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Abstract: Some oscillation criteria are established for the nonlinear damped elliptic
differential equation of second order

N N
> Dilaij(x)Dyy]+ Y bi(x) Dy + p(x) f(y) = 0, (E)
i, j=1 i=1
which are different from most known ones in the sense that they are based on a new
weighted function H(r, s, [) defined in the sequel. Both the cases when D;b;(x) exists for
all 7 and when it does not exist for some ¢ are considered.
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1. Introduction and Preliminaries

In this paper, we are concerned with the oscillatory behavior of the general nonlinear
damped elliptic differential equation of second order

N N
Z Di[aij(x)Djy] + Zbi@)Dz‘?/ +p(z)f(y) =0, (1.1)
i, j=1 i=1
N
where z = (21, ,2y) € Qa) C RN, N > 2, Dyy = 0y/0x; for all i, |z| = [Zx?]%,
i=1
Qa) = {x € RN : |2] > a} for some a > 0.
In what follows, the solution of Eq.(1.1) is every function of the class Cit*(Q(a), R), 0 <
p < 1, which satisfies Eq.(1.1) almost everywhere on ©(a). We consider only nontrivial
solution of Eq.(1.1) which is defined for all large |x| (cf [1]). The oscillation is considered
in the usual sense, i.e., a solution y(z) of Eq.(1.1) is said to be oscillatory if it has zero
on Q(b) for every b > a. Equation (1.1) is said to be oscillatory if every solution ( if any
exists ) is oscillatory. Conversely, Equation(1.1) is nonoscillatory if there exists a solution

which is not oscillatory.
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Equation (1.1) is an very important type of partial differential equations, which has
wide applications in various problems dealing with physics, biology and glaciology, etc.,
see [1]. In the qualitative theory of nonlinear partial differential equations, one of the
important problems is to determine whether or not solutions of the equation under con-
sideration are oscillatory. For the similinear elliptic equation

N
> Dilaij(@)Dyy] + p(x) f(y) = 0, (1.2)
i, j=1
the oscillation theory is fully developed by [6, 9, 11-13, 15] where further references can
be found. In particular, Noussair and Swanson [6] first gave Fite-Leighton type oscillation
criteria [2, 5] for Eq.(1.2). For a related study, we refer to [12] in which a classical Kamenev
theorem [3] ( as extended and improved by Phiols [7] and Yan [14] ) is to be extended to
Eq.(1.2). However, as far as we know that the equation (1.1) in general form has never
been the subject of systematic investigations.
In the case when N =1, a;;(x) = 1 for all 4, j, f(y) = v, Eq.(1.2) reduces second order
ordinary differential equation

y'(t) +p(t)y(t) =0, p e C([to, 0),R). (1.3)

Recently, by using an weighted function, Sun [8] gave an interesting result. More
precisely, Sun proved the following theorem.

Theorem 1.1. Equation (1.3) is oscillatory provided that for each | > t, there exists a
constant o > 1/2, such that

t

1
lim sup FoPes) /(t — 5)**(s — 1)*p(s)ds >

t—o0
l

2a—1)2a+1)

Early similar results were proved by Kamenev [3], Kong [4], Philos [7], Wintner [10] and
Yan [14]. But, Theorem 1.1 is simpler and more sharper than that of previous results. It
is noting that Theorem 1.1 is given in [8] for a differential equation which is more general
than Eq.(1.3). But, the above particular form of Sun’s theorem is the basic one.

In present paper, one main objective is to extend Theorem 1.1 to Eq.(1.1). In section
2, by using an weighted function H(r, s, (), we shall establish some oscillation criteria for
Eq.(1.1) for the case when D;b;(z) exists for all ¢ . Then in section 3, we deal with the
oscillation of Eq.(1.1) for the case when D;b;(x) does not exist for some 7 . Finally in
section 4, we will show the application of our oscillation criteria by several examples.

To formulate our results we shall use the following notations.

Following Sun [8], we shall define a class of functions H. For this purpose, we first
define the sets.

Dy=A{(r,s,l):r>s>1>a} and D={(r,s,l):r>s>1>a}.
An weighted function H € C(D,R) is said to belong to the class H defined by H € H
if
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(Hy) H(r,r, 1) =0,H(r,l,1) =0 for r > 1 > a, and H(r,s,l) # 0 for (r,s,l) € Dy.
(Hs) H(r,s,l) has a continuous partial derivative on D with respect to the second
variable, and there is a function h € C(Dy, R) such that
0H
s
Let H € H and ¢ € C([a,0),R). We now define an integral operator T} in terms of
H(r,s,l) and ¢(s) as

(rys,0) = h(r,s,1)H(r,s,l) for (r,s,1) € Dy. (1.4)

= /H('r, s,)¢p(s)ds forr >1> a. (1.5)

It is easily seen that T satisfies the following:

(A1) T7 (ki1 + ko) = k1T 7 (d1) + k2T [ (02);

(43) Ti(¢) = —T7(ho).
Here ¢1, ¢ € C([a,00),R), ¢ € C'([a,00),R), and ki, ko are real numbers.

By choosing specific functions H (r, s, (), it is possible to derive several oscillation crite-
ria for Eq.(1.1). For instance, for an arbitrary positive function £ € C([a, 00), R"), define
the kernel function

H(r, s,1) / /—dT , a>0,8>0,(rsl) €D, (1.6)

where £(7) = 1, H(r, s,1) = (r—s)®(s—0)?, and when £(7) = 7, H(r,s,1) = (In7r/s)*(Ins/1)P.
It is easily verified that the kernel function (1.6) satisfies (H;) and (H3).

2. Oscillation results for the case when D;b;(z) exists for all i

In this section, we establish oscillation theorems which extend Theorem 1.1 to Eq.(1.1)
for the case when D;b;(x) exists for all ¢ . For this purpose, we shall impose the following
conditions:

(C)) fe CR,R)UCHR — {0},R), yf(y) >0 and f'(y) > k > 0 whenever y # 0;
(Ca) p € Cppe(a), R), p € (0,1);

loc

(C3) b; € CLH(Q(a),R) for all i, pu € (0,1);

loc
(C4) A = (a;j)nxn is a real symmetric positive definite matrix function with a;; €
CE(Q(a), R) for all 4,7, pu € (0,1).
Denote by Apmax () the largest eigenvalue of the matrix A. We suppose that there exists
a function A € C([a,>0),RT) such that
A(r) > max Apax(z) for r > a.

|z|=r

Theorem 2.1. Let (C})-(Cy) hold. Suppose that for each | > a, there exist functions
n € C([a,o),R), H € H, such that

1
limsup T'; (91 - Zglhz) > 0, (2.1)

r—00
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Lo 1 ken?(r)rt ="
01(r) = pa(r) / [p( )—EB A” B——ZDb da+m—n,(ﬂ )
S
w r 2kn(s)st—V
0(r) = A () =exp |- [ 2
and S, = {x € RY : |z| =r} forr > 0, BT = {b(2),--- ,by(z)}, o denotes the measure

on S,, wy denotes the surface area of the unit sphere in RV, i.e., wy = 27™/2/T(N/2).
Then Eq.(1.1) is oscillatory.

Proof. Let y = y(z) be a nonoscillatory solution of Eq.(1.1), and suppose that there
exists a b > a such that y = y(x) # 0 for all x € Q(b). Define

1 1
W(x) = —=A(x)Dy+ —B for x € Q(b), (2.2)
f) 2k
where Dy = (Dyy,---,Dyy)’. Differentiation of the i—th component of (2.2) with

respect to x; gives

/() S 1 S 1
for all 2. Summation over 7, using of Eq.(1.1) and (2.2), leads to
divW(z) = —f;<y) (Dy)TADy—L [p(z)f(y) + B"Dy] +—2Db
1) fy)
< wlwota]l o fwoLs]
= 2%k 2% !
, L (2.3)
BTA {W 2]{:3} + kZDzbz
- 1 &
— T A A L .
= —kWTATIW —p(z) + - B"A B+2kilezbl.
Put
Z(r) = pi(r) [ W(z) - v(z)do + n(r)] for r>1b, (2.4)
Sr

where v(z) = x/r, r = |z| # 0, denotes the outward unit normal to S,. By means of the

Green formula and (2.3), we have

Z'(r) = p1<"’>z<r)+p1<r){ / r divV () da—i—n’(r)}
2) = ) { [ WA ) do 25)

plx )—ﬁBTA 1B——ZDb]da— )}

IN
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In view of (C}), we have that
(WEATW) (@) 2 Ao (2) W (). (2.6)

The Schwartz inequality yields

W) do > Urwoa) v(x) dar. (2.7)

Sy WN

Thus, by (2.5)-(2.7), we obtain

o o ) f kN ) v@)do |
26) < A7) p1<>{w(r)[ [ W) vta) |

)
Sr

N
1 T A—1 1 /
p(z) 4]{;B AT B % ;:1 DZbZ] do n(r)}
2

pZ<T) - 77(7“)}

= —bOi(r) — Z2(r),
1(r) gi(r) )
that is, for r > b
1
Z'(r) < —=0i(r) — Z2(r). 2.8
(r) < =6i(r) ) (r) (2.8)
Applying the operator T to (2.8), we have the following inequality
1
T30, < 13(2) - 75 (- 2°)
g1

In view of (H,), (A1) and (Ajy), we get that

Ti6) < Ti0z) -1 (- 2?)
1 11 N 2 (2.9)
< -T; ({EZ— 5\/g—lh] ) +7T5 (91h?) .

Clearly, inequality (2.9) contradicts (2.1). O

For the case H(r,s,l) = Hy(r,s)Hs(s,!), by Theorem 2.1, we have the following theo-
rem.

Theorem 2.2. Let (Cy) — (Cy) hold. Suppose that for each | > a, there exist functions
n € C([a,o),R), Hy, Hy € C(D1,R), such that

r—00

limsup/Hl(T, s)Hs(s,1) {01(5) — igl(s) [hy(r,s) — hQ(S,l)]Q} ds >0, (2.10)
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where Dy = {(r,s) : v > 1 > a}, hy, hy are defined as

0 0
ng('f’, s) = —hi(r, s)Hy(r, s), gHz(Syl) = ha(s, 1) Ha(s,1),

and 0y, g1 are defined as in Theorem 2.1. Then Eq.(1.1) is oscillatory.
Now, define

T

Gi(r) = / 9118)d87 r>1>a,

a

and
H(r,s,1) = [Gi(r) — G1(5)]*[G1(s) — G1(D)]?, (r,s,]) € D,

for some o« > 1, then

a 2 1
s 1) = [‘ G -G T G =Gl ] sy elEDe

Based on the above results, we obtain the following Kamenev type oscillation criteria.

Theorem 2.3. Let (Cy) — (Cy4) hold, and lim G;(r) = co. Suppose that for each | > a,
there exist a function n € C([a,00),R) and some a > 1, such that

lim sup L /[Gl(r) — G1(8)]*[G1(s) — G1(1) ]*6,(s)ds >

r—00 G?—H(T) 2(0[2 — ].)’
l

where gy, 0, are defined as in Theorem 2.1. Then Eq.(1.1) is oscillatory.
Proof. Noting that

/H(r,s,l)gl(s)hQ(r,s,l)dS
!

r . ) « 2 2 1
= /[01(7“) — G1(s) "] G1(s) = G1(D) ] Gi(r) — Gi(s)  Gi(s) — G1(D) 91(3)d8

l
r

= /[Gl(r) —Gi(9)]* 7 H{a[Gi(s) = Gi(D] = 2[Gr(r) = G ()]} dG(s)

1
200 o
= 26 - G
(2.12)
In view of lim G;(r) = oo, from (2.11) and (2.12), we have that

i : jH( [ 64(5) = (95,0

imsup ———— T, S s) — —qg1(s)h7(r,s s

T*)OOp G?Jrl(T) )9 1 491 59

1
= llIrl’Lsoljp G?"'l(r) /[G1<T’) — Gl(S)]a[G1<S) - G1<l>]291(8)d8 - ﬁ > 0.

l
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It follows that

r—00

/ 1
limsup/H(r,s,l) [91(3) - Zgl(s)hQ('r,s,l) ds >0,
1

i.e., (2.1) holds. By Theorem 2.1, Eq.(1.1) is oscillatory. O
Similar to that of the proof of Theorem 2.3, we have
Theorem 2.4. Let (Cy) — (Cy) hold, and lim G;(r) = co. Suppose that for each | > a,

there exist a function n € C([a,00),R) and some « > 1 such that

T

: 1 2 a o

timsup oz [1G10) = Ga(s) P Gr(s) = Galt) " 0h(a)s > i, (219
!

where gy, 0, are defined as in Theorem 2.1, and G (s) is defined in as Theorem 2.3. Then

Eq.(1.1) is oscillatory.

3. Oscillation results for the case when D;b;(z) does not exist for
some 1

In this section, we establish oscillation criteria for Eq.(1.1) in case when D;b;(x) does not
exist for some 2. We begin with the following lemma, the proof of this lemma is easy and
thus omitted.

Lemma 3.1. For two n-dimensional vectors u, v € R, and a positive constant c, then

1
wu® — —vol. (3.1)

T T €
cuu +uv > —
-2 2c

Theorem 3.1. Let (C1),(Cy), (Cy), and
(C%) b; € CF (Qa),R) for all i, u € (0,1)

loc

hold. Suppose that for each | > a, there exist functions n € C(la,0),R), H € H, such
that

limsup T} <92 - %ggif) > 0, (3.2)
where

1 B kn?(r)yri=n

— o BTA 112 va\dr)r

0ur) = pa(r){ [ | plo) = gr@IBT A o+ S
Sr

2 [ kn(s)stN

n(r) = ZEN ) ) e |~ [ s

a

and S,, do,wy are defined as in Theorem 2.1. Then Eq.(1.1) is oscillatory.
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Proof. Let y = y(x) be a nonoscillatory solution of Eq.(1.1), and suppose that there
exists a b > a such that y = y(x) # 0 for all x € Q(b). Define

1
Wi(x) = mA(x)Dy for x € Q(b). (3.3)

Differentiation of the i—th component of (3.3) with respect to x; gives

N 1 N
(y))Diy [;aiijy +m [Zaiijy] ’

=1
for all 2. Summation over 7, using of Eq.(1.1), leads to
divW(z) = —f(y)(WTAT'W)(z) — (BTAT'W)(x) — p(2)

< —k(WTAT'W)(z) — (BTA™'W)(z) — p(x)

< —%(WTW)(Q:) — (BTA7'W)(2) — p() (by Lemma 3.1)
k

< —ml ()\uﬁk( )| BTAT — p(x).

(3.4)

[/Iv da+m)] for > b. (3.5)

By means of the Green formula in (3.5), in view of (3.4), we obtain

Z'(r) = pQ(T)Z(T) + pa(r) { /divW(:c) do +1'(r) }

IN

%ng)ﬁwm{ziﬁ/mm@ma (3.6)

+f [p@) - iwgm—ﬂ do — 1/ (1) } -
Sr

Thus, by (2.6), (2.7) and (3.6), we get that

: pa(r)
70 = L mAn e {2wa L/ Wi }

+ [ o) = pr@iB A ] dr )

a0 kY Tz
= ) >{2w<r> ;

i / [p<x> - %A(zﬂBTA—lP} do — 7/ (r) }
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The rest of proof is similar to that of Theorem 2.1 and hence omitted . [

The following results are analogous to Theorems 2.2-2.4 with the assumption (C')
replaced by (CY%), so these proofs are omitted.

Theorem 3.2. Let (C}), (Cy), (CY%), and (Cy) hold. Suppose that for each | > a, there
exist functions n € C([a,>),R), Hy, Hy € C(D1,R), such that

rT—00

lim sup/Hl(T, s)Hs(s,1) {02(5) - igg(s) [hi(r,s) — ha(s,1) ]2} ds > 0, (3.7)

where D1, hy, hy are defined as in Theorem 2.2, and gs, 05 are defined as in Theorem 3.1.
Then Eq.(1.1) is oscillatory.

Theorem 3.3. Let (C4), (Cs), (C%) and (Cy4) hold and lim Go(r) = o0o. Suppose that for
each | > a, there exist a function n € C([a,c0),R) and some o > 1, such that

lim sup 1 /[GQ(T) — Gy(8)]*[Gals) — Ga(1) ]*02(5)ds >

roo GETH(r)
l

a
1) (3.8)
where go, 0, are defined as in Theorem 3.1, and Go(r) = [ 1/ga2(s)ds. Then Eq.(1.1) is
oscillatory. ‘

Theorem 3.4. Let (Cy),(Cy), (C4) and (Cy) hold, and lim Gs(r) = oo. Suppose that

for each | > a, there exist a function n € C([a,0),R) and some « > 1, such that

T

lim sup L /[Gg(r) — Gy(8)?[Gals) — Go(1) ]%05(s)ds >

3.9
r—00 Gngl (7’) ( )
l

>
2(a2 —1)’

where go, 0y are defined as in Theorem 3.1, and G5 is defined as in Theorem 3.3. Then
Eq.(1.1) is oscillatory.

4. Examples and Remarks

In this section, we will show the applications of our oscillation criteria by two examples.
We will see that the equations in these examples are oscillatory based on sections 2 and
3, though the oscillation cannot be demonstrated by the results in [6, 9, 11-13, 15].

Example 4.1. Consider Eq.(1.1) with

_ iCL i i xTr) = ﬁ )
Alr) = g<\x|’\x|)’ o) <|x\2’0> | (4.1

v 5
T) =, =y+y°,

where |z| > 1, N=2,v>0, k=1, and A\(r) = 1/r.
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Let us apply Theorem 2.4 with n(r) = 7/r, so that

1 27 v

r)=— r)=—, Gi(r)=2rlnr, 60i(r)=—"7.

p1(r) e 91(r) ” 1(r) T 1(r) o I
A straightforward computation yields, for some o > 1 and r > 1> 1,

T

: 1 2 «
s o / [Gy(r) = Ga(s) 12[ Ga(s) — G (1) |64 (s)ds

rT—00

a+1 1
= ~vlimsu ——ds
7 T‘ﬂoop O‘“/ sln?s
1
2y
- 2

Then for any ~v > i, there exists a constant o > 1 such that a(;;[l) > 2(0?11)' ie., (2.13)

holds. Using Theorem 2.4, we find that Eq.(4.1) is oscillatory if v > 1.
Example 4.2. Consider Eq.(1.1) with

| sin || \sin\xu)T
b)

7 ]

A(z) = diag(1,1), B(z) = (

__7 _ 3
p(l‘) - 87T2|.I’|2’ f(y) y+y )

(4.2)

where |x| > 1, N=2,v>0, k=1, and A(r) =
Let us apply Theorem 3.4 with n(r) = 27, so that

pg(r):%, ga(r) = 4w,  Ga(r) = dn(r — 1), 92(r):47jr2.

A straightforward computation yields, for some o > 1 and r > 1> 1,

T

lim sup ﬁ / [Ga(r) — Gals) Y[ Gals) — Ga(1) [*6a(s)ds

rT—00

1
(r—s) — O‘+1—d8

r—00 82

Then for any v > 1, there exists a constant a > 1 such that a(;il) > s e (3.9)

holds. Using Theorem 3.4, we find that Eq.(4.2) is oscillatory if v > 1.
Remark 4.1. The above results hold true if we replace condition f'(y) > k for y # 0
with following one:
)
)
but the function p(x) should be nonnegative for all z € Q(a).

> k>0, fory#0,

EJQTDE, 2005 No. 8, p. 10



Acknowledgments. The author would like to express his great appreciation to the
referees for their careful reading of the manuscript and correcting many grammatical
mistakes and for their helpful suggestions.

References

[1] J.I.Diaz, Nonlinear Partial Differential Equations and Free Boundaries, Vol.I.
Elliptic Equations, Pitman, London, 1985.

[2] W.B.Fite, Concerning the zeros of the solutions of certain differential equations,
Trans. Amer. Math. Soc, 19(1918), 341-352.

[3] I.V.Kamenev, An integral criterion for oscillation of linear differential equation
of second order, Mat. Zametki, 23(1978), 249-251. (In Russian )

[4] Q.Kong, Interval criteria for oscillation of second order linear ordinary differential
equations, J. Math. Anal. Appl, 229(1999), 258-270.

[5] W.Leighton, The detection of oscillation of a second order linear differential equa-
tion, Duke. Math. J, 17(1952), 57-62.

[6] E.S.Noussair, C.A.Swanson, Oscillation of semilinear elliptic inequalities by Ric-
cati transformation, Canad. J. Math, (4)32(1980), 908-923.

[7] Ch.G.Philos, Oscillation theorems for linear differential equation of second order,

Arch. Math (Basel), 53(1989), 482-492.

[8] Y.G.Sun, New Kamevev-type oscillation for second-order nonlinear differential
equations with damping, J. Math. Anal. Appl, 291(2004), 341-351.

[9] C.A.Swanson, Semilinear second order elliptic oscillation, Canad. Math. Bull,
(2)22(1979), 139-157.

[10]A.Wintner, A criterion of oscillatory stability, Quart. J. Appl. Math, 7(1949),
115-117.

[11]Z.T.Xu, Oscillation of second order elliptic partial differential equation with an
“weakly integrally small” coefficient, J. Sys & Math. Sci, (4)18(1998), 478-484.
(In Chinese)

[12]Z.T.Xu, Riccati techniques and oscillation of semilinear elliptic equations, Chin.
J. Contemp. Math, (4)24(2003), 329-340.

[13]Z.T.Xu, D.K.Ma, B.G.Jia, Oscillation theorems for elliptic equation of second
order, Acta Math Scientia (A), (2)22(2004), 144-151. (In Chinese)

[14]J.R.Yan, Oscillation theorems for second order linear differential equation with
damping, Proc. Amer. Math. Soc, 98(1986), 276-282.

[15]B.G.Zhang, T.Zhao, B.S.Lalli, Oscillation criteria for nonlinear second order el-
liptic differential equation, Chin. Ann of Math(B), (1)17(1996), 89-102.

(Received December 7, 2004)

EJQTDE, 2005 No. 8, p. 11



