_ ﬁ Jo |AuP ) da + % Jo 1Au[P2 @) dy
= uexs T T d
ueX1\{0} e fQ |’LL| T
o JolAuPr®de + [ |AufP ) de
p;r uweX1\{0} fQ |u|Q($)dl‘
T
> > 0.
~ 2cspt

Step 2. We will show that A; is an eigenvalue of problem (P).

Claim 1: . . . @
b Jam@ AU + Jo gy | AutTde o0 (15)
lluli—0 Jo $|u|q(z)dz ’
ffl pliw) |Au|P1(z)dm + fQ ;02%95) |AU|P2(I)dm = 400 (16)
[l —o00 Jo $|u|qw)dx '

In fact, since X is continuously embedded in e (Q) it follows that there exist two positive
constants ¢4 and c¢5 such that

[ulg- < callull2 and |ulg+ < esllull2, Yu € Xo. (17)

By X; is continuously embedded in X5, we have

l[ully = 0 = [ull2 — 0.

For any u € X3 with ||u|l; < 1 small enough, by (8), (11), (17) we have
Jo g | AuP @de + [ ot | AulP> P da

p2 ()
fQ ﬁmrﬂz)dﬂj
i o 1Bul=da

Jul 7 +|u\31
—

.

q [[ull?

>
=¥ 4 = + ¥
Py ci |lulls +c5 flull3

Since p < ¢~ < ¢, passing to the limit as ||ul|; — 0 in the above inequality we deduce
that relation (15) holds true.

On the other hand, since X; is continuously embedded in LZ" () it follows that there exist
two positive constants cg and c; such that

|ulg— < collullr and fulg+ < erully, Yu € Xi. (18)
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Thus, for any v € Xy with ||uljs > 1, by (7), (11), (18) we have
Ja pl%m) | Au[Pr*) dz + Ja pQ%m) | AulP2®)da
fQ $|U|Q(I)dz
. % Jo | Au[Pr(®) dg

Jul 2+l 75
——t
T ually!

P el ull{ + e Jul

e

Since p; > gt > ¢, passing to the limit as ||u||; — +oc in the above inequality we deduce
that relation (16) holds true.

Claim 2: there exists uo € X1\{0} such that
Jo pl(m) |Au0|p1(z)dm +Jo mt 7 |Au0|p2(w)dx

Jodts |uo|q<w>dm S

In fact, let {u,,} C X3\ {0} be a minimizing sequence for A;, that is,
. fg - (m)|A“|p1( Vdx + J"Q - (I)|Au|1’2(I)dJc

n—00 fQ |U|Q(m)dl‘

=\ > 0. (19)

By Claim 1, we have {u,} is bounded in X 1. Since X, is reflexive it follows that there exists
ug € X; such that u,, — wug in X;. On the other hand, the function fQ )|Au|p1(m)dﬂc +

Jo pz;(m)|Au|p2(z)dm : X3 — R is a convex function, hence it is weakly lower semi-continuous,

thus . 1
liminf(/ |Aun|p1($)dx+/ —|Aun|p2(z)das)
n—oo  Jq p1(z) a p2(x) (20)
1
> Aug|P* @ da: Jr/ — | Aug P2 @ dx).
>( [ 1w oy Aol )
Note that X is compactly embedded in L¢(*)(Q), thus,
Uy — Ug IN LQ(””)(Q). (21)
By (5) and (21), it is easy to see that
1 1
lim — |y, |1 dy = / —Jup|1®) dz. 22
n—oo QQ(-T)| | QQ(‘T)| o 2

In view of (20) and (22), we obtain
fﬂ p—l%z) |AUO|P1(z)dz + fQ _p;z) |Au0|p2(m)dz
fﬂ $|UO|Q(z)dm

= )\17 if Uug 7é 0.
It remains to show that wg is nontrivial. Assume by contradiction the contrary. Then
up, — 0in X; and u,, — 0 in LQ(E)(Q). Thus, we have
1
lim ﬁ|un|Q<ﬂﬁ>d:c =0. (23)

Taking € € (0, A1) be fixed. By (19) we deduce that for n large enough we have
1 1 1 1
| / | A, [P dz —|—/ | Ay, [P2 @) dz — )\1/ —|un|‘J(I)d$| < 5/ ——|un | dz,
o p1() o p2(z) o (@) o (@)
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which deduces that

1
(M 75)/ —— || da
adq

()
! (a) ! (@)
< | Ay [P de + | Ay, P2 d (24)
api(z a p2(@)
1
<A1 +e / — |y |7 dz.
(a ) Q Q($)| |
Combining (23) and (24), we have
1 1
lim | A, [P da Jr/ — | A, |2 @ dx = 0. (25)
n— Jo p1(z) a p2(x)

By (9) and (25), we have
un, — 0 in X7, that is [Jup|1 — 0.
From this information and relation (15), we get

f(z pl;(wﬂAunlm(m)dx + fg m;(z)lAuAm(m)dm

lln |1 —0 J"Q ﬁ|un|q(w)dx

= 400

and this is a contradiction. Thus ug # 0.
By Claim 2 we conclude that there exists up € X3 \ {0} such that
_Jo prtml Aol e + fo gy | Ao | de

p2(z)
Joy 75 luol 1@ da
B 7 o ol ¥ Sl g
ue X1 \{0} Jo 7 lul1®dz

At

Then for any v € X; we have

d (fg 1A + t0) [ @da + [ | Aug + tv)|P2<r>dz) N
dt f&l le)|u0 + t’U|q(z)d$ t=0
A simple computation yields
1
(/(|AUO|P1(1)*2 + |Au0|p2(x)72)Au0Avdx) % / _|uO|q(x)dz
Q  q(z) 2%
1 1 (26)
:(/ | Aug|P @) da +/ |Au0|p2(z)d$) X / luo| 2@ ~2uguda
o p1(z) o p2(z) Q

for any v € Xj.
Returning to (26) and using
fQ pim) |AUO|P1(I)d$ + fQ 10—2}1) |Au0|:02(z)d$
fQ ﬁ|u0|qu)d$

and [, ﬁ luo|?®) da # 0, we obtain \; is an eigenvalue of problem (P). Thus, Step 2 is verified.

:)\1

Step 3. We will show that any A € (A, +00) is an eigenvalue of problem (P).
Let A € (A1, +00) be arbitrary but fixed. Define T : X; — R by

1 1 1
Th(u :/ Aum(z)dm—i—/ —Aum(z)dm—)\/ —— || .
() Q P1($)| | Q P2($)| | Q Q(x)l |

Clearly, T\ € C'(X1,R) with
(T (u),v) = / (|AuPr®)=2 4 |Au|p2(m)_2)AuAvdx) - )\/ [u| 7@~ 2ypdr, Yu € X.
Q Q
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Thus, A is an eigenvalue of problem (P) if and only if there exists uy € X; \ {0} a critical
point of T}.

It follows from (7) and (18) that

1 1 1
T (u :/ —_ Aupl(m)dqu/ —_ Aum(z)dzf)\/ —|u|"™@) gy
M) QP1($)| | QP2($)| | QQ(‘T)| |

1 Py A qt q
>l = = (ulf + )

1 - A + _
>—|lully* = =(csllull{ +erllullf )

Pq q

—00, a8 ||ull1 — +o0,

since p; > ¢t > ¢ ,ie.  lim Ty(u)=oo.

llulls—o0
On the other hand, we recall that the functional Ty is weakly lower semi-continuous (see
for example Ge [14, Theorem 3.1]). So by Weierstrass theorem, there exists uy € X; a global
minimum point of T and thus, a critical point of 7. To prove that w) is nontrivial.

Indeed, since

—1 | AulPr(®) dy 4 L_| Au|P2(®) dg
A\ = inf fQ Pl(z)l | - fQ P2(1)| |

uweX:\{0} fQ W|u|q(z)dx

and A > )\ it follows that there exists vy € X; such that Ty(vy) < 0, that is

1 1 1
/ |Am|1’1($>dx+/ ——[Avy P27 dz < )\/ —— a7 da.
o p1(z) a p2(2) o q(x)

Thus,
inf T 0
u1€nX1 A(U) < ’
and we conclude that u) is a nontrivial critical point of T, and then A is an eigenvalue of

problem (P).

Step 4. We will show that any A € (0, \g) is not an eigenvalue of problem (P), where )q is
given by
e g de(Aur@de+|Aup)da
ueX1\{0} fQ |U|q(x)d1'

Firstly, we verify the Ay < A;. Due to Step 2, A\; and ug is an eigenvalue and is an eigen-

function corresponding to A; of (P), then for every v € X7 we have
/(|Au0|p1(ﬂ”)_2 + |Aug|P? @ =2) Aug Avdx = )\1/ u| @) =2y gvd, (27)
which implies t}?at !
/(|Au0|p1(z)_2 + |Au0|p2(m)_2)Au0Auod$ =)\ / |u0|‘“(z)_2u0uod$,
that is, ? ?
(0 )+ | g ) = A1/9|u0|q2<z>dx.

Then, it follows that
Ao < A1

Now we prove our assertion, arguing by contradiction: assume that there exists A € (0, \g)
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is an eigenvalue of problem (P). Thus, there exists uy € X; \ {0} such that
/(|Au>\|’”1(z)*2 + | Auy P2 @) Auy Avde = )\/ lux %2 @) =2y vda (28)
for any v € Xlg.Z Thus, for v = u) we have *
/Q(|Au,\|p1(l) + | Auy P2 dg = )\/Q lux|%2(®) da.

The fact that uy € X;\{0} assures that [, [ux|%2(*)dz > 0. Since A < Ao, the above information
yields

[ 080+ s 0
Q
>N / ux |92 da

Q

>)\/ lux]%®) dz:
Q

:/(|Auk|p1<x> + |Auy P2 @) da.
Clearly, the above inequalities leatho a contradiction. The proof of theorem is now complete.
O
Remark 3.1. In Theorem 3.1, we are not able to deduce whether A\g = A1 or A\g < A1. In
the latter case an interesting question concerns the existence of eigenvalue of the problem (P)

in the interval [Ag, A1). We leave it to interested readers to investigate this open problem.
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