Electronic Journal of Qualitative Theory of Differential Equations
2005, No. 2, 1-15; http://www.math.u-szeged.hu/ejqtde/

GLOBAL EXISTENCE AND ASYMPTOTIC BEHAVIOUR FOR A
DEGENERATE DIFFUSIVE SEIR MODEL

TARIK ALIZIANE AND MICHEL LANGLAIS

ABSTRACT. In this paper we analyze the global existence and asymptotic behavior of a
reaction diffusion system with degenerate diffusion arising in modeling the spatial spread of
an epidemic disease.

1. INTRODUCTION

In this paper we shall be concerned with a degenerate parabolic system of the form

atUl — AU{TLI = _fy(Ulu U27 U37 U4) - VUI = f1<U17 U27 U37 U4)7

(1 1) atU2_AU2WL2 :7(U17U27U37U4> - ()\+/“L)U2 :f2<U17U27U37U4>7
’ 8tU3—AU§”3 :)\WUQ—(O(—F?TL—F,U/)U?, :f3<U1,U2,U3,U4),

8tU4 — AUXM = (1 — 7T))\U2 + OZU3 + l/U1 = f4(U1, UQ, Ug, U4)
in © x (0,400), subject to the initial conditions
(1.2) Ui(2,0) =U;p(x) >0, z€ i=1.4.
and to the Neumann boundary conditions

ou™

Herein, Q is an open, bounded and connected domain in RN, N > 1, with a smooth
boundary 9€; A is the Laplace operator in IRY. Powers m; verify m; > 1, i = 1..4.

In the spatially homogeneous case and for v = y = @ = m = 0 and 7 = 1 this problem
reduces to one of the models of propagation of an epidemic disease devised in Kermack and
McKendricks [21], namely

S = —~S1,
I' =+~SI— )\,
R =+4\I.

In that setting it is known, loc. cit., that I(t) — 0 as t — +o00, while the large time behavior
of S(t) and R(t) depends on the initial state (S, Iy, Ro); note that for ¢ > 0, S(t) + I(t) +
R(t) - SO + [0 + Ro.

This basic model served as a starting point for many further developments, both from
epidemiological or mathematical point of vue : see the books of Busenberg and Cooke [7] or
Capasso [8] and their references. These lead to so-called (S — F — I — R) models : S is the
distribution of susceptible individuals in a given population, v(S, F, I, R) is the incidence
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term or number of susceptible individuals infected by contact with an infective individual
I per time unit and becoming exposed E, while R is the density of removed or resistant
(immune) individuals. Then A (resp. «) is the inverse of the duration of the exposed stage
(resp. infective stage) or rate at which exposed individuals enter the infective class (resp.
infective individuals who do not die from the disease recover), m is the death-rate induced
by the disease. The last two parameters are control parameters : first v is a vaccination
rate; next, for a population of animals, as it is considered here as in Anderson et al [5],
Fromont et al [17], Courchamp et al [10] or Langlais and Suppo [23], x is an elimination
rate of exposed and infective individuals. Lastly, as it is suggested by the FellV, a retrovirus
of domestic cats (Felis catus) see [17], one also introduces a parameter = measuring the pro-
portion of exposed individuals which actually develop the disease after the exposed stage,
the remaining proportion 1 — 7 becoming resistant.

The nonlinear incidence term ~y takes various forms as it can be found from the literature;
at least two of them are widely used in applications

mass action in [7, 8] ,

or pseudo-mass action in [20, 12] .
ST proportionate mixing in [7]

g +EBE+T+ R [10, 17, 23], or true mass action in [20, 12] .

~vS1, 5, 8, 21],
v(S,E,I,R) =

We refer to De Jong et al, [20] and Diekmann et al [12] for a discussion supporting the
second one in populations of varying size and Fromont et al [18] for a specific discussion in
the case of a cat population. See Capasso and Serio [9] and Capasso [8] for more general
incidence terms. Note that no demographical effect is considered in our model.

A mathematical analysis of the model of Kermack and McKendricks for spatially struc-
tured populations with linear diffusion, i.e. m; = 1, i = 1.4, is performed in Webb [27].
Nonlinear but nondegenerate diffusion terms are introduced in Fitzgibbon et al [16]. Global
existence and large time behavior results are derived therein. Homogeneous Neumann bound-
ary conditions correspond to isolated populations.

A comprehensive analysis of generic (S — F — I — R) models with linear diffusion is ini-
tiated in Fitzgibbon and Langlais [14] and Fitzgibbon et al [15]. These models include a
logistic effect on the demography, yielding L!(2) a priori estimates on solutions independent
of the initial data for large time; this allows to use a bootstrapping argument to show global
existence and exhibit a global attractor in (C'(€))*.

For degenerate reaction-diffusion equations, a similar approach is followed in Le Dung

[13]. In our case, L'(€2) a priori estimates can be established for nonegative solutions upon
integrating over Q x (0,1)

4
Z/ Ui(xz,t)dx < Z/ Uio(z)dx for all t > 0,
— Jo — Ja

=1
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but they cannot be found to be independent of the initial data. Moreover, generally speaking,
the large time behavior of solutions depends on these initial datas, as it can be already seen
for spatially homogeneous problems see §§5.3. This can also be checked on the disease free
model: assuming U, o(z) = 0in Q ¢ = 2..4, the uniqueness result given in Theorem 1 implies
Ui(z,t) =0 in Q x (0,400) ¢ = 2..4. Then, it should be clear that (U, 0,0,0) = 0 for any
reasonable incidence term so that the equation for U; reads

(1.4) QUL — AUM™ +vU; =0 in Q x (0, 400):

this is the so-called porous medium equation. Now U; verifies homogeneous Neumann bound-
ary conditions and it is well-known (see Alikakos [1]) that as t — +o0

Ui(.,t) — 0 if v >0,
1 .
U1<.,t) I m/ﬁ%[flvo(ﬂf)d‘r if v=0.

The case of mass action incidence was studied by Aliziane and Moulay [4] and they
established the long time behavior of the solution of the SIS model, Aliziane and Langlais
[3] study the case of models include a logistic effect on the demography and they established
global existence result of the solution and existence of periodic solution. We also obtain
the existence of the global attractor. Finally Hadjadj et al [19] study the case where the
source term depends on gradient of solution, they study existence of globally bounded weak
solutions or blow-up, depending on the relations between the parameters that appear in the
problem.

2. MAIN RESULTS

2.1. Basic assumptions and notations. Herein, 2 is an open, bounded and connected
domain of the N-dimensional Euclidian space IR™, N > 1, with a smooth boundary 99, a
(N — 1)-dimensional manifold so that locally 2 lies on one side of 0€2; x = (x4, ..., xx) is the
generic element of IRY. Next we shall denote the gradient with respect to x by V and the
Laplace operator in IRY by A.

Then we set 2 x (0,7) = Qp and for 0 <7 < T, Q x (7,T) = Q,r. The norm in LP(Q) is
| llp.e and the norm in LP(Qr7) is || [[p.q, for 1 < p < 4-o00.

Next we shall assume throughout this paper

HO) Powers m; verify m; > 1, i = 1..4.

H1) p, a,v,m, A\, are nonnegative constants, A\+pu >0, a+m+pu>0and 0 <7 < 1.

H2) Ui,O € C(Q), ULQ(SL’) > 0, S Q, 1=1.4.

H3) v : R} — IRy is a locally lipschitz continuous function with polynomial growth
and (0, Us, Uz, Us) =0 on IR?.

(H4) There exists nonnegative constants C1, Cy and r such that v(Uy, Uy, Us, Uy) < Cy +
C,UT on RY.

(
(
(
(

Remark 1. In the limiting case A + p = 0 the equations for Us and U, do not depend on
Us, the equation for Us being a porous medium type equation as in (1.4). This condition also

implies A = 0 which is not relevant if one goes back to our motivating problem.
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In the limiting case a +m + p = 0 one could not get L>(Q)y ) bounds for Us, but one still
has global existence.

The assumption (0, Uz, Us, Uy) = 0 is required to make sure that the nonnegative orthant
IR% is forward invariant by (1.1); this is a natural assumption for our motivating problem :
no new exposed individuals when there is no susceptible ones.

(H4) removes mass action incidence terms; in that case one can also get global existence
results, but no L*(Qy ) bounds for U, and Us.

2.2. Main results. System (1.1) is degenerate : when U; = 0 the equation for U; degen-
erates into first order equation. Hence classical solutions cannot be expected for Problem
(1.1) — (1.3). A suitable notion of generalized solutions is required : we adopt the notion of
weak solution introduced in Oleinik et al [25].

Definition 1. A quadruple (U, Us,Us, Uy) of nonnegative and continuous functions U; :
Q x [0,+00) — [0,400), i = 1..4, is a weak solution of Problem (1.1) — (1.3) in Qp, T >0

if for each i = 1..4 and for each p; € CY(Qr), such that aa% =0 on0dQ x (0,7).
n
(i) VU™ exists in the sense of distribution and VU™ € L*(Qr);

(ii) U; verifies the identity

/Ui(x,T)goi(x,T)der VU V;(x,t)dxdt
Q Qr

:/ (8t<PiUi_fi§0i)(xvt)dxdt+/Ui,O(x)SOi(va)dx'
Qr Q

We are now ready to state our first result.

(2.1)

Theorem 1. For each quadruple of continuous nonnegative initial functions (Ui o, Ua o, Us 0, Uso)
there exists a unique weak solution (Uy,Us, Us, Uy) of Problem (1.1) — (1.3) on Quo; further-
more

(i) Foralli=1.3, U; € L' NL®(Qu) and VU™, U™ € L*(Qrn0), T>0;
(i) Ui L'NL®(Qr) and VUM, QUM € [AQur), 7> 0.

The proof is found in Section §4.
Now we look at the large time behavior of weak solutions.

Theorem 2. There exist nonnegative constants Uy, Uy such that
Us(.,1),Us(,t) — 0, U(,t) — U; in C(Q) as t — +o0
and Uy(t) — U; in LP(Q) forallp > 1 as t — +00; .

moreover, if v > 0 then Uy = 0.
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The proof is found in Section §5.

Remark 2. In the non degenerate case my = 1 one has that Uy(.,t) — Uj in C(S2). More
generally, this still holds provided that Uy lies in L™°(Qs), the proof being similar to the one
for Uy when v =0, see subsection §§5.2.

3. AUXILIARY PROBLEM AND A PRIORI ESTIMATES

In this section we consider an auxiliary problem depending on a small parameter ¢, with
0 < e < 1. Namely let us introduce in 2 x (0, +00) the quasilinear nondegenerate initial and
boundary value problem

8tU1 — Adl(Ul) = —’7(<U1 — E)Jr, UQ, Ug, U4) — I/(Ul — E),
(3 1) 6tU2 — AdQ(Uz) = ’}/((Ul — E)Jr, UQ, Ug, U4) — (/\ + /L)(UQ — E),
' Us — Ady(Us) = A (U — €) — (o +m + ) (Us — €),
0tU4 — Ad3<U4) = (1 — 7T))\(U2 — E) + Q(Ug — E) + V(U1 — E).
UZ‘75(ZL‘,0) = Ui,O,e(x) > O, xr € Q;
(3.2) od;(U; ) i=1.4.

x,t) =0, v €, t>0,
S

Herein ()" is the nonnegative part of the real number r; for each i = 1.4 d; : IR — (5, +00)
is a smooth and increasing functions with

(3.3) di(u) =u™, e <uw;

(Uipe)i=1.4 is a quadruple of smooth functions over Q such that

Uioe(x) > e, 2€Q, 0<e<1;
(3.4) /(Uw,g(x) —e)dzr = / Ui o(z)dx 1 =1.4;
0

Uipe — Uip in C’(Q),Q as £ — 0;
we refer to [2, 19] for a construction of such a set of initial data. From standard results, i.e.
[22] or [26], local existence and uniqueness of a quadruple (U ., Us.,Us., Uy ), a classical
solution of (3.1) — (3.2) in some maximal interval [0, T},q. <) is granted.

Looking at the equation for U;. it is checked that e is a subsolution, thus 0 < ¢ <
Uie(z,t), £ € Q, 0 <t < Tppaze - Next, from the maximum principle and the nonnegativity
of v,v and Uy . — ¢, it follows Uy (2,t) < ||Uicollo, 2 € 2, 0 <t < Thape. As a
consequence one has

{ O<e< ULs(.’L',t) < HULE,OHOO,Q? X € Q, t < Tmax,s

(3:5) 0<e<Up(et), 2€0 1< Tppe, i=2.4

Then one can apply results in [16] to show global existence, i.e. Tyazc = +00, of a classical

solution for (3.1) —(3.2). Using (3.3) and (3.5) this yields global existence for the initial and
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boundary value problem

825U1 — AUlml = —’)/(Ul — &, UQ, U3,U4) — V(U1 — 8),

825U2 — AU;LQ = "}/(Ul — &, UQ, U3, U4) — ()\ + ,LL)(UQ — 8),
s — AU = AUy — 2) — (a+m + p)(Us — <),

8tU4 — AUZM = (1 — 7T)/\<U2 — 8) + OZ<U3 — 8) + V(U1 — 8).

(3.6)

in © x (0, 400), together with (3.2).

We derive a priori estimates. First, using the L' property of Ujg. in (3.4) and the
nonnegativity of U;. — ¢, a straightforward integration of the equation for U; . over {1 x
(0, +00) gives:

(3.7) / (Y(Uhe —€,Use, Us e, Use) + v(Ur e — €))(, t)dadt < / Uy o(z)de.
T Q

In what follows 7" is a positive number, M, .., M,, are positive constants independent of T’
and €,0 < e <1, and F}, .., F}, are non decreasing functions of 7" independent of £,0 < ¢ < 1.

Lemma 1. There exists a constant My and nondecreasing function Fy, independent of ,0 <
e <1 such that

(3.8) 0<e<U(x,t) <M, ze€Qt>0,i=1.3;
(3.9) e<Up(x,t) < F(T), 7€, 0<t<T.

Proof. The estimate for U . follows from (3.5) and the choice of (Uj.)e0-
Multiplying the equation for Us . by p (U, — £)P™!, p > 1, and integrating over (2 one has

d
JilIV2e (1) = ellpa + DA+ 1) [[Uae () = lliq

< p/ /Y(Ul,a — &, UZ,E) U3,67 U4,a)(U2,a - 5)1)_1(1', t)dl‘;
Q

keeping in mind A + g > 0 from (H1), one gets from Young’s inequality

d I
B10) Vel el < (5) /Q Y(Ure — &, Uz, U, Us )P, )
A further integration over (0,7) leads to
1 p
HU2,€<'7 T) - 8”?9 < HU2,O,€ - 5”2,9 + (m) / [7(U1,€ - & U2,sa U3,z—:7 U4,€>]p<x7 t)dl‘dt.
T

Using the already known L* estimate for U ., assumption (H4) and inequality (3.7) one
arrives at : for each 7' > 0
p—1

) (Cr+ CoMy)PH[Usol1,0-
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To conclude, one observes that U, . — ¢ being continuous on Q x [0, +00) it follows

1Uze( 1) =€l 0 = 102 (1) = el

lim
p—+o0
Hence for some constant My independent of €,0 < e < 1, one gets
(312) 0<e< UQ’E(.Z',t) <My, z€Q, t>0.

Now, integrating the equation for U, . over Q x [0,T), using the L' property of Usg. in
(3.4), the nonnegativity of Uy — ¢ and (3.7) one has for 0 < e <1

(3.13) (A + ,u)/ (Use —€) (2, t)dzdt < [)[U170>5<x) + Uz e(x)]de.

The estimate for Us, follows from computations similar to the ones for U, . above, carried
over the equation for Us . and getting help from (3.13) and from the positivity of o +m + p.

Along the same lines, from the equation for Us . one gets for 0 <e <1

(3.14) (a+m+p) / (Use —€)dxdt < /[Ul,oﬁ(:c) + Uspe(x) + Uspe(x)]de.

T Q
Hence, going back to the equation for U, . one can derive the a priori estimate upon multi-
plying it by p (Use —€)P~!, p > 1 and using (3.13) — (3.14).
OJ

Lemma 2. There exist constants M; s, © = 1..3 and a nondecreasing function Fs, indepen-
dent of £,0 < e <1 such that

(3.15) / VU (2, t)dadt < Mz, T>0, i=1.3;
T

2z, t)dwdt < Fy(T), T > 0.

(3.16) / VU

Proof. The estimate for VU["! is obtained upon multiplying the equation for U, . by Uy,
integrating over Q x (0,7") and using the nonnegativity of v and U; . — . One finds

M, 3 = / Uff;“(x,O)dx
Q

Proceeding along the same lines for U, one gets

1
m2+1

/ U;:f—’—l(ﬂf, O)d:c + / ’Y(ULs — &, U27€7 U375, U475)[U275]m2 (.T, t)dxdt
Q
or EJQTDE, 2005 No. 2, p. 7
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Using the properties of Us ., the uniform estimate for Us . in Lemma 1 and the L' estimate
for v in (3.7) we obtain

/ ||VU2m7€2(IL',t)||2dl‘dt S M273, T >0.
T

A similar computation supplies the estimate for Us .. The estimate for Uy, then follows.

O
Lemma 3. For allt >0
2
VU (|2 £ —— | UM (2)d
IO (Dl < o [ VT @)
m1—1
(3.17) +miv? || Unol| ', t (U — €)2(z, s)dwds
jvt
+m%”U1,O”Z’_Ql (Cl + C?HULO”ZO’Q> / 7(U1,€ — g, U2,z—:7 U3,57 U475)<$C, 5>dxd8
L
Proof. Let us multiply the equation for U, . by 0,U}" and integrate over Qx (7, 1), L<r <t

then one finds

(3.18)

2 HE mi 2
o), (O o sy 4 V0T )l

T,t

S / (—’Y(Ul,g — &, UQ’E, U375, U475) — I/(Ul’g — 5))8,5U{”7€1 (l‘, s)dxds + ||VU1"’151(, 7')”%’(2
QT,t

Next, for any suitably smooth and nonnegative function U and any m > 1 one gets
2m  __m— m
dU™ = U™ §,U"* so that
m+1

/ (_7(U1,€ - &, U2,z—:7 U3,57 U4,s) - V(Ul,z-: - 5))atU1m,gl (SL’, S)dde

< #/ (0 U(mlTH)f(a: s)dxds
(i +1)% g, tle ’
(3.19) * m—1
+mf1/2/ [(Ure —)U, 2 1?(z, s)dxds
Q

+mf/ V(Ui —&,Uze, Us, U4,€)U1?psilon]2(x, s)dxds.
Q

The last term on the right hand side of this inequality is bounded from above by

m%HULs”Z’_QlOO Hf)/(Ul,s - g, U2,57 U3,z—:7 U47€)HOO,QOO / V(Ul,s - g, U2,57 U3,z—:7 U4,s)(x7 S)dxd&
Lt
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putting this estimate in (3.18) one obtains

IVUTZ (020 < IVUTZ( 720 + m?VQIIUl,ollTofgl/ (Ure = €)*(x, s)dxds

(3.20) 1 4
+m%||U1,0||$5 (Cl + CQHUL()H;Q) / ’Y(Ul’g — &, UQ’E, U375, U475)(ZL‘, t)dxdt.

5t

Integrating this inequality in 7 over (%, t) and using the explicit value for M, 3 found in the
proof of Lemma 2 we deduce the desired result.
O

Lemma 4. There exists a constant My and non decreasing function Fy, independent of
£,0 <e <1 such that

(3.21) / (U )2, ) dedt < My, T >0, i =1.3

T
(3.22) / (USSP (, t)dadt < Fy(T), T > 0.
T
Proof. The estimate for U; . is immediatly deduced from (3.18) keeping in mind that

m m ? m1— e
(OT2):P (. 1) < - Uhellig (U2 )i t).

And one can establish such estimates for Us ., Us . and Uy in the same way.

4. EXISTENCE AND UNIQUENESS: PROOFS
In this section we supply a quick proof of Theorem 1.

4.1. Existence. Let us fix 7" > 0. From the estimates established in the previous section one
has : for each i = 1.4 (Ui — €)o<e<1 and (VU2 )o<e<1 are respectively bounded in L*(Qr)
and (L?(Qr))". Then there exists two sequences which one still denotes (U; . — €)p<c<1 and
(VU )o<e<t such that for i = 1.4 as ¢ — 0 : (Ujc — €)o<e<1 is weakly convergent to some
Ui in L*(Qr) and (VU] )o<e<1 is weakly convergent to some V; in (L*(Qr))".

On the other hand (U;.)o<-<1 is bounded in L*(Qr); using a weak formulation of the
equation for U;. one can invoke the results in Di Benedetto [11] to get : (U;c)o<e<1 is a
relatively compact subset of C'(Q2x [0, T]). It follows that actually (U; . —&)g<.<1 is convergent
to U; in C(Q x [0,T]) and (U )o<e<t is convergent to U™ in C(Q x [0,77).

As a first consequence one has : V; = VU™; next one also has :

7(U175—€,U275,U37€,U475) — 7(U1,U2,U3,U4) n C(ﬁx [O,T]) as ¢ — 0.

From standard arguments one may conclude that the quadruple (Uy, Us, Us, Uy) is a desirable
weak solution.
The regularity results for VU™ and 0,;U;™ follow from the a priori estimates in Lemma 2

and Lemma 4.
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4.2. Uniqueness. Assume there exist two quadruples (U;1,Uj2,U;s,U;j4)j=1,2, both weak
solutions of Problem (1.1) — (1.3). They verify the integral identity, for i = 1..4
(4.1)

/(Ul,i — Upi)(x, T)pi(z, T)dx + V(U — U;;")Vgoi(:p, t)dxdt
Q Qr
= / [0v0i(Ur; — Uss) — (fi(Ur1, Ur o, Ur s, Ura) — fi(Ua 1, Uso, Us g, Usg) )il (x, t)dadt

T

for every ; € C*(Qr), such that 88%

=0on Q2 x (0,T) and ¢; > 0.
We follow an idea of [24] and introduce a function v, as follows
Yii — Ui if Up;#U
(42 o) = Ty Th, 1 T

0 otherwise.

1=1.4.

Let us consider a sequence of smooth functions (¢; - ).>o such that ¢, . > ¢, ¢ . is uniformly

bounded in L*(Qr) and
lim [|(¢i.c — 03/ Vil 2oy = O-

For any 0 < ¢ < 1,0 > 0 let us introduce the adjoint nondegenerate boundary value
problem

81590@' + ’l/}i,EA(pi =0 in Qx (0, T)

(4.3) 85;@' (z,¢) =0 in 9 x (0,7) i=1.4.
iz, T) = xi in €

For any smooth y; with 0 < y;(z,t) <1, ¢ = 1.4, any 0 < ¢ < 1 and any o > 0 this
problem has a unique classical solution ¢; . such that see [24]

(4.4) 0<pi(z,t)<1

(45) ’QZ)Z‘75(AQ0i7E)2dZL‘dt S Kl,
Qr

If in (4.1) we replace ¢; by ¢; o, which is the solution of problem (4.3) with x; = sign((U; —
Vi)*) we obtain.

/Q (U — Una)* (2, T)gise (. T)der + / (s — u0)(Uns — Uns) Aepydadt
(4.6) r

- / (fi(U1,17 U1,27 U1,37 U1,4) - fi(UZ,la UZ,Z, U2,37 U274))S02‘75dl'dt
Qr

Using the local lipschitz continuity of f; and the properties of v, . and ¢; . we deduce by
letting € — 0

4
(4.7) / (Uri — Upi) (2, T)de < K | > |Ur; — Ungl (x, t)dzdt
Q Qr =
' EJQTDE, 2005 No. 2, p. 10



In a similar fashion we establish an analogous inequality for (U; — V;)~ and deduce

4 4
(4.8) / D |Uri = Upil(z, T)dx < K / > |Uri = Unil(x, t)dzdt
Q=1 Q

T =1

Uniqueness follows from Gronwall’s Lemma.

5. LARGE TIME BEHAVIOR: PROOFS

The semi-orbit {(U(.,t), Us(.,t),Us(.,t)),t > 0} is relatively compact in (C(2))? : it is
actually bounded in (L*®(Q4))? by (3.15) and then one may use a result of [11].

5.1. Case v > 0. A convergence and continuity argument allows to deduce from (3.7)

(5.1) / fy(Ul,UQ,Ug,U4)(x,t)dxdt+y/ Uy (z,t)dzdt < ||Uipllia, T >0.

T T

Hence U; € L'(Q2 x (0,+00)) and there is a sequence (7;);50 such that 7; — +oo as
j — 400 and [, Ui(z,7;)de — 0 as j — +o0. Next, given any ¢t > 7;, one has

(5.2) Og/QUl(:L’,t)dxg/ﬂUl(:c,Tj)dx;

actually such an identity holds for U . from a straightforward integration over 2 x (7;,1)
and is preserved upon letting ¢ — 0 because U; . — U; in C°(Q x (0, +00) as ¢ — 0. This
shows that Uj(.,t) — 0 in L'(2) as t — 400 and also in C().

Then, along the same lines, from (3.13) and (3.14) one has for 7" > 0

(A ) / Uy (z,t)dzdt + (o +m + p) / Us (z,t)dzdt

Qr Qr
<2||Uipllia + 2| Uspllia + [|Usolla-

Again, for some sequence (7;);>o such that 7; — 400 one has [, Us(x,7;)dz — 0 as
Jj — —+oo. Integrating over Q x (7;,t) the equation in (3.6) for U, . and letting ¢ — 0 one
finds

t
(5.4) OS/UQ(x,t)dx §/ /7(U1,U2,U3,U4)(x,7')dxd7+/Ug(x,Tj)dx;
0 7 Jo 0

thus again Us(.,t) — 0 in L'(Q) and in C'(Q) because v lies in L'(Q x (0, 4+00).
The conclusion for Us(.,t) is derived in the same fashion, using the third equation in (3.6).

(5.3)

Now we will establish the long time behavior of U, to do this let us consider for any
7 > 0 the following problem

OV — AV™ =0, (z,t) € Qx (0,400)
V(z,0) = Uy(z, 1), x €

oyma
5 (@) =0 wedn t>0.
! EJQTDE, 2005 No. 2, p. 11

(5.5)




It is well known see [1] that t1i+m V(.,t) = V(0) = Uy(r) in LP(Q), for all p > 1, and in

)
another hand from [6] we have for all p > 1

T+h
(5.6) HM@J+h%44%MMQSA | fa(, 9)], o s,

with fy(z,t) = (1 — 7)AUs(z,t) + aUs(z,t) + vUy(x,t). Set 7 = h = §, we can write
— t t — .t
1Us(z,t) = Ua(F)llpe = Us(2,8) = V(2. H)lpe + [V(2,t) = Us(S)lpe,
¢
— 1
< [ 1fa(z, $)llpds + [V (2,8) = Us(S)lpos p 2 1,

since f1 € LY(Qu) N L™®(Qs) we deduce that limy o [|Us(z,t) — Us(3)|lpo = 0, fur-
thermore f; > 0 allow to show that t — U,(t) is bounded and nondecreasing and then
converges to some nonnegative constant U; and this yields tliin Us(.,t) = tlifrn Us(t) = Uy

in LP(Q) for all p > 1.

5.2. Case v = 0. The analysis of the behavior of {U;(.,t),t > 0} requires modifications
because it is not known, and actually it is not true, that U; € L'(Q x (0, 4+00)). Set

- 1
1) = e [ ol )t

then multiplying the equation for U . in (3.7) by m%Uﬁrl and integrating over Q x (7,7 +1)
yields

(5.7) U2 (m) > U (Tt +1) > 0,7 >0,t > 0;

so that upon letting ¢ — 0, the average U}™ is a nonincreasing function of time. From the
inequality of Poincaré-Wirtinger one can conclude the existence of a constant K (£2) such
that for t > 0

(5.8) 107 (1) = U7 ()20 < K(Q VU (- 1)]|2.0-

Now, one gets from Lemma 3 with v = 0 that
2
UMt < ——— [ Ui (x)d
IVUP (Dl < g [ U2 @)
Fm2 Uo7 (Ch + Coll Ul o) / (U, Us, Us, Uy) (. 5)dards

t
20t

(5.9)

It follows that ||VU™ (.,t)|lz.a — 0 as t — +o00, so that [|[U]™(.,t) — U™ (t)]|a.0 — 0
by (5.8). The monotonicity of t — U™ () yields tlir+n ur(.,t) = t1i1+n Ur(t) = Uy in

L*(Q) and also in C(Q). EJQTDE, 2005 No. 2 12
, 0. 2, p.



5.3. An elementary spatially homogeneous system. Let us consider the system of
ordinary differential equation

U{ _7(U17U27 U37U4)

Uy = (U1, U, Us, Uy) — AUy — plUs,
Ué :)\WUQ—OZUg—,lLUg—ng,

U!l :(1—7T)/\U2+(IU3.

With U;(0) >0, i=1.4, U;(0)>0, Us(0) >0 and,

{)\>0, a>0, m>0, u>0,

(5.10)

/Y(Ula U27 U37 U4) == U(U27 U37 U4) Ula
~ having either a masse action or a proportionate mixing form : see the introduction.

¢
Then Ui (t) = Uy (0)exp <—/ o(Us, Us, U4)(7')d7'> so that Uy(t) \\ Uy > 0 ast — +o0
0

+oo
and U} = 0 if and only if / o(Us, Us, Uy)(7)dT = +00.

0
Next Uy + Uy = —(X 4+ p)Us(t) and upon integrating over (0,+00) one gets Us lies in
L'(0, +00) so that Uy(t) — 0 as t — +o0 because U} is bounded.
A similar argument yields Us lies in L'(0, +00) and Us(t) — 0 as t — +oc. Then one
t

has Uy(t) = Us(0)+(1 —W))\/t UQ(T)dT+Oé/ Us(T)dr. Here Uy(t) /" U; > 0 ast — +oo.
To conclude that Uy > 0 nc?te that ’
e When ~(Uy, Uy, Us, Uy) = yU Us then o(Us, Us, Uy) = Us lies in L*(0, +00).
o When y(Uy, U, Us, Uy) = s then o(Us, Us, Uy) = Us

U+ U, + Us + U U U, + Us + U
Now (Uy + Uy + Us + Uy)(t) — Uy + Uf as t — +oo and Uf + U > 0, because
Uy > 0 and Uy > 0; hence for t > ty one has

1
§<Uik +Uy) < (Uy + Us + Us + Uy)(t) < (Us + Uy)(0)
which implies

Us(t) Us(t)
__ WY o G UL U < 22— s
(%+mm)—a(234X) Ur + Us 0

As a conclusion o (U, Us, Uy) lies in L'(0, +00) and U} > 0.
Last when m = pu =0, U +U; = (Uy + Us + Us + Uy)(0).
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