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Abstract

In this paper ! we study the scalar difference equation with continuous time
of the form

z(t) = a(t)z(t — 1) + b(t)z(p(t)),

where a,b : [tg,00) — R are given real functions for ty) > 0 and p : [tg,0) — R
is a given function such that p(¢) < ¢, lim;—, p(t) = oo. Using the method of
characteristic equation we obtain an exponential estimate of solutions of this
equation which can be applied to the difference equations with constant delay
and to the case t — po < p(t) <t — p; for real numbers 1 < p; < pa.

We generalize the main result to the equation with several delays of the

form .
z(t) = a()z(t — 1) + Y bi()z(pi(t)),
i=1
where a,b; : [tgp,00) — R are given functions for ¢ = 1,2,...,m, and p; :

[to,00) — R are given such that p;(t) < ¢, limy_,oo pi(t) = 0o for i =1,2,...,m.
We apply the obtained result to particular cases such as p;(t) = t — p; for
1=1,2,...,m, where 1 < pj; < p2 < ... < p,, are real numbers.

AMS (MOS) subject classification: 39A11, 39B22

1. Introduction

The characteristic equation is a useful tool in the qualitative analysis of the theory
of differential and difference equations. Knowing the solutions or the behavior of

IThis paper is in final form and no version of it will be submitted for publication elsewhere.
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solutions of the characteristic equations we can obtain some properties of solutions
of the considered differential or difference equations. This method is usually applied
in the investigations of the theory of oscillation, asymptotic behavior, stability, etc.
Using the solutions of the characteristic equation we can, from a new point of view,
describe the asymptotic behavior of solutions of the difference equation. We apply
the obtained results for some particular cases.

Assume that to > 0 and a,b : [tg,00) — R are given real functions. Let p :
[to, 00) — R be given function such that, for every T' > t, there exists a § > 0 such
that p(t) <t — ¢ for every t € [to, T], and lim; ., p(t) = co. Now, we investigate the
scalar difference equation with continuous arguments

z(t) = a(t)z(t — 1) + b(t)z(p(1)), (1)

where z(t) € R.
Let N be the set of nonnegative integers, R the set of real numbers and R, =
(0, 00).
For given m € N, t € R, and a function f : R — R we use the standard notation
t—1 t

[Tr@)=1, II fO)=ft—m)ft—m+1)..f(t)

=t {=t—m
and - .
Zf(T):O, ; f(r)=ft—m)+ flt—m+1)+ ..+ f(t).

The difference operator A is defined by
Af(t) = ft+1) = f(2).
For a function g : Ry x Ry — R, the difference operator A, is given by
Avg(t,a) =g(t+1,a) — g(t,a).

Set
t_1 = min {inf{p(s) : s > to},to — 1}

and
tm =1inf{s:p(s) > t,—1} for all m=12 ...

Then {t,,}°°__, is an increasing sequence such that

1[tm*17 tm) = [t07 OO)

lim ¢, = oo,

m—00

e

and p(t) € |J[tim1,t;) for all &, <t <tpp, m=0,12..
i=0

For a given nonnegative integer m, fix a point ¢ > ty, and define the natural
numbers k,, () such that

km(t) :=[t —tn), m=0,1,2..
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Then, for t € [t,,, tmy1), we have
t—kn(t)—1<t, and t—Fky,(t)>t, m=0,1,2, ..
and for the arbitrary ¢ > ¢y, m = 0 we have
t—ko(t)— 1<ty and t— ko(t) > to.

Set
Ton(t) =t —kn(t),t —kn(t)+1,..,t —1,t}, m=0,1,2 ...
For a given function ¢ : [t_1,%) — R, Equation (1) has the unique solution x¥
satisfying the initial condition

x?(t) = p(t) for t_4 <t <t (2)

We present the characteristic equation associated with the initial value problem
(1) and (2), and using them obtain an asymptotic estimate of solutions of Equation
(1) which can be applied to the difference equations with constant delay and to the
case t — py < p(t) <t — p; for real numbers 1 < p; < ps.

After that we generalize the main result to the equation with several delays

o(0) = alt)a(t — 1) + 3 b0,

where a, b; : [tg,00) — R are given functions for i = 1,2, ...,m, and p; : [ts,00) — R
are given such that, for every T > t, there exists a § > 0 such that p;(t) <t — 9 for
every t € [to,T], and limy o p;(t) = oo for i = 1,2,...,m. We apply the obtained
results to particular cases such as p;(t) =t — p; for i = 1,2,...,m, where 1 < p; <
P2 < ... < pp, are real numbers.

Let x = ¥ be a solution of the initial value problem (1) and (2) such that x(t) # 0
for t > ty. Then

a(t —1) z(p(t))
1=aflt b(t f t > 1.
CL( ) IL‘(t) + ( ) l‘(t) or — 40
Define the new function
z(t—1)
At) = fi t > 1. 3
( ) .ilf(t) or e U ( )
Since, now
t
1
z(t) =t —ko(t) = 1) ] O for t > to,
Z:tfko(t)
the function A defined by (3) is a solution of the characteristic equation of the form
L —a(t)A(t) =

p(t) 1

p(p(t) — ko(p(t)) = 1)
=0 R~ 1 II A0 A(0)’
Pl =kl = 1) ity mpto—kototen A0
for t > ty. Characteristic equation (4) associated with the initial value problem (1)

and (2) is a generalization of the characteristic equation given in [3] and [4] for discrete
difference equations.

(4)
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2. Preliminaries

For given scalar functions a, p : [to,00) — R, p(t) # 0, for given initial function ¢
and nonnegative numbers n we define the numbers

b <t<tpi1 p(T)p(T — 1) t=r+1

- {pm _z()M 11 a(@} (5)

and
My = sup p(t)|e(t)].

t_1<t<to

We shall need the following hypotheses.

e (Hy) Let a: [ty,00) — R be a given real function satisfying 0 < a(t) < 1, for
all t >ty and b : [tg, 00) — R an arbitrary given real function for all ¢ > ¢,.

e (Hy) Let p: [tg,o0) — R be a given function such that, for every T > ¢, there
exists a 0 > 0 such that p(t) <t — ¢ for every t € [to, T], and lim; ., p(t) = oo.

e (H,) There exists a real function p : [t_1,00) — (0,00), which is bounded on
the initial interval [t_q, %), and such that

Ol —1) < (1= al)ppt)) for all ¢ > to,
where functions a and b are given in (H).

e (H,,) There exists a real number R such that

ﬁ (1+R,) <R, (6)

n=0

for all positive integers j, where the numbers R,, are defined by (5).

Theorem A. (Péics [5]) Suppose that conditions (Hi), (Hs), (H.) and (H..) hold.

Let x = x¥ be the solution of the initial value problem (1) and (2) with bounded

function @. Then
MyR

p(t)

Zhou and Yu in [6] obtained for estimating function the exponential function for
the case when the lag function is between two constant delays. Applying Theorem
A, by finding an appropriate estimating function p, we can determine the rate of
convergence of the solutions of generalized difference equations for different types of
the lag function. We will provide two examples.

If the lag function p is such that p1t < p(t) < paot, for real numbers 0 < p; < py < 1,
then the estimating function is a power function, namely p(t) = t.

|z(t)] <

for all t>t,.
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Corollary A. (Péics [5]) Suppose that condition (Hy) holds. For given real numbers

p1, p2 and to such that 0 < p; < py < 1 and ty > p1/(1 —p1), let p be given real
function such that pit < p(t) < pot for all t > to. Suppose that there exist real
numbers Q) and o such that 0 < Q <1, 0< a <1,

b(t) < Q(1 —a(t), a<l—a(t) for all t=>t
and

Q D2 P Do

Let x = % be a solution of the initial value problem (1) and (2) with bounded function
©, and let

1 1 1 1 1
log — (log — —log —) < log —log —.
P1

log @ k
k= , My= su t t)|}.
o 1 0 tilgtgto{ ()]}
Then
C
lz(t)| < ——— for all t>t,
-
P1
where

kth(1 — py)ktt (pé““)")

to(1 — p1) — py)k+t ¥

1l apf( ph
Remark 1. We can prove similarly the above result by choosing p(t) = t*. Then

n=0

the statement of Theorem A holds for t > to/py that does not disturb the asymptotic
behavior of solutions but the comparableness with the function p is clearer and the
rate of the convergence is better.

If the lag function p is such that %/t < p(t) < ®/t, for natural numbers 1 < p; <
po, then the estimating function is a logarithm function. Namely, p(t) = log ¢.

Corollary B. (Péics [5]) Suppose that condition (Hy) holds. Let tq > 1 be given

real number, pi, pa be given natural numbers such that 1 < p; < po. Let p be given
real function such that R/t < p(t) < 2/t for allt > ty. Suppose that there exist real
numbers ) and o such that 0 < Q <1,0< a <1 and

()| < Q1 —a(t)), a<l—a(t) for all t>t,.

Let x = % be a solution of the initial value problem (1) and (2) with bounded function

@, and let
log @
_ 08 My = sup {logkt|g0(t)|}.

b
log po t_1<t<to

k:
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Then

C
|z(t)| < ——  for all t2>t,
log™t
where -
e /’{;pr2 log to )
C =M 1+ .
H< alf — 1) log" (1T — 1)

3. Main Result

Assume that

e (Hj3) For the function a and b given in (H;), there is a real function \ : [tg, o0) —
(1,00) and there is an initial function ¢ in (2) such that

_ _ t p(t)
|b<t>|w(p(ti ko(p(t)) — 1) M A0 I 1

— ko) =1 LT ko)
<1—a(®)At), >t (7)

In the next result we use the concept of the characteristic equation but it is not
necessary to have the solution of characteristic equation (4). It is sufficient only to
have a solution of Inequality (7) that is a much weaker condition.

Theorem 1. Suppose that conditions (Hy), (Hs) and (Hs) hold. Let x = z% be the

solution of the initial value problem (1) and (2). Then

t
1
x(t)| < t—ko(t)—1) sup At) — t >t
20 = (et = ko0 =1 s 30) 1T 35 vz
Proof. Introduce the transformation
(1) :
y(t) = II Ao

ot = ko(t) = 1) "y
Then the function y(t) satisfies the equation
y(t) = a@AB)y(t—1) +

p(p(t) — ko(p(t)) = 1) o1
RO -y L A0 TS

Using hypothesis (7) we obtain that
()] < a()AB]y(t = D]+ (1 = a(O)AE)[y(p())]-
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Let t € [tn,tny1), 7 € T, (t) and |y(t)| = u(t). Then, the above inequality is equivalent

to
T—1 1
> (““‘” 1 W) :

I=t—kn(t)
1
a(O)A(L)

< (1 —a(mMDulp(r) I
b=t—kn ()

Summing up both sides of this inequality from t — k,,(¢) to ¢ gives that

t

ut) < uwlt—ky(t)—1) J[ a(ONO)+

(=t—kn (%)
+ > (=amAn)ulp(r) TT aOAr@).
T=t—kn(t) l=7+1
Define
fn = sup wu(t) and M, = max{pg, ft1, -, fin} (8)

tn—1<t<tn

forn =0,1,2,.... Then

u(t) < Mn( M a0r0+ > (—arnm) 1 aww))

The above inequality implies that
Muy € M, and u(t) = y(t)] < My,

and the assertion of the theorem is valid. O

The following corollary represents an asymptotic estimate for the solutions of
Equation (1) and gives information about the rate of the convergence of solutions to
particular cases such as t — py < p(t) < t — py, for real numbers 1 < p; < py. We

obtain that the solutions are exponentially decaying as in the results given by Zhou
and Yu in [6].

Corollary 1. Suppose that condition (Hy) holds. Let py, pa and ty be given real

numbers such that 1 < p; < ps and ty > p1. Let p(t) = t — 0(t), with given real
function § such that py < §(t) < py for all t > tg. Suppose that there exists a real
number X > 1 such that

1b(t)| < 1_)\7;\?(25) for all t>t. 9)
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Let x = x¥ be the solution of the initial value problem (1) and (2), and

Mo = sup {N|e(t)]}-

t_1<t<to
Then M
lz(t)] < )\_to for all t>t.

Proof. The relations
tnp1 = 0(tns1) =tn, t—pa<t—06(t) <t—p

imply that
t0+np1§tn§t0+np2 for n:1,2,...

Introduce the transformation y(t) := x(¢t)\". Let t € [t,, t,11) and 7 € T,,(¢). Then
Equation (1) is equivalent to

T—1 1 T 1
A, T—1 = ()N Dy(r = (1 .
(y< I W)) o) 11 5

Summing up both sides of this equality from ¢ — k, () to ¢ gives that

y(t — k,(t) — 1) f[ Aa(l) +

y(t) =
O=t—kn (1)
t
+ 3 w(r)N Ty H Aa(l
r=t—Fn(t) ¢=r+1
Define
Wn = sup |y(t)| and M, := max{uo, pi1, -, fn} (10)
tn—lgt<tn

forn =0,1,2,.... Since |y(p(7))| < M, for 7 € T,,(t) and t,, <t < t,,1, by using the
summation by parts formula, it follows that

y(®)| < Mn( ﬁ Aa(l) + i (1 - Aa(7) H a(l )

(=t—Fkn(t) T=t—kn(t) t=r+1

_ ( 1 att)+ 5 RS (gmw))

étkn Ttkn
= M,.

The above inequality implies that M, < M, and |y(t)| < My. Therefore
lz(t)] < — for all t >t

and the proof is complete. O
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4. Generalization

In this section we generalize previous results to the difference equations with several
delays and show the usefulness of the new results to the classical particular cases.

Assume that ¢, > 0 is a given real number, a,b; : [tg,00) — R are given real
functions for i = 1,2,...,m. Let p; : [to,00) — R be given functions such that
pi(t) <t for every t € [tg,00], 1 = 1,2,...;m, and lim;_,, p;(t) = oo for i = 1,2, ..., m.
Consider the difference equation with several delays

m

x(t) = a(t)x(t — 1) + >_bi(t)x(pi(t)). (11)
i=1
Set
t_1 = min {to -1, 1I<n,i<n {inf{p;(s), s > to}}},
tn = lg%énmmf{s :pi(s) > t,—1} for all n=12 ..
Then

n

pi(t) € Ultj-1,t;) for t, <t <tnp,
j=0

1=1,2,...,mand n=20,1,2,....
We shall need the following hypotheses.

e (Hy) a,b; : [tg,00) — R are real functions i = 1,2, ..., m, such that 0 < a(t) < 1,
for all t > t,.

o (H;) p; : [to,00) — R are real functions such that for every 7' > ty there
exists a 0 > 0 such that p;(t) <t — 6 for every t € [tg,T], i = 1,2,...,m, and
limy o pi(t) = 00 for i = 1,2, ...,m.

The next result gives an asymptotic estimate of solutions of Equation (11) and
generalizes the result given in Theorem 1.

Theorem 2. Suppose that conditions (Hy) and (Hs) hold. Suppose that there is a

real function X : [tg,00) — (1,00) and there is an initial function @ in (2) such that

o o(pilt) — ko) — 1) o po
D T RTESTRD ! DGR ! BRSO

<1T—a(t)A(t) for all t>t. (12)
Let x = x¥ be the solution of the initial value problem (11) and (2). Then

lz(t)] < (gp(t—k‘o(t) —1) sup A(t)) 11 ﬁ for all t=>t.

t_1<t<to O=t—ko(t) )
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Proof. Introduce the transformation

0 :
== —1 AL,

Then the function y(t) satisfies the equation

y(t) = a®AB)y(t —1) +

+ 22 bi(t)y(pi(t))gp(piéz - Zzg(i))l)_ 2
t pi(?) 1
X () —
5215110(15) 5=p¢(t)l_£o(pi(t)) A6)

Let t € [tn,tni1), T € T,(t) and |y(t)| = u(t). Therefore, it follows that

ut) < uw(t—ky(t)—1) J[ a(OXC)+
(=t—kn (1)

Lo @(pi(t) — ko(pi(t)) — 1)
NP2 DL ey e e

pi(t) 1

X ﬁ A(0)

O=t—ko(t) 0=p;(t)—ko(pi(t))

Using notation (8) and hypothesis (12), the same argumentation as in Theorem 1
completes the proof. O

The next result is a special case of the previous theorem and generalizes the result
given in Corollary 1.

Corollary 2. Suppose that condition (Hy) holds. For given real number to and for

gwen natural numbers pi, pa,...,pm Such that 1 < p; < ps < ... < pp, and to > py, let
pi(t) =t —p; for allt > to, i = 1,2,...,m. Suppose that there ezists a real number
A > 1 such that

SN <1 —Xa(t) for all t>t. (13)
i=1
Let x = x¥ be the solution of the initial value problem (11) and (2). Then
lz(t)] < — for all t>t,.

Proof. Introduce the transformation y(t) := xz(t)\". Let t € [t,, t,11) and 7 € T,,(¢).
Then, Equation (11) is equivalent to

T—1 1 i 5 1
Ayt —1 ~— | =D _bi(r)Ny(r —p; '
(y( )etgn(t) )\a(ﬁ)) zzzl (AT )ft]—:k[n(t) Aa(t)
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Summing up both sides of this equality from ¢ — &, () to t gives that

y(t) = y(t—ka(t) —1) f[ Xa(f) +
O=t—kn (t)
Y S h@Nyr—p) 11 a0,

r=t—kn(t) i=1 f=1+1

Using the notation (10) and the summation by parts formula, the same argumentation
as in Corollary 1 completes the theorem. O

Remark 2. Consider the difference equations of the form

2(t) = a(t)x(t — h) + b(t)z(p(t))

with h € Ry. Then, using the transformation y(£) = tx(t) and s = £, we obtain the
equation of the form (1) with the unknown function y(s), and the above results can

be applied.
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