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Abstract

In this paper, we consider the initial-boundary value problem of a nonlinear parabolic
equation with double degeneracy, and establish the existence and uniqueness theorems of
renormalized solutions which are stronger than BV solutions.
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1 Introduction

This paper is concerned with the following initial-boundary value problem

o 2 ) = 2 [A(SBw)], (2.) €Qr=(0,1) x (0,7), (L)
B(u(0,t)) = B(u(1,t)) = 0, te(0,7), (1.2)
u(z,0) = up(x), z € (0,1), (1.3)

where f(s) is an appropriately smooth function and
A(s) = |slP~%s, B(s) = / b(o)do, s€R
0

with p > 2 and b(s) > 0 appropriately smooth.
The equation (1.1) presents two kinds of degeneracy, since it is degenerate not only at

0
points where b(u) = 0 but also at points where —B(u) = 0 if p > 2. Using the method
x

depending on the properties of convex functions, Kalashnikov [10] established the existence
of continuous solutions of the Cauchy problem of the equation (1.1) with f = 0 under some
convexity assumption on A(s) and B(s). Under such assumption, the equation degenerates
only at the zero value of the solutions or their spacial derivatives. The more interesting case
is that the equation may present strong degeneracy, namely, the set £ = {s € R : b(s) = 0}
may have interior points. Generally, the equation may have no classical solutions and even
continuous solutions for this case and it is necessary to formulate some suitable weak solutions.
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For the semilinear case of the equation (1.1) with p = 2, it is Vol’'pert and Hudjaev [12] who
first introduced BV solutions of the Cauchy problem and proved the existence theorem. Later,
Wu and Wang [13] considered the initial-boundary value problem. For the quasilinear case with
p > 2, the existence and uniqueness of BV solutions of the problem (1.1)—(1.3) under some
natural conditions have been studied by Yin [15], where the BV solutions are defined in the
following sense

Definition 1.1 A function u € L*>°(Qr) N BV (Qr) is said to be a BV solution of the problem
(1.1)~(1.3), if
(i) u satisfies (1.2) and (1.3) in the sense that

B(u"(0,t)) = B(u!(1,t)) = 0, a.e. t € (0,7), (1.4
tl_i)%n+ u(z,t) = ug(x), a.e. x € (0,1),

where u' (-, t) and u'(-,t) denote the right and left approzimate limits of u(-,t) respectively and
u denotes the symmetric mean value of u.

(ii) for any k € R and any nonnegative functions p; € C°(Qr) (i = 1,2) with suppy; C
[0,1] x (0,T") and

(pl(oat) = (pQ(Oat)a @1(170 = @2(1707 0<t< T7

the following integral inequality holds

[ sento o= T+ (100 = G - A5 B) G2 ot
+ sgnk //T [(u - k)% +(f(u) — f(k))% - A(%B(u))%} dedt > 0. (1.6)

In this paper we discuss the renormalized solutions of the problem (1.1)-(1.3). Such solu-
tions were first introduced by Di Perna and Lions [8] in 1980’s, where the authors studied the
existence of solutions of Boltzmann equations. From then on, there have been many results on
renormalized solutions of various problems, see [1, 2, 3, 4, 5, 6, 7, 11]. It is shown that such so-
lutions play an important role in prescribing nonsmooth solutions and noncontinuous solutions.
The renormalized solutions of the problem (1.1)—(1.3) considered in this paper are defined as
follows

Definition 1.2 A function uw € L>=(Qr) N BV (Qr) is said to be a renormalized solution of the
problem (1.1)—(1.3), if

(i) w satisfies (1.2) and (1.3) in the sense of (1.4) and (1.5);

(ii) for any k € R, any n > 0 and any nonnegative functions @; € C°(Qr) (i = 1,2) with
suppy; C [0,1] x (0,T) and

@1(0,75) = @2(0,75), @1(1,t) = 302(1,t), 0<t< T,

the following integral inequality holds
3901 8801
Hy(u, k)—dxdt—l—/ Fo(u, k)——dxdt
/QT " at Qr K 63:
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_ //T A((%B(u))Hn(u - k:)%dmdt - //T A(%B(u))H;(u - k)%wldxdt

+ /: Hy(m = k)(f(7) — f(k))dr /OT(gol(l,t) — ©1(0,))dt

i) [[ w05 - 1052 - A pw) 52| dwde =0, )
where
H,(s) = T—i—vf H,;(s) = W, s eR,

Hn(s,k):/k H,(r — k)dr, Fp(s,k) :/k H,(r = k)f (r)dr, s,k eR.

Such solutions are a natural extension of classical solutions, which will be shown at the
beginning of the next section. Comparing the two definitions of weak solutions, there are two
additional terms in (1.7), i.e. the forth and fifth ones. Moreover, (1.6) follows by letting n — 0%
in (1.7) since the forth term of (1.7) is nonnegative and the limit of the fifth term is zero.
Therefore, renormalized solutions imply more information than BV solutions and thus it is
stronger.

Since renormalized solutions are stronger than BV solutions, the uniqueness of renormalized
solutions of the problem (1.1)—(1.3) may be deduced directly from the uniqueness of BV solutions
(see [15]). Hence

Theorem 1.1 There exists at most one renormalized solution for the initial-boundary value
problem (1.1)—(1.3).

And we will prove the existence of renormalized solutions of the problem (1.1)—(1.3) in this
paper, namely

Theorem 1.2 Assume ug € BV ([0,1]) with ug(0) = up(1) = 0. Then the initial-boundary value
problem (1.1)~(1.3) admits one and only one renormalized solution.

The paper is arranged as follows. The preliminaries are done in §2. We first prove that
the classical solution is also a renormalized solution, which shows that the latter is a natural
extension of the former. Then we formulate the regularized problem and do some a priori
estimates and establish some convergence. Two technical lemmas are introduced at the end of
this section. The main result of this paper (Theorem 1.2) is proved in §3 subsequently.

2 Preliminaries
The renormalized solution is a natural extension of the classical solution. In fact, we have

Proposition 2.1 Let u € C*(Qr) N C(Qp) be a solution of the equation (1.1) with

w(0,t) = u(1,t) =0, te(0,T). (2.1)
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Then for any k € R, any n > 0 and any nonnegative functions p; € C(Qr) (i = 1,2) with
suppy; C [0,1] x (0,T) and

(pl(oat) = (pQ(Oat)a @1(170 = @2(1707 0<t< T7

/ Mo a“’ld dt+/ k)aa“’ld dt

Qr
5801 ou
//T 8::3 Hy,(u — k)——dxdt — //T 63: (u— )(9 prdxdt

+ [ e - BUe) - 16 / (e1(L1) = o1(0, )t

0

o //[ - 8¢2+<f<>—f<k>>%—A(%B<u>)%“’ﬂd =0, (22)

X

Therefore, if u € C?(Qr) N C(Qr) is a solution of the problem (1.1)~(1.3) with (2.1), then u is
also a renormalized solution of the problem (1.1)~(1.3) and the inequality (1.7) can be rewritten
as the equality.

Proof. Let k € R, n > 0 and ¢; € C®(Qr) (i = 1,2) be nonnegative functions with
suppy; C [0,1] x (0,7T") and

@1(0,75) = @2(()’75)’ 901(1’t) = 902(1’t)’ 0<t<T. (23)

On the one hand, multiply (1. 1) with H,(u — k)p1 and then integrate over Q7 to get

// V1= at (u, k)dzdt + // gpl (u, k)dzxdt
://QT oA %B(u)>Hn(u — k)prdrdt. (2.4)

From the definition of F,(s, k), (2.1) and the Newton-Leibniz formula,

T o
| amn|
T u(1,t) u(0,t)
:/ (/ Hy (1 — k) f'(1)dTe1(1,t) — / H, (1 — k) f'(T)dr¢r (O,t)) dt
0 k k

0 T
= [ a1y = 06 - 1w ar [ (100 - 0.0
k 0

1
dt
0

T
=H,(R)(FO) = 1) [ (o1(1.6) = or 0.0
0 T
= [ Hyr = 00) - 100dr [ er(1,0) = o0, (2.
k 0
Then, by using the formula of integrating by parts in (2.4) and from (2.5), we get

3901 8801
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T
F RO = F0) [ o116 = a(0.0)de
0 ° T
+ [ =1 = 1@y [0 = i)
T
= [ ) [A( 5 B0))o1(1.0) = A Bu(0.0) )o1(0.0)]

+//QTA<%B(U)> <Hn(u— k)‘?;”l + H (u k)%%) dudt. (2.6)

On the other hand, the equation (1.1) leads to

O u— k)t (1)~ 1) = - [A(ZBw)], @0 e Qr.

Multiplying this equation with @9 and then integrating over QQ7, we get that by the formula of
integrating by parts and (2.1)

02 0po
//T ddt+//T £ (0) S22 dadt

— ((0) — £()) /0 (21, 1) — a(0, 1))t
:_/T [A(aiB( 1, t)))<p2(1,t)—A(%B(u(O,t)))cpg(O,t)]dt

6802
2.
//T (9x (9 ——dxdt. (2.7)

Multiplying (2.7) with H, (k) and then adding what obtained to (2.6), we get (2.2) owing to
(2.3). The proof is complete. O

Remark 1 The condition (2.1) is not egregious. In fact, (2.1) and (1.2) are identical if B(s)
is strictly increasing, i.e. the set E = {s € R : b(s) = 0} has no interior point. Otherwise, if the
set E has interior points, the equation (1.1) is strong degenerate and the equation may have no
classical solutions in general, as mentioned in the introduction.

Since the equation (1.1) presents double degeneracy, we regularize the equation to get the
existence of renormalized solutions by doing a prior estimates and passing a limit process. We
firstly approximate the given initial data ug. For any 0 < € < 1, choose ug . € C§°(0, 1) satisfying

[
/ ‘83: g B0 ) |de < €

uO,E( ) I UO( ), unlformly n (O, 1) as € — 0+,

dx < C,

where C' > 0 is independent of &, and

Ac(s) = A(s) +es, B:(s)=DB(s)+es, seR.
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Consider the regularized problem

88218 + %f(ue) = % |:A6<%B6(u6))]7 (z,t) € Qr, (2.8)
ue(0,t) = uc(1,t) = 0, te(0,7), (2.9)
us(x,0) = up (), x € (0,1). (2.10)

By virtue of the standard theory for uniformly parabolic equations, there exists a unique classical
solution u. € C%(Qr) of the above problem. To pass the limit process to the problem (1.1)—(1.3),
we need do a priori estimates on u.. On the one hand, the maximum principle gives

sup |u.| < C. (2.11)

T

Here and hereafter, we denote by C positive constants independent of € and may be different in
different formulae. On the other hand, the following BV estimates and C'/2 estimates have
been proved by Yin [15].

Lemma 2.1 The solutions u. satisfy

/ /1 Oue

sup ‘— dx 4+ sup ‘

0<t<T 0<t<T ot
Sup/ ‘ B.(us(x,t)) )‘dm<C
0<t<T oz

sup B (ug)| < C.

Qr '0T

Lemma 2.2 For the function

we(x,t) = Be(ue(x,t)), (z,t) € Qr,

we have
lwe (21, t) — we (w2, t)| < Ol — 229, x1,22 € (0,1), t € (0,7),

|we (@, t1) — we(z, t2)| < Clty — ta| 2, € (0,1), t1,t5 € (0,T).

Form the estimate (2.11), Lemma 2.1 and Lemma 2.2, there exist a subsequence of ¢ € (0, 1),
denoted by itself for convenience, and a function v € L®(Q7)NBV (Qr) with B(u) € CY/2(Qr)
and (1.4) and (1.5), and a function p € L*°(Qr), such that

ue(z,t) — u(x,t), a.e. in Qr, (2.12)

B (us(x,t)) — B(u(z,t)), uniformly in Qr, (2.13)

d « 0 « i 100

%Be(ue) - %B(u), weakly™ in L*°(Qr), (2.14)
0 x I

A, (%Be(ua)) =, weakly™ in L*=(Qr), (2.15)

as € — 01, see more details in Yin [15].
To complete the limit process, we also need the following convergence.
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Lemma 2.3 For the solution u. of the regularized problem (2.8)-(2.10) and the above limit
function u, we have

0 0 . +

A€<%B€(u€(x,t))) — A<%B(u(x,t))>, a.e.in Qr ase—0". (2.16)

Proof. We first prove that

0 .

W= A(aB(u)» a.e. in Q. (2.17)

For convenience, we rewrite

A(s) = / a(o)do, seR, a(o) = %\a\p, oeR.
0

Multiplying (2.8) with (B:(us)— B(u)) and then integrating over Qr, we get that by the formula
of integration by parts

/ O (Bu(ue) — Blu))dadt + // — f(ue) (B-(we) — Bw) ) dadt
- / /Q L %fg(ue)) (%Bewe) ~ 3 Bw)) dadt,

which yields

. 0 0 0
lim //QT AE(%BE(%D <%B€(u€) - %B(u))dxdt ~0 (2.18)
from (2.13). On the other hand, by (2.14) and B(u) € C»'/2(Q7),
. 0 0 s,
lim //QT AE(%B(u)) (a—xBE(ug) - %B(u)>dmdt ~0. (2.19)
Therefore, combining (2.18) with (2.19) gives
. 0 0 0
0= lim // u€)> - Ae(%B(u)» (%Be(us) - %B(u)>dmdt
: « 0 2
= Jim. / /Q 0 a—ng(ue) ~ —B(w)) dedt (2.20)

where

a’(z,t) = /01 [aQ%BE(%) (- )\)(%B(u)) + e} A\, (z,t) € Qr.

Since a}(z,t) is positive and uniformly bounded in Qr,

[ @ ) Bulue) - 5-B(w)) dedt < C [ [ ) ot (L Bu(w) — L) dedt. (221)

Then, from the definition of a, (2.21) and (2.20),

s [ (o) - A
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— lim //QT(a:)2<%Bg(u5) - %B(u))dedt ~ 0.

e—0t

This, together with (2.15) yields (2.17), namely
A ( 0 B.(u )) A( 0 B(u)) in L?(Qr) ase— 0"
— — — —
€ O e\lUe or ) T )
which deduces (2.16). The proof is complete. O
In order to reach Theorem 1.2, we need the following two technical lemmas, which may be

found in [9], [14].

Lemma 2.4 Let Q C R™ be a bounded domain, {un,} be a uniformly bounded sequence in L>(2)
and u € L>(Q) with
U — u, weakly® in L(2) as m — oo.

Assume that A(s), B(s) are continuous functions, and A(s) is nondecreasing. If for any o €
A(R), B(A~Y(a)) contains only a single point, and

A(up(z)) = w(z), ae z€Q asm— oo,
then
A(u(z)) =w(x), lim B(ug(z)) = B(u(z)), a.e.z € Q.

m—0o0

Lemma 2.5 Let Q C R™ be a bounded domain and 1 < q < oo. Assume {fn,} is a sequence in
L9(Q2) and f € L1(Q) with

fm — f, weakly in LY(Q) as m — oc.
Then

Lm || fnllze) = 1 fllza)-

m—00

3 Proof of the Main Result

In this section, we will complete the proof of Theorem 1.2 based on the estimates and convergence
established in §2.

Proof of Theorem 1.2. For any k£ € R, any n > 0 and any nonnegative functions
pi € C>®(Qr) (1 = 1,2) with suppy; C [0,1] x (0,7) and

@1(0,75) = @2(0,75), @1(1,t) = 302(1,t), 0<t< T,

according to Proposition 2.1,

3901 6801
k)——dxdt k)—=—dxdt
/QTHW(UEa ) at xZ +/QT‘7:77(UE7 )ax x

0 dp1
_ // ) Ac (5 Be(w)) Hylue — k) 2 hdade
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- (gt e - G
-/ " HY(r— K)(() — F(R))dr / e (10) — o1 (0,6t
ey [ 022 4 (f >—f<k>>%—A€(%Be<ue>)%*"ﬂd dt=0. (3.1)

By the definitions of H,(s, k) and F,(s, k), and by using Lemma 2.4 with (2.12), we get
lim H,(ue(x,t), k) = Hy(u(z,t), k), lim Fp(uc(x,t), k) = Fy(u(z,t), k), ae in Qr.

e—07F e—0F
Combining this with (2.16) and (2.12), we have
lim // My (ue, k d dt+/ 7, (e, 1) 22
e—07F Qr O
0
-/ / A —B€<ue>)Hn<ue—k> SNy
/ My a%d dt+/ (k) 2L gy
Qr Oz
D1
- A 9p H — k) dadt 2
// L B(w)) Hylu — K) 2L (32
and

lim // e = 1) 52 (1) = F) G2 — A (3 Belu)) 522 ot

e—0t

/ / [ 022 ()~ S 22— (2 B(w) “950] dudt. (3.3)

X

Note that u satisfies (1.2) and (1.3) in the sense of (1.4) and (1.5). Therefore, owing to (3.2),
(3.3) and (3.1), it is shown that w is just a renormalized solution of the problem (1.1)—(1.3)

provided
. 0 ’ Bug
51—1% // r Ae <%B€(u6))H"(uE — k) Ox

2//TA<(%B(U))H;(U— k)%gpldxdt, (3.4)

which will be proved below.
Multiplying (2.8) by u. and then integrating over )7, we derive that by the formula of
integration by parts

// fd dt — /QT f(ug)%dxdt: —//TA5<(%Ba(ue)) %dwdt- (3:5)

From (2.11) and Lemma 2.1,

Ou?
‘//T atdxdt'—

<C,

/01 <ug(x,T) - uae(:c))dx
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Oug

dxdt < C.
ox Tt =

‘ / QTf(ue)%dxdt‘ < sup ()| / /Q )

These two estimates and (3.5) yield

0 Ou,
//T AE(%Ba(ug)) Sdudt < C.

From the definitions of A, and B., the above inequality leads to

/ / OR(ue) Py 4t <
- or -

where 5

K.(s) = / (b(0) +)P~V/Pdg, s eR.
0
Thus BK
/ / (u) ‘pdxdt <c,
. ox

namely 8[;(u) € LP(Qr) with
x

K(s) = / bP=V/P(5)do, s eR.
0

Moreover, (2.12) and (2.14) imply

0K (u:) 0K (u)

in IP -
e P weakly in LP(Qr) ase—07. (3.6)
K /
Therefore, for fixed n > 0, 0 a(u) (Hn(u - k)gpl)l/p € LP(Qr), and (3.6) implies
x
0K, (u ) / 1/ (3K(u) ’ 1/ .
%(Hn(us —k)e1) " — T(Hn(u —k)p1) ", weakly in LP(Qr) as e — 0%,
By Lemma 2.5,
0K (u) /s 1/p . OKc(ue) o 1/p
H,(u—k | < dim | SR (e — |
H gs (v —k)er) (@ ~ el o (Hy(ue — K)e1) Q)
This is just (3.4). The proof of Theorem 1.2 is complete. O
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