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Abstract

In this paper, we give sufficient conditions to get the existence of mild so-
lutions for two classes of first order partial and neutral of perturbed evolution
equations by using the nonlinear alternative of Avramescu for contractions op-
erators in Fréchet spaces, combined with semigroup theory. The solution here is
depending on an infinite delay and is giving on the real half-line.
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1 Introduction

In this paper, we give the existence of mild solutions defined on a semi-infinite
positive real interval J := [0, +00) for two classes of first order of semilinear functional
and neutral functional perturbed evolution equations with state-dependent delay in a
real separable Banach space (E, | -|) when the delay is infinite.

Firstly, we present some preliminary concepts and results in Section 2 and then in
Section 3 we study the following semilinear functional perturbed evolution equations
with state-dependent delay

y/(t) = A(t)y(t) + f(t7 yp(t,yt)) + h(t7 yp(t,yz))7 a.e. 1€ ‘]7 (1)

y0:¢687 (2)

where B is an abstract phase space to be specified later, f,h: JxB — E,p: JxB — IR
and ¢ € B are given functions and {A(t)}o<t<ioo is a family of linear closed (not
necessarily bounded) operators from E into F that generate an evolution system of
operators {U(t, s)},s)coxs for 0 < s <t < 4o00.

For any continuous function y and any ¢ < 0, we denote by y; the element of B
defined by y(0) = y(t + 0) for 0 € (—o0,0]. Here y;(-) represents the history of the
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state from time ¢ < 0 up to the present time t. We assume that the histories 3; belong
to B.

Then, in Section 4, we consider the following neutral functional differential per-
turbed evolution equation with infinite delay

d

%[y(t) - g<t7 yp(t,yt))] = A(t)y(t) + f(ta yp(t,yt)) + h(tv yp(t,yt))a a.e. teJ (3>

Yo = ¢ € B? (4)
where A(-), f and ¢ are as in problem (1) —(2) and g : J x B — FE is a given function.
Finally in Section 5, two examples are given to illustrate the abstract theory.

Differential delay equations, or functional differential equations, have been used
in modeling scientific phenomena for many years. Often, it has been assumed that
the delay is either a fixed constant or is given as an integral in which case is called
distributed delay; see for instance the books [20, 23, 30], and the papers [15, 19].

An extensive theory is developed for evolution equations [3, 4, 17]. Uniqueness and
existence results have been established for different evolution problems in the papers
by Baghli and Benchohra in [2], [8]-[14]. Recently, Wang et al. look for nonlinear
fractional impulsive evolution equations in [26]—[29].

However, complicated situations in which the delay depends on the unknown func-
tions have been proposed in modeling in recent years. These equations are frequently
called equations with state-dependent delay. Existence results and among other things
were derived recently for functional differential equations when the solution is depend-
ing on the delay on a bounded interval for impulsive problems. We refer the reader to
the papers by Abada et al. [1], Ait Dads and Ezzinbi [5], Anguraj et al. [6], Herndndez
et al. [21] and Li et al. [24].

Our main purpose in this paper is to extend some results from the cite literature
devoted to state-dependent delay and those considered on a bounded interval for the
evolution problems studied in [14]. We provide sufficient conditions for the existence of
mild solutions on a semiinfinite interval J = [0, +00) for the two classes of first order
semilinear functional and neutral functional perturbed evolution equations with state-
dependent delay (1) — (2) and (3) — (4) with state-dependent delay when the delay is
infinite using the nonlinear alternative of Avramescu for contractions maps in Fréchet
spaces [7], combined with semigroup theory [4, 25].

2 Preliminaries

We introduce notations, definitions and theorems which are used throughout this paper.

Let C([0,+00); E) be the space of continuous functions from [0, 4+00) into £ and
B(E) be the space of all bounded linear operators from FE into E, with the usual
supremum norm

Nl =sup { [N(y)| = [yl =1}, N € B(E).
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A measurable function y : [0,4+00) — E is Bochner integrable if and only if |y| is
Lebesgue integrable. (For the Bochner integral properties, see the classical monograph
of Yosida [31]).

Let L*(]0, +00), E) denotes the Banach space of measurable functions y : [0, +00) —
E which are Bochner integrable normed by

—+o00
Iyl = / y(t)] dt.

In this paper, we will employ an axiomatic definition of the phase space B introduced
by Hale and Kato in [19] and follow the terminology used in [22]. Thus, (B, || - ||z) will
be a seminormed linear space of functions mapping (—oo, 0] into F, and satisfying the
following axioms.

(A1) If y : (—o0,b) — E,b > 0, is continuous on [0,b] and yo € B, then for every
t € [0,b) the following conditions hold

(i) w € B;
(ii) There exists a positive constant H such that |y(t)| < H||y5;

(iii) There exist two functions K (-), M(:) : R — R, independent of y with K
continuous and M locally bounded such that

lglls < K(8) supf |y(s) - 0 < s <t} + M(E)][yolls-
(As) For the function y in (Ay), y; is a B—valued continuous function on [0, b].

(As) The space B is complete.

Denote Kj, = sup{K(t) : t € [0,b]} and M, = sup{M(¢t) : t € [0,0]}.
Remark 2.1 1. (i) is equivalent to |¢(0)| < H||¢p|| for every ¢ € B.

2. Since ||-||5 is a seminorm, two elements ¢, € B can verify ||¢—1||z = 0 without
necessarily ¢(6) =¥ (0) for all 6 < 0.

3. From the equivalence of in the first remark, we can see that for all ¢,v € B such
that ||¢ — ¥||lg = 0 : We necessarily have that $(0) = 1(0).

We now indicate some examples of phase spaces. For other details we refer, for instance
to the book by Hino et al. [22].
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Example 2.2 Let

BC' denote the space of bounded continuous functions defined from (—oo,0] to E;

BUC' denote the space of bounded uniformly continuous functions defined from (—oo, 0]
to F;

O — {qﬁ € BC : 9111}1 o(0) exist in E};

0 = {qﬁ € BC: elim o(0) = O} , endowed with the uniform norm
——00

9]l = sup{[¢(0)] - 6 < 0}.

We have that the spaces BUC, C* and C° satisfy conditions (A;) — (A3). However,
BC satisfies (Ay), (As) but (A2) is not satisfied.

Example 2.3 The spaces Cy, UC,, C° and CY.
Let g be a positive continuous function on (—oo,0]. We define

Cy = {gzﬁ € C((—00,0], E) : Z)((Z; is bounded on (—oo,O]};

Cg = {(b € Cy: lim @ = } , endowed with the uniform norm
0——o0 g(6)

Then we have that the spaces Cy and C) satisfy conditions (As). We consider the
following condition on the function g.

g(t+0)
For all a > 0,
(o) For all o 0<tEa Sup{ 9(0)

They satisfy conditions (Ay) and (As) if (g1) holds.

:—oo<9§—t}<oo.

Example 2.4 The space C,.
For any real constant v, we define the functional space C., by

C, = {qb € C((—00,0,E): 9&1}1 ep(0) exists in E}

endowed with the following norm

1]l = sup{e™|¢()| : ¢ < 0}.
Then in the space C., the axioms (Ay) — (As) are satisfied.
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Definition 2.5 A function f:J x B — E is said to be an L' -Carathéodory function
iof it satisfies

(i) for each t € J the function f(t,.): B — E is continuous ;
(ii) for each y € B the function f(.,y): J — E is measurable ;
(iii) for every positive integer k there exists hy, € L*(J;RT) such that

lf(t, )| < hg(t)  for all |lylls <k and almost every t € J.

In what follows, we assume that {A(t) };>¢ is a family of closed densely defined linear
unbounded operators on the Banach space F and with domain D(A(t)) independent
of t.

Definition 2.6 A family {U(t,s)}xs)ea of bounded linear operators U(t,s) : E — E
where (t,s) € A :={(t,s) € J x J:0< 5 <t <400} is called an evolution system if
the following properties are satisfied:

1. U(t,t) = I where I is the identity operator in E,
2. U(t,s) U(s,7) =U(t,7) for 0 <7 < s <t < +o0,

3. U(t,s) € B(FE) the space of bounded linear operators on E, where for every
(t,s) € A and for each y € E, the mapping (t,s) — U(t,s) y is continuous.

More details on evolution systems and their properties could be found on the books
of Ahmed [3], Engel and Nagel [16] and Pazy [25].

Let X be a Fréchet space with a family of semi-norms {|| - ||, }nen. We assume that
the family of semi-norms {|| - ||} verifies

lz)li < |lzll2 < ||z||3 < ... for every x € X.

Let Y C X, we say that Y is bounded if for every n € N, there exists M, > 0 such
that -
lylln < M, forall yeVY.

To X we associate a sequence of Banach spaces {(X", || -||.)} as follows : For every
n € N, we consider the equivalence relation ~,, defined by : x ~, y if and only if
|z —yl|l, = 0 for x,y € X. We denote X" = (X|~,, || - ||n) the quotient space, the
completion of X™ with respect to || - ||,. To every Y C X, we associate a sequence
{Y™} of subsets Y™ C X™ as follows : For every z € X, we denote [z],, the equivalence
class of z of subset X™ and we defined Y™ = {[z], : # € Y}. We denote Y™, int,(Y™)
and 0,Y", respectively, the closure, the interior and the boundary of Y™ with respect
to || - || in X™

The following definition is the appropriate concept of contraction in X.
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Definition 2.7 [18] A function f : X — X is said to be a contraction if for each
n € N there exists k,, € (0,1) such that

f(@) = fW)lln < kn |z —ylln for all x,y € X.

The corresponding nonlinear alternative result is as follows

Theorem 2.8 (Nonlinear Alternative of Avramescu, [7]). Let X be a Fréchet space
and let A, B : X — X be two operators satisfying

(1) A is a compact operator.

(2) B is a contraction.

Then one of the following statements holds
(Avl) The operator A+ B has a fized point;

(Av2) The set {xv € X,z = NA(z) + AB(%)} is unbounded for A €]0,1].

z
A

3 Semilinear evolution equations

Before stating and proving the main result, we give first the definition of a mild solution
of the semilinear perturbed evolution problem (1) — (2).

Definition 3.1 We say that the function y : R — E is a mild solution of (1) — (2) if
y(t) = o(t) for allt <0 and y satisfies the following integral equation

y(t) = U(t,0) ¢(0) +/0 U(t,s) [f(8,Yp(s,pe) + 1(S, Yp(s )] s ae. €S (5)

Set
R(p™) ={p(s,9) : (s,¢) € J x B, p(s,¢) < 0}.

We always assume that p : J x B — R is continuous. Additionally, we introduce the
following hypothesis

(H,) The function t — ¢ is continuous from R(p~) into B and there exists a continuous
and bounded function £? : R(p~) — (0, 00) such that

lloells < L2(t)||p|ls for every t € R(p™).

Remark 3.2 The condition (Hy), is frequently verified by continuous and bounded
functions. For more details, see for instance [22].

We will need to introduce the following hypotheses which are assumed thereafter
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(HO) U(t,s) is compact for t — s > 0.
(H1) There exists a constant M > 1 such that

IU(t, )| sy < M for every (t,s) € A.

(H2) There exists a function p € L (J;Ry) and a continuous nondecreasing function

¥Ry — (0,00) and such that
|f(t,w)| < p(t) (||u||g) for a.e. t € J and each u € B.

(H3) For all R > 0, there exists Ir € L}, .(J;R,) such that

loc

[f(t,u) = ft,0)| < Lg(t) lu—vls
for all u,v € B with ||u||z < R and ||v||z < R.
(H4) There exists a function € L'(J, R, ) such that

|h(t,u) — h(t,v)| <n(t) [[u—v|s aeteJ et Yu,vebB.

Consider the following space
B = {y :R = E : y|r continuous for 7' > 0 and y, € B} ,
where y|jo7 is the restriction of y to the real compact interval [0, 7.
Let us fix 7 > 1. For every n € N, we define in B, ., the semi-norms by
Wyl = sup { e 5O ()] st € [0,7] },

t

where L (t) = / L(s) ds , 1,(t) = KnJ\//jln(t) and [, is the function from (H3).

0
Then B, is a Fréchet space with those family of semi-norms || - || en-

Lemma 3.3 (/21], Lemma 2.4)
Ify: (—o00,b] = E is a function such that yo = ¢, then

lyslls < (M + L) |6]l5 + Ky sup{|y(0)[; 6 € [0,maz{0,s}]}, s € R(p™) U J,

where £L® = sup L°(t).
teER(p™)

Proposition 3.4 By (Hy), Lemma 3.3 and the property (A;), we have for each t €
[0,n] and n € N

1Yotew0ll < Knly()] + (M + L7) [|yolls
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Theorem 3.5 Assume that (Hy), (HO) — (H2) and (H4) hold and moreover for all

n € N, we have

+o00 ds . fn
/Un ST00) > KnM/O max(p(s);n(s)) ds. (6)

with o, = (Mn+£¢+KnJ/W\H)H¢HB+Kn]\7/ |h(s,0)| ds. Then the problem (1)—(2)
0

has a mild solution on (—oo, +00).

Proof. We transform the problem (1) — (2) into a fixed-point problem. Consider the
operator N : B, ., — B, defined by

( o(b), ift e R

N0 = { U0 60)+ [ U(5) o) ds

\

t
+/ U(t,s) h(s,Yp(sy.)) ds, ifteJ.
0

Clearly, fixed points of the operator N are mild solutions of the problem (1) — (2).

For ¢ € B, we will define the function z(.) : R — E by

o(b), if +<0;
t) =
) { U(t,0) (0), if teJ

Then xy = ¢. For each function z € B, set

y(t) = =(t) + (1)

It is obvious that y satisfies (5) if and only if z satisfies zy = 0 and

t
Z(t) = / U(t7 S) f<87 Zp(s,zs+:c5) + Ip(s,zs—i-xs)) ds
0

t
+/ U(t, ) h(S, 2p(s,zetws) T Tp(s,zetas)) dS.
0

Let
Bl ={2€ By :2 =0}.

Define the operators F,G : B} — B} by

t
F2)(t) = / Ut 5) £(5: Zpomsnn) + Tomsnn) ds
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and

¢
G(2)(t) = /0 U(t,s) h(S, 2p(s,ztas) + Tp(s,zetas)) AS-

Obviously the operator N having a fixed point is equivalent to F' + G having one, so
it turns to prove that F' 4+ G has a fixed point.

First, show that F'is continuous and compact.
Step 1 : First, we show the continuity of F. Let (2,),en be a sequence in BY _ such
that z, — z in BY__. By the hypothesis (H1), we have

t
PO = POMI< [ 1069w
X |J:(87 Znp(s,mstws) T Tpls,znstas)) = F (8, Zp(s,20tws) + Tp(s,zetas))|dS
<M /0 | £ (S, Znp(s,znstas) T Tp(somstan) = S (53 Zp(szatan) T Tp(s,zetan))| ds.
Since f is continuous, by dominated convergence theorem of Lebesgue, we get
|F(2,)(t) — F(2)(t)] — 0 if n— 400

So F'is continuous.

Step 2 : Show that F' transforms any bounded of B} in a bounded set. For each
d > 0, there exists a positive constant £ such that for all z € By = {z € B : |z, <
d} we get ||F(2)]|n < &. Let z € By, from assumption (H1) and (H2), we have for each

t € [0,n]

t
[F(2)(t)] < /O!!U(t>S)I\B(E> | £ (8, Zp(s,2ataa) T Tp(s,zatas))| A8

t
< M/ p(s) ¢(||ZP(Syzs+xs) + Tp(s,zs+as) B) ds.
0

From (Hy), Lemma 3.3 and assumption (A;), we have for each ¢ € [0, n]

B < [ 2pszetan) B+ 1T0(s 20420 | B

< Kula(s)| + (M + £9)]| 2015

Iz (s)| + (M, + £2) || 20|15
Kol ()| + Kol U (5, 0)l| 52| 6(0)] + (M, + L) 6]l
K |2(s)| + K M[¢(0)] + (M, + £2)]1¢]]5

“ Zp(s,zstas) T Lp(s,zetas)

ANVAN

Using (i), we get

K| 2(s)| + Ko MH |95 + (M, + £2)|| 6]l
Kalz(s)| + (M, + L + K,MH)| ¢||5

IN

Hzp(s,zsﬂcs) + Tp(s,ze+a5) IB

IN
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Set ¢, 1= (M, + L£° + K, MH)||¢||s and 6, := K,d + ¢,. Then

”Zp(S,szrxs) + Zp(s,zatas) B < Kn|z(3)| + ¢ < O (7)

Using the nondecreasing character of ¢, we get for each ¢ € [0, n]

[F(2)(#)] < Mp(3,)|pllr = o

So there is a positive constant ¢ such that ||F(2)||, < o. Then F(By) C B,.

Step 3 : F maps bounded sets into equicontinuous sets of Bgoo. We consider By
as in Step 2 and we show that F'(By) is equicontinuous. Let 7,7 € J with 1 < 7
and z € By.

|F(2)(12) — F(2)(m1)] < / |U(7a,8) = U1, 8) || By %
0
x| f(s, Zp(s,zstas) T xp(s,zs-&-ms))‘ ds

T2
T / 1U (2, )18y 1 (5: 2oy + Tpionssson)] ds.

T1

Then by (7) and the nondecreasing character of ¢, we get
[F(2)(12) = F(z)(n)] < ¢(5n)/ 1U (72, 8) = U(71, 5) || sy p(s) ds
0

—~ 2
+M¢(5n)/ p(s) ds.
T1

Note that |F(z)(7s) — F(z)(m1)] — 0 as 75 — 73 — 0 independently of z € By. The
right-hand of the above inequality tends to zero as 75 — 7 — 0, since U(t,s) is a
strongly continuous operator and the compactness of U(t,s) for ¢ > s, implies the
continuity in the uniform operator topology (see [4, 25]). As a consequence of Steps 1
to 3 together with the Arzela-Ascoli theorem it suffices to show that the operator F
maps By into a precompact set in F.

Let t € J be fixed and let € be a real number satisfying 0 < € < t. For z € B, we
define

F(2)(t) = Ut t o) /0 T U — e 8)Cunra(s) ds

Since U(t, s) is a compact operator, the set Z.(t) = {F.(z)(t) : z € By} is pre-compact
in E for every €,0 < ¢ < t. Moreover, using the definition of w, we get

t
[F2)(t) — Fe(2)(t)] < / IU(E, s) B 1S, Zp(s,zutae) + Tots zutan) )| d
t—e

Therefore the set Z(t) = {F(z)(t) : z € By} is totally bounded. So we deduce
from Steps 1, 2 and 3 that F'is a compact operator.
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Step 4 : G is a contraction. Let 2,z € B{_. By the hypotheses (H1) and (H4),
we get for each t € [0,n] and n € N

t
GO = GEWI < [ 176w
| h(s s Zp(s,zs+xs) T Tp(s, zs-i-ws)) h(s’zp(&zsﬂcs) + xp(S,zs—f—xs)) | ds

< M/ ||Zp(s zotms) T Tp(s,zstas) — Ep(s,zs-&-aﬁs) - :CP(SaZs"‘xs)HB ds

< M/ Hzp (s,zs+xs) — Zp(s,zs+xs) B ds.

Use the inequality (7), to get

G(2) (1) =GR <

<

<

)

< /0 [Ln(s) ™52 [e7™20) 2(s) — 2(s)]] ds
/0
1.

Therefore )

IG() = Gl < = l12 =]

Then the operator GG is a contraction for all n € N.

Step 5 : For applying Theorem (2.8), we must check (Av2) : ie. it remains to
show that the set

= {ZGBS)FOO c2=MF(2) + \G (;) for some)\E]O,l[}.

is bounded.
Let z € I'. By (H1) — (H2) and (H4), we have for each ¢ € [0,n]
1 t
X|Z(t)| < /0 |U(t, S)HB(E) |f(57 Zp(s,zs+ws) T xp(S,zs—i—xs))‘ ds
t Zp(s7575+$s)
+ WU, s)|lsE) |k s, — ) h(s,0) + h(s,0)| ds
< M/ ’Zp (s,2s41s) T Lp(s,z6+s) )HB ds)

Zs +xs)

o

ds+M/ h(s,0)| ds.
B
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Use Proposition (3.4) and inequality (7)

—|z < M/ ) (K 2(5)] + c) ds

+M/ (-\ )|+cn) ds+M/ h(s, 0| ds.

We consider the function w(t) := sup |z(f)|. The nondecreasing character of ¢ gives
0€(0,t]
with the fact that 0 < A <1

K, Ky
Tu(t) +c < e+ K M/ <Tu(s) + cn) ds

LK, M/ (—u )+cn) ds+M/ h(s,0)| ds.

Set o, := ¢, + Kn]/W\/ |h(s,0)| ds. Then, we have
0

We consider the function p defined by
wu(t) =sup {Ku(s)+c, : 0<s<t}, 0<t<+o0.

Let t* € [0,t] be such that u(t) = K,u(t*) + ¢,. From the previous inequality, we have
for all t € [0, n]

0) < o+ KT [ ooyt + K, [ ot
Let us take the right-hand side of the above inequality as v(¢). Then, we have
pu(t) <wo(t) Vtelo,n].
From the definition of v, we have

v(0) =0, and v'(t) = K, M [p(O)0(u(t)) + nt)ut)] ae. te[0,n)]

Using the nondecreasing character of v, we get
V() < K MIp(w () +ne(t)] ae. t € [0,n]
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So, using (6) for each ¢ € [0, n|, we get

v(t) ds e ’
/an s+ U(s) = K"M/max(p(S);n(s)) ds

< KT [ max(pls)in(s) ds
ds

<[ e

Thus, for every t € [0, n], there exists a constant A,, such that v(¢) < A,, and hence
w(t) < A,. Since ||z||, < u(t), we have ||z||, < A,. This shows that the set I" is
bounded. Then the statement (Av2) in Theorem 2.8 does not hold. The nonlinear
alternative of Avramescu implies that (Av1) is satisfied, we deduce that the operator
F 4 G has a fixed point z*. Then y*(t) = 2*(t) + x(t), t €] — 00, +00| is the fixed point
of the operator N which is a mild solution of the problem (1) — (2).

4 Semilinear neutral evolution equations

In this section, we give an existence result for the problem (3) — (4). Firstly we
define the concept of the mild solution for that problem.

Definition 4.1 We say that the function y(-) : R — E is a mild solution of (3) — (4)
if y(t) = &(t) for allt <0 and y satisfies the following integral equation

y(t) =U(t,0)[0(0) — g(0,0)] + g(t, Yp(t)) +/0 U(t, s)A(S) 9(8, Yp(se)) d8

; (8)
+/ U(t’ 5) [f(s, yp(S,ys)) + h<3>yp(s,ys))] ds VteJ
0

We consider the hypotheses (H,), (H0)—(H2) and (H4) and we will need the following
assumptions

(H5) There exists a constant M, > 0 such that
AT ()| gy < Mo for all t € J.

1
(H6) There exists a constant 0 < L < ———, such that
0 n

|A(t) g(t,0)| < L (||¢|lz+1) for all t € J and ¢ € B.

(HT) There exists a constant L, > 0 such that
[A(s) g(s,0) — A(5) 9(5,0)| < Ls (Is =53] + |6 — ¢l15)
for all 5,5 € J and ¢, ¢ € B.
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(H8) The function g is completely continuous and for any bounded set Q) C B the set
{t — g(t, zpy) : € Q} is equicontinuous in C(J, E).

Theorem 4.2 Suppose that hypotheses (Hy), (HO) — (H2), (H4) and (H5) — (H8)
are satisfied and moreover for all n € N, we have

/goos+d12(s) 1—M0LK / max(L +n(s), p(s)) ds (9)

with ¢, = (M, + L? + KnMH)quHB and

<J/\4\+ 1) MoL + MLn + M,L (cn+J\7> II¢IIB+J\7/ Ih(s,0)| ds
0

1— MyLK,
Then the problem (3) — (4) has a mild solution.

gnzcn—i_Kn

Proof. Consider the operator N : B.o — B defined by
[ o(t), ift e R™;
U(ta 0) [¢(O) - g(O, ¢>] + g(tv yp(t,yt))

t
T / Ut 5)A(5) 95, Upios) ds,
0

t
+/ U(t,s) [f(s, Ypisie)) + 1S Yp(sye))] ds ift e J.
0

(
Then, fixed points of the operator N are mild solutions of the problem (3) — (4).
For ¢ € B, we consider the function z(.) : R — E defined as below by
o(t), if t<0;
x(t) =
{ U(t,0) ¢(0), it teJ
Then xy = ¢. For each function z € B, set
y(t) = 2(t) + x(t)
It is obvious that y satisfies (8) if and only if z satisfies zp = 0 and
z(t) =g(t, Zt/p(s,zt+zt) + Tp(s,zta0)) — U(E,0)9(0, ¢)
+/0 U(t, s)A(s) 9(8, Zp(s,zetas) T Tp(s,zetas)) ds

t
_'_/ U(ta 5) f(57 Zp(s,zstas) T -Tp(S,zs—&-rs)) ds
0

t
+/ U(t, 3) h(sa Zp(s,zstas) T $p(8,zs+rs)) ds.
0
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Let
Bl ={2 € By :2 =0}.

Define the operator F,G : B — BY__ by

t
F(Z)(t) = /0 U(t7 S) f(sa Zp(s,zs+xs) + 'Tp(s,zs-l—;rs)) ds

and

G(Z) (t) = g(t, ip(s,zﬂra:t) + xp(S,Zt+$t)) - U(ta 0)9(07 ¢)
—1—/ U(t, s)A(5) 9(8, Zp(s,25+as) + Tp(s,2s4as)) AS
0

t
+/ U<ta 5) h(sv Zp(s,zstas) T xp(S,zs—&-ms)) ds.
0

Obviously the operator N having a fixed point is equivalent to F' + G having one, so
it turns to prove that F' 4 G has a fixed point.

We have shown that the operator F' is continuous and compact as in Section 3. Tt
remains to show that the operator G is a contraction.
Let z,Z € BY . By (H1), (H4), (H5) and (H7), we have for each ¢t € [0,n] and n € N

G(2)(t) = G(R)(t)| < t
<9 2ot 220) T Tptzitran) — 9 Zpt zirwn) T Tottzetan))| + /0 UL, s)||lBm) x
X ItA(S)[g(Sy Zp(s,zetas) T Tp(szatas)) = 908, Zo(s zetas) T Tols,ztan))]| A5
+ /0 IU ()1 B(m)y [B(S, 2p(s,20420) T Tp(s,zatas)) = B(S: Zps,etas) + Tp(s,zetas))| dS
<NA O sey [AWG)G(E, 2ot 20rw0) + Lot zetan) — ARG Zo(t,zetwr) + Tottzetan)]

t
+/ M ’A(S)g(s, Zp(s,zs+ws) T :EP(SaZs‘HUs)) - A<S)g<svzp(s,zs+ﬂcs) + $p(8,zs+zs)>| ds
0

t
+/ M ’h(sa Zp(s,zstas) T xp(s,szrxs)) - h<3>zp(3,zs+zs) + xp(S,szrws))’ ds
0
S MOL*HZp(t,zt—i—xt) - Ep(t,zt-l—xt) ||B

t
i / MLu||Zp(s 20 420) = Zp(s,zatan) 18 ds
0

t
+/ MU(S)HZ/J(S,ZSHCS) — Zp(s,25+zs) |IB ds.
0

Use the inequality (7) to get
G)() =GR < MyL.J|=(t) = =(t)] +/0 ML.K,|2(s) = 2(s)| ds
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t

+ i ]\/ZKR n(s)|z(s) —z(s)| ds

< MyL.K,|z(t) — z(t)] —i—/o Z\//TKH[L* +n(s)]|z(s) — z(s)| ds.

Set 1,,(t) = ]\/ZKn[L* + n(t)] for the family of semi-norms {|| - ||en}, then

GG - GERO] < MoL.K, |=(t) - ()!+/ n(s) |2(s) — z(s)|ds
< [MoL.K, e b <>] e 50 |2(t) — 2(1)]]

/[_n } [e T LA 2 (s) — E(s)]] ds

t
< MyL,K, e =® ||z—2||n+/ [
0

IN

_ 1 ,
{MOL*KTHL—] e Lalt ||z—z||n
T
Therefore .
I6:) = @l < WLkt + 1]l =2l
Let us fix 7 > 0 and assume that

— 1
MQL*Kn + - < 1,
T

then the operator G is a contraction for all n € N.

For applying Theorem (2.8), we must check (Av2) i.e. it remains to show that the
set

r:{zeBgm : z:/\F(z)+)\é<§) f0r0<)\<1}

is bounded.
Let z € I'. By (H1) — (H2), we have for each t € [0, 7]

|2(1)]
)

< AT ONA@IE, 2020400 + ottt + MIAT O)]]A0)9(0, )

+M/ |A (8 zp(s Zs+xs) + mp(s Zs+$s))| ds

—I—M/ ¥ (|2p(s.20400) + Tos,zran||) ds

+xa)
( + xp(57?+xs)) — h(s,())‘ ds
+M/ |h(s,0)| ds.
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Using assumptions (H5) — (H6) and (H4)

2(t — —_—~
EO < oLt + Spsnolls + 1) + STTL(Is + 1)
t
+ML/ (”ZP(S zZs+s) + Tp(s,zs+xs) |1 B + 1) ds
+M/ ||Zp $,2s+Ts) + Lp(s,z5+xs) B) ds

zs +xs )

xﬂ(&%s-kms) ’B ds

+M/
+J\7/ Ih(s,0)| ds
0

< (]/\/[\+1>M0L+J/\/[\Ln+MMOL||¢||B+J\/4\/ Ih(s,0)| ds
0

+MOL||Zp(t,zt+a:t) + Lo(t,ze+at) HB

t
+ML/ Hzp (s,25+@s) T Tp(s,zatas) |8 dS
+M/ ”Zp (s,zs+ws) T Lp(s,zetas) B) ds
M S ”5) d
+ + IP(SszSJFIs) 5 S.

Use Proposition (3.4) and inequality (7) to get

A plosres) |, = A Telo it llg 1ol 5 4w [l

< Koo Mt ),
+K|2(s)| + (M, + £2) ||xo|5

< L21e5)| + KU (s, 0l |(0)
+ (M, + L£%) 10]l5

< KT| ()| + K M H|@lls + (M, + £°) |65

< KT‘ (s)] + <M + L+ K, MH) ¢]l5-

Hence 2.5 ) K,
o Bz 4m) . < T|Z<S)| + cp. (10)
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Use the function u(-) and the nondecreasing character of ¢ to get

¢ . o /-\ P . m
# < (M+1) M0L+MLn+MM0LH¢||B+M/ Ih(s,0)| ds
0

+MoL (Kau(t) + ¢,) + ML /0 t (K,u(s) + ¢,) ds

+M/ Y (Kpu(s) +cp) ds+M/ <%u(s)+cn) ds.

Then

¢ — _ — _ —
"< (w U)o+ B+ W0k [V, + £+ 3101+ Kol el

K, — " (K,
+M 30|ds+M0LTu()+ML Tu(s)+cn ds

0

[ oo (B e a7 [t (S )

Set
o = (zﬁ+ 1) MoL + MLn + ML [Mn L0+ M(1+ KnH)] 9]l
+M/ (s,0)| ds.
So
K [t
Tn (1= MoLK,)ut) < K,(+K.,M [L + n(s)] (T (s) + cn> ds
0
¢ K
+K.M | p(s) (Tnu(s) + cn) ds
0
K,
Set &, :==c¢, + +<n Then
1—-—MyLK,
K, KM [ K,
3 u(t) +c, < &t LK, ), [L +n(s)] ( 3 u(s)—l—c> s
KM [

+—
1 — MoLK, Jo

We consider the function p defined by

K,
u(t) = sup {Tu(s)+cn : Ogsgt}, 0<t<+o0
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K, Lo .
Let t* € [0, ] be such that u(t) = Tu(t*) + ¢,. By the previous inequality, we have
for t € [0,n]

K, M ¢ K, M t

p0) <&t s [ ()] i) s+ i

p(s) ¥ (u(s)) ds.

Let us take the right-hand side of the above inequality as v(t). Then we have
p(t) <wo(t) Vtelo,n].
From the definition of v, we get v(0) = ¢, and

K, M K, M

v'(t) = L MLEK, [L 4 n(t)] p(t)+ LK. p(t) ¥ (u(t)) ae te[0,n].

Using the nondecreasing character of 1 we have

K, M K, M
"(t) < n L+n(t )+ —
(1) L4 () o) + 5 P

< m () ¥ (v(t)) ae. tel0,n].

So using (9) we get for each ¢ € [0, n]

v s Kn]/\/[\ ¢
/ < (L +n(s), p(s)) ds
én

— max
s+(s) = 1—DMyLK, Jo
MK

< m/o max(L +n(s),p(s)) ds

teo s
< /gn s+(s)

Thus, for every t € [0, n], there exists a constant A,, such that v(¢) < A,, and hence
w(t) < A,. Since ||z]l, < u(t), we have ||z||, < A,. This shows that the set I is
bounded. Then the statement (Av2) in Theorem 2.8 does not hold. The nonlinear
alternative of Avramescu implies that (Avl) is satisfied. We deduce that the operator
F + G has a fixed point z*. Then y*(t) = 2*(t) + z(t), t €] — 00, +00| is a fixed point
of the operator NV which is a mild solution of the problem (3) — (4).

5 Examples

To illustrate the previous results, we give in this section two examples.
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Example 1. Consider the partial functional differential equation

(v g2 TULD L e

0 T
—l—/ a(s —t)u {s—pl (/ |ut6’]d6’),]ds
o 0
—i—/ooag (s —t)u [s—pl (/0 as(0)|u(t, 6) QdQ) 5]0[5, (11)

t>0, £€l0,7],
u(t,0) = u(t,7) =0, t>0,
u(0,8) = up(6,8), —00<0<0, £e€|0,m7],

where ag(t,€) is a continuous function and is uniformly Hoélder continuous in ¢
aj,az : R. — R and as : [0,7] — R, p; : [0,4+00[— R are continuous functions
fori=1,2.

To study this system, we consider the space £ = L?([0,7],R) and the operator
A:D(A) C E— FE given by Aw = w” with

DA)={wekFE v eFE, w0 =wr)=0}

It is well known that A is the infinitesimal generator of an analytic semigroup {7'(¢) }+>¢
on E. Furthermore, A has discrete spectrum with eigenvalues —n?, n € N and corre-
sponding normalized eigenfunctions given by

yn(§) = \/gsin(ni)-

In addition, {y, : n € N} is an orthonormal basis of E and T'(t)x = Z e N2, Yn ) Un
n=1

for x € F and t > 0. It follows from this representation that 7'(t) is compact for every
t > 0 and that ||T'(¢)|| < e for every ¢t > 0.
On the domain D(A), we define the operators A(t) : D(A) C E — E by

A(t)z(8) = Ax(§) + ao(t, §)z(8).

By assuming that ag(.) is continuous and that ag(¢,&) < —dg (do > 0) for every
t € R, ¢ € (0,7, it follows that the system
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has an associated evolution family given by

Ut 8)x(€) = {T(t _ s)exp ( / ol g)m) x} (©).

From this expression, it follows that U(t, s) is a compact linear operator and that
|U(t,s)|| < e 09 for every (t,5) € A.

Theorem 5.1 Let B = BUC(R_;E) and ¢ € B. Assume that the condition (Hy)
holds. Suppose that the functions aj,az : R. — R, ay : [0,7] = R and p; : Ry — R
fori=1,2 are continuous. Then there exists a mild solution of (11) on | — oo, +0o0|.

Proof. From the assumptions, we have that

£t 0)(€) = / ax () (s, €)ds,

r

Wt 0)(€) = / as(s) (s, £)ds

-

p5,8) = 5 — pr(s)ps ( | a2<9>\w<0,5>|2d9) ,

are well defined functions, which permit to transform system (11) into the abstract
system (1) — (2). Moreover, the functions f and h are bounded and linear. Now, the
existence of mild solutions can be deduced from a direct application of Theorem 3.5.
From Remark 3.2, we have the following result

Corollary 5.2 Let ¢ € B be continuous and bounded. Then there exists a mild solution
of (11) on ]| — oo, +00].

Example 2. Consider the semilinear neutral perturbed evolution equation

0 [ wo- [ Oo aals = 0u (5= muttpn ([ w®lute.0)a9) ) s

_ QPu(t,§)
= o + ao(t, §)u(t, §)

+/:a1(s—t)u(s—p1 (

|ut0|d9),§ ds

as(6 |ut9|d9),>
t

O\c\

" (12)
+/ as(s —t)u|s— pi(t ds
R ( < >0, ¢ € (0,7,
v(t,0) = v(t,m) =0, t>0,
L v(6,8) = vo(6,8), —00 < 0<0, €07,

where a4 : R_ — R is a continuous function.
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Theorem 5.3 Let B = BUC(R_;E) and ¢ € B. Assume that the condition (Hy)
holds. Suppose that the functions ay,as, a4 : R_ — R, ay: [0,7] > Randp; : R, — R
fori=1,2 are continuous. Then there exists a mild solution of (12) on | — oo, +00|.

Proof. From the assumptions, we have that

F(t0)(©) = / ax (80 (s, €)ds,

—0o0

g1, 0)(€) = / as(s) (s, £)ds,

plov) == (o) [ a0,

are well defined functions, which permit to transform system (12) into the abstract

system (3) — (4). Moreover, the functions f, g and h are bounded and linear. Now, the

existence of mild solutions can be deduced from a direct application of Theorem 4.2.
From Remark 3.2, we have the following result

Corollary 5.4 Let ¢ € B be continuous and bounded. Then there exists a mild solution
of (12) on ]| — 0o, +00].
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