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COMPARISON OF EIGENVALUES FOR A FOURTH-ORDER
FOUR-POINT BOUNDARY VALUE PROBLEM

BASANT K. KARNAT, ERIC R. KAUFMANN} AND JASON NOBLES*

ABSTRACT. We establish the existence of a smallest eigenvalue for the fourth-
order four-point boundary value problem (¢p(u”(t)))” = Ah(t)u(t), v/ (0) =
0, Boulno) = u(l), &, (u”(0)) = 0, Brdp(’(m)) = Sp(w’(1), p > 2, 0 <
n,mo < 1,0 < B1,80 < 1, using the theory of up-positive operators with
respect to a cone in a Banach space. We then obtain a comparison theorem
for the smallest positive eigenvalues, A1 and A2, for the differential equations
(69w (1)) = Af(Du(t) and (6(u” (1)) = Azg(t)u(t) where 0 < f(t) <
g(t),t €[0,1].

1. INTRODUCTION

In this paper, we will compare the smallest eigenvalues for the eigenvalue prob-
lems,

(Gp(u" (1) = Mf()ult), (1.1)
(@ (1) = Aag(thu(t), (1.2)
t € [0,1], with eigenvectors satisfying the nonlocal boundary conditions,
u'(0) =0, Bou(m) = u(l), (1.3)
¢p(1(0)) =0, Brgy(u”(m)) = dp(u”(1)). (1.4)

Throughout this paper we assume that 0 < 79,1 < 1, 0 < Bg,01 < 1, p > 2,
dp(2) = z|z|P72, and f,g : [0,1] — [0,+00) are continuous and do not vanish on
any nontrivial compact subsets of [0, 1].

We use sign properties of Green’s functions and the theory of ug-positive op-
erators with respect to a cone in a Banach space to establish our results. The
theory of wg-positive operators is developed in the books by Krasnosel’skii [9] and
Deimling [2] as well as in the manuscript by Keener and Travis [8]. Many authors
have used cone theoretic techniques to compare smallest eigenvalues for a pair of
differential equations; see, for example [1, 3, 4, 5, 6, 7, 8, 10] and references therein.
In particular, Eloe and Henderson [3] compared smallest eigenvalues for a class of
multi-point boundary value problems while Karna [5, 6] considered the compari-
son of smallest eigenvalues for nonlocal three-point and m-point boundary value
problems. Finally, we mention the paper by Lui and Ge [12] who considered the
p-Laplacian differential equation

(Gp(u” (1)) = a()f(u(t), t€(0,1),
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with solutions satisfying one of the following two sets of boundary conditions
u(0) — Au'(n) = u'(1) = 0, u"(0) = anu™(€), uw"(1) = B1u"(€),

or
w(l) + M/ (n) = u/'(0) = 0, v (0) = cyu”’ (€), v (1) = Bru” (&).

In section 2, we present preliminary definitions and fundamental results from
the theory of ug-positive operators with respect to a cone in a Banach space. In
section 3, we apply the theorems in section 2 to obtain a comparison theorem for
the smallest eigenvalues, Ay andAg of (1.1), (1.3), (1.4) and (1.2), (1.3), (1.4), when
0 < f(t) < g(t). In section 4, we compare eigenvalues for the 2m+2 order problem.

2. BANACH SPACES, CONES AND PRELIMINARY RESULTS

In this section, we state some definitions and theorems from the theory of
uog—positive operators that we will apply in the next sections to obtain our com-
parison theorems. Most of the discussion of this section, involving the theory of
cones in a Banach space, can be found in [9].

Let B be a Banach space over the reals. A closed, nonempty set P C B is said
to be a cone provided, (i) au + fv € P, for all u,v € P and all o, > 0, and,
(#4) u,—u € P implies u = 0. A cone, P, is said to be reproducing, if, for each
w € B, there exists u,v € P such that w = u —v. A cone, P, is said to be solid, if
P° # 0, where P° is the interior of P.

Remark: Krasnosel’skii [9] proved that every solid cone is reproducing.

A Banach space B is called a partially ordered Banach space, if there exists a
partial ordering, <, on B such that, (i) u < v, for all u,v € B, implies tu < tv, for
all t > 0, and tv < tu, for all ¢ < 0, where tv < tu means tv < tu and, tv # tu, and
(#4) u1 2 vy and ug < ve, for all uy,us, v, v2 € B, imply that u; + us < vy + va.

Let P C B be a cone and define v < v if, and only if, v — u € P. Then < is
a partial ordering on B, and we say that < is the partial ordering induced by P.
Moreover, B is a partially ordered Banach space with respect to <.

Let M,N : B — B be bounded, linear operators. We say that M < N with
respect to P, if Mu < Nu for all u € P. A bounded, linear operator M : B — B, is
said to be ug—positive with respect to P, if there exists a ug € P, ug # 0, such that
for every nonzero u € P, there exist positive constants, k1 (u), k2(u) € R, such that
k1u0 j Mu j ]{1211,0.

Of the next two results, the first can be found in Krasnosel’skif [9] and the second
was proved by Keener and Travis [8] as an extension of results from [9].

Theorem 2.1. Let B be a Banach space over the reals and let P C B be a repro-
ducing cone. Let M : B — B be a compact, linear operator which is wo—positive
with respect to P. Then M has an essentially unique eigenvector in P, and the
corresponding eigenvalue is simple, positive, and larger than the absolute value of
any other eigenvalue.

Theorem 2.2. Let B be a Banach space over the reals and let P C B be a cone.
Let M,N : B — B be bounded, linear operators, and assume that at least one of
the operators is ug—positive with respect to P. If M =< N with respect to P, and
if there exists nonzero ui,us € P and positive real numbers A1 and Ao, such that
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AMur = Mug and Nus = Aaus, then A1 < Xo. Moreover, if Ay = Aa, then uy is a
scalar multiple of us.

Remark: It is well known that the function ¢, is invertible and that its inverse
is ¢4 where p and g satisfy % + % = 1. Furthermore both ¢, and ¢, are increasing
function.

3. COMPARISON OF EIGENVALUES

In this section, we apply the results in section 2 to compare the smallest positive
eigenvalues of (1.1), (1.3), (1.4) and (1.2), (1.3), (1.4). We do so by defining
Hammerstien integral operators, M and N, associated with (1.1), (1.3), (1.4) and
(1.2), (1.3), (1.4). Let o # 1 and consider the second order linear eigenvalue
problem,

—y" = A\h(t), (3.1)
y'(0) =0, ay(&) = y(1). (3.2)
It is well known that y is a solution of (3.1), (3.2) if, and only if, y is a solution of
1
o) = [ Glt.sians) ds, (33)
0
where G(t, s; «, £) is the Green’s function for —y” = 0, (3.2) and is given by
1-s adeo) | s<¢ t—s, s<t
. — — 1-a — _ ’ —
Gl s30,8) 1-—a { 0, s> ¢ { 0, s>t (3.4)

Note that if 0 < «a < 1 then
G(t,s;,&) >0
for all (¢,s) € (0,1) x (0,1). As noted in Karna [5],

%G(t, s;a,8) = —1< 0 for s < t, and

%G(t, s;a,&) =0 for s > t.

Let y = —¢,(u”(¢)) in (3.3) and (3.2), and set o = (1,£ = m to obtain,

1
—0y(0"(1)) = X | Gltos: B m)hs) s
¢p(W(0)) =0, Brgy(u”(m)) = dp(u”(1)).
Rewrite the differential equation as
1
0 =0 (A [ Gssmmntsas). (35)
0

We now consider the second order linear boundary value problem (3.5), (1.3).
Again, we see that u is a solution of (3.5), (1.3) if, and only if, u satisfies

1 1
u(t) = ¢q()‘)/0 G(t, s;Bo,1M0) bq (/0 G(s,7;61,m)h(s) dT) ds.
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We define, for our Banach space,
B = {u € C?[0,1] : u satisfies the boundary conditions (1.3), (1.4) }

with norm

0<4<3 €[0,1]

lu|| = max {tsup |u(i)(t)|}.

Define P C B by
P={ueB:u(t)>0and v () <0 fortel01]}.
Then P is a cone in B. To prove that P is solid we employ an auxiliary set, ©,
defined as follows,
©={ueB:ut)>0fortel0,1] and u'(t) < 0 for t € (0,1]}.
Lemma 3.1. The cone P is solid and hence reproducing.

Proof. We show that © C P° from which we have P° # (.

Clearly, © C P. Let u € ©. Then u(t) > 0 on [0,1] and w/(t) < 0 on (0,1].
Consider the open ball B, = {v € B: |[v —u|| < e}. Let v € B.. Since |Jv —u| < ¢
then |v'(t) —u/(t)| < e for all t € (0,1]. Hence v'(t) —e < v'(t) < u/(t)+e <0 fore
sufficiently small. Likewise ||v — u|| < € implies u(t) +¢& > v(t) > u(t) —e > 0 for €
sufficiently small. Consequently, for ¢ sufficiently small B, C ©. Since u € © was
arbitrary, © is open in P. Hence P° # () and the proof is complete. O

Define the integral operators M, N : B — B as follows,

Mu(t) = /OlG(tvs;ﬂo,Uo)qu (/OlG(SvT§617771)f(T)u(T) dT) ds, t€l0,1],

Nu(t) = AlG(t,S;ﬂo,no)qu (/010(877;51,771)9(7)%7) dT> ds, te0,1].

Standard arguments are used to show that M and N are completely continuous.
Our first theorem states that the operators M and N are ug-positive with respect
to P.

Theorem 3.2. The operators M and N are ug—positive with respect to the cone

P.

Proof. We will prove the theorem for the operator M. The proof for the operator
N is similar. We first show that M : P — P. Next we show that M : P\ {0} — ©.
Finally, given a u € P\ {0}, we determine constants k1, ko such that the appropriate
inequalities hold.

Let w € P. Then u(t) > 0 and v/(¢) < 0 for all ¢ € [0,1]. Since f(¢) > 0 and
since G(t,s;, &) > 0 for all (¢,s) € [0,1] x [0,1], then Mu(t) > 0 for all ¢ € [0,1].
Also, since %G(t, 85 Bo,m0) = —1 for s < t, then

t a 1
/OaG(t,s;ﬂo,no)qu (/0 G(SvT;ﬂlvm)f(T)U(T)dT)dS

¢ 1
= */ Pq (/ G(SvT;ﬂlvnl)f(T)u(T)d7'>d5 <0.
0 0
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Since %G(t,s;ﬁo,no) =0 for s > t, then

Ly 1
/t EG(t,s;Bo,no)qbq (/0 G(s,7;B1,m)f(T)u(T) dT) ds = 0.

Consequently, (Mu)'(t) <0 for all ¢ € [0,1] and so, M (P) C P.

Now consider v € P\{0}. Since v/(t) < 0 for all ¢ € [0, 1] then u is non-increasing
over [0,1]. Suppose that «(0) = 0 then either u =0 or u(t) < 0 for all ¢ € [0,1]. In
either case, u ¢ P\ {0}. Hence u(0) > 0. By continuity, there exists ¢ € (0, 1] such
that w(t) > 0 for all ¢ € [0,¢). Since f does not vanish on any nontrivial compact
subsets of [0, 1], there exists [, 3] C [0,¢) such that f(¢t) > 0 for all ¢ € [a, 5]. So,
for t € [0,1]

Mu(t) = /OlG(tvs;ﬁo,Uo)% (/OlG(S,T;ﬁhm)f(T)u(T) dT) ds

B B8
2/ G(t, s; Bo,M0) dq </ 0(577'%51’771”(7')“(7)‘17)ds

> 0.
Also, if t € (0, 1] then

(Mu)'(t) = /(Jl%G(t, s; B0, M0) ¢q (/OlG(S,T; Brym) f(T)u(r) dr) ds

< /Otaﬁq </jG(S,T;/6’1,Ul)f(T)U(T)dT> ds

< 0.

Consequently, if u € P\ {0}, then Mu € © C P°. That is, M : P\ {0} — P°.

To complete the proof, fix ug € P\ {0} and let u € P \ {0}. From the above
we know that Mu € © C P° and so, there exists k; sufficiently small so that
Mu— kjug € P. Similarly, there exists ko sufficiently large so that ug — k—ZMu ePp.
Thus,

Mu — kyug € P = kiug = Mu,
1

uOfk—MUG,PéMUij’LLO,
2

That is, given ug € P\ {0}, for each u € P \ {0}, there exists k1, k2 such that
k1u0 j Mu j ]CQUO.
The operator M is ug-positive with respect to the cone P and the proof is complete.

O

Now we apply Theorems 2.1 and 2.2 to obtain results concerning the eigenvectors
and eigenvalues of M and N.

Theorem 3.3. The operator M (N) has an essentially unique eigenvector, u € P°,
and the corresponding eigenvalue, A1, (A2), is simple, positive, and larger than the
absolute value of any other eigenvalue.
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Proof. From Theorem 3.2, we have that the compact, linear operator M is ug-
positive with respect to P. By Theorem 2.1, M has an essentially unique eigenvec-
tor, u; € P, and the corresponding eigenvalue, A; is simple, positive, and larger
than the absolute value of any other eigenvalue. Since uq # 0 then, Mu; € © C P°.
Now Mu; = Aqu; and so ug = A%Mul € P° and the proof is complete. O

Theorem 3.4. Assume that 0 < f(t) < g(t) for allt € [0,1]. Let A1 and Az be the
largest positive eigenvalues of M and N respectively with corresponding essentially
unique eigenvectors uy and us. Then Ay < As. Furthermore, A1 = Ao, if, and only

if, f(t) = g(t) for allt € [0,1].

Proof. Since 0 < f(t) < g(t) for all ¢ € [0,1] and since G(t, s;a, &) > 0 for (¢,5) €
[0,1] x [0,1], then

1
0

(Nu — Mu)(t) = / Gt 5t o.mo) 0 ( / G(s,7:B1,m) (9(r) — £(7))u(r) dr) ds
0.

Y

Since %G(t,s;a,f) =—1if s <t and %G(t, s;a,8) =0 if s > ¢, then

(Nu— MuY(t)
= [ 2ttt ([ GGo.ms 0000 (007) - 50t ) s
=~ [[ou ([ Gtrmm) ot - r)utr)ar )

<0.

Thus, Nu — Mu € P and so, M < N with respect to P. From Theorem 2.2, if u;
and us are eigenvectors of M and N respectively, with corresponding eigenvalues
A7 and Ay then A7 < As.

Note if f(t) = g(t) then by Theorem 2.2 A; < As and A; > As. In this case
A1 = Ao,

To finish the proof, we need to show that A; = Ag implies f(t) = g(t) for all
t € [0,1]. Suppose that f(t) < g(t) on some interval [, 5] C [0,1]. As in Theorem
3.2, (N — M)u; € © C P°. Since u; € P°, there exists an € > 0 sufficiently small
so that eu; < (N — M)u; = Nuy — Mu; = Nuy — Auy. Thus (Ay + &)ug < Nuy.
Since N < N, (A1 4+ €)ur < Nuy, and Nug < Asug, then by Theorem 2.2 we have
A1 4+ e < As. Hence A; < Ag. By the contrapositive, A; = Ao implies f(t) = g(t)
for all ¢ € [0,1] and the proof is complete. O

Let Ay be an eigenvector of M with corresponding eigenvector u; and let A\; =
p (A%) Then for all ¢ € [0, 1],

1 1
Aug(t) = Muq(t) = / G(t, s; Bo,M0) dq (/ G(s,7; 81, m)f(T)ui(7) dT) ds.
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Since 7= = ¢q(A), then
1 1
ui(t) = Ail/o G(t, 55 0;m0) ¢q (/O G(s, 73 B1,m) f(T)ua(r) dr) ds

= ¢q()\1)/01G(t, 8; B0, 10) @q (/OIG(SaT;/Bl,Ul)f(T)Ul(T) dT) ds.

That is, A; is an eigenvalue corresponding to (1.1), (1.3), (1.4). The converse also

holds. Thus, Aj(Ag) is an eigenvalue of M(N) if, and only if A\ = ¢ (A%) ()\2 =

10) (A—lz)) is an eigenvalue of (1.1), (1.3), (1.4), ((1.2), (1.3), (1.4)). Furthermore,

since ¢, is an increasing one-to-one function, then

that AQ S )\1 and A1 = A2 lf, and OIlly if )\1 = )\2.

=A< Ay =2 implies

1
d(A1) d(X2)

Theorem 3.5. Let 0 < f(t) < g(t) for all t € [0,1]. Then there exist smallest
positive eigenvalues of (1.1), (1.3), (1.4) and (1.2), (1.3), (1.4), respectively, each of
which is simple, positive, and less than the absolute value of any other eigenvalue of
the corresponding problems. Also, the corresponding essentially unique eigenvectors
may be chosen to belong to P°. Finally, Ao < A1, and A1 = A2 if and only if
J(t) = g(t),0<t<1.

4. THE 2m + 2 ORDER PROBLEM

Let m > 1 be a fixed integer. Define Lou(t) = w”(t) and for k =1,2,...,m

Liu(t) = ¢p, ((Lk,lu)”(t)).

In this section we compare eigenvalues for the 2m + 2 order problems,

(D)™ (L) (1) = Mf(B)u(?), (4.1)
()™ L) " (8) = Aag(t)ut), (42)
t € [0, 1], with eigenvectors satisfying the nonlocal boundary conditions,
W'(0) =0, (Lyu)'(0) =0, (4.3)
Bou(no) = u(1), BrLru(nk) = Liu(1), (4.4)

k=1,...,m,where 0 <n; <1,0< 8; <1,and p; > 2 for 1 <i<m.
For each k = 1,2, ..., m define the operator Gy by

1
Gkh(SkJrl) = ¢Qm,+1—k </ G(5k+175k;6m+17k;77m+17k)h(5k) dsk) )
0

where G(t, s; a, €) is defined in (3.4). Using the technique outlined in the beginning
of section 3, we see that u(t) is a solution of (—1)™+! (L,u)” (t) = Ah(t), (4.3),
(4.4), if, and only if,

u(t) =g, (dga (- (Dgr (V) +++)) ¥

1 (4.5)
/ G(t,$m+1;80:m0) [(Gm 0 Gy 0 -+ 0 G1) (h)] (Sm1) dSm1.
0 EJQTDE, 2005, No. 15, p. 7



Our Banach space is
B = {ue C*"*0,1] : u satisfies the boundary conditions (4.3), (4.4) }

with norm
|le]] = max {|u(t)|0, [u'(t)]o, Lku(t)‘o, ‘(Lku)/(t)‘o, k=1,2,.. .7m} ,

where |z|o = sup,¢,1) |#()|. Define the cone P> C B by

Py = {u € B:u(t) >0, (~1)(t) >0, (~1)Lyu(t) >0,k =1,2,...,m,
and (—1)"! (Lku)l(t) >0,k=1,2,...,m, for t € [0, 1]}
and the auxiliary set, O, as follows,
Oy = {u eB:u(t) >0, (—1)*Lyu(t) > 0,k =1,2,...,m, for t € [0,1]
and —u/(t) >0, (—1)k+1 (Lku)/(t) >0,k=1,2,...,m, for t € (0, 1]}

A modification of the proof of Lemma 3.1 yields that ©2 C P5. Hence the cone
P, is solid and reproducing. We define operators M, N : B — B as follows,

1
Mu(t) :/O G(t7 Sm+1; BO; 770) [(Gm o Gm—l ©--+0 Gl)(f)] (Sm-l-l) d8m+1,

1
Nu(t) /0 G(t, $m+15 B0, 10) [(Gm oGmp-10---0 Gl)(g)} (Sm+1) dSma1,

for all ¢ € [0,1]. The proofs of the following theorems are similar to those of their
counterparts in section 3 and are omitted.

Theorem 4.1. The operators M,N : Py — P are completely continuous and
up—positive with respect to the cone Ps.

Theorem 4.2. The operator M (N') has an essentially unique eigenvector, u € P,
and the corresponding eigenvalue, A1, (A2), is simple, positive, and larger than the
absolute value of any other eigenvalue.

Theorem 4.3. Assume that 0 < f(t) < g(t) for allt € [0,1]. Let A1 and As be the
largest positive eigenvalues of M and N respectively with corresponding essentially
unique eigenvectors uy and us. Then Ay < As. Furthermore, Ay = Ao, if, and only

if, f(t) = g(t) for allt € [0,1].

Let Ay be an eigenvector of M with corresponding eigenvector u; and let A\; =
Dpu ( - Ppy (A%) ) Then A; is an eigenvalue corresponding to (4.1), (4.3),
(4.4). The converse also holds. Thus, A;(Ag) is an eigenvalue of M (N) if, and
only if Ay = ¢p,, ( © fpy (A%) . ) (gbpm ( < bp, (A%) . ) ) is an eigenvalue of
(4.1), (4.3), (4.4), ((4.2), (4.3), (4.4) ) Furthermore, since each ¢, ,k =1,...,m,
is an increasing one-to-one function, and since A; < As, then Ao < A; and A; = Ay
if, and only if, Ay = As.
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Theorem 4.4. Let 0 < f(t) < g(t) for all t € [0,1]. Then there exist smallest
positive eigenvalues of (4.1), (4.3), (4.4) and (4.2), (4.3), (4.4), respectively, each of
which is simple, positive, and less than the absolute value of any other eigenvalue of
the corresponding problems. Also, the corresponding essentially unique eigenvectors
may be chosen to belong to Ps. Finally, Ao < A1, and A1 = Ao if and only if
ft) =g(®),0 <t <1
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