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Abstract. In this paper, we investigate a mathematical model for a nonlinear coupled
system of Kirchhoff type of beam equations with nonlocal boundary conditions. We establish
existence, regularity and uniqueness of strong solutions. Furthermore, we prove the uniform rate

of exponential decay. The uniform rate of polynomial decay is considered.
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1. INTRODUCTION

The aim of this article is to study the asymptotic behavior of the solution of a Kirchhoff plates

equations system with nonlinear coupled and nonlocal boundary condition. For this, we consider
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the following initial boundary-value problem:
L
st + Uzzze — M(/ (2 + 02)da)ts + flu—v) =0 in (0,L) x (0,00),  (1.1)
0

L
V4t + Vgzzs — M(/0 (2 + 02)da)ope — fu—v) =0 in (0,L) x (0,00),  (1.2)

w(0,) = v(0,) = ug(0,¢) = v5(0,£) =0 V¢ >0, (1.3)

Uy (L, t) +/O 91(t — 8)(uze (L, s) + prus(L, s))ds =0, Vt >0, (1.4)

ve (L, t) + /Ot 92(t — 8)(vza (L, ) + povy (L, s))ds =0, Vit >0, (1.5)
¢ L

u(L,t) + /0 93(t — ) (Uggx — M(/0 (u2 + v2)dx)uy (L, s)

—psu(L,s))ds =0, Vt>0 (1.6)
t L

v(L,t) + /0 ga(t — 8)(Vggs — M(/0 (u2 +v2)dx)v, (L, s)

—pgv(L, s))ds =0, Vt>0 (1.7)

(u(0,2),u(0,2)) = (uo(x),vo(x)) in (0,L), (1.8)

(ue(0,2),v4(0,2)) = (u1(z),v1(x)) in (0,L). (1.9)

The equations (1.4)-(1.7) are nonlocal boundary conditions responsible for the memory effect
and p1, p2, p3 and py are positive constants. Considering the history conditions, we must add

to conditions (1.4)-(1.7) the one given by
u(L,t) =v(L,t) = uzy(L,t) = vy(L,t) =0, Vt<O0.

We observe that in problem (1.1)-(1.9) u and v represents the transverse displacement, the
relaxation functions g;, i = 1,...,4, are positive and non increasing belonging to W12(0, o)
and the function f € C1(R) satisfies

f(s)s>0 VseR. (1.10)
Additionally, we suppose that f is superlinear, that is
f(s)s>(2+0)F(s), F(z)= /OZ f(s)ds VseR, (1.11)
for some § > 0 with the following growth conditions
(@)= F)] < CO+ ol + [yl Dlw —yl, Y,y R, (1.12)
for some C' > 0 and p > 1 . We shall assume that the function M € C1(]0, oo[) satisfy

M) >mg>0, MOMA> M), VA>0, (1.13)
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where M(\) = fo)\ M (s)ds. Note that because of condition (1.3) the solution of the system
(1.1)-(1.9) must belong to the following space

W= {ve H*0,1) : v(0) =v,(0) = 0}.

This problem is based on the equation

L
Ut + Upgre — (@ + /8/ \ux(s,t)Ist)um =0 (1.14)
0

which was proposed by Woinowsky-Krieger [15] as a model for vibrating beams with hinged
ends.

The equation (1.14) was studied by Dickey [3] by using Fourier sines series, and also by Bernstein
[2] and Ball [1] by introducing terms to account for the effects of internal and external damping.
A larger class of nonlinear beam equations was studied by Rivera [9], which considered the
question regarding viscoelastic effects and regularizing properties. Tucsnak [14] considered the

beam equation
ug + A%u — M(||Vu|[3)Au=0 in QCR" (1.15)

with clamped boundary. He obtained the exponential decay of the energy when a damping of
the type a(x)u; is effective near the boundary. In the same direction, Kouemou Patcheu [5]
obtained the exponential decay of the energy for (1.15) when a nonlinear damping g(u;) was
effective in . Also see Pazoto-Menzala [10], To Fu Ma [7] and the references therein. As far
as we know there is no result concerning the asymptotic stability of solutions for the system
(1.1)-(1.9) where the coupledness is nonlinear and boundary conditions are of memory type. So

with the intention to fill this gap we consider here this problem.

Remark: The results obtained in the paper are not valid when M(s) = s, being like this

the case M(s)=s is an important open problem.

As we have said before we study the asymptotic behavior of the solutions of system (1.1)-
(1.9). We show that the energy decays to zero with the same rate of decay as g;. That is, when
the relaxation functions g; decays exponentially then the energy decays exponentially. But if
g; decays polynomially then the energy will also decay polynomially with the same rate. This
means that the memory effect produces strong dissipation capable of making a uniform rate of
decay for the energy. The method used here is based on the construction of a suitable functional
L satisfying

d

Eﬁ(t) < —CLL(t) + Coe™ ™ or %E(t) < —C’1£(t)1+§ +

@
(1+t)att
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for some positive constants C7,Cy, v and «. The notation we use in this paper are standard and
can be found in Lion’s book [6]. In the sequel by C' (sometimes C1,Co,...) we denote various
positive constants which do not depend on t or on the initial data. The organization of this
paper is as follows: In section 2 we prove a basic result on existence, regularity and uniqueness
of strong solutions for the system(1.1)-(1.9). We use the Galerkin approximation, Aubin-Lions
theorem, energy method introduced by Lions [6] and technical ideas to show existence, regularity
and uniqueness of strong solutions for the problem (1.1)-(1.9). Finally in the sections 3 and 4
we study the stability of solutions for the system (1.1)-(1.9). We show that the dissipation is
strong enough to produce exponential decay of solution, provided the relaxation function also
decays exponentially. When the relaxation function decays polynomially, we show that the
solution decays polynomially and with the same rate. We use the technique of the multipliers
introduced by Komornik [4], Lions [6] and Rivera [8] coupled with some technical lemmas and

some technical ideas.

2. EXISTENCE AND REGULARITY OF GLOBAL SOLU-
TIONS

In this section we shall study the existence and regularity of solutions for the system (1.1)-(1.9).
First, we shall use equations (1.4)-(1.7) to estimate the terms wy, (L, t) + p1ug (L, t), vez(L,t) +

L L
P20 (L, 1), Uagae (L, 1) =M ( [y (uz4v3)da)uy (L, t)—psu(L, t) and vgeq (L, t)— M ( [y (uz+v2)da)vay (L, t)—
p4v(L,t). Denoting by

(g% 9)(t) = /0 o(t — s)p(s)ds,
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the convolution product operator and differentiating the equations (1.4) and (1.7) we arrive at

the following Volterra equations

Uze (L, t) + prug (L, t) + g1 * (uze (L, t) + prug (L, t))

1
91(0)
I NI

g1(0)

Vea (L, t) + prog (L, t) + g * (Vgz (L, t) + pove(L, 1))

92(0)

1
—92—(0)11,$t(L, t),

L
raoln) = M [ (0 ) (L,t) = pr( L)

. Loty M( [ (02 + o)) (Lot Lt
—i—mgg*(umm( 1) — </0 (uy 4+ vi)dx)uy (L, t) — psu(L,t))

1
= —QB—m)ut(L,t),

L

Vgaa(Lyt) — M(/O (u2 + v?)dx)vy (L, t) — pyv(L,t)
Ly Lit)—M Foa o IV (L. ¢ L
—i—m%*(vmm( 1) — </o (ux—i-fugg) x)fum( 7)—P4U( ,))

1
= _mvt(L’t)'

Applying the Volterra’s inverse operator, we get

1
Ugr (L, ) + prug(L,t) = —gl—(o){um(L,t) + ky xuge(L, 1)},
1
Vg (Lyt) + povg (L, t) = —m{vmt(L, t) + ko x vy (L, 1)},
L
Ugar(Lyt) — M(/ (u2 + v2)dx)uy, (L, t) — psu(L,t)
0
_ _9;0) {un(L ) + ks g (L, 1)},
L
Vg (Lyt) — M(/O (u2 + v2)dz)vy (L, t) — pav(L,t)
- _ﬁ{”t(“) + koL 1)}

where the resolvent kernels satisfy

1 1
ki + ——gh ki = ———gl, Vi=1,234.
B () R ()
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Denoting by n; = g1—%0) and 170 = gz—h)) we obtain

Ug (L, t) + prug (L, t) = —mi{uge(L,t) + k1 (0)uy (L, t)

—k1(t)uz (L, 0) + K} * ui (L, 1)} (2.1)
Voz (L, t) + p2va(L,t) = —n2{vae(L, ) + k2(0)va(L, 1)

—ka(t)ve(L,0) + kb * v (L, t)} (2.2)
el 100) = M 02 5 02000 () = g1

= n3{us(L,t) + k3(0)u(L,t) — ks(t)u(L,0) + kj x u(L,t)}, (2.3)
Vg (L, t) — M(/OL(Ui +03)dw)vy (L, t) — pav (L, t)

= na{ve(1,t) + kg (0)(L,t) — kg(t)u(L,0) + Kk x v(L,t)} (2.4)

Note that taking initial data such that u(L,0) = v(L,0) = uy(L,0) = v;(L,0) = 0, the identities
(2.1)-(2.4) imply (1.4)-(1.7). Since we are interested in relaxation functions of exponential or
polynomial type and the identities (2.1)-(2.4) involve the resolvent kernels k;, we want to know
if k; has the same properties. The following Lemma answers this question. Let h be a relaxation

function and k its resolvent kernel, that is
k(t) — k= h(t) = h(t). (2.5)

Lemma 2.1 If h is a positive continuous function, then k also is a positive continuous function.

Moreover,

1. If there exist positive constants co and v with co < v such that
h(t) < Coeifyta

then, the function k satisfies
k(t) S Co(ry B 6) efet
T—€— 0

)

for all 0 < e < v —cy.

2. Given p > 1, let us denote by ¢, := supycg+ fg(l +t)P(14+t—s)"P(1+s)Pds. If there

exists a positive constant co with cocp, < 1 such that
h(t) < co(1+1¢)77,

then, the function k satisfies

€0

1+1¢)7P.
- 1—cocp( +1)
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Proof. Note that k(0) = h(0) > 0. Now, we take to = inf{t € R : k(t) = 0}, so k(t) > 0
for all ¢ € [0,t0]. If tx € RT, from equation (2.5) we get that —k * h(tg) = h(ty) but this is
contradictory. Therefore k(t) > 0 for all t € RJ. Now, let us fix €, such that 0 < € < v — ¢o and

denote by
ke(t) := ek(t), he(t) := e“h(t).

Multiplying equation (2.5) by e we get kc(t) = he(t) + ke x he(t), hence

sup kc(s) < sup he(s)+ </ coels ds> sup ke(s) < ¢o+ sup ke(s).
s€(0,t] s€[0,1] 0 s€[0,¢] (vy—¢ s€[0,¢]
Therefore
k() < 20 =9
T—€e— G

which implies our first assertion. To show the second part let us consider the following notations
Bplt) = (L+ 07k(t),  hy(t) o= (1 + t)7h(t).

t
Multiplying equation (2.5) by (1+t)P we get k,(t) = hp(t)+/ kp(t—s)(1+t—s) P(1+t)Ph(s) ds,
0

hence

sup kp(s) < sup hy(s)+cocp, sup kp(s) < co+ cocp sup kp(s).

s€[0,t] s€[0,t] s€[0,t] s€[0,t]
Therefore
o
k,(t) < ,
p(t) < 1—cpcp
which proves our second assertion. |

Remark: The finiteness of the constant ¢, can be found in [13, Lemma 7.4]. Due to this Lemma,

in the remainder of this paper, we shall use (2.1)-(2.4) instead of (1.4)-(1.7). Let us denote by

t
(990)(0) = [t = 5)lplt) — pls) s
0
The following lemma states an important property of the convolution operator.

Lemma 2.2 For g, € C([0,00[: R) we have

e e = —50eOP + 309 — 35 lame = ([ aloasl?].
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The proof of this lemma follows by differentiating the term gO.
The first order energy of system (1.1)-(1.9) is given by

1 L
BO) = BGue): = 5 [l + 0 + e+ o )
0

1.~ (L
M+ o) + L)
0

+ 2o (L + BT ) + Elo(L, )P

ks (L) — K D (L, )

+ 2 kafa(L, 1) = T RO (L, t)

+ g u(L, ) — Dhi0u(L, )

2k oL DI = 2K Do (L, 1)

L
+/ F(u —v)dx.
0
The well-posedness of system (1.1)-(1.9) is given by the following Theorem.
Theorem 2.1 Let k; € C*(R") be such that
ki, —k

Lk >0, Vi=1,...,4.

17"

If (1.10)-(1.13) hold, (ug,vo) € (H*(0,L) N W)? and (ui,v1) € W? satisfy the compatibility

conditions

uO,mm(L) + plu(],:v(L) = —7]1U1,x(L) (26)

UO,mm(L) + pQUO,x(L) = _7]21)1,:1:(11) (27)
L

U0 gz (L) — M(/O (u%x + vg’x)dm)u07m(L) — p3ug(L) = —nzuy (L) (2.8)
L

(L) = M| (0 + 082)da)o0.0 () = pien(L) = —newn (1) (29)

then there exists only one solution (u,v) of the coupled system (1.1)-(1.9) satisfying
u,v € L2(0,00 : HY(0,L) N W),

ug, v € Ly, (0,00 : W),

Utty Ut € L?OOC(O, o0 L L2(0, L))
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Proof. Let us solve the variational problem associated with (1.1)-(1.9), which is given by: find
(u(t),v(t)) € W x W such that

L L L
/0 wie(tywdz + / (B0 + M (O)l120.1) + 102D 220.0)) / wa(tywsda

L
+/0 flu—v)wde + ugy, (L, t)w(L)
M (01204 + 1w D220 1t (L D0 (L) — 1L g (L) = 0

L L L
[ oettyods & [ v @wneds + MOl a5y + Por Ol a0) [ velOuede

L
— /0 f(u —v)wdz + vype (L, t)w(L)
—M(Hux(t)Hiz(o,L) + va(t)H%%o,L))vx(L’t)w(L> — Uz (L, hwa (L) = 0,

for all w € W. This is done with the Galerkin approximations. Let {w’/} be a complete
orthogonal system of W for which

{u® u'} € Span{w’,w?}, {v°,v'} € Span{w, w?}.

For each m € N, let us put W,,, = Span{w',w?, --- ,w™}. We search for the functions

t) = ihjwj, o™ (t) = ipjwj
j=1 j=1

such that for any w € W, it satisfies the approximate equations

L

L L
/ W (tywdz + /0 s (B)waads + MO0 2201 + 0O 220.0)) /0 P (twpde

/ flu ™wdx + uly, (L, t)w(L)
M([luz (O)[720.2) + 105" O 20,0 ua (Ls tyw(L) = ug (L, tywg (L) = 0 (2.10)

L

L L
/ o (e + / L (Owsde + M2 O 05y + 12O s0ry) [ o2 e
/ flu ™wdz + v (L, t)w(L)
M ()20 1) + 10 (8) 20,0, (L (L) — 0Ly g (L) = 0 (2.11)
with initial conditions
(@™(0),0™(0)) = (u°,0%),  (u"(0),v"(0)) = (u',v") (2.12)

We note that (2.10)-(2.12) are in fact an m x n system of ODEs in the variable t, which is
known to have a local solution (u™(t),v™(t)) in an interval [0,¢,,[. After the estimate below the

approximate solution (u(t),v"(t)) will be extended to the interval [0, 7], for any given T > 0.
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Estimate 1
By substituting of (2.10) and (2.11) with w = u}*(¢) and w = v{"*(t), respectively, we see that
zdt{u PO + MO0}
MU 00,2y + 05O F20,00) i () o
+ /OL F™(#) = o™ (O))uf () dw + ugy, (L )" (L 1) — ugy, (L, ugy (L, t)
M (fug () 72,2y + 103" (D1 220, (L, ui™ (L, t) = 0, (2.13)
th{HUt D720,y + vz OlZ200.0)}
+—J\4(||Um(7f)||%2 0r) T Hv;n(t)H%?(O,L))%Hv;n(t)”%Q(O,L)
/ P (0) = 0" O () + 0 (L (L) — (L U L,1)
M ([Juz" (¢ )HL2 o.L) T [[og" (¢ )HL2 OL)) e (L, t)v" (L,t) = 0. (2.14)

Substituting the boundary conditions (2.1)-(2.4) into (2.13) and (2.14), respectively, and using

the lemma 2.2 we get, after some calculations

g 012200y + I (2 ) + s (L)
_nlkllljugb([’vt) + 773/€3‘um(L7t)|2 - n3kémum([’7t)}

1 m m d m
5 Mz O 720,y + 105 ONL20,0)) 77 145 (Ol 2201

L
4 / Fum(t) — o™ (t) ) (t) da
0
= (L, Yl (L ) — ma (L) — ey () (L, 0)uT (L t)

+pgu™ (L, ) (L, ) — malul (L, 1)]* — nsks (£)u™ (L, 0)u™ (L, t)
— Dk (O (L, 8) + TR 0w (L)

_%w)mm(w + %kéuum@,w, (2.15)
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1 d m m m
S I O30,y + 05 Ol 2(0.1)} + meblo (L, D)

kDU (L 1) + ko™ (L. O — maky D" (L, 1)
MU a0,y + 10 O1220,00) 3 )2
- [ sy o s

= P (LA E) — e (L) — kot
a0 (L, " (L 1) — mafof? (L, O — maka ()™ (L, O (L. 1)
— Do (8)|o (L) + T k500 (L, )

&3
=
2
S
:\3
=~
Nt

— PRl (L) + TR (L, ). (2.16)

Summing the equations (2.15) and (2.16) and using the hypotheses on f and (1.13) we arrive at

d m m m m m
ZB(tu™ (1), 0™ (1)) = —pry (L, O (L, 1) — il (L D)
ey ()l (L Ol (L, #) + pyu™ (L, g™ (L, ) — s (L, 1)

gk (£)u" (L, )" (L 1) = by (0)uf (L, 8)2 + 2k D (L, 1)

—%kg(t)\um(L,t)\Q + %kgmum(L,t)

—p20g (L, gy (L, t) — mlogy (L, )7 — ka(t)vg (L, 0)vg} (L, 1)
+pa0™ (L, )07 (Ly t) = malof™ (L, £)|* = naka(8)o™ (L, 0)v7" (L, t)
~ Lol (L O + ZROu (L, )

—%k4(t)\vm(L,t)12 + %kﬁlem(L,t).

Using the Young and Poincare’s inequalities we get

%E(t,um(t),vm(t)) < CoE(0,u™(t),v™(t)) + C1E(t,u™(t),v™ (1)),

where E(0; u™(t),v™(t)) is the energy in ¢t = 0. Integrating from 0 to ¢ < t,, and using Gronwall’s

inequality we obtain

E(t,u™(t),v™(t)) < Co,

where C5 is a positive constant independent of m and ¢. Therefore, the approximate solution
(u™(t),v™(t)) can be extended to the whole interval [0,7]. In particular, there exist M; > 0
such that

E(t,u™(t),v™(t)) < My, (2.17)
for all t € [0,T] and for all m € N.

Estimate 2
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Let us now obtain an estimate for u}?(0) and v#(0) in the L?-norm. Integrating the equation

(2.10) with w = uj}(0) we get
L 2 L 0
| o)+ [ i)
012 02 L 0
Ml + 1180 0n) [ i (O)da

L
+ / F® = ) (0)da
0
+M (6l F200.0) + vell72(0,0))ue (L)ui (L, 0)
e (L)ugt (L, 0) — ult (L, 0)upt (L, 0) = 0.

Using the compatibility conditions (2.6) and (2.8) and Poincare inequality we obtain

g ()22 0.1y < CU 20,0 + sl 202 I O] 20,1
L
MO a0+ 10 0ny) [l 1z
L
= 170 =) O
Using the hypothesis on f and Sobolev imbedding we arrive at

HU;?(O)H%%O,L) < C(Hugm”m(o,L) + Hugmmm”LQ(O,L)

+M(HU2”%2(0,L) + Hv(m)H%Q(O,L))Hugx“LQ(O,L)

Hluzllz(0,z) + o2l z2(0,)) 1t () 20,1

and therefore there exists My > 0 such that

g (0)|p2(0,0) < Ma,  Vm €N,
Similarly we get

vy Ol z2(0,0) < M2, Vm e N.

Estimate 3

(2.18)

(2.19)

Now we are going to obtain an estimate for wsy, vy, and U, and v, in L2-norm. To avoid

differentiating the equations (2.10) and (2.11), we employ a difference argument as done in

reference [5].

Let us fix ¢ > 0, € > 0 such that ¢ = T — ¢t. Taking the difference of (2.10) with ¢t = ¢ + ¢ and

EJQTDE, 2005 No. 6, p. 12



t = t, and replacing w by u"(t + ¢) — uj"(t) we get

1 d m m m m
5 U (4 &) = ul Ol 20,0y + Ut + &) = ufz Ol 720,00}

L
| MO+ B0+ e+ 2 e +2)
=M ) 301y + 1 (30, O] (e + ) — wih(e))de
— M+ ) By + 5+ a0y (Lt +-2)

M0 220 1, + 10 (8) 30,1 ) (E, )] (P (Lt -+ €) = (1, 1))

L
/0 [f(u™(t+e) —v™(t+¢e)) — f(u™(t) — 0™ ()] (uf" (¢t + &) — v (1)) dx
+(ult (Lt +¢e) —ult (L,t)(uf* (Lt + ) —uf* (L, 1))

rxrxr

—(u (Lt +¢e) —ult (L, t) (upp (Lt + &) —up(L,t)) =0

rx

Substituting the boundary conditions (2.1) and (2.2) yields

1 d m m m m
U+ ) — () o 1y + I 6+ €) — (o
Forhta (Lt +€) — g (LA + palu(Lot +€) — u(L. 1)}

L
[ [+ Dy + 1o+ Doy e+ )
=M () 30,1y + 1 () 30, (0] (o + €) — wih(e))

+ /OL [fu™(t+¢e) —v™(t +e)) — fu™(t) —v™(@0)] (u*(t + &) — uf"(t))dx

= —m|uge(L, t + &) — ug(t)]?

+m1(k1(t +¢) — k1 (t))ug (L, 0) (uge (Lt + ) — uge (L, 1))

—nlkl(OZJ(rux(L, t+e)—uy(L, t))gumt(L, t+¢e) — ugy(L,t))

—m </0 Ky (t — s)ug(s)ds — /0 Ky(t — s)uz(s)ds> (ugt(Lyt + &) — ug (L, t))
—nalur(L,t + ) — ug(1)]

+n3(k3(t 4 €) — k3 (t))u(L, 0) (us (L, t + &) — ug(L, 1))

sk (0)(u(Lyt 4 &) — u(Ly ) (ue (Lt + &) — ug(L, 1))

t+e ¢
-3 </0 k3(t — s)u(s)ds — /0 ks (t — 8)u(s)ds> (ug(L,t+e) —ur(L,t)) (2.20)
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Similarly, using (2.11) instead of (2.10) we obtain

1 d m m m m
5 I+ 2) = o Ol a0 + I+ ) — D20y
+pa|ve(L,t 4 €) — va (L, 1)|? + palv(L,t + €) — v(L, t)]*}

L
[ [+ 2y + 1+ Dy e+ )
M 0.1y + IO 0,0))0 ()] (ot +2) — wf(e))

L

- /0 [fu™(t+e) —v™(t+¢e)) — f(u™(t) = 0™ ()] (v*(t + &) — v (t))dx
= il 4 €) — v (D)
+n2(ka(t 4+ ) — ko(t))ve (L, 0)(vg (L, t 4 ) — vy (L, 1))
—12k2(0) (v (L, t + &) — vy (L, 1)) (vat (Ly t + €) — vy (L, t))

t+e t
—1)9 </0 ko (t — s)vy(s)ds — /0 ks (t — s)vm(s)ds> (Vgt(Lyt + &) — vy (L, 1))
—nalve(L,t + &) — v (t)
nu(Ralt + €)= Ea(O)o(L, 0) (wr (Lt + ) — vy(L, 1))
—naka(0)(v(L,t + &) —v(L,t))(ve(L,t + &) — vy (L, t))

t+e t
—14 </0 ky(t — s)v(s)ds — /0 ky(t — s)v(s)ds> (vi(L,t +¢) — v (L, 1)) (2.21)
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Summing the equations (2.20) and (2.21) we obtain

d m L m m m
Sam(t,e)+ / (M ¢+ &) 20,1 + 0+ )20 1 e (2 + <)
0

M () 2(0,) + 102 Ol 20,0 ()] (s (¢ +€) = () da

b MO+ Wy + I+ 2+

~M (a2 Ol 20,0 + 02 Ol 200,005 (1)] (@2 +2) = v (1)) da

- U ) — o+ ) = S — om(0)) () - P (B)do

= /OL [f™(t+e) = o™t +e)) — fu™ () — 0™ ()] (vf" (t + &) — v} (¢))dx
= =11 fugi(L,t + &) — ugi(1)]?

(ki (t + ) — ki (t))uz (L, 0) (uat (L, t + ) — uge(L, t))

“m < /0 TR = $)un(s)ds — /0 K- s)ux(s)ds> (ot (Lot + 2) — umi (L, 1))
—n3lur(Lyt + ) — ug(t)[?

+n3 (ks (t + ) — ka(t))u(L, 0)(ur (Lt +€) — us(L, 1))

—ngkg(OI)fS_u(L, t+¢e)—u(L, t))(ift(L, t+¢e)—u(L,t))

—n3 (/0 Ky(t — s)u(s)ds — /0 K4 (t — s)u(s)ds) (ue(L,t 4+ €) — ur (L, t))

= —Molvgt(L,t +€) — vy (t)[?

+772(l<r2(7:_L e) — ka(t))va (L, 0)(vxi(L,t +e) — var(L, 1))

—19 (/0 Kh(t — 8)vg(s)ds — /0 Kb (t — s)vz(s)ds> (Vgt(Lyt + &) — vy (L, 1))
—malve (Lt +€) — vy ()2

+na(ka(t + ) — ka(t))o(L, 0)(ve (L, t + €) — ve(L, 1))

—naka(0)(v(L,t + ) —v(L,t))(ve(L,t + &) — v (L, 1))

t+e ¢
—4 (/0 ky(t — s)u(s)ds — /0 ka(t — S)v(s)dg) (vi(L,t +€) — v (L, 1)), (2.22)

where

®(t,e) = [[uf(t + &) = uf ()| 720,y + ufe(t + &) — uge(O)ll72(0.p)
o (t + ) = v (O 720,y + Wea (t +€) =i (7201

+p1|ua (Lt + &) — ug(L, t)|* + pslu(L,t +¢) — u(L,t)|?

+p2lvz(Lyt + €) — va(L, )] + palo(L,t + €) — v(L, 1)]?

ik (0)[u (Lt + ) — u (L, )]* + 13k (0)|u™ (L, t + &) — u™ (1)
+n2ka (0)| 0 (L, t + &) — v (L, £)[* + naka (0)[v™ (L, t + ) — o™ (¢) [,
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We analyzed some terms of (2.22). Let us denote by
Iy = M(||ui (¢ + )7 2(0, 1) + o5 (t + €)ll72(0,1)) -
[ e+ i
YAM / Wt A+ €) — (1)) dx
M(Ju e+ e>||L2<o,L> e+ e
/L< P +) — o)W+ 2) —(0)do
YAM / V(4 ) — o™ (1))de,

where

AM = [M(Jlug"(t + )2,y + V5 (E+ )220,

—M([lug (0720, + 105 Ol Z20,0)]-
Integrating by parts we have that
Iy = M([[u (t + e)ll72(0,1) + IV (¢ + )l F2(0,1) -
(W Lyt +e) —ul (L, t)(uf* (L, t + &) —uy* (L, t))
—M([lug (t + )1 720 1) + 105t + ) Z20,1)) -
/L(u?x(t + &) = ugy () (" (t + &) —u(t))dx
AN (D) (Lt 4 2) — (1))
—AM/ (4 &) (W + ) — u(8))de
M+ )20 1y + 0+ ) o) -
(vi (Lt +¢e) — vl (L, ) (v (L, t + ) — v (L, 1))
M (||ug*(t + )72 0,0y + 105" + ) 20,1)) -
/ CW 4 €) — O ¢ 4 2) — o (1))
+OAMU;”(L, t)(v* (L, t +¢) —v{*(L,t))

—AM/O v (t+e) (v (t +€) — v (t))dx.

(2.23)

Now, from the Mean Value Theorem and estimate (2.17), there exist a constant C'; > 0 such

that

AM] < Cy (U (¢ +2) = u O a0,y + 05 (¢ +2) = 02 B2(0.0))

(2.24)
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Since u(0) = v(0) = uz(0) = v,(0) = 0 for u,v € V, we have

[u™ || poe 0,2y < \/ZHUmHL2(o,L)7 v | oo (0,0) < \/ZH'UmHm(o,L) (2.25)
|z | oo 0,2y < \/ZHUZZHL?(O,L)a vz oo (0,0) < \/EHUEUHH(O,L)- (2.26)

Then using (2.24)-(2.26) and Young inequality, there exists a positive constant C'y such that

L] < Cy <IIUZ§;(75 +e) = upe (Ol 2,y + V5 E+e) = v M7 0.1
Hlug (¢ + €) = ui (O 22,y + 03" (E + ) = v%”(t)lliz(o,m)

—i—%]u;”(L,t +e)— u;”“(L,t)|2 + %\v{”(L,t +e)— v{”(L,t)|2. (2.27)
Putting
L
I = /0 ™+ €) — 0™ (4 €)) — Fm™ () — o™ ()] (W (¢ + <) — uf(t))d

L
- /0 [f(u™(t+e) —v™(t +¢)) = f(u™(t) — 0™ ()] (v (t + €) — vi"(t))d,
and using a similar arguments as above yields

1] < C ([l (t +€) = w3200y + lom(t +€) = o ()220, ) - (2.28)

Using Young and Poincaré inequalities and hypothesis on k; we, after some calculations

‘—m (/Om K\ (t+ e — s)u™(L, s)ds — /Ot K (t — s)u™(L, s)ds> (Lt + &) — u™(L, t))‘

t
M, m m m
< g’umt(lﬁt + 8) - umt(L7t)’2 + Co”ki”Ll(O,oo) A Hu$$(s)H%2(O,L)dS' (229)
similarly we obtain
t+e t
‘—772 </0 Kh(t + e — s)v (L, s)ds — /0 Kh(t — s)vl"(L, s)ds> (v(Lyit+¢) — vﬁ(L,t))‘
t
2, m m m
< g‘vxt([’v t+ 8) - Umt(Lv t)|2 + COHké”LI(O,OO) /O vam(s)H%Q(O,L)ds’ (230)
t+e t
‘—773 </0 Kyt +¢e — s)u™(L,s)ds — /0 Ky (t — s)u™(L, 3)ds> (u(Lyt+e) — u;”(L,t))‘
t
N3, m m m
< BRpP(Lt )~ (L + Collb 000y [ T2 6y (2.31)
t+e t
‘—774 </0 Ky(t +e— s)v™(L,s)ds — /0 Kyt — s)v™(L, s)ds> (v (Lt +¢) — va(L,t))‘
t
N m m m
< g‘vt (Lvt + 8) — Uy (Lvt)|2 + COHkQHLl(O,oo)/O HUJ:J:(S)H%Q(O,L)dS' (232)
Substituting (2.27)-(2.32) into (2.22) we obtain

%(I)m(t,a) < (Cy + )™ (1,8,
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and therefore
O (t,e) < P™(0,¢) exp((Ch + C2)T), Vit e [0,T).
Dividing the above inequality by 2 and letting e — 0 gives
Huﬁx(tw%%o,m + HU?;J:(ZL/)H%Q(O,L) + Hu?;(t)H%%O,L) + H’Ulg(t)H%%o,L)
< (HualcxH%2(o,L) + Hvalcx(t)H%Q(O,L) + Hugt(t)H%Q(O,L) + H”gt(t)”%%o,m (2.33)
and from estimate (2.18) and (2.19) we find a constant M3, depending only in 7', such that
lufre (Ol 20,2y + 1vine OIZ2 0.2y + i (D1 20,y + 05 B)|720,0) < Mz (2:34)
vYmeN, Vtel0,T].

With the estimate (2.17) and (2.34) we can use Lions-Aubin lemma to get the necessary com-
pactness in order to pass (2.10)-(2.11) to the limit. That concludes the proof of the existence of
global solutions in [0,7"]. To prove the uniqueness of solutions of the problem (1.1)-(1.9) we use
the method of the energy introduced by Lions [6], coupled with Gronwall’s inequality and the
hypothesis introduced in the paper about the functions M, f, k; and the obtained estimate.

3. EXPONENTIAL DECAY

In this section we shall study the asymptotic behavior of the solutions of system (1.1)-(1.9)
when the resolvent kernels k; and ko are exponentially decreasing, that is, there exist positive

constants by, by such that
ki(0) >0, Ki(t) < —biki(t), Kki'(t) > —boki(t) for i=1,...,4. (3.1)
Note that this conditions implies that
ki(t) < k;(0)e 01t for i=1,...,4.
Our point of departure will be to establish some inequalities for the solution of system (1.1)-
(1.9).

Lemma 3.1 Any strong solution (u,v) of the system (1.1)-(1.9) satisfies:

d
EE(t)

1 2 3 4
— Dt (LD = Zfoae(L )2 = T ue (L, 4) = Toe(L, )

m 2 13
R Oa (L, 0) + LI @]ea(L,0) + LR (0)lu(L, 0)

)
M4, 9 2, T, 2, "2, 2
+ DR O(L, O + Tk () s (LD + B0 oz (L, )]
F SR Ol(L, O + TR OIo(L O — Tk Dus (L, 1)

—%kgmgg(L,t) - %ké’ﬂu(L,t) - %kZDU(L,t).
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Proof. Multiplying the equation (1.1) by u; and integrating by parts over (0, L) we get
1d 1 d
2 dt
L L
+/ fu—v)udr = —(ugqn (L, t) — M(/ (u2 + v2)da)ug (L, t))u (L, t)
0 0
Fgy (L t)ug (L, t).

1 L d [*
|um|2dac + —M(/ (u2 +v?)dx)— / g | dz
2 0 dx 0

Similarly, using the equation (1.2) instead of (1.1) we obtain

1d 1d

L 1 L d L
- " odr 1 L \vm]2dx+§M(/0 (02 + 2)dw) - /0 lva 2dz

L L

—/ flu—v)ngdr = —(Vgpe (L, t) — M(/ (u2 4+ v2)dz)vy (L, t))vy (L, 1)
0 0

FVz0 (L, 1) (L, t).

Summing the two last equalities, substituting the boundary terms by (2.1)-(2.4) and using

Lemma 2.2 our conclusion follows. [ |

Let us consider the following binary operator

(ko p)(t) = /O Kt — 5)(o(t) — 9(5))ds.

Then applying the Holder’s inequality for 0 < w < 1 we have

(ko)) < [ / rk<s>12<1—w>ds] (k0) (1) (3.2)

Let us introduce the following functionals

L L
N(t) = / (el 4+ [0r]? + tgal? + [vms? + F(u— v))da + 3 / (u + v2)de),
0

0

0= [ fons (3 o) bt s [* Lo (5-0)

where 0 is a small positive constant. The following Lemma plays an important role for the

construction of the Lyapunov functional.
Lemma 3.2 For any strong solution (u,v) of the system (1.1)-(1.9) we get
Loty <IN + Cua(Lt)P + ka (ua (LD + K 0 g (L, 1)
7 S 73 at 1()uy « (L,
k1 (8ua (L, 0)*) + Cllvae (L )]* + [ka(t)ou (L, 1)
+ky 0 v (L > + [Ra(H)ve (L, 0)%) + Cfue (L, 1)
k3 (O)u(L, )]* + [k5 o u(L, )] + |ks(t)u(L,0)[?)
C(loe( L, 1) PlRa(t)o (L, 1)[* + |k 0 0(L, 6)* + [ka(H)v(L, 0) ).

for some positive constant C.
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Proof. Differentiating the functional ¥ with respect to the time and substituting the equations
(1.1) and (1.2) we obtain

L
TG00 = =0 [l + o)+ 5 (L0 + (L))

L 1 L L
—/ TUpgrptzdr — (= — 0) / UlppprdT — / TVprpaVzdT
0 2 0 0

L L L
30 [ varnstrt [ G- 002+ )

L 1 L
" /0 s + (5 — )} M( /0 (u2 + 02)de)vgpdz — /O (g — v2) fu — v)dx

1

L
—(5 - 0)/0 (u—v)f(u—v)dz. (3.3)

We analyze some of the terms of the equality (3.3). Integrating by parts we get
L
/ TUgrzpUedl = Ugge(L, t)ug(L,t) — gy (L, t)ug (L, )
0
L
+2/ U |?dx — [tge(L, 1), (3.4)
0
L
/ TVpp0zV2dT = Upge(L, )y (Lyt) — vge (L, t)v, (L, t)
0
L
+2/ ’Umm’2dx - ’U$$(L7t)‘27 (35)
0
L L )
[t = (B u(E0) = (L (L) + [P, (30
0 0

L L
/ VWprzedt = Uppr(L, )0(L,t) — vgp (L, t)ug (L, t) +/ |vm|2dm, (3.7)
0 0

L L
/ x(ug —vg)f(u—v)de = F(u(L,t)—v(L,t)) — / F(u —v)dx. (3.8)
0 0
Since f is superlinear we have
L L
(% _ e)/o (= o) f (1 — v)dz > (2 + 5)(% ) /0 Flu - v)da. (3.9)

Using the hypothesis (1.13) we have

L L 1~ L
/0 ﬂc(ux—i-’ugg)M(/o (u2 + v )da:)(u$+vx)xdx§—§M(/0 (u2 + v2)dx)
L
+LM(/ (12 + 02)da) (W2 (L, £) + v2(L, 1), (3.10)
L L

— i u? + v2)dr)ug,de v w2 + v2)dz)vedr

e{/ M/ +02)da) d+/0 M(/O(x%—x)d) iz}
< (5 - 0)M (/0 (2 + 02)da) (w(L, )un (L, t) + v(L, £)va (L, 1))

1

- L
(5= ([ (2 + o)) (3.11)
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Substituting (3.4)-(3.11) into (3.3) we arrive at
Do) < 0 [ Gl oo 2L 0 + (2, ))
dt ~ 0 t t 9 t ) t )
e ) 4 () 2 [ it
(5 = Otaa (L (L, 0) + (5 = O)utaalL (L, )
e (L )0 (L) + 0 (L E)0n (L ) — 2 /0 "2
1

(5 = 0)0as (L, 1YL, 0) + (5 = 0)vga(L, )0 (L, 1)

L
~fuaa (L. O L = (5 =) [ JuesPde
0

1

L L
(=0 [ oo+ LM 02 +2)dapd (L) +2(00)

L
—M(/O (u? + v2)da)(u(L, t)uy (L, t) + v(L, t)v. (L, t))

—~ L L
—(%—H)M(/O (2 + o2)dz) — <g—9(2+5>)/0 Flu—v)da.

Noting that the boundary conditions(2.1)-(2.4) were written as

Ugz(Lyt) = —prug(L,t) — m{uae(L,t) + k1 (t)us (L, 1)
—ky o ug(L,t) — k1 (t)us(L,0)},

Vg (Lyt) = —pava(L,t) — nafvee(L,t) + ka(t)ve (L, 1)
—ky 0 vy (L, t) — ka(t)vx (L, 0)},

Upaa(Lt) = pau(L,t) +n3{u(L,t) + ks(t)u(L,?)
—kyou(L,t) — ks(t)u(L,0)}

Vawa (L) = pav(L,t) +n3{vy(L,t) + ka(t)o(L, 1)
—kyov(L,t) — kg(t)v(L,0)}

and taking into account that pi, po2, p3, ps4 and 6 are small, our conclusion follows. |

To show that the energy decays exponentially we shall need the following Lemma.

Lemma 3.3 Let f be a real positive function of class Ct. If there exist positive constants Yo, v1

and cg such that
F1t) < =0 f(t) + coe™ ™,

then there exist positive constants v and c such that

F#&) < (f(0) + ).

EJQTDE, 2005 No. 6, p. 21



Proof. Secee. g. [12]

Finally, we shall show the main result of this section.

Theorem 3.1 Let us take (ug,vo) € W2 and (uy,v1) € (L?(0,L))%. If the resolvent kernels ki,

ka, ks and k4 satisfy (3.1) then there exist positive constants a1 and ay such that
E(t) < aje”*2'E(0),
for allt > 0.

Proof. We shall prove this result for strong solutions, that is, for solutions with initial data
(ug,vo) € (H*(0,L) N W)? and (uy,v;) € W? satisfying the compatibility conditions. Our

conclusion follows by standard density arguments. Using hypothesis (3.1) in Lemma 3.1 we get

d

SB®) <~ (un (L0 — b Dus(L,6) + by (Ol (L, = B (Olua (L, 0))

—%(Ivmt(L, t)* = bikb0vs (L, t) + ka(t)|va (L, 1)|* — k3 (1) |va(L, 0)[)
—%(IUt(L, t)]* — k30u(L, 1) + ks(8)|u(L, 1)|* — k3 (t)|u(L,0)[*)

4
) (loe(L, 1) = k4Bo(L, 1) + ka(t)[o(L, )7 = k3 (t)]o(L, 0)[?)
On the other hand applying inequality (3.2) with w = 1/2 in Lemma 3.2 we obtain

%w) < —QN(t) + O (Juge (L, 1) 4 ke (8) ua (L, )] = K Dug (L, ) + [k (Hua (L, 0)[?)
(]vm (L, t)|* + Ko (t) [ua (L, t)|* — KyOvg (L, t) + |k (t)ve (L, 0)|?)
C (Jue(L, 1) + ks (t)[u(L, t)[* — K50u(L, t) + |ks(t)u(L,0)|?)
C (|oe(L, ) + ka(t)o(L, 1)]* = K4O0(L, t) + [ka(t)o(L, 0)]?) .

Let us introduce the following functional

L(t) := NE(t) + 1(t), (3.12)

with N > 0. Taking N large, the previous inequalities imply that

d

0
—L(t) < —=E(t) + 2N R?(t)E(0),
dt 2
where R(t) = ki(t) + ka(t) + ks(t) + ka(t). Moreover, using Young’s inequality and taking N
large we find that

gE(t) < L(t) < 2NE(t). (3.13)

From this inequality we conclude that

d

dtﬁ( ) < —gc(t) + 2N R?(t)E(0),
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from where follows, in view of Lemma 3.3 and of the exponential decay of k;, that
L(t) < {L£(0) + C}e™,

for some positive constants C' and ¢. From the inequality (3.13) our conclusion follows. n

4. POLYNOMIAL RATE OF DECAY

Here our attention will be focused on the uniform rate of decay when the resolvent kernels k1,
ko, k3 and k4 decay polynomially like (1 4 ¢)~P. In this case we will show that the solution also
decays polynomially with the same rate. Therefore, we will assume that the resolvent kernels k;

satisfy
ki (0) >0, K.(t) < —biki(t)Fr,  KI(t) > bo K] TP for i=1,....,4 (4.1)

for some p > 1 and some positive constants b; and by. The following lemmas will play an

important role in the sequel.

Lemma 4.1 Let (u,v) be a solution of system (1.1)-(1.9) and let us denote by (¢p1,¢3) =
(ug(L,t),u(L,t)) and (Yo2,14) = (vy(L,t),v(L,t)). Then, forp > 1,0 < r <1 andt > 0,
we have

1+(1—=r)(p+1)

(|kj|Dg;) G-nw+D-

IN

¢ / 2 L / 1+L
<2/0 ’ki(s)’rdSHUHLoo(o,t;H%o,L))(I_T)(pﬂ)> k| TP Ogudly,
Vi=1,3

14(1=r) (p+1)

t 1 1
(ko) T < (2 [ Gl ol e . T ) AT,
0
Vi=124

while for r =0 we get

/ b2 ! 2 2 P e
(|k{|B¢dly) P+1 < 2 /0 [uls, M2 0,1y ds + tluls, 20,1 k| " Pr10¢;dl,

Vi=1,3

/ pt2 ¢ 2 2 Pt 14—
(ks 5 <2 ([ lots, Byds + oo B ) K100,
Vi = 2,4.

Proof. Seee. g. [11]

Lemma 4.2 Let f > 0 be a differentiable function satisfying

C2

fO= + e

f(0) for t>0,
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for some positive constants c1,ca, a and (8 such that
6> a+1.

Then there exists a constant ¢ > 0 such that

C

T < G

f) for t=>0.
Proof. Seee. g. [12]

Theorem 4.1 Let us take (ug,vo) € W and (u1,v1) € L?(0,L). If the resolvent kernels k;

satisfy the conditions (4.1), then there exists a positive constant C such that

C

B < 5 g PO

Proof. We shall prove this result for strong solutions, that is, for solutions with initial data
(ug,v0) € (H*(0,L) N W)? and (u1,v1) € W? satisfying the compatibility conditions. Our
conclusion will follow by standard density arguments. We use some estimates of the previous
section which are independent of the behavior of the resolvent kernels ky, ks, k3, k4. Using

hypothesis (4.1) in Lemma 3.1 yields

d
EE(t)

(L, )+ ol T O (L1
1+1

oy Ol (L, ~ ha(1)ue (L, 0))

2 (o (L, + ol R3] T O (I 1
Lty 2 2

Fouky Ol (L. 1)~ ka0 (L, 0))

I ()2 + b (L
Lty 2 2

Fouky P (Olu(L. 0P ~ [ks(u(L.0))

I (L O + bal—ky ] Ou(L.0)
1+

Fouky O, ~ ha(t)o(L, 0P}

2(1;;21) and using hypothesis (4.1) we obtain the following

Applying inequality (3.2) with w =

estimates
1K, o ug (L, £)|2 < Ok} 77 Oug (L, 1),
Iy o v, (L, )2 < C[—k4] " 751 Ouyg (L, 1),
Ik o u(L, )2 < C[-ky) " o7 Ou(L, t),
Ky 0 0(L, )7 < Cl—ky]" 41 Do (L, 1),
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Using the above inequalities in Lemma 3.2 yields

Dty < =N + CQuaL.OP + 17 D1, 1)

+ [ R Oug (L, ) + [k (£)ug (L, 0)[2)
T O{un( LD+ ky TP (1) o (L )2
+ [~k Ouy (L, 8) + ko (£) 0, (L, 0)[%}

L O{un (L) + k(1) ul L)
O + ()

T+ C{oT ) + k) P Bt

+ [~k T O0(L, ) + k(8o (L, )2},

With this conditions, taking N large the Lyapunov functional defined in (3.12) satisfies

ic() < —gN(t)+2NRQ(t)E(0)
O K O, (L) — Rk Oy (L)

1 1
=R PIOU(L, ) + [—hi] P B(L, D). (4.2)
Let us fix 0 < r < 1 such that 1% <r < ;¥ From (4.1) we have that

o o 1
Hr < — =1,...,4.
/0 |ki|" < C/o (TR <oo for i=1,...,4

Using this estimate in Lemma 4.1 we get

[_ki]”ﬁ Oug(L,t) > CE(0 )7(17r)1(17+1) ([ k1] Dum(L,t))H'(l r)(P+1) (4.3)
RIS T—r T ! o=
[—KS] Pt 00, (L, t) > CE(0) T ST ([ k5] m(L,t)) TN+ )<p+> (4.4)
[—k5]" P Du(L, 1) > CE(0) TP ([—k4)0u(L, 1) T, (4.5)
[—k:fl]”p_il Ouv(L,t) > C’E(O)_<—1—r)l<p_+1>‘ (A= ,t))H TG (4.6)
On the other hand, from the Trace theorem we have
E@)" 000 < CE(0)T0em A1), (4.7)

Substitution of (4.3)-(4.7) into (4.2) results in

d S 1+ —L 2
ZL(t) < —CE(0) @ E(t) TTIET 4 2N R (1) E(0)

_ CE(0)” T {([_ki]mux(L,t))1+7<1—r)1<p+1> X ([_k;é]mvx(L,t))”i(l—wl(pﬂ)}

— 1
+ ([~k4]0u(L, 1)) T 4 (k) Du(L, ¢)) T Te
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Taking into account the inequality (3.13) we conclude that

dﬁ(t)<— ¢

— < —1ﬁ(t)1+“‘”1“’“> +2NR*(t)E(0),
dt £(0)THED

for some C > 0, from where follows, applying Lemma 4.2, that

C
e L0

L(t)

IN

Since (1 —r)(p+ 1) > 1 we get, for ¢t > 0, the following bounds

o < CLD) < o,

Hollde o) < CHEG) < oo,
¢ ¢
/0Hu||§{2(07L)ds§C/0 L(t)ds < oo,

t t
/||v||%12(07L)ds§C/ L(t)ds < oo.
0 0

Using the above estimates in Lemma 4.1 with r = 0 we get

BT OuL (L, 1) >~ (kT (L, 1)
E(0)7+1

[—ké]HﬁDUJ;(L,t) > ¢ : ([—ké]ﬂvx(th))Hﬁ,
E(0)7

A= 9 / 1+-L

(k5] e Ou(L, t) > ———— ([—K4]Ou(L, 1)) " 71,
E(0)7T

(k)P DLy 1) > — ([ Ou(L, 1) 7
E(0)7T

Using these inequalities instead of (4.3)-(4.6) and reasoning in the same way as above it results
that
d C
<

< L) 4 2NR2 (1) E(0).
“ L)

Applying Lemma 4.2 again, we obtain

Finally, from (3.13) we conclude

which completes the present proof. [
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Remark: The techniques in this paper may be used to study the problem (1.1)-(1.9) with
moving boundary. This is a very important open problem. In this case, we define others appro-
priate functionals to prove the exponential and polynomial decay rates of the energy of weak
solutions for the problem (1.1)-(1.9). Result concerning the above system in domains with mov-

ing boundary will appear in a forthcoming paper.
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