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Abstract

The existence and compactness of the resolvent are studied in this paper. One of the
main results is the criterion of discreteness of the spectrum of a hyperbolic singular
differential operator.
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Singular differential operators, for example operators defined in an unbounded domain,
in general may have not only a discrete but also a continuous spectrum. Therefore in
general an arbitrary function cannot be decomposed into a series of eigenfunctions. For
this reason the most important problem in the study of the spectrum in dependence of
the behavior of the coefficients in the case of an unbounded domain is the discreteness of
the spectrum.

Spectral characteristics of singular elliptic differential operators are well-studied and
the typical difficulties encountered in connection with bad behaving coefficients clarified.
An extensive literature is devoted to their study and we mention [1-3].

Review of the literature shows that such questions as: 1) the existence and compactness
of the resolvent, 2) the discreteness of the spectrum of hyperbolic differential operators
defined in an unbounded domain are not well studied.

We consider in the space Lo (€2) the differential operator of hyperbolic type

Aouzuxz_uyy+a(y)um+c(y)u

with the domain D(Ay) of infinitely differentiable functions satisfying the conditions
u(—my) =u(my), u,(—m; y) = u, (m; y) and compactly supported with respect to
the variable y, where

Q={(z,y): 1<z <m —00<y<o0}.

Further, we assume that the coefficients a (y), ¢(y) satisfy the conditions:

i) la(y)] > 0o > 0, c(y) >0 > 0 are continuous functions in R = (—o0; 00) .

It is easy to verify that the operator Ay admits closure in the space Lo (£2), which is
denoted by A.

We note that the operator A corresponds to the problem of propagation of the bound-
ary regime (see [1], p. 106), i.e. the problem without initial conditions. Here the term
au, describes the friction force. The question of the existence of solutions of the problem
without initial conditions, in general, depends on the behavior of the coefficients a and c.
For example, when a = 0, the solution does not always exist.

The main results of this paper are the following theorems.
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Theorem 1.1 Let the condition i) be fulfilled. Then the operator A+ X is continuously
wnwertible for X > 0.

Theorem 1.2 Let the condition i) be fulfilled. Then the resolvent of the operator A is
compact if and only if for any w > 0

lim c(t)dt = oo. €

lyl—=o0 Jy,

The last theorem shows that the condition (x) is a necessary and sufficient condition
for the discreteness of the spectrum of A.

The question of the existence of the resolvent and discrete spectrum in an unbounded
domain with growing and oscillating coefficients was previously studied only in the case
of elliptic and pseudodifferential operators [1-3].

Assume that the coefficients of the operator A, in addition to conditions 1), satisfy the
condition

c(y) a(y)

< 00, W= sup
ly—t|<1 c(t) ly—t|<1 @ (t)

< Q.

Then, Theorem 1.2 easily implies the following theorem.

Theorem 1.3 Let the conditions i)—ii) be fulfilled. Then the resolvent of the operator A
is compact if and only z’f‘ 1|im c(y) = 0.
y|—o0

2 Auxiliary lemmas and inequalities

To prove the following statements below, we use computations and arguments that have
been used in [5].

Lemma 2.1 Let the condition i) be fulfilled and A\ > 0. Then the inequality
(A + A ully = cfull,, (2.1)

holds for all w € D (A), where ¢ = ¢ (6, &) and || - ||, is the norm in Ls (£2).

Proof. Let u € C§%(Q), where C5%(Q) is a space of infinitely differentiable func-
tions satisfying the conditions w (—m; y) = u(m; y), u,(—m; y) = u, (7 y) and com-
pactly supported with respect to the variable y. Integrating by parts the expressions
((A4+ A)u,u) and ((A + A )u,u,) we obtain the following inequalities

1

s A A= [ [+ G 3= 5 ol dody — [ funf dudy,  (22)
€ Q Q

1A+ Aully > 67 [lue |3 (2:3)

where (-, -) is the scalar product in Lo ().

Here we used the Cauchy inequality, with e = £ > 0. From (2.2) and (2.3) the estimate
(A + Aull5 > c|ull; follows. Since A+ Al is the closed operator the last estimate holds
for all u € D(A + \I).
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Let A;=(j—1,j+1) (j € Z), and v be a constant such that ya(y) > 0. Denote by
by T )\I the closure in Ly(A;) of the differential expression

(lnjoy + M)u=—u" + [-n* + in(a(y) +7) + c(y) + A] u, (n=0,£1,£2,...)

defined on the set C2(A;) of twice continuously differentiable functions u on A; which
satisfy the conditions u(j — 1) = u(j + 1) = 0.

Lemma 2.2 Let the condition i) be fulfilled and A > 0. Then the inequalities

| Mg 2Dl 2 (||u'||2+Hv 2 .
+H'”'W e ) n#0, u€ Dllny+ M)

b) H Ly M)

d
C) Hd_y (l’n,jy’Y + )\[) Lo(Aj)—La(A;) S (5+>\2)1/4
hold, where co = co(9), c1 = c1(6), ca = c2(0).

< Col 2 ;
Lo(8))—La(ay) — OV

-1

Proof. Let u € C3(A;). We have

(i + AD)u, w)| >

13,0+ [ (o) +2) oy~

/ n? |ul? dy‘ : (2.4)
A

Aj J
Hence
2
(s + Al yiay Nilysy 2 [ WPy [ nPlafay @)
A Aj
and ) )
St AUy 2 5 [ o)+ NIl dy = [ nPlufdy 20

Here we again used the Cauchy inequality with € > 0, where ¢ = % > 0.
On the other hand, by transforming the expression ((l,;, + Al)u,u)a; and ((l ;- +
M)u, —inu)a,, u € CF(A;), we have

(00) Nl + ADtl s, = ||/ 1T (@) + 1) (2.7
L2(4y)
and
2 112
g + A1l ;) 2 (80 + 191 10l [l Zyqa,) (2.8)
Combining (2.6) with (2.8), and choosing v so that (y + |y])?> — 1 > 0, we obtain
0) |[(Ln4 A A 2.9
o0) [l + Ml ya, = [V F 0 29
where ¢o(6) = 2(3 + 1). Hence by the conditions i) we conclude
co(6
i+ Ml 2 - 210

From inequalities (2.5), (2.8) and (2.10) we obtain the estimate

60(5)+1 2 / /2 2/ ((50+ M)Q ) 2
———— ||l + AT N dy + — -1 dy. (2.11
SN H( I )UHL2(A]) j \u\ Y \n\ ) 5\ ‘U’ y. ( )
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The estimate a) follows from inequalities (2.7), (2.9) and (2.11) by choosing =y so that

(502%/'\)2 —1 > 0. The estimate (2.10) implies b). From the inequality (2.11) it follows the
c2(9)

estimate
VO + A

This implies the estimate ¢). Lemma 2.2 is completely proved.

g + Al 2 16 2y 5 €2(0) = co(d) + 1.

Lemma 2.3 The operator 1, ;. + A is invertible for A > 0 and the inverse operator
+ AI)7! is defined in all LQ(A ), J € Z.

(l’n,],’\{

Proof. By estimate b) in Lemma 2.2 it is enough to prove that R(l,.; + A )=Ls(4;),
where R(l,,~; + M) is the range of the operator [, ; + Al. Assume the contrary. Then
there exists an element v € Ly(A;), v # 0, which satisfies the equation

(Inmy + M) = =0" + [—=n* —in(a(y) +7) + c(y) + A v =0 (2.12)

in the sense of the theory of distributions. This implies that v” € Lo(A;). Integrating by
parts the expression ((l ; + Al )u,v)a, we have uv'(j+1)0(j +1) —u/(j —1)o(j — 1) = 0,
where u is an arbitrary function from C§°(A;). Therefore v(j 4+ 1) = v(j — 1) = 0, and
using these conditions we can derive the inequality

g +AD VN L0, 2 0l (2.13)

similarly to (2.10). This implies that v = 0. Lemma is proved.

By l,,+ M (n = 0,4+1,42,...) we denote the closure in Ly(R) of the differential
expression (I, + AX)u = —u" + (—n® + in(a(y) + 7) + c(y) + M)u, defined on the set
Ci°(R) of infinitely differentiable functions with compact support.

Lemma 2.4 Let A > 0 and condition i) hold. Then for any u € D(l, ,+\I) the estimates

1oy +AD) ull 1y = VO + Alull ) »
[y + AL ll iy 2 [0] (G0 + 7D [l 2, my

hold for n # 0.

Lemma 2.4 is proved by transforming the expression ((l,,, + AI)u, —inu), where u €
Cs°(R).
Let {¢;(y )};”Xioo C COO(R) be a sequence of functions satisfying the conditions ¢; > 0,

suppy; C A, (j € 2), ]_,OO ©; 2(y) = 1. Assume

—+00

K)\,'yf = Z Soj(ln,j,»y + )\I)*l%'fa

j=—00
B/\'yf Z‘]—foo ( n,7,7Y + AI) ()0] +2Z‘]—7oo (pgdy(ln,j,'y +)\[)_1gpjf7f € CSO(R>7
A>0.
Obviously
(lny + M) Kxof = f — Basf (2.14)

Lemma 2.5 Let the condition i) be fulfilled. Then there exists a number Ao > 0 such
that | Bxs |l <1 for all X > X.

R)—La(R)
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Proof. Let f € Cg°(R). Since only the functions p; 1, ¢;, ;11 can be nonzero on
A; (j € Z) we have

1Bx+ 11705 2
- f 00 ’Zj—*oo 90] njqy T M)~ Spjf + 22;’1700 gD;-d%(ln’jﬂ + )\I)_lgpjf‘ dy <
’ 2

J_*oo f+ ‘Z?ji 1 [SOk( nkoy + AT @kf+2¢k%(ln,km + )‘I)_IGDkf]

Hence using the obvious inequality (a + b+ ¢)? < 3(a? 4+ b? + ¢?) and estimates b), c¢)
in Lemma 2.2, we obtain

@ o )Hfu
S+ N2 (6+ NN La(R)>

2
1Bar I, < ((

where ¢ = 24 max {|g0;~’ | , |g0; co are from Lemma 2.2. Hence, it
is easy to choose a number Ao > 0 such that ||By,|[,, < 1 for A > A\g. This
completes the proof.

(R)—=L2(R)

Lemma 2.6 Let the condition i) be satisfied. Then the operator l,, , + X is continuously
invertible for X > Xo > 0, and for the inverse operator (, ~ + )\])71 the equality

(lny + M) = Kyo(I — Byy) ™! (2.15)
holds.
Lemma 2.6 follows from (2.14) and from Lemmas 2.5 and 2.4.

Lemma 2.7 Let the condition i) be satisfied and p(y) be a continuous function defined
on R. Then for a =0, 1 and X\ > )y the estimate

() Inl* (I + AT)" HL2 R)sLa(R) =

2.16
< cy(A SUP HP ) In|® @5 (Injy + AI) 1”L (Aj))—=La(A)) ( )

holds.

Proof. Let f € Cg°(R). From representation (2.15) and by the properties of the functions
{¢;} (j € Z), we have
Hp |n| by = M) Fl iy <
2
DI el DAL I0) I s + A a1 Bay) ]| dy
Hence, using again the inequality (ag + b + ¢)? < 3(a3 + b3 + ¢2) and by Lemma 2.5, we

obtain the estimate (2.16). Lemma 2.7 is proved.
The result below follows from Lemma 2.2 and the estimate (2.16).

Lemma 2.8 Let the condition i) be satisfied and X > \g. Then

a) H\/c YA (L + M) <oo (n=0,41,42,...);

La(R)—La(R)
b) ||zn lny+ M)~ HL LLa(r) < (n #0);
(1 4 A < —0,4+1,42,..).
¢) de a AT La(R)—La(R) oo (n )
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Consider the equation
(In + MXDu = —u" + (—n* +ina(y) + c(y) + Nu = f, (2.17)

where f € Ly(R).

The function v € Lo(R) is called a solution of the equation (2.17) if there exists a
sequence {u, ;2 C C5°(R) such that [lu, — ull,z) = 0, [[(ln + AD)un — fll,z) — 0 as
n — oo.

Lemma 2.9 The operator I, + A\I (n =0,%+1,£2...) is boundedly invertible for A > X,
and for the inverse operator (I, + \) ™ the equality

(ln + AD T f = (Lo + M) 7T — Ay,) "' f, f € Lo(R) (2.18)

holds, where || Ay | 1, g, < 1.

*)LQ(R)

Proof. Let n # 0. We rewrite the equation (I, + M )u = f € Ly(R) in the form
v—Ay,v = f, where v = (L, + A\)u, Ay, = iny(l,, + A\)~'. From Lemma 2.4 it

follows that || Ax0ll 1, 5 1aimy < Tt 100 Lacry O 14NN oy Loy < 1- Hence

u=(ln+ M) 0= (ln, + X)L = Ay,) " f.

The operator lp + AI be a self-adjoint operator for n = 0 [6, p. 208] and the estimate
[(lo + AD)ull 1,y = (6 + A) [[ull 1, gy holds for any u € D(lo + AI). These imply that the
operator [y + Al is boundedly invertible in all Ly(R). Lemma 2.9 is proved.

Lemma 2.8 and the equality (2.18) imply the following lemma.

Lemma 2.10 If A > )\, then the estimates

a) “\/m(ln+)\l)_1’ <oo(n=041,42,...);

. L2(R)—L2(R)
b) |lin (b + A"\, pys oy < 00 (7 0);
¢) Hd%(szrM)—l < oo (n=0,£1,+2,...) hold.

Lo(R)—L2(R)

We will use also the following well-known lemma [7, p. 350].

Lemma 2.11 Let the operator A + Mol (Ao > 0) be boundedly invertible in Lo(R) and
the estimate ||(A+ M) ullp,z) = cllullp,g), v € D(A+ ) hold for A € (0, Ao]. Then
the operator A : Ly(R) — Lo(R) is boundedly invertible also.

Lemma 2.12 Let the condition i) be fulfilled and A > 0. Then the inequality

1
n| - 0

(2.19)

[+ A |, <
holds for alln(n=0,+1,4+2,...).

Proof. Let u € C3°(R). Integrating the expression ((l, + Al)u,u) by parts, we obtain

[{(n + Au, u)| = ’/_Z[IU’\z + (=n +c(y)) [ul*ldy + /

—0o0

o

ina(y) |u]2 dy’ )

Hence, taking ¢) into account and using the property of complex numbers, we have
[+ ADully = [0l - o [[ull, - (2.20)

It is taken into account that the sign of a(y) does not change. The inequality (2.20)
implies the proof of Lemma 2.12.
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Lemma 2.13 Let the condition i) be fulfilled and X > 0. Then the operator (L, + \I)™"
is completely continuous for alln (n = 0,+1,£2,...) if and only if for any w > 0

y+w

lim c(t)dt = oc. (%)

lyl—o0 Jy

Proof. From Lemma 2.12 it follows that it is sufficient to prove Lemma 2.13 for any
finite n # 0.
Let n = 0. Then the operator [, + Al is an operator of Sturm-Liouville type with
potential ¢ (y), i.e.
(lo+MX)u=—u"~+c(y)u, ue D).

In this case, reproducing all the computations and arguments used in [1,2], we obtain the
proof of Lemma 2.13, i.e. the equality (*) is a necessary and sufficient condition for the
compactness of the resolvent of the operator lo + AI.

Consider the case n # 0. Let

y+w

lim (|na (t)| + ¢ (t)) dt = oo. (2.21)

ly|—o0 Jy

Necessity. Let the condition (2.21) be not satisfied. Then there exists a sequence of
intervals ()4 (y;) C R such that

sup/ (Jna (t)] + c(t)) dt < oo, (2.22)
{7} JQaly;)

for every finite n where d > 0, i.e. when the intervals Q4 (y;), preserving the length,
converge to infinity. Let w () € C§° (Q4(0)) and consider the set of functions such that
u; (y) = w (y —y;). It is easy to verify for every finite n the following inequality

|—u + (=n* + ina(y) + c(y) + Au; (y H2

:/Z’—u;( (y) + (—n® +ina(y) +c(y) + A) w; (y ‘ dy < (2.23)

< S/Qd(y] [|— | + (n* +na® (y) + A (y) + N?) |u; (y)|2] dy.

From (2.23), taking the inequality (2.22) and the property of the function u; (y) =
w (y — y;) into account, we obtain

[~ + (=n® +ina (y) + ¢ (y) + ) w; (B)|[; < ¢ < oo,

for every finite n # 0, where ¢ > 0 is independent of j.
We assume

Fy(y) = —uj (y) + (—n* +ina (y) + ¢ (y) + A) u; (y), supp Fj (y) € Qa(y;).

Now we show that Fj (y) weakly converges to zero in Lo (R).

(5 ) 0 () = | ]2 By ) o dyyg

< (de(yj) 7 (y) ) <de y)
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Since v € Lg (R), it is obvious that de(y_) v? (y)dy — 0 as j — oo. Taking it into account,
J

from (2.24) we find that the sequence {F}} converges weakly to zero.
It is immediately clear that

luj (y)]l, = @ > 0. (2.25)

Since, if the operator (I, + M) ™" is compact and then {u; (y)} should converge to zero in
the norm Lo (R) . But this is impossible by (2.25), i.e. we have a contradiction.

Thus, we have proved that in case n # 0 the condition (2.21) is a necessary condition
for the compactness of the resolvent [, + AI. From (%) and (2.21) it follows that the
equality (%) is a necessary condition for the compactness of the resolvent of the operator
Lo+ Al for all m (n =0, £1, £2,...).

Sufficiency. From Lemma 2.10 it follows that R(l, + A\I)~! C Li(R, c(y)), where
R(I,, + AI)~! is the range of the operator (I,, + A\I)~!, and L;’C(y) is the space obtained by
completing C§°(R) with respect to the norm

s ool = (/_m(’“’!Q T (ely) +3) ruF)azy)é

[e.9]

To complete the proof it remains to show that the embedding operator of the space

L) . in Ly(R) is compact. The answer to this question follows from the results of [2].

2,¢(y)
In that paper it is shown that any bounded set of the space Lic(y) is compact in Lo(R)
if and only if

lim ¢*(y) = oo, (2.26)

ly|—o00

where the function ¢*(y) is a special averaging of the function ¢(y) [2]. Further, in [8,
p. 58] it is proved, that the conditions (x) and (2.26) are equivalent. Sufficiency of Lemma
2.13 is proved.

3 Proofs of Theorems 1.1-1.3

From Lemma 2.9 we obtain that

k

uk (,9) = Y (o + A7 fu(y) e™ (3.1)

n=—k

is a solution of the problem

U (_7T7 y) = Uk (7T7 y) y Uk (_ﬂ-a y) = Uk (7T7 y) 9

where fi(z,y) =2 f(z,y), fu(@y) =3F_ fu(y)e™, (I, + AI)""is the inverse oper-
ator to the operator (I, + A\I).
By virtue of (2.1) we have

lur (2, 9)lly < el fe (2, 9)l5 (3.2)

where ¢ > 0 is a constant independent of k.
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Since f; —2 f, then from (3.2) we find
Jur — umlly < cllfi — finll, = 0 as k,;m — oo.

Hence, by virtue of the completeness of the space Ly(€), it follows that there exists a
unique function u € Ly (€2) such that

up — uas k — 00. (3.3)

(3.3) implies that for any f € Lo ()

u(@,y) = (A+ A7 f(r,y) = D (ln+ M) fuly)e™ (3.4)

is a strong solution of the problem
(A+X)u=f (3.5)
U(—?T, y) = U’(Wa y)> ui(_ﬂv y) = U,x(ﬂ, y) (36)

Let us recall the definition of strong solutions.

The function u € Lo () is called a strong solution of (3.5)—(3.6), if there exists a
sequence {uy}o; C D(Lg) such that ||uy — ull, = 0, [|(A+ A)u, — fll, = 0 as k — oc.

Now, it is easy to see that (3.4) is the inverse operator to the closed operator A + AI.
Lemma 2.1 implies that the last statement holds for all A > 0. Theorem 1.1 is proved.

Proof of Theorem 1.2. Using Lemma 2.12 it is easy to see that

B ||(L, + A)” =0.

'l
|’I’L|—)OO 2—2

Therefore, and using the e-net, from (3.4) we have that the operator (A + X)~" is
compact if and only if (I, + AI)~" is continuous. Now, the proof of the theorem follows
from Lemma 2.13.

Proof of Theorem 1.2. Without loss of generality we assume 0 < w < 1, then by
the condition i) we have

y+w
by w - oly) < / ()t < o -w - ely).
Yy

The proof of Theorem 1.3 follows from this inequality and Theorem 1.2.
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