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1 Introduction

This paper is devoted to the precise analytical derivation of the numeri-
cal/discretized Poincaré map of an ordinary differential equation possessing
a periodic orbit. We have been motivated by papers [11,19], where numeri-
cal tools are used for computing the Poincaré map. On the other hand there
is a nice theory studying dynamics of numerical approximations of ODE;, see
for instance [6-9,17,18]. This paper is a contribution to this direction.

The continuous Poincaré map P for the smooth ODE with a 1-periodic
orbit v is a well understood topic and is contained in almost every text-
book on continuous dynamical systems (e.g. [14]). In order to define the
discretized version of Poincaré map, designated by P,,, for the discrete dy-
namical system obtained from the one-step discretization procedure v we
have chosen a method originated in [11] (m is the number of steps real-
ized by the discretization scheme). Our goal is to give a precise analytical
meaning of P, and to establish various error bounds between P and P,,. It
has to be noted that there are various possibilities how to define P,,. Our
approach is in some sense a natural one, it can be loosely summed up as:
applying recurrently ¢ with a constant step-size until the resulting elements
are located on the “one side” of the Poincaré section and then establishing
the suitable step-size needed to hit by ¢ exactly that section. Precise setting
and the corresponding analysis are treated in Section 2 and 3 (there arises
a slight complication forcing us to assume p > 2 for the order p of ¥ — see
Remark 2 in Section 3). Error bounds related to |P — Pp,| are given in a
form % for m large enough and for a constant C' essentially dependent on
the right hand side of the ODE and the numerical scheme % (to be more
precise, ¢ = p in C” and ¢ = p— 1 in C"! norm estimates). Achieved results,
as we have anticipated, correspond to [8] where the author examined the
C7-closeness, j > 0, between the flow and its numerical approximation. Our
approach uses the techniques of a moving orthonormal system (introduced
rigorously in [10] and then used successfully in [1,2,17]) and the Newton—
Kantorovich type theorem (cf. [13,15,20]). Hence, Py, is not unique but
naturally depending on the choice of the Poincaré section and consequently
on the corresponding tubular neighbourhood of the periodic orbit created by
the mentioned moving orthonormal system. Sections 2, 3 and 4 are devoted
to this topic.

In the last Section 5 we give an application of the previously developed
results. It is a slight completion of [4], where two closed curves were found
in a neighborhood of v for the discrete dynamical system. The first one
was found basically under the nondegeneracy of « (that is when the trivial
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Floquet multiplier 1 of « is simple). This curve is the set of m-periodic
points x, where the step h of the scheme depends on = and is close enough
to 1/m. The second, the maximal compact invariant set of the scheme in
a neighborhood of «, was derived under the hyperbolicity of ~, for any
sufficiently small step (this is a historically well-known topic, it was treated
for example in [1,2,5,16]). We also show using the nondegeneracy of ~
that in a small neighborhood of « the set of those points, which return into
themselves under the action of P,,, forms another new type of closed curves
for any m large and h close enough to 1/m. Of course this curve in general
differs from the compact maximal invariant set and depends on P, and the
chosen tubular neighborhood. Hence, it might be considered as somewhat
artificial. However, at the end of the paper, we show a simplification which
leads us to the natural curve of m-periodic points depending only on the
choice of the discretization mapping. We conclude Section 5 by a short
remark on spectral properties of our detected curve, which is undoubtedly an
interesting application of our achieved results about the numerical Poincaré
map.

Finally we note that this paper is a starting point for our future study
of discretized bifurcations near periodic orbits of parametrized ODEs.

2 General settings and tools

Assumptions made here are going to be valid for the whole paper. Let us
have f € C3(RV), N € N\ {1} such that

@ : R x RY — RY is the global flow of & = f(z).

For a numerical scheme 1 : [0, hg] x RY — R¥ hg € (0,1) suppose for some
p € N that
Y(h,z) = @(h,z) + T(h, z)hPTL. (2.1)
Assume again 1, T € C3([0, ho] x RY,RY). Some technical reasons cause
that we are forced to assume also p > 2 (see below Remark 2 for more
details).
Let v(s) := ¢(s,&) be a 1-periodic solution for fixed & € RY™. Then

there is a system {e;(s)}Y ;" of vectors in RN for any s € R such that

e € C3R,RY), ei(s+1) = eils), }
(ei(s),ej(s)) = dij, (ei(s), f(7(s)) =0,

where 4,5 € {1,...,N — 1}, 6;; is a Kronecker’s delta and (:,-) is the
standard Euclidean scalar product. Introduce an N x (N — 1) matrix

(2.2)

EJQTDE, 2013 No. 1, p. 3



E(s)=le1,...,en—1] (i-th column is e;, i = 1,..., N —1). Let us also set a
tubular coordinate function &(s, c) := v(s) + E(s)c for s € R,c € RV~ For
standard Euclidean norm |c|s := 1/(c, ¢) note that |E(s)c|s = |c|2,c € RN~
For § > 0 introduce the notation BY_; := {c € RN~1 : |¢[, < 6} . Using
the Implicit Function Theorem finite number of times we get that there is
a Oy > 0 such that

€:00,1) x B;S\}r_l — RY is a C3-transformation,

in other words & |[0 1)x B is a C3-diffeomorphism between its domain and
) N-1
range (cf. the moving orthonormal system along « in [10, Chapter VLI, p.
214-219)) .
For values

hel0h],seR, ce RN A€ |0,h),
X = (22 .. 2" ) eRVM D e RN, meN, m >4,

define the following useful functions

Fn(h,s,e, X,A) :=(Gn(h,s,c,X), Hyu(h,s, c, X,A)),
Gm(h,s,c, X) ::(w(h,f(s, ) — zt, p(h, xt) — 22, p(h, 2?) — 23,
o p(h, ™ T?) — a:mfl),
Hy(h,s, e, X, A) := (3 (A,l’m_l) —(s), f(7(s))) -
Xm :=Xm(h,s,c) = (5:1,:%2, e ,fm_l) )
=3 (h,s,c) == (jh,E(s,¢), j=1,2,...,m— 1.

Further let B be a compact set such that «(R) is contained in the interior
of B. Hence there is a constant R > 0 such that

{z e RY . Hélﬂrg.{]x —7(s)|} < R} C B. (2.3)
We mean by || the standard maximum norm |v| := max{|v;| : i =1,...,1}

for v € R!,1 € N. Notation | - | is used also for linear operators A : R1 — Rk
defined as [A[ := max,cpi =1 |Av|. Further by £(X,Y’) for Banach spaces
X, Y we mean the Banach space of continuous and linear operators A : X —
Y, in the case X =Y we set £(X) := L(X, X). In general | - |x will denote
the norm in a Banach space X, however in most of the cases there are no
arising confusions so we use again simply | - |. An open ball will be denoted
as B(z,0) :={ye X : |y —x| < o} for any x € X and ¢ > 0.

Several times we will use the following well-known result.
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Lemma 2.1 (Neumann’s Inversion Lemma). Suppose that X is a Banach
space and A € L(X) is invertible. Then for B € L(X) such that |A™1B| < 1
we have (A+ B)™! € L(X), and

A7
-1 _ —1p\n 4-1 -1 < | .
(A+ B) n§>O(A B"A™!, |(A+B)7| < I A1B)

Our central tool will be the following lemma. We also give a short proof
in the Appendix.

Lemma 2.2 (Newton—Kantorovich method). Let us have Banach spaces X,
Y, Z and open nonempty setsU C X,V C Y. Lety : U — V be any function
such that

B(gy(z), 0) C V for every z € U and for some o > 0.
Let us have a function F € C"(U x V, Z) for r > 1. Suppose that
DyF(z,y(x)) ™" € L(Z,Y),
|F(z,g(2)| < a, |DyF(z,5(2)7" < B
for every x € U and for some a, 8 > 0. Let
|DyF(z,y1) — DyF(z,y2)| <llyr —v2l, x € U,y1, 42 € B(j(x),0) (24)

hold for some | > 0. For constants o, 3,1, o finally suppose

Blo <1, (2.5)
af < o(1 - Blo).

Then there is a unique function 'y : U — V such that
ly(xz) — y(z)| < o and F(z,y(x)) =0 for all x € U.

Moreover
y(z) = y(x)| <o, DyF(z,y(z))™" € L(Z,Y)

for all x € U with an estimate

p
1—Blo

We also get y € C™(U, V) if we additionally assume the continuity of y.

| Dy F(z,y(2) 7| <
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3 Discretized Poincaré map

At first we state a lemma about the continuous Poincaré map, the proof can
be found in the Appendix.

Lemma 3.1 (Poincaré’s time return map). There is an e* € (0,1/2) such
that for every e € (0,&*] there is dre = 0re(€) € (0,6] and a C3-function
T Rx B 5 (1—¢1+4¢)

such that fort € (1 —e,1+¢),s € R and c € Bf\r,e_(i) we have

2(t,s,¢) = 0 for 2(t, s, ¢) := (p(t,£(s,¢)) —=7(s), f(7(s)))  (3.1)
if and only if t = 7(s,c). In addition T(s+1,-) = 7(s,-),s € R.

In this context the usual Poincaré map is defined as

P(s,c) = @(7(s,0),&(s, ).
Further for admissible values of (h,s,c) using 7 from the above lemma in-
troduce B B
Ap = Ap(hys,¢) :==7(s,¢c) — (m —1)h.

To get the exact meaning of P, mentioned informally in the introduc-
tion we have to solve the equation F,(h,s,c, X, A) = 0 near (X,A). Here
comes the first application of Lemma 2.2. Before this let us introduce some
technicalities, at first the following positive constants

Cr> max {|DWY(h,2)]},

" he€[0,ho], z€B,
ke{0,1,2,3}

h€(0,ho], z€B,

Cy, > max{ max {|D[k}g0(h, x)|},
ke{1,2,3}

(h 0
her%%}jz]{hpx( ,$)|}7 hg[l(%ﬁo}{hotaw:c( ,$)|} ,

Cmin < min )3 )
min (173}

> (%]
Cr 2 56[0%}7 {|D T(S’C)|},

ceBlre (/2
Cp > max{|F'(s)], 5 € [0,1]},
Cy > max {|D[k}1/)(h,x)]}.

he(0,ho],z€B
ke{1,2,3} )
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Here D is the k-th Fréchet differential. Note that an upper bound of a
type Cy could be given simply using (2.1) and constants C,, Cy. Next, let
us have 6 > 0, € (0,1) and introduce

j— Cro.
- — mP~
for
P 5 \YP C, 8\ 7T
> = — 1
mzminss=m [1] | (o) || (50 1}
where [z] :=min{k € Z: k > z} and |z := —[—x] for any = € R. Further

1 1
Im = I’m(p7 57 M) = <m - dma E + dm) )

B, = By (p,9d) := B%Tlp, (3:3)

Hun := Hm(p, 0, 1) := Ly, X R X By,
also for m > my.

The simple goal of these complicated assumptions is that for (h,s,c) €
Hy, it is straightforward to show

dw >0, T C (0,ho), ce BE,

and 1 1+
SR A< (3.4)
m m
Theorem 3.2. Choose any constants Cx,Ca such that
NC:Cry

CX > GX = CtpCTv CA > GA = C

(3.5)

Fiz 6 > 0, then for every m large, p small enough and (h, s, c) € Hupm(p, 0, 1)
there exists a unique pair (Xm;m, Ap) = (Xm(h, s,¢), Ay (h, s,¢)) such that

F(XmaAm) — Fm(ha 3707 Xm(h,S,C),Am(h,S,C)) = 0

and B -
|Xm - m| < CX/mpv ’Am - Am| < CA/mp- (36)

Moreover the functions X, Ay are C3-smooth in their arguments and

(X, Ap)(h, s+ 1,¢) = (X, A (b, s,¢),  (h,s,¢) € Hpp. (3.7)
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Proof. The proof is divided into several steps. Two main parts are the
following ones:
Part 1. The solution X,, close to X, of Gy (h,s,c, X) = 0 is found.
Part 2. We solve H,,(h, s, ¢, Xin(h,s,c), A) = 0 for A near A,,.
These parts are handled using Lemma 2.2 and contain four steps.
Step 1.1. We show that

|Gm(h, s, ¢, Xp)| < CrhPTt (3.8)

is valid for all (h,s,c) € H,, and m large enough. From (2.1) we have for
j=1,...,m—1if m is large enough that

(Gon(h, s, Xn))T| = [($(h, 771) = p(h, 2971))|
< BPHYY(h, 307 h)] < CyhPT!
where 20 := £(s, ¢). Indeed, noting that §/m?P < min{R/Cy,, 6,e(*)/2} and

jh < (m-—1) (% +dm) < % are valid for m large enough we get using (3.2)
that

2 — 4(jh + )| = \ / G (A (s) + IB(s)) B(s)edd
< CylE(s)c| < Cy|E(s)cl2 = Cylela < Cupd/mP < R.
Hence using (2.3) we have
T = p(jh,€) € B for j =0,1,...,m — 1, (3.9)

and so |Y(h,z771)] < Cy and we are done.
Step 1.2. We show that for any p1 € (0,1)

< Com

‘DXGm(ha&Ca Xm)_1’ =71_ [

(3.10)

holds if (h,s,c) € H,n, and m is large enough (the main point is of course
that the lower threshold of m-s depends also on 1, its limit is co as p; — 0
— from now on we omit remarks of this type).

Using (2.1) again we get Dx Gy, (h, s, ¢, X;n)[Y] = AY + BY where

AY = (—y' (b 2y — % 0l (h, 27)y” — o,
(R Ty ),
BY = (0,0 T, 2yt WP, )R, . P (52,
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Now AY = Z is solvable. Straightforward computation shows

yl = _Zlu
| gl - 3.11
Y= =3P rh, @I, =2, m 1 30
r=1

Therefore |[A~1Z| < C,m (because (3.11) implies |y/| < (1+ (m —2)Cy,)|Z|
for j =1,...,m —1, noticing C, > 1 and (3.9) we arrive at the statement).
Next we also obtain in a moment |BY| < CyhP*! ((3.9) is used again). Now

using

1 1
h< —+dy < —F (3.12)
m m

we get
CQOCT(l + M)p+1
mpP

and so we have |[A71B| < 1 < 1 if m is large enough. Lemma 2.1 implies
the invertibility of A + B and also that

|A™'B| < C,mCrh?Ptt <

AT Com
A+B)Y < | < ¢
A+ B < g <1,

and we have arrived at (3.10).
Step 1.3. We show that for any ps > 0 we have

’DXGm(ha S, C, Xl) - DXGm(h7 S, C, XQ)‘ S

| X1 — Xo
(3.13)

(1+p)Cyp + p2
m

for all X1, Xo € B(X,, R/2), (h,s,c) € H,, and m large enough.
At first notice that from

1
o(hz) = pl0,2) + /0 ;}(w(nh, )y

1
= w+h/ i (nh, x)dn
0

we have )
Fialho) =1 [l (o)
which readily implies (cf. (3.2))

|05 (R, 21) = @ (h, 22)] < hCylz1 — 22 (3.14)
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for all xq,x9 such that z1 + J(x2 — 21) € B,9 € [0,1].
For m large enough we have that

VX1, Xy € B(X;,R/2) : 2 +9(z —a2]) e B, j=1,...,m—1. (3.15)

This follows from the following considerations. The condition §/mP <
min{R/2C,, dre(¢*)/2} is fulfilled for m large enough, this implies that
1Z7 — vy(jh + s)| < R/2 (similar considerations as we obtained (3.9)). Now

2] + O(x) — 2]) — Y(jh + 5)|
<(L=0)|ag = 2| + Iay — & + |7 —7(jh + s)|
R R R

so from (2.3) we have azjl + 9(xd — le) € B which is exactly (3.15).
For such an X7, X5 using (2.1) we derive that

(DxGn(h,s,¢,X1) — DxGp(h,s,c, X2)) [Y]
= (0. (chlh,ah) = @h(hah) o' (@) = & ad) o2, .
oo (277 = (a7 2) )
(0,07 (O (hyd) = T 28)) y' W (O, 23) = T, 2)) 2,

(T (@72 = T (2 )) ).

Using (3.14) and (3.2) we obtain
‘DXGm(h, s, ¢, Xl) — DxGm(h, S, C,X2)| < h(C@ + hpC'r)|X1 — XQ’.

Note again that (3.12) is valid, therefore for every m large enough we have

14+p)PHIC
< (14 p)C,, + L2 Cr _ (4 m)Cy+p

h(C, + hPC
( o+ 1) m m
and we have obtained exactly (3.13).

Step 1.4. Now the final step of the first part is coming. To fit into the
framework of Lemma 2.2 with an equation Gy, (h, s, ¢, X) = 0 set

U:=H,,V:= ]RN(m_l),:U = (h,s,c),y(x) := Xpu(h,s,c),

Cr Cyom (14 p)Cyp + p2 0 Cx (3.16)

G p = -

l:=

1—py’ m mp’
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It has to be noted that for large m, Cx/mP < R is valid and so (2.4) holds
on B(g(x), 0). Conditions (2.5) and (2.6) have to be fulfilled. For (2.5) pick
ps € (0,1), then for m large enough we get

(14 p1)C2 4 p2Cx Cy,
mP

Blo =

<p3 <Ll

Further using (3.12) we get

of CuCr (1 + )Pt
o(1 —pBlo) = Cx(1—m1)(1— p3)’

so (2.6) in this setting will be valid if

(1+pr
(1= ) (1 — p3)

CyCr < Cx. (3.17)

(1+p)Ptt
(1—p1)(1—ps)
i, i1, i3 — 0T, there are always such suitably small parameters pu, p1, ug €
(0,1) that (3.17) is valid. Therefore Lemma 2.2 can be used (the remaining
assumptions are trivially satisfied) and it gives a unique element X,,(h, s,c) €

B(X,n, Cx/mP) such that

According to the assumption Cy < Cyx and that — 17 as

Gm(h,s,c, Xm(h,s,c)) =0.

Moreover X, is C3-smooth, | X,, — X,,| < Cx/mP and
_ 15} C,m
DxGm(h,s,c, Xpm) 7Y < < d )
Dx G m) ’_1—ﬂl@_(1—u1)(1—u3)
Step 2.1. Set
z(h,s,c,A) : = Hpy(h,s,c, X;n(h,s,¢), A
(5160 8) = H 5.0, X5, 3 a1s)
= <¢(A7xm ) - ’Y(S)a f(’Y(S))> :
We show that for any u4 > 0 we have
_ NCZCx +
(2(hy 5,0, Ag)| < X T 1 (3.19)

mp
for all (h,s,c) € Hy, and m large enough. At first note that

2(h,s,¢,Ap) = {p(Am, Z™71) = 3(s), f(7(s5)))
+<‘P(Ama x%_l) - SO(AWH fm_l) + Agj_l’r(Ama x%_l), f(’)/(s))>
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where the first term vanishes because of Lemma 3.1. From (3.4) we infer

Ay, € (0,ho/2) for m large enough. Next

(B, 23 Y) = (A, @] < Cplapy ™ = 2™ < CuCx /m?,

(1+p)P'Cy

A 1 A —1
T N

From |{(a,b)| < Nla||b| and ¢}(0,2) = f(x) we obtain

m

NC, (C¢CX + M)
|z(h,s,¢, Ap)| <

mpP

For m large enough %’M < pg is valid, therefore (3.19) holds.
Step 2.2. We show for any us > 0 that

14 ps

min

|DAZ(h75aCa A771)_1’ < (320)

where (h,s,c) € H,, and m is large enough. Straightforward computation
yields Daz(h, s, ¢, Ap) = |f(7(8)|3 + wm(h, s, c¢) where

wn(hs,¢) =(f(p(Bm, ™)) = F(AS,, 7710))
+ AL (B ), F((s)) )
AY :=A,,(h,s,0)=1—(m—1)h,
L0 =g (h 5, 0) = y(s 4+ (m — 1)h).

Elementary considerations show that

NC25(Cx +6(Cr + VNCy))
mpP

|wm‘ < 5

therefore for m large enough we obtain

[f(v()I5 o Comin ‘
L+ps =~ 1+ps

|DAZ(h> S, C, Am)| Z

This shows (3.20) and we are done.
Step 2.3. We have that

|Daz(h,s,c, A1) — Daz(h, s, ¢, Ag)| < NC,Cy|A1 — Ay (3.21)
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is valid for all (h,s,c) € Hpm, A1, Ay € [0, hg] and m large. We easily derive
that

Daz(h,s,c, A1) — Daz(h, s, c, Ag)
= (Y (A2 ") — Y (Ag, a1, f(4(s)))

</w (e + (A1 = D). )00. £2(5) ) (81— Ao

which immediately yields (3.21).
Step 2.4. Finally we solve z(h, s,c, A) with Lemma 2.2 (see (3.18)). Set

U:=Hpm, V= (0,ho), x := (h,s,¢), §(z) :== A (h, s, c),

NC:Cx + 1 (3.22)
o= %‘M, 8= C+ ,.u5’ [:=NC,Cy, 0:=Ca/mP.

Note (3.4) again, so B(A,, 0) C V holds for m large enough. Now

(14 p5)NC,CyCa
mP

Blo =

<pe <1

is valid for any pug € (0,1) if m is sufficiently large which fulfills (2.5). Now

af  _ (NC3Cx + pug) (1 + pus)
o(1—pBlo) ~ Ca(l— pe)

therefore (2.6) holds if

(NCECx + pa) (1 + pis)
Ca(l — ue)

<1 (3.23)

Because of Cao < Ca and the already proven part of our theorem — that is Cx
can be chosen arbitrarily close to Cx for m large enough — we conclude that
(3.23) can be fulfilled (with sufficiently small p, puq, pis, g > 0). Now Lemma
2.2 gives a unique element A, € B(A,,, Ca/mP) with z(h,s,c,Ap) = 0.
Moreover

1= plo ™ Cuin(1 = pa)
are valid and the proof is finished ((3.7) is a straightforward consequence of

the 1-periodicity of G, Xom, Hm, 2, A, in the variable s, and the uniqueness
parts of the steps 1.4. and 2.4.). O

|Am*Am| < CA/TI’LP, |DAZ(h,S,C, Am)_
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Remark 1. In the framework of Theorem 3.2 a natural approximation of P
is
Pm(h,s,¢) =1 (Am(h, s,¢), :Uz_l(h, s, c)) .
Now
[P(s,¢) = Pm(hs 5,0) < |0(7,6) = @A, ™) | + [ AT (A, a7
Notice that
|90 7€) — (AmaXm_l ‘ = ’%0 _ma 7m_1) - SO(Am’x%_l)‘
< (B, 2™ = (A, 2™ Y| + (A, 1) — o(A, )|

< / A+ 9B — Ap), 7™ )0 Ay — A
/ G (A1 9@ — 1)) [dgfEm ! — 2,

therefore |o(7,&) — (A, X l)| Cy(Cx 4+ Ca)/mP (we used (3.2) and
(3.15)). In addition from (3.4) and (3.6) we have

_ _ 1+ C
A < [A| + Ay — Ay < —H 4 22
m mpP
SO .
P
1+M+ 1) CT
+1 1 ( mP~
|APFIY (A, 21| < o )

Hence for any fixed p7 > 0 we have ‘APJFIT(Am, xm= 1)‘ < B% for every m
sufficiently large.

Putting all this together we arrive at
|P(s,¢) — Pm(h,s,c)| < k/mP, (3.24)

where Kk > R := C@(éx + Ca) is an arbitrary constant, m is sufficiently
large and i, p7 are small enough (c.f. (3.5)).

Remark 2. With minor modifications in our settings p > 1 would be possible
until now (basically to tackle the additional case p = 1 we would need: the
extension 9 to be a function defined on [—hg, ko] x RY; enlarging constants
in (3.2) by replacing [0, ho] with [—ho, hol; suitable changes in the definitions
of dp,, mg, L, Bi). The fundamental difference in the case p = 1 would be
that the natural requirement 0 < A,, < 2h is generally not satisfied, even
for m large. So the last step-size is inappropriate. Possible correction would
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be to find the right number of iterations of ¢(h, ) to ensure that the next
iteration with a step A near h (at least satisfying 0 < A < 2h) we hit
the Poincaré section. This procedure does not fit to our approach based on
Lemma 2.2 therefore we are not going to specify the details.

4 Closeness of differentials

Now we would like to get an upper bound in the spirit of (3.24) but for
various differentials |D,[P(s,c) — Pm(h,s,c)]| for v € {h,s,c}. At first we
upgrade Lemma 2.2. Undoubtedly it is of its own interest in this abstract
setting.

Lemma 4.1. Suppose all the assumption of Lemma 2.2. Moreover let us
have oy, a9,ly > 0 such that

g€ CY(U,V) and | ()] < an,
|V (2)| < ag, x € U, for ¥(z) := F(x,y(x)), (4.1)
|Fy(x,91) — Fp(z,y2)| < lilyr — ya| for z € U, y1,92 € B(g(x), 0).
Then we are able to extend the results of Lemma 2.2 by an estimate
y'(z) -y (@) <a, z€l, (4.2)

where

01 : (loar + 1o+ a2) . (4.3)

_ B
" 1—Blo
Proof. From the equations F(z,y(z)) = 0 and F(z,y(x)) = J(x) after dif-
ferentiation we infer for z € U that
y'(@) = —(F)(x,y(2))) " F(z,y(x),
§' (@) = (Fy(2,5(2))) 7' (' (2) = Fp(x,5(x))).

From now we omit (z,y(z)) and (x,y(x)), the superscript ~ above F will
indicate the substitution of (z,y(x)), otherwise we substitute (z,y(x)). We
have

Y~ = () (~F— Ejg) = ()™ (B~ )i — Fyif — )
= () (B~ )i + F— L),

from which we get exactly (4.2) (using (4.1) and the assumptions and results
of Lemma 2.2) and the proof is finished. O

EJQTDE, 2013 No. 1, p. 15



Adopting the notations of Theorem 3.2 and applying the previous lemma
we may obtain the following statement, which is a continuation of Theorem
3.2.

Theorem 4.2. There are constants Cy,, for V e {X,A} and v € {h,s,c}
such that

|Dv[vm_VmH SCV,v/mpv Ve {X,A},UG {570}7 (4 4)

|Dh[Vm_VmH SCMh/mp_l, Ve {X,A}, ’
where § > 0 is an arbitrary constant, m is large enough, p is sufficiently
small and (h,s,c) € Hm(p,d, ).

Proof. To be able to apply Lemma 4.1 twice with frameworks described in
(3.16) and (3.22) we have to find additional constants (for the sake of (4.1))

Q] = al[V> U]a Qg = a2[V7 U]a I = ll[V> U]

for all V € {X,A},v € {h, s, c}. This will be a bit sweating task.
Part 1.1 — about an[X,v] for v € {h,s,c}. After differentiation we get
Du(#) = f(&7)j,  Ds(@’) = ¢ (ih, ©)(f(1(s)) + E'(s)e),
De(a?) = ¢/, (jh, ) E(s)
for j =1,2,...,m — 1. Therefore (using (3.2) and that |E(s)| < v/N)

|Dp(Xm)| < Cem, |D8(Xm)| < C?o + 1o, ‘DC(Xm)‘ < Ctﬂ\/ﬁ

where 19 > 0 is an arbitrary parameter and m is large enough (C,Cgd/mP <
po is valid for m large enough). So

ai[X,h] :=Com, ai[X,s]:= C?D + o,  a1[X,c] :=C,VN. (4.5)
Part 1.2 — about as[X,v] for v € {h,s,c}. Note that
Gl =G (h, s,¢, Xim(h,5,¢)) = p(h, 771 — p(h, 77 71)
=hPTIY(h, 2771, j=1,2,...,m—1.
This implies
Dy(Gi,) =h?[(p+ )Y (h,277)
+ B0, (B, @ 71) + T4 (h, 7771 Da(a7 )],
Dy(G,) =h 05 (h, @7 Ds(27 ),
De(GY,) =hPF10% (h, 2771 De(2? 7).
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Using Part 1.1. of this proof and h < HW“ for G, = (GL,,G2,,...,G™ 1)
we infer

|Dh(ém)| < CT(C¢ +p+ 1)+,u10’

mP

< CrCyuV'N + o

. CxC2 + po
[Ds(Gm)| < TS|

< =B DG

for any fixed u1g > 0, every m large enough and p sufficiently small. This
yields

Cr(Co+p+1)+ CrCZ + 10
s, 1] = TG TEE D0 ) SO B0,
m (4.6)
CTC¢\/N+,U«10
as[X, ] := o .

Part 1.8 — about [;[X,v] for v € {h,s,c}. We have in a moment that
[1[X,v] = 0 for v € {s, c}. Further note at first that

DG (b, 5,6, Xi) = ($n(h, &), ¥n(h,2}), .o n(h, 2" 1))

for X; € B(X,Cx/mP),i € {1,2}. Now for z1,xe such that z1 + J(z2 —
x1) € B for all ¥ € [0, 1] we have

i) = (22 < [ otz + 0 — )0l —
<Cyla1 — x|
which implies that [1[X, k| := Cy; is a good choice. Therefore
L[X,h] :=Cy, uL[X,s]:=0, UL[X,c]:=0. (4.7)

Part 1.4 — determining Cx ,, for v € {h,s,c}. Now we are ready to apply
Lemma 4.1 in a setting (3.16) extended with (4.5),(4.6) and (4.7). From
(4.2) we obtain exactly (4.4) in a case V = X,v € {h, s, c} with

Cx,n >Cxp = Cyp[CLCx + CyCx + Cr(Cy +p + 1)),
Cx,s >Cx,s := C2[C,Cx + Cx],
Cx,c >Cx,c = VNCZ[C,Cx + Cy]
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for every m large enough. Indeed, for example in the case v = h (others are
treated similarly) we get from (4.3) for pq11 > 0 that

| DX — Xo)| < [tos [X, ] + 1 [X, Ko + as[ X, ]

1—Blo
B C,m (L4 u)Cyp + p2 Cx m 4 C Cx
T (= )1 ) m mp P Y
+CT(C¢ +p+1)+ po < Cxp+ p1
mp mp—1

for m large and p small enough (we have also used (3.5) from Theorem 3.2).
Part 2.1 - about a1[A,v] for v € {h,s,c}. We easily get

Dh(Am) =—-m++1, DS(Am) =7l DC(Am) =7l
Therefore
a1[A Rl :=m, a[A,s]:=C;, aa[X, ] :=C,. (4.8)

Part 2.2 — about as][A,v] for v € {h,s,c}. Lemma 3.1 implies (see also
the definition (3.18))

2(hy ., Bm) = (0(Bin, @71 = (s), f(1(5))) + (win(hy 5,¢), F(4(5)))
= <wm(h7 570)7 f(’Y(S)» )

where

W = @By 1) = (B, @7 1) + APFIY (A, 7).
Now

sz(h787ca Am) :<Dvwmaf(7(8))>v s € {h,c},
Dyz(h, s,¢, Ap) =(Dswpm, [((5))) + (wm, fo(7(s)) f(7(s)))-

So at first we handle terms D,w,, for v € {h, s, c}. Straightforward compu-
tation shows that

Dyw,, Z(Al + AQ)DUAm + (Ag + A4)Dvi'm_1 (4 9)
+ (A5 + A)) Dy (=t —z™ Y, v e {h,s,c} '
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where

As :(:Ola:(Am’ ‘TT‘L_ ) - SD;(AWL’ jm_l)v
Ay =AY (A, ),
A5 :Splx(Amu xm_l)'

Let us have p12 > 0, then computations as in the previous parts show that
for m large and p small enough we have

Cy,Cx + Cr(p+1) + pi2

|A1 + Ag| <
mP
C,Cx +
Ay + Ay| < %p“” | As + Ag| < Cy + pi12

For the remaining parts of the right side of (4.9) we have upper bounds in
(4.5), (4.8) and in the already proved case of (4.4) (c.f. Part 1.4). Putting
this together we get for any p13 > 0 that

Cs + i3

|thm| < mpP

s |Dswm’ < |Dcwm| <

Ci+ s Co + 13
mp—1 mp
where m is sufficiently large, p is small enough and

1 ::Cwéx +Cy(p+1)+ C?OCX + CXJLCS"’
Cy:=(CoCx +Cr(p+1)) Cr + Ci@x + CxsCy,
C3:=(CuoCx +Cr(p+1)) Cr + \/NC?O@X + Cx.Cy.

Furthermore, for Cy := C,Cx similar computations show also |wy,| < (Cy+
p13)/mP. Therefore we can finish this step with the following choices

NC,C1 +
az[A, h] = %»
A, s] = NC,(Ch :ch“) ety (4.10)
as]A, c] == —Ncwifp—F 'LLM,

where @14 > 0 is an arbitrary parameter, m is large and p is small enough.
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Part 2.3 — about I1[A,v] for v € {h,s,c}. For A € B(A,,Ca/mpP) dif-
ferentiating yields

Dyz(h,s,¢, A) =L (A, 2™ D™ f(y(s))), v e {h,c},
Diz(h, s, ¢, A) =(W, (A, 27~ D™ f(v(s)))
(A, 2 ™) = (s), (5, €0))-
Note that from a triangle inequality we have
Dyt < |Dp@™ | + [Dp(a ™ = 27| < Com + Cx p/mP,
|Dsaii ™ < C% 4 pg + Cxo/mP,  |Deai ™| < VNC, + Cx o/mP.

Employing Newton-Leibniz formula straightforward computation implies
that for any w15 > 0 and m large enough we have the choices

ll[A, h] = NC¢Cim + Uis, ll[A, S] = NCwa(l + C?D) + s, (4 11)
L[A, ] == N3/2C¢Ci + p15. .

Part 2.4 — determining Ca, for v € {h,s,c}. As in Part 1.4 we apply
Lemma 4.1 in a setting (3.22) extended with (4.8), (4.10) and (4.11). From
(4.2) we obtain (4.4) in a case V. = A,v € {h, s, c} with

NC,[CyCa(l + Cy) + C4]

Can>Capi= o ;
_ NCy[CyCa(Cr + C2)+ Cy + C
CA,S >CA73 = QO[ i A( C - <P) 2 4]7
— NC,[CyCa(C NC C!
Cnp >Cn. e 2[CyCa(Cr + VNCy) + C5]
Crnin
for every m large, u small. The proof is complete. ]

Remark 3. Now as in the proof of Theorem 4.2 (see (4.9)) we get
D,P(s,c) — DyP(h,s,c) = (A; — Ay) DA, + (A3 — Ay))D,z™ 1
— (A5 + A2) Dy (A, — Ay) — (A + Ag) Dy (X1 — 2™ 1)

for v € {h, s, c}, where

A1 =B, T = (A, ),

Az :=(p + DAL T (A, 2y ™) + AT (A, 27,
Ag =, (B, T 71) = (B, 271,
Ay =AY (A, ™),

A5 —%(Am, T 1>a AG = Soé(Am?x%_l)-

(4.12)
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From (3.4) we infer

A X l+p  Ca ltp+-58
|Ap| < |Am|+|Am_Am’§7M+7A:M‘
m mpP m
After a lengthy computation for uig > 0 we get
A 1 (75 + 16 < - (j (jﬁ + 16
1Ay — Ap| < 2TH6 gL 4, < oA TG
mP mpP

|As + Ao| < Cyp + p1e, |As + Aa| < Cyp + e,

where C5 := C,(Ca + Cx) + (p + 1)CPCy, m is large p is small enough.
Using in addition (4.4), (4.5) and (4.8) for remaining terms in (4.12) we
finally obtain

|Dy[P(s,¢) — Pm(h, s, 0)]| <kn/mP1, (4.13)
|Dy[P(s,¢) — Pm(h,s,c)]| <k,/mP, wve{s,c}, '

where

kp >Cs + C¢6AC¢ + C@(CA,h + CX,h),
ks >C5Cr + C,CAC2 + Cy(Cas + Cxs),
ke >C5Cr + CwéAC(p\/ﬁ + Cw(CA,c + CX,C)-

One may wish to continue in this direction developing bounds for

D? [Pm(h,s,c) —P(s,c)], wvi,v2 € {h,s,c}.

v1v2

This is quite technical (computations rather for computer), therefore we
only show the key equipment namely the natural extension of Lemma 2.2
to the next level in the spirit of Lemma 4.1.

Lemma 4.3. Suppose all the assumptions of Lemma 2.2 with X = X1 X
Xox X3 (Xy,i € {1,2,3} are Banach spaces, and |-|x 1= max;c(1 23y || x;,)-
Let us have F € C™(U x V, Z) for r > 2 and also §j € C*(U,V). Suppose
(like in (4.1)) that

‘szg’ < a4, |D:cﬂ9‘ < a2,

\FL (z,31) — Fo (2, 92)| < liilyr —v2l, 2 € U,y1,y2 € B(H(2), 0)
(4.14)
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fori e {1,2,3}. Introduce also g1, = %%lg (loan ; + 1150 + a2;) accordingly
o (4.2). Further let us have
1D2.0,0l < asij, IDZ,,0] < sy,
|Fpy (2, 5(x))] < asi, | Fyy (2, 9(2))] < as,
1Fr e, (291) = Fyp (2,92)] < lojijlyr — ol (4.15)
\Fi«'iy(iv,yl) (@ y2)| < lzalyn — val,
| Fyy(@,y1) — Fyy(2,92)] < lalyr — y2

fori,j €{1,2,3},i < j and for all x € U and y1,y2 € B(y(x), 0). Then
|DI2IJY(':U) - szxj ( )‘ < 02 V6,7 TE Ua Za] € {17273}7Z S j7 (416)

where

p
0213 =1 g1, (lQa&i,j + g+ olaig + 01505+ olsi(ar; + 01,5)
+ 01,055 + ols j(a1; + 014) + 0100601 5 + 01 j06(,i + 01,)

+ ola(on; + 014) (a1 j + Ql,j))-

Proof. Partial derivations with respect to z; into the direction dv € X; of
the equations F(x,y(z)) = 0 and F(z,y(z)) = J(x) gives (we use notation
F from the proof of Lemma 4.1)

F,.0v+ Fy, 6v =0, F, v+ Fég;idv =0}, v.

Now differentiating once more with respect to x; into the direction dw € X
we get
Fy o, 100, 0w] + Fyl [60,y5, dw] + Fy [v5, 00, 0w] + Fy [yy, 0v, v, 0wl
+Fy V.0, 100, 0w] = 0,
Fg'c’mj [6v, 6w] + F [(51} yz dw| + F”xj (7,00, 0w] + Fy [4,. 6v yx dw]
FEL 160, 6w] = L, [0, 6w,
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Therefore as in the proof of Lemma 4.1 we infer

(v, T )[51} dw]

ygczx] - yx T

By = e, + Fyyl, = Py, 00, 00]
{ ya:'x 19/1/ iTj (F:J/:/lxj - Fa/:/lxj)] [6U7 (5’[1)]

+ F;gy[év Uy = Vo, )0 + (F, — Fy) 00,y 6w
+F// [( )(SU (S’w] (F” _F// )[ / 5’(1 511}}
+Foy [( o = Vi, )00, Y O] +F” (Y2, 00, (T — ¥, )Ow]
+ (Eyy — Fyy)5a,0v, yxjéw]}_

Now using the symmetry of the second derivatives, switching to the norms
and employing the assumptions of the theorem the final statement (4.16)
follows and the proof is finished. O

Now we show a sketch of one possible application of Lemma 4.3. Let the
equation G, (h, s,c, X) = 0 be in the role of F(z1,x9,x3,y) = 0 with a basic
framework given in (3.16). We only deal with the case i = j = 3, when we
are looking for a bound of |D2.X,, — D2.X,,|. The proof of Theorem 4.2 —
namely (4.5), (4.6) and (4.7) — using notations of (4.14) implies

N
o = VNC,, VYNC,Cr + g

a2 = merl 5

LLh=0

needed in (4.14). Remaining constants in (4.15), skipping the details of the
lengthy computation, are

N(1L+ "' CyCr (1 + Cy)

ag = NCpr Q4 = mp+1 y Q5 = 07
1+ p)C 14 p)C
%::( + 1) ethz l4:( + )Gy + 2.

m m

Now application of Lemma 4.3 yields that for Cx . > Cx e, m large and u
small enough we have

|D2.X,, — D2.X | < Cx e/ mP, (4.17)

where 6){708 = Ci[NCg,éX + NCY(l + CLP) + 2\/NC¢CX7C + NC?DG)(].
Similarly it is possible to handle the equation z(h, s, ¢, A) = 0 in a setting
(3.22). From (4.8), (4.10) and (4.11) we get

NC,C5+
ay] = CTv Qg = %lmv ll = N3/2Cic¢ + H15.
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Omitting again the details we get for pi17 > 0, m large and p small enough
that

N(p+ 1)pC,Cr + p17
mp—1 ’
a5 = N?’/QC?DCw + 17, o = NCSOCw,

ly = NzCiC¢(C¢ +1)+pr. 3=as, Iy = ae.

a3 =Cr, ay=

So Lemma 4.3 gives
|Dgc DQ m‘ <Ca cc/mp ! (418)

for m large enough where Ca . > Ca cc = M

Cm
Now as in the Remark 1 it would be possible to derive
D2 Pl 5,¢) — DEP(s,0)| < C/mb~!

for some constant C. Instead of this we show a weaker result, namely that
|D2.P,.(h, s, c)| is uniformly bounded for every m large enough (uniformity
is related to m-s).

Differentiation yields

Po(h, s, ¢)[0v, 0w] = )y (A, 2™ ) [DeA v, Doy, dw]
(A, 2 DA v, Dex™ ™ Sw] + ¢, (A, 1) D2A, L [60, 6w
(A, 2™ [D ez 60, Dy dw)

(D, 2™ N[ Do 0, D™ ow] + L (A, 21 D2 2™ dw, dw).

m ccm

Switching to the norms, using (3.2), (4.4), (4.17) and (4.18) after some
computations we obtain

|D2.Pp(h,s,¢)| < Cg (4.19)

for Cg > Cg := Cy[(Cr + VNCy)? + C; + NC,], large m and small .

5 A closed curve for a discrete dynamics
The nondegeneracy condition of
1 is a simple eigenvalue of ¢/,(1,&p) (5.1)

is in the central role in this section.
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The word simple means that the algebraic multiplicity of the eigenvalue 1
is one, in other words A = 1 is a simple root of the characteristic polynomial

det ()\I — (,Dlx(l,go))

Noting
PL(L7(s) = Qrp(1,6)Q™,  Q:=wy(s.6), seR
we have that (5.1) is equivalent to
1 is a simple eigenvalue of ¢, (1,7(s)) (5.2)

for any s € R.

Introduce A, := E(s)T¢.(1,~(s))E(s)—In_1 where Iy 1 isan (N — 1) x
(N —1) identity matrix. Condition (5.1) implies that Ay is invertible. Indeed,
suppose on the contrary that A, = 0 for v € R¥~1, v #£ 0. Then for
w := E(s)v # 0 we infer

o (1,v(s))w = af(y(s)) +w, for some a € R.

Using also that (1, 7(5))£(1(5)) = F(1(s)) we get (I — ! (1,(s)))?w = 0.
Therefore the geometric multiplicity of the eigenvalue 1 is at least 2 (w and
f(y(s)) are linearly independent vectors from the generalized eigenspace).
This is a contradiction with (5.2) (geometric multiplicity is always less than
or equal to algebraic multiplicity — for more details see [12, Chapter 6 and
Appendix III]).

Theorem 5.1. Suppose that (5.1) holds and we have § > v/ NRa where
a = maXsc[o,1] ‘A;l‘. Then for every m large enough and p sufficiently
small there is a unique function

Cm Im(pa 9, M) xR — Bm(pa 6)
such that
Pm(h,s,Cm(h, 8)) = &£(5,Cn(h, 8),  (h,s) €Ly x R. (5.3)

In addition C, is C3-smooth in its arguments and Cpn(h,s + 1) = Cu(h, 5)
for all (h,s) € I, x R.
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Proof. Introduce g(h,s,c) := E(s)T (Pp(h,s,c) —v(s)) — ¢ for (h,s,c) €
Hp,. Then it is easy to see that (5.3) is equivalent to g(h, s, (n(h,s)) = 0.
To settle this we apply again Lemma 2.2 in the framework

U=Z, xR, V=RN"1 z=(hs), 7z)=0ecRVL
From (3.24) we get

VNK

mpP

|9(h, 5,0)| = [B(5)"[[Prm(h, 5,0) = P(s,0)| <

Further using P.(s,0) = f(v(s))7.(s,0) + ¢.(1,7(s))E(s) and (2.2) it is
straightforward to verify that

ge(h,5,0) = Ag+ W, W = E(s)" [(Pm). (h,s,0) — PL(s,0)] .

From (4.13) we have |[W| < % Picking up any w13 € [0,1) for every m
large enough we obtain

AW <

VN
AV e <pg <1
mP
So from Lemma 2.1 we infer that g..(h, s,0) is invertible with

a

"(h,s,0)7Y < .
ot(hos.0) 71 < 7=

Next (4.19) easily gives for c;, ¢y € B, that
|g(R, 5, ¢1) = ge(h, 5, ¢2)]|
‘E ‘/ ‘ " (h,s,co+9(c1 — c2)) ‘dﬁ]cl—cQ
S\/>Cﬁ|01 — cal.

In the context of the setting of Lemma (2.2) we have derived

a:\/m, g=—2 | =VNCs

mp 1 — s

and we have also g = %. Now for any pi9 € (0,1) we get

aVvV NCgd
= 1
Blo = A= p)mr = < g <
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for m large enough. So (2.5) holds. Further

af VNka

o(1—=pBlo) (1 —pig)(1— p1g)d

yields that (2.6) is valid if and only if

VNka
(1 — pag)(1 — o)
This is satisfied for m large and k — &, u, p18, 19 small enough because of

(3.24) and 6 > v/ N&a. Application of Lemma 2.2 gives (,, with the desired
properties and the proof is finished. O

< 0.

Remark 4. Introducing
N =N (p,8) := {&(s,¢) € RY : seR, ceBulp, )}

according to Theorem 5.1 we can state for the appropriate values of param-
eters that

{a: € Nn(p,6) : P, (h,{fl(x)) = a:} = {&(s,(m(h,s)) : s€R}.

Thorough study of the set of m-periodic points for discretized dynamics
was done in [4]. Our approach implies some results also to this direction.

Theorem 5.2. Suppose all the assumptions of Theorem 5.1 and fix any
n € (0,1). Then for m large enough we have for every s € R a unique
element h*(s) € L, such that

A (R*(s), 8, Cm(R*(s),8)) = h*(s).
Further h*(s + 1) = h*(s) and h* € C3(R, I}, where

_ Ca+C;0

1 1
T = <—d,*n,+d$n), &, = < dp.
m m

mP(m — 1)
Therefore

{:c € Nin(p, ) : z = wm(h,x)} = {f(s,(m(h*(s),s)) i s € R}.

EJQTDE, 2013 No. 1, p. 27



Proof. 1t is an elementary fact that for
g(h,s) = Ap(h,s¢n(h,s)) —h, hel,seR

we have .

g(h,s) =g(l/m,s)+ /1/ g, (9, 5)dv. (5.4)

Now (3.2) and (4.4) yields
[(1/m, )| =|Am(1/m. s, Gn(1/m. 5)) = A (1/m, s, 0)]
<[Am(1/m, s, Cm(1/m, 5)) = Apm(1/m, 5, Cn(1/m, 5))]
— A (1/m, s, {m(1/m, 8)) — Ay (1/m, 8,0)|
<CA + C,o
S5

Further

gh(9,5) = (Am)n (0, 5, Gn (9, 5)) + (Am)(9, 8, G (9, 8)) (G )1 (0, 5) — 1.

From Theorem 5.1 (using notation for g from its proof) we infer

(G (9. 8) = =G4 (9. 5, G (9. 9)) [41(D, 5. G (9, 5))]
hence (cf. Lemma 2.2 and bound (4.13))

a\/ﬁlﬂth

‘(Cm)%(ﬁa 5)’ < (1 _ M18>(1 _ Mlg)mp—l'

In addition using (4.4) elementary computation shows

()3 (9,5, Cn (D, 9)) = (B4 (0, 5, G (9, 9)) + i = =m0 + 1+ vy,
U 1= (B )y (95, G0, 8)) — (Bon)p(0 5, G0, 8)), o] < 20

mp—1’
(B0, 5,Gn@, D] < Oy 4 2
Combining these facts we get
gh(0,8) = —m+wm,  |wn| <7 (5.5)

for every m large enough.
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The relation d, < d,, holds evidently for m sufficiently large. Now (5.4)
implies after easy computations that

1 1
g(h,s) <0, for h € [+d:n,+dm>,
m m
) ) (5.6)
g(h,s) >0, for h € (—dm, —d;] .
m m

Because of g(-,s) : Z,, — R is a C''-function with properties (5.6) and (5.5)
we get a unique element h*(s) € Z,, such that g(h*(s),s) = 0 moreover
h*(s) € Z},. Application of the Implicit Function Theorem for the equation
g(h,s) = 0 in the neighbourhood of the solution (h*(s’),s’) for any s’ € R
yields also the C3-smoothness of h* : R — T and the proof is completed
(the periodicity of h* is straightforward). O

Remark 5. Usual arguments yield that for any Ag € LRV 1) and r > 0 we
have that the following minimum is attained and

min  |[(A] — Ap)z| :=¢(r) > 0,
AeC\B;
2€RN-1 |2|=1
where By := ,e,(4,) B(1t,7) and 0(Ag) C C is the spectrum of Ag. There-

fore for any A € L(RVN~1) such that |A — Ag| < c(r) we have o(A) C B,
(for more general statement see [3, Corollary 2.6, pp. 470]). Indeed, for
A € C\ B, we have

M — A= (A — A))(I+ (M — Ag) 1 (Ag — A))
and

[(AL = Ag) (Ao — A)| < |(M — Ag) 1| |40 — 4] < C(lr) e(r) =1.

From Lemma 2.1 we get A € C\ o(A) which gives C\ B, C C\ 0(A) and
we are done. Now set
Ay == E(s)TP.(s,0), A= E(s)T (Pp).(h, s,c)
for any (h,s,c) € Hy,. Then after careful computations using primarily
(4.13) we get |A — Ap| < ¢(r) for m large enough. This yields
o(A) C U B(u,r).
pea(Ao)

Hence with the substitution ¢ = (,,(h, s), or h = h*(s) and ¢ = (,(h*(s), 5),
we get for above detected curves the corresponding closeness statements
about their (h,s) and s dependent spectrums.
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Appendix
For the sake of completeness we collect here some proofs.

Proof of Lemma 2.2. We transform the task to the fixed point problem of
the mapping
G(z,y) =y — [DyF(z,5(2))] " F(z,y).
Choose an arbitrary x € U. For y1,y2 € B(y(x), 0) we have
G2, y1) — G(z,y2)| = [y1 = y2 — DyF (. y(x)) " (F(z,31) — F(,42))]

1
<5 /0 D, F(z,5(x)) — DyF(z,y2 + s(u1 — 92))] (41 — y2)ds

1
< Bl/o ly2 + s(y1 — y2)| ly1 — y2lds < Blolyr — yal,

where we used y2 + s(y1 — y2) € B(y(x), 0) which is caused by the convexity
of the closed ball B(y(z), 0).

On the other hand |G(x,y(z)) — g(z)| < fa < o(1 — Blo) (cf. (2.6))
implies for any y € B(y(z), o) that

G(z,y) — y(2)| <|G(z,y) = Gz, y(2))| + |G (2, y(x)) - y(z)|

<Bloly — y(x)| + o(1 — Blo) < Blo® + o(1 — Blo) = o

therefore G(z,-) : B(y(x),0) — B(y(z),0) C B(y(z),p) and it is a con-
traction (from (2.5)). Banach’s theorem yields a unique fixed point y(z) €
B(y(z), o) of this mapping which lies in B(y(x), o).

Now because of

= DyF(z,5()) [I + DyF(z,5(x)) " (DyF(z,y(x)) — DyF(z,5(x)))]

and
| DyF (z,5(x)) ™ (DyF(x,5(x)) — DyF (z,5(x)))] < Ble <1
we get from Lemma 2.1 that Dy F(z,y(x)) is invertible with

))—1’ < ‘DyF(xvg(x))il‘
T 1= Dy F(a,y(2) " (DyF (2, y(2)) — DyF (2, 5(2))|
B
1—plo

’DyF(:c,y(a:

<
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Now we show C"-smoothness. Choose any xo € U and let yo := y(zo). From
the results above we have F'(zg,y0) = 0 and that D, F(zo, yo) is continuously
invertible. The Implicit Function Theorem yields a unique function y* €
C™(U', V') such that F(z,y) = 0 holds for (z,y) € U’ x V' if and only if
y = y*(x). Here U’, V' are sufficiently small open sets with properties

ZTo € U, C U7 Yo € V, - B(y(x(])?é))
Next

v (2) = g(@)| < |y"(2) = yol + |yo — §(wo)| + [§(x0) — H()|.

Here the second term is smaller than g and other two terms are arbitrarily
small if = is sufficiently close to xy (because of the continuity of y* and g
at zg). Therefore we have an open set U” such that g € U” C U’ and
for which |y*(z) — y(z)| < o for every x € U”. The uniqueness of the first
part of this proof ensures that y = y* on U”, so y|y» € C"(U", V). Because
xo was chosen arbitrarily in U we also get y € C"(U, V) and the proof is
finished. O

Proof of Lemma 3.1. The C3-smoothness of z : R x R x RV"1 — R is
straightforward. It is easy to see that

Z(L S5, 0) =0 and th(ta S, C)’t=1,C=U = |f(7(5))|% # 0.
From the Implicit Function Theorem we get for all s’ € [0, 1] numbers 6(s’) >
0,m(s") > 0,e(s’) € (0,1/2) and C3-smooth implicit functions

(8 = n(s), 8 +n(s)) x B o (1—e(s), 1+ ()

determined uniquely by the equation (3.1) for

(t,s,c) € (1 —e(s'), 1 +e(s)) x (8 —=n(s),s +n(s)) x B%S_/i.

Now Uy efo.1] (" =n(s")/2,5" +n(s")/2) D [0, 1] so we can choose a finite
number of elements 0 < s7 < --- < s, < 1 such that Ule (57; —n(s;)/2,s; +
n(s;)/2) 2 [0,1]. Introduce

d := min{dy,, ._rrllink{é(si)}} and €% := ._mink{a(si)}.

=1,...,

Now 7%i(s,0) = 1 together with uniform continuity of 7% on [s;—n(s;)/2, si+

n(s;)/2] x Bf\,/zl implies that for every e € (0,e*| there is a dye = dre(€) €
(0,8/2] such that
7% (s,¢) € (1 —¢g,1+¢)
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foralli=1,...,k, s € (s;—n(si)/2,si+n(si)/2) and c € Bf\r,i(i). Therefore
7:[0,1] x Bf\fﬁ) — (1—&,1+¢) can be defined by functions 7% naturally as
follows, for s € [0,1] choose any s; such that s € (s; — n(s;)/2, s + 1(s:)/2)
then set 7(s,-) := 7%(s,-) (equality of 7% and 7% on the intersection of
their domains comes from 7% (s,0) = 1 = 7% (s, 0) and the Implicit Function
Theorem — so 7 is well-defined).

Because the determining equation (3.1) is 1-periodic in s we can easily
extend 7 to become a function R x Bf\r,e_(i) — (1—¢,1+¢) which is 1-periodic
in the first variable by the identity 7(s + k,c) := 7(s,¢),k € Z,s € [0,1].
The proof is complete. O
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