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ABSTRACT. We consider a dynamic frictionless contact problem for thermo-elastic-viscoplastic ma-
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1. INTRODUCTION

Situations of contact between deformable bodies are very common in the industry and everyday
life. Contact of braking pads with wheels, tires with roads, pistons with skirts or the complex metal
forming processes are just a few examples. The constitutive laws with internal variables has been
used in various publications in order to model the effect of internal variables in the behavior of real
bodies like metal and rocks polymers. Some of the internal state variables considered by many authors
are the spatial display of dislocation, the work-hardening of materials, the absolute temperature and
the damage field. See for examples [6, 26, 27, 28, 29, 35, 36| for the case of hardening, temperature
and other internal state variables and the references [18, 20, 27] for the case of damage field and the
adhesion field which is denoted in this paper by 8. It describes the pointwise fractional density of
active bonds on the contact surface, and sometimes referred to as the intensity of adhesion. Following
[15, 16], the bonding field satisfies the restrictions 0 < 8 < 1. When 8 = 1 at a point of the contact
surface, the adhesion is complete and all the bonds are active. When 8 = 0 all the bonds are inactive,
severed, and there is no adhesion. When 0 < 8 < 1 the adhesion is partial and only a fraction 3 of
the bonds is active. We refer the reader to the extensive bibliography on the subject in [31, 33, 34].

In this paper we deal with the study of a dynamic problem of frictionless adhesive contact for
general thermo-elastic-viscoplastic materials. For this, we consider a rate-type constitutive equation
with two internal variables of the form

a(t) = A(e(@(t)) + €(e(u(t)) +/0 G(o(s) = Ale(als)) £ (uls)), 0(s),s(5)) ds, (1.1)

in which u, o represent, respectively, the displacement field and the stress field where the dot above
denotes the derivative with respect to the time variable, 6 represents the absolute temperature, ¢
is the damage field, A and £ are nonlinear operators describing the purely viscous and the elastic
properties of the material, respectively, and G is a nonlinear constitutive function which describes
the visco-plastic behavior of the material. It follows from (1.1) that at each time moment, the stress
tensor o(t) is split into two parts: o(t) = oV () + of(t), where oV (t) = A(e(u(t))) represents the
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purely viscous part of the stress, whereas OR(t) satisfies a rate-type elastic-viscoplastic relation with
absolute temperature and damage

t
() = &(c(ult))) + /0 G (o™ (s), 2 (u(s)), 0(s), <(5)) ds. (1.2)
When G =0 in (1.1) reduces to the Kelvin—Voigt viscoelastic constitutive law given by

o(t) = A(e(u(t)) + £ (e(u(t))). (1.3)

The damage is an extremely important topic in engineering, since it affects directly the useful life
of the designed structure or component. There exists a very large engineering literature on it. Models
taking into account the influence of the internal damage of the material on the contact process have
been investigated mathematically. General models for damage were derived in [17, 18] from the virtual
power principle. Mathematical analysis of one-dimensional problems can be found in [19]. In all these
papers the damage of the material is described with a damage function ¢, restricted to have values
between zero and one. When ¢ = 1 there is no damage in the material, when ¢ = 0 the material
is completely damaged, when 0 < ¢ < 1 there is partial damage and the system has a reduced load
carrying capacity. In this paper the inclusion used for the evolution of the damage field is

pé — k1 + Oicip(<) 3 (o — A(((s))) (), ;<)
where K denotes the set of admissible damage functions defined by
K={£eV:0<¢&x)<1 ae z€Q},

ky is a positive coefficient, dx¢(<) represents the subdifferential of the indicator function of the set
K and ¢ is a given constitutive function which describes the sources of the damage in the system.
Examples and mechanical interpretation of elastic-viscoplastic can be found in [12; 21]. Dynamic and
quasistatic contact problems are the topic of numerous papers, e.g. [1, 2, 4, 11, 14, 32]. More recently
in [5], we study an electro-elastic-visco-plastic frictionless contact problem with damage and adhesion.
The mathematical problem modelled the quasi-static evolution of damage in thermo-viscoplastic ma-
terials has been studied in [27].

We model the material’s behavior with an elastic-viscoplastic constitutive law with damage. We
derive a variational formulation of the problem and prove the existence of a unique weak solution. The
paper is organized as follows. In Section 2 we present the mechanical problem of the dynamic evolution
of damage and adhesion in thermo-elastic-viscoplastic materials. We introduce some notations and
preliminaries and we derive the variational formulation of the problem. We prove in Section 3 the
existence and uniqueness of the solution.

2. STATEMENT OF THE PROBLEM

Let Q C R™ (n = 2,3) be a bounded domain with a Lipschitz boundary T', partitioned into three
disjoint measurable parts I';, I's and I's such that meas(I'y) > 0. We denote by S, the space of
symmetric tensors on R™. We define the inner product and the Euclidean norm on R" and S,
respectively, by

UV = UV; VU,UGR”, 0T = 045Tij VO’,TESn,

lul = (u-uw)/? YueR", |o|=(0c-0)/? Voes,.
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Here and below, the indices ¢ and j run from 1 to n and the summation convention over repeated
indices is used. We shall use the notation

H=L*)"={u={u}:u; € L*(Q)},
H = {0 ={oy}: 0 = 0ji € L*(Q)},
Hy ={u€ H:e(u) €H},
H1 = {0 € H:Div(o) € H},
V=HY(Q).

Here ¢ : Hy — H and Div : H; — H are the deformation and divergence operators, respectively,

defined by
1 .
e(w) = (ei5(w)),  eij(w) = 5(wij +uzi),  Div(o) = (03,5)-
The sets H, H, Hy, H1 and V are real Hilbert spaces endowed with the canonical inner products:

(u,v)g = /Quividw, (o,7) = /Qaijrijdx,
(u,v)m, = (u,v)E + (e(u),&(v)n,
(0,7)3, = (0,7)n + (Div(o),Div(7)) m,
(f,9)v = (92 + (fzis 9ei ) 12(0) -

The associated norms are denoted by || - ||z, || - 1%, | - |z || - |12, and || - ||v. Since the boundary
T" is Lipschitz continuous, the unit outward normal vector field v on the boundary is defined a.e. For
every vector field v € H; we denote by v, and v, the normal and tangential components of v on the
boundary given by

Vy =0V, Ur =0U— U,

Let Hr = (H'/?(I'))" and « : H; — Hr be the trace map. We denote by V the closed subspace of H;
defined by
V={veH :ywv=0o0nT}.

We also denote by H{ the dual of Hp. Moreover, since meas(I'1) > 0, Korn’s inequality holds and
thus, there exists a positive constant Cy depending only on €2, I'; such that

lle()||% > Collv||le, YveV.
On the space V we consider the inner product given by
(u,v)y = (e(u),&(v))n,
and let || - ||y be the associated norm, defined by
[ollv = lle(v) |- (2.1)

It follows from Korn’s inequality that || ||z, and ||- ||y are equivalent norms on V . Therefore (V, |- |y)
is a real Hilbert space. Moreover, by the Sobolev trace theorem there exists a positive constant Cj
which depends only on 2, I'y and I's such that

HU||L2(I‘3)" < C()HUHV Yo € V. (2.2)
Furthermore, if 0 € H; there exists an element ov € H. such that the following Green formula holds

(0,e(v))n + (Div(e),v)u = (ov, ) Hp . Vv € Hi.
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In addition, if o is sufficiently regular (say C'), then
(0,6(v))n + (Div(o),v)g = [pov-~yvdl' Vv e Hi, (2.3)
where dI' denotes the surface element. Similarly, for a regular tensor field o : QQ — §,, we define its
normal and tangential components on the boundary by
o, =0V-V, Or=0V—0,l.

Moreover, we denote by V' and V'’ the dual of the spaces V and V, respectively. Identifying H,
respectively L?(Q), with its own dual, we have the inclusions

VCHCV, VcIL*Q)cV.

We use the notation (-, -}y, {-,-)v/xv to represent the duality pairing between V',V and V', V,
respectively. Let T > 0. For every real space X, we use the notation C(0,T; X), and C*(0,T; X)
for the space of continuous an continuously differentiable functions from [0,7] to X respectively,
C(0,T; X) is a real Banach space with the norm

x) = t .
|f\C(0,T,X) tg(%)%] |f(t)|x

While C*(0,T; X) is a real Banach space with the norm

) = t F(t
|flcro,m:x) trer[l(%% |f(t)]x +tg%§l7§] |f(t)

X-

Finally, for kK € N and p € [1, 0], we use the standard notation for the Lebesgue space LP(0,T; X)
and for the Sobolev spaces WP (0,T; X). Moreover, for a real number r, we use r, to represent its
positive part that is r; = max(0,7), and if X; and X5 are real Hilbert spaces, than X; x X5 denotes
the product Hilbert space endowed with the canonical inner product (-, -)x, xx,-

The physical setting is the following. A body occupies the domain €2, and is clamped on I';y and so
the displacement field vanishes there. Surface tractions of density fy act on I's x (0,7) and a volume
force of density f is applied in © x (0,7). We assume that the body is in adhesive frictionless contact
with an obstacle, the so-called foundation, over the potential contact surface I's. We admit a possible
external heat source applied in © x (0,T), given by the function q. Moreover, the process is dynamic,
and thus the inertial terms are included in the equation of motion. We use an elastic-viscoplastic
constitutive law with damage to model the material’s behaviour and an ordinary differential equation
to describe the evolution of the adhesion field.

The mechanical formulation of the frictionless problem with normal compliance is as follow.

Problem P. Find the displacement field v : Q x [0,T] — R", the stress field o : Q x [0,T] — S,,
the temperature 6 : Q x [0,7] — R, the damage field ¢ : Q x [0,7] — R and the adhesion field
B:Q x[0,T] — R such that

o(t) = A(s(u(t))) + 5(€(u(t))) + fot g(cr(s) — A(s(u(s))),e(u(s)),e(s), §(s))d5 (2.4)
in Qae. te(0,7), '

pii=Div(o) + f in Qx (0,T), (2.5)
pf — koAO = (0 — A(e(w)),e(u), 0,5) +¢ in Qx (0,T), (2.6)
pS — k1Ac + Oxp(<) 3 ¢(o — A(e(w)),e(u),0,¢) in Qx(0,T), (2.7)
u=0 onTly x(0,7), (2.8)
ov=fy onTsyx(0,7), (2.9)
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—0, = pu(u) — VWB?R,(u,) on T3 x (0,7T), (2.10)
s = p(B)Re(ur) on Ty x (0,7), (2.11)
B = — (Bl () + 7 Beur)?] — 2a), on Ty x (0,7), (2.12)
ko%% +af =0 onT x (0,7), (2.13)
2% =0 onlx(0,7), (2.14)
u(0) = ug, u(0) =wp, 6(0) =406y, <(0)=¢ inQ, (2.15)
B(0)=08y onTs. (2.16)

This problem represents the dynamic evolution of damage and adhesion in thermo-elastic-viscoplas-
tic materials. Equation (2.4) is the thermo-elastic-viscoplastic constitutive law where A and £ are
nonlinear operators describing the purely viscous and the elastic properties of the material, respec-
tively, and G is a nonlinear constitutive function which describes the viscoplastic behavior of the
material. (2.5) represents the equation of motion in which the dot above denotes the derivative with
respect to the time variable and p is the density of mass. Equation (2.6) represents the energy conser-
vation where 1 is a nonlinear constitutive function which represents the heat generated by the work of
internal forces and ¢ is a given volume heat source. Inclusion (2.7) describes the evolution of damage
field. Equalities (2.8) and (2.9) are the displacement-traction boundary conditions, respectively. Con-
dition (2.10) represents the normal compliance condition with adhesion where v, is a given adhesion
coefficient and p, is a given positive function which will be described below. In this condition the
interpenetrability between the body and the foundation is allowed, that is u, can be positive on I's.
The contribution of the adhesive to the normal traction is represented by the term 'y,,BQRZ,(u,,) the
adhesive traction is tensile and is proportional, with proportionality coefficient ,, to the square of
the intensity of adhesion and to the normal displacement, but only as long as it does not exceed the
bond length L. The maximal tensile traction is 7, L. R, is the truncation operator defined by

L if s<-—L,
R,(s)=4-s if —L<s<0,
0 if s>0.
Here L > 0 is the characteristic length of the bond, beyond which it does not offer any additional
traction. The contact condition (2.10) was used in various papers, see e.g. [9, 10, 34, 37]. Condition

(2.11) represents the adhesive contact condition on the tangential plane, in which p; is a given function
and R, is the truncation operator given by

v if |v] <L,

Loy if |v] > L.

This condition shows that the shear on the contact surface depends on the adhesion field and on the

R, (v) =

tangential displacement, but only as long as it does not exceed the adhesion length L. The frictional
tangential traction is assumed to be much smaller than the adhesive one, and therefore omitted.
The introduction of the operator R,, together with the operator R, defined above, is motivated by
mathematical arguments but it is not restrictive for physical point of view, since no restriction on the
size of the parameter L is made in what follows.

Next, equation (2.12) represents the ordinary differential equation which describes the evolution of the
adhesion field and it was already used in [9, 34], see also [33] for more details. Here, besides 7, two
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new adhesion coefficients are involved, -, and ¢,. Notice that in this model once debonding occurs,
adhesion cannot be reestablished, since, as it follows from (2.12), § < 0. (2.13) and (2.14) represent,
respectively a Fourier boundary condition for the temperature and a homogeneous Neumann boundary
condition for the damage field on I'. Finally the functions wug, wp, 6y and ¢p in (2.15) and S5y in (2.16)
are the initial data. To obtain the variational formulation of the problem(2.4)—(2.16) we introduce for
the adhesive field the set

Z={weL>(0,T;L*(I'3)) : 0<w(t)<1Vte[0,T], ae. onTls}.

In the study of the mechanical problem (P), we consider the following hypotheses.
The viscosity operator A : Q x S, — S,, satisfies the following properties:

(a)  There exists a constant L 4 > 0 such that
|A(z,e1) — A(z,e2)| < Laler — eo| for all e1,e5 € Sy, a.e. z € Q.
(b)  There exists a constant m 4 such that

2.17
(A(x,e1) — A(z,62)).(61 — €2) > myler — e2|? for all e1,e9 €S, a.e. x € Q. (2.17)
(¢)  The mapping © — A(z,¢) is Lebesgue measurable on ) for all € € S,,.
(d) The mapping = — A(z,0) € H.
The elasticity operator £ : 2 x S,, — S,, satisfies the following properties:
(a) There exists a constant Lg > 0 such that
|E(x,e1) — E(x,e2)| < Leler — 2| for all e1,e5 € Sy, a.e. € Q. (2.18)

(b) The mapping x — E(x,¢) is Lebesgue measurable on 2 for all € € S,,.
(¢) The mapping x — E(z,0) € H.

The viscoplasticity operator G : 2 x S, X S,, Xx R x R — S,; satisfies the following properties:

(a) There exists a constant Lg > 0 such that |G(z,01,€1,01,51)—

G(w,09,€2,02,52)| < Lg(|or — 02| + |61 — 2| + |01 — 02| + [s1 — <2[)

for all 01,00 € S,,, for all €1,e5 € S,, for all 61,0, € R,

for all 1,62 € R, a.e. z €. (2.19)
(b) The mapping  — G(x,0,¢,0,¢) is Lebesgue measurable on

for all o,e € S,,, for all 8,5 € R.
(¢) The mapping z — G(z,0,0,0,0) € H.

The nonlinear constitutive function ¢ : Q x S, X S,, x R x R — R satisfies the following properties:

(a) There exists a constant L, > 0 such that |¢(x,01,€1,61,61)—

Y(x,02,62,02,52)| < Ly(|or — 02| + |61 — 2| + |01 — Oa] + |61 — s2)

for all 01,09 € S,,, for all 1,65 € S,,, for all 61,05 € R,

for all ¢1,¢0 € R ae. =€ Q. (2.20)
(b) The mapping x — ¥(x,0,¢,0,¢) is Lebesgue measurable on

for all o, € S, for all 8,¢ € R.
(c) The mapping z — 1(z,0,0,0,0) € L?(Q).
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The damage source function ¢ : Q x S, X S, Xx R x R — R satisfies the following properties:

(a) There exists a constant Lg > 0 such that

|p(z,01,€1,01,61) — @z, 02,€2,02,52)| < Ly(Jo1 — 2| + |e1 — €2

+]01 — O3] + |51 — <2|) for all 01,09 € S,,,for all e1,e2 € S,

for all 1,65 € R, for all 1,0 € R, a.e. x € Q. (2.21)
(b) The mapping x — ¢(z,0,¢,0,¢) is Lebesgue measurable on

for all o,e € S,,, for all 0,¢ € R.
(c) The mapping = — ¢(z,0,0,0,0) € L*(Q).

The normal compliance function p, : I's x R — R, satisfies:

(a) There exists a constant L, >0 such that
lpo(x,m1) — pu(x,re)| < Lylry —re| V ri,r2 €R, ae. x €T3

. ) (2.22)
(b) The mapping  — p,(z,r) is measurable on, I's, Vr € R.
(¢) The mapping = +— p,(z,7) =0 for any r <0, a.e. z€Tls.
The tangential contact function p,:I's x R — R satisfies:
(a) There exists a constant L, > 0 such that
HpT(Z‘,d1) — pq—(.’E,dQ)‘ <L, |d1 — d2| Vdy,ds €R, ae. x€ls3,
(b) There exists a constant M, > 0 such that (2.23)
Ipr(x,d)| < M, VdeR, ae x€ls. '
(¢) The mapping x — p,(z,d) is measurable onT's, V d € R.
(d) The mapping z — p-(z,0) € L*(T'3).
The mass density satisfies:
p € L*™(Q), there exists p* > 0 such that p > p* a.e. x € Q. (2.24)
The adhesion coefficient and the limit bound satisfy:
Yo, 7r € L®(T3), €a € L*(T'3), 7w, Vr,€q > 0. (2.25)
The body forces, surface tractions and the volume heat source have the regularity
feL?0,T;H), foeL?*0,T;L*T2)"), q€ L*(0,T; L*(Q)), (2.26)
up €V, wo€H, 0,cV, ¢ €K, (2.27)
Bo € L*(I'3), 0<fy <1, aeonTs, (2.28)
ki >0, i=0,1. (2.29)

We denote by F(t) € V' the following element
(F(t),v)yrxy = (f(t),v)m + (fo(t),y0)r2(ry)» Yv €V, t€(0,T). (2.30)
The use of (2.26) permits to verify that
F e L*0,T;V). (2.31)
We introduce the following continuous functionals

ap: VxV =R, ay((,&) =ko [, V(- Védr+ o [ (&dT, (2.32)
a:VxV— ]R, al(C,ﬁ) =k fQ VC . Vfd;z: (233)
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Finally, we consider the adhesion functional j : L>(T'3) x ¥V x ¥V — R defined by

j(,@’,u,v):/lﬂ pl,(u,,)vl,da—i—/ (= B2 R, (u,) v, + pr(B) Ry (ur) vy )da. (2.34)

s
Keeping in mind (2.22) and (2.23), we observe that integrals in (2.34) are well defined. Using standard
arguments based on Green’s formula (2.3), we can derive the following variational formulation of the
frictionless problem with normal compliance (2.4)—(2.16) as follows.

Problem PV. Find the displacement field u : [0,7] — R™, the stress field o : [0,T] — S,, the
temperature 6 : [0, 7] — R, the damage field ¢ : [0,7] — R and the adhesion field 3 : [0,7] — R such
that

o(t) = A(s( (t ))) —|—5( ) + fo ( (6(&(5))),5(11(8)),9(3),g(s))ds (2.35)
a.e. t€ (O7T), '

(pii(t), v)vixv + (0(t),e(v))n + 3(B(E), u(t),v) = (F(t), v)vxv (2.36)
Vo eV, ae. te(0,T), '

(pO(t),w) v xv + ao(0(t), w)
= (P(a(t) — A(e(a(t)),e(u(t)), 0(t),s(t), )y + (@(t),w)L2() (2.37)
YweV, ae te(0,T),

(pS(). € —<(t)vrxv +ar(s(t), € — (1))
> (o(o(t) — A(e(a(t))), e (u(t), 0(t), (1)) € = (1)) (2.38)
Vée K, ae. t€(0,T),s(t) € K,
B(t) = = (B0 [1 (R (s (1))? + 77| R (ur (8)[?)] = €a) ;. (2.30)
a.e. t € (0,7), '
u(0) =ug, w(0)=mwo, 6(0)=0, <(0)=c, B(0)=7o. (2.40)

3. MAIN RESULTS

The existence of the unique solution to Problem PV is proved in the next section. To this end, we
consider the following remark which is used in different places of the paper.

Remark 3.1. We note that, in Problem P and in Problem PV, we do not need to impose explicitly
the restriction 0 < 8 < 1. Indeed, (2.39) guarantees that 8(z,t) < Bo(x) and, therefore, assumption
(2.28) shows that S(z,t) <1 for ¢t >0, a.e. x €.

On the other hand, if 8(x,ty) = 0 at time ty, then it follows from (2.39) that 8(x,t) = Bo(x) for all
t > to, and therefore B(z,t) =0 for all ¢ > tg,x € Ts.

We conclude that 0 < B(z,t) <1 for all ¢ > tg,x € I's.

Theorem 3.2 (Existence and uniqueness). Under assumptions (2.17)—(2.29), there ezists a unique
solution {u,0,0,¢, 5} to problem PV. Moreover, the solution has the regularity

u € CY0,T;V)NCH0,T; H), (3.1)
we L20,T;V), (3.2)
i € L%0,T;V"), (3.3)
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o e L2(0,T;H), (3.4)
0 € L2(0,T;V)NCo0,T; L()), (3.5)
0 e L2(0,T; V"), (3.6)
s € L*(0,T;V)NC°(0,T; L*(R)), (3.7)
¢ € L%0,T;V"), (3.8)
B e Whee(0,T; L*(I's)) N Z. (3.9)

A quintuple (u,0,0,,3) which satisfies (2.35)—(2.40) is called a weak solution to the compliance
contact Problem P. We conclude that under the stated assumptions, problem (2.4)—(2.16) has a unique
weak solution satisfying (3.1)—(3.9).

We turn now to the proof of Theorem 3.2, which will be carried out in several steps and is based
on arguments of nonlinear equations with monotone operators, a classical existence and uniqueness
result on parabolic inequalities and fixed-point arguments. To this end, we assume in the following
that (2.17)—(2.29) hold. Below, C' denotes a generic positive constant which may depend on €, T'y,
Ty, T3, A, E, G, Y, b, Dy Dry Yoy Vo L and T but does not depend on ¢ nor on the rest of input data,
and whose value may change from place to place. Moreover, for the sake of simplicity we suppress in
what follows the explicit dependence of various functions on x € QUT".

Let n € L?(0,T;V’) be given. In the first step we consider the following variational problem.

Problem PV,. Find the displacement field w, : [0,T] — R", such that

(piin (1), v)vrxv + (A(e(tny (1)), (0)),, + (t), v)vrxv = (F(t),v)vrxv (3.10)
Yo eV, ae. te (0,T), )
uy(0) =ugp, Uy(0) =wp in Q. (3.11)

Lemma 3.3. For alln € L?(0,T;V"), there exists a unique solution uy to the auxiliary problem PV,
satisfying (3.1)—(3.3).

Proof. Let us introduce the operator A : V — V',
(Au, v)yr xy = (A(E(u)),s(v))ﬂ. (3.12)
Therefore, (3.10) can be rewritten as follows
piin (t) + Aty (t)) = Fy(t) on )V ae. t e (0,7), (3.13)

where

F,(t)=F(t)—n(t) e V.
It follows from (2.1), (3.12) and hypothesis (2.17) that A is bounded, semi-continuous and coercive on
V. We recall that by (2.31) we have F;, € L?(0,T;)”). Then by using classical arguments of functional
analysis concerning parabolic equations [8, 24] we can easily prove the existence and uniqueness of w,,
satisfying

w, € L2(0,T;V)NCO0,T; H), (3.14)
Wy, € L*(0,T;V), (3.15)
Pty (t) + A(wy(t)) = F(t) on V' ae. te (0,T), (3.16)

(3.17)

wy(0) = wo.
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Consider now the function w,, : (0,7) — V defined by
t
uy(t) = / wy(s)ds +uo YVt e (0,T). (3.18)
0
It follows from (3.16) and (3.17) that u,, is a solution of the equation (3.13) and it satisfies (3.1)—(3.3). 0

In the second step we use the displacement field u, obtained in Lemma 3.3 and we consider the
following initial value problem.

Problem PVj. Find the adhesion field 3, : [0,7] — L?*(T'3) such that
Bi(t) = = (B(8) [ (R () (1))? + 47 | R (e (8))P] = £4) ., (3.19)
Br(0) = fo in Q. (3.20)
Lemma 3.4. There exists a unique solution 3, € W1>°(0,T; L?(I's)) N Z to Problem PVjg.
Proof. We use a version of the classical Cauchy—Lipschitz theorem given in [38, p. 60]. g
Problem PV,. Find the temperature 6, : [0,7] — R such that
(PO (1), w)vrxy + ao(Br(t),w) = (A(t) + q(t),w)yrxvVw € V, ae. t € (0,T), (3.21)
0x(0) = 6g in Q. (3.22)

Lemma 3.5. For all A € L*(0,T; V"), there exists a unique solution 0y to the auziliary problem PV
satisfying (3.5) and (3.6).

Proof. By an application of the Poincaré-Friedrichs inequality, we can find a constant o/ > 0 such
that
[vepar & [cParza [ (pas ey,
Q ko Jr Q
Thus, we obtain
a(¢,Q) = CilC, VeV, (3.23)

where C7 = komin(1,a’)/2, which implies that ag is V-elliptic. Consequently, based on classical
arguments of functional analysis concerning parabolic equations, the variational equation (3.21) has
a unique solution 6 satisfies (3.5) and (3.6). O

Problem PV,,. Find the damage field g, : [0,7] — R such that

(S (), € — cu)) vy + a1(su(t), & —<u(t)) (3.24)
> (u,§ — g,u(t)>V’><V Vf €K, ae. te (O,T), §M(t) €K, '
6.(0) =¢o in Q. (3.25)

Lemma 3.6. For all u € L*(0,T; V"), there exists a unique solution Sy to the auziliary problem PV,
satisfying (3.7)—(3.8).

Proof. We know that the form a; is not V-elliptic. To solve this problem we introduce the functions

Su(t) = e Miqu(t), () = e MiE().

We remark that if ¢, £ € K then ¢, ¢ € K. Consequently, (3.24) is equivalent to the inequality

(péu(t)7 g - <~/L(t»V’xV + ay (ﬁu(t), g - fu(t)) + k1 (pfw §— fu(t))ﬂ(ﬂ)

; - (3.26)
> (e M & — S ())yvixy VEEK, ae t€(0,T), S, €K.
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The fact that

a1(6,€) + k1 (p€, &) 2(0) = ki min(p™, D[S VE €V, (3.27)
and using classical arguments of functional analysis concerning parabolic inequalities [8, 13], implies
that (3.24) has a unique solution ¢, having the regularity (3.7) and (3.8). O

Let us consider now the auxiliary problem.

Problem PV, , ,. Find the stress field o, » , : [0,7] = S,, which is a solution of the problem

on,A,“(t):f(s(un(t))H/o G(oyau(8),e(uy(s)),0x(s),su(s))ds Vt € [0,T). (3.28)

Lemma 3.7. There exists a unique solution of Problem PV, , and it satisfies (3.4). Moreover,

if Up,, 05 S, and op, A, u, Tepresent the solutions of problems PV, , PVy,, PV, and PVy x, u;>

respectively, for i = 1,2, then there exists C' > 0 such that

o, gy () = Opa a3 < C ([l (8) — v, (B)35

t (3.29)
+ /O (l[ny (5) = o ()15 + 1102, (5) = Oxa ()} + ll<ias (5) = Gua ()17 )ds).

Proof. Let ¥, 5, : L?(0,T;H) — L?*(0,T;H) be the mapping given by

Eoauo(t) = €(E(un(t))) —|—/0 g(a(s),e(un(s))ﬁ)\(s),gu(s))ds. (3.30)

Let 0; € L?(0,T;H),i=1,2 and t; € (0,7).
Using hypothesis (2.19) and Holder’s inequality, we find

t1
IS0 5001(t1) = Sy w0z (t)lI3 < LET/ lo1(s) — aa(s)|[3,ds. (3.31)
0

By reapplication of mapping ¥, » ., it yields
t1 to
2 42 2
122 5 o1ty — 22 o2t ||% < LT // o1 (s) — a2(s)||3, dsdts.
0 0
Reiterating this inequality m times leads to

t1 to

m m 2 m m
|5, s (1) = S oa(t) |, < LT // /||01 )= oa(s)|I%, dsdi...dts
0 0

Integration on the time interval (0,7 , it follows that

L2mT2m

m 2
HE 2777>\7HO-2||L2(07T;H) = m)! oy — U2||L2 0,T:H) * (3.32)

.2 u0

It follows from this inequality that for m large enough, a power m of the mapping ¥, » ,, is a contraction
on the space L2(0,T;H) and, therefore, from the Banach fixed point theorem, there exists a unique
element o, 5, € L?(0,T;H) such that XnauOn e = Oy xu, Which represents the unique solution of
the problem PV,  ,. Moreover, if u,,,0x,,5,, and oy, x, ., represent the solutions of the problems

EJQTDE, 2013 No. 71, p. 11



PV,,, PVy, , PV, and PV,, ), .., respectively, for i = 1,2, then we use (2.1), (2.17)—(2.19) and

Young’s inequality to obtain

||Un1,>\1,u1 (t) = Ona, Ao,z (t)”%l
t
SC(Hum (t) = Unpy (t)H%} +/(; (”0-771,)\17#1 (S) = Onz, Ao 2 (S)||’2H

+ [ty (8) =ty ()15 + 1105, (5) = Oxa ()5 + l6yur (5) = s (8)||2v)d8)-

Which permits us to obtain, using Gronwall’s lemma, the inequality (3.29).
Second step. Let us consider the mapping

A L0, TV x V' x V') = L0, T; V' x V! x V'),
defined by
A(n(), A1), 1w(8)) = (AP (n(£), A(E), (1)), AT ((1), A(E), (1)), A% (n(E), A(1), 1(2))),

where the mappings A%, A! and A? are given by

(A (n(t), A(1), (1)), >V’><V (5<5(“n(t))a5(v))q.[ + 3 (B (), uy(t),v)
(fo (0?7 A #(S),E( ) gﬂ(s))ds,e(v))ﬂ Yo eV,

A (n(t), A1), u(t) = (Jmu(t) e(uy (1)), Ox(1), 5u (1)),

A2 (n(t), A(t), () = ¢ ,u(t), €(uy (1)), Ox(1), 5u(t))

Lemma 3.8. The mapping A has a fized point
(", N5, 1) € L2(0,T; V' x V' x V).

PTOOf. Let (nla)\lalu/l)7 (7]2,)\27M2) € L2(07T;V/ x V' Vl)

We use the notation wu,, = u;, Uy, = U, Uy, = Us, By, = Bi ,0x, = 0,6, =< and og, A,

(3.33)

= 0Oy,

for ¢ = 1,2. Let us start by using (2.1), hypotheses (2.17)-(2.19), (2.21)—(2.23) and the definition of

R,, R; and Remark 3.1 we have

A (m1.(£), M (8), i () = A (m2(t), A2 (8), (1)) [ < M€ ((ua(t))) — € ((ua(t))) I

/ 1G (a1(s), € (uy(s)), 01(s),s1(s)) — G(02(s), e (uz(s)), b2(5), s2(s)) [|3,ds
Hpu(umu( ) — py(u2ny( ))H%?(Fg))

C (1187 () Ry (urnu (1)) — B3 ()R (U2nv(t))||22(r3))

(Hpr(ﬁl( )Ry (e (1)) = pr(B2(8)) R (wznr ()| F2 (1))

so we obtain

A (1 (£), A (1), pa (£)) — A% (ma(t), Aa(t), pa ()15
SC(/O (lloi(s) = oa(s)IF + llui(s) — ua()I5 + 161 (s) = b2(s)[172(q)

+llsi(s) = <2(9) 172y ) ds + [lua (t) — ua ()5 + [181(t) — BQ(t)H%%FS))-

(3.37)
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We use estimate (3.29) to obtain
1A (m2(£), Ax(t), () = A° (m2(8), Aa(t), 2 (1)) 13

¢
<O( [ (I(s) = was)I + 103(5) = 02 (39)
et () = () [F2gen ) ds + lua(8) = ws (B + 1818 = B3 ey )
From the Cauchy problem (3.19)—(3.20) we can write
t
ﬁl(t) = fBo — /0 (ﬁZ(S) [’y,,(R,,(u,,(s)))z + 'YT‘RT (UT(S)‘Z)] - 5a)+d57
and then
t
2 2
1B1(8) = Ba(t) |2 (ry) < C/O 181() (Ru (u1,(5)))” = B2(s) (Ru (u2u(s))) "l L2 (ry)ds
¢
+ C/O 181(8)| Ry (urr (5))1* = Ba(s)| Rr (uzr (5)) | 12(rg) ds.
Using the definition of R, and R, and writing 81 = 81 — 02 + B2, we get
¢ ¢
[161(t) = B2 ()| 22(rq) < C(/O 1B1(s) — Ba(s)ll 2y ds +/O l[us(s) — U2(8)||L2(r3)dd5>~
Next, we apply Gronwall’s inequality to deduce
¢
[81(t) = B2 ()| 22(rq) < C/ l[ur(s) = ua(s)L2(ry)eds,
0
and from the relation (2.1) we obtain that
¢
181() = B2 ()22 ry < C/O lur(s) = ua(s)|3ds (3.39)
holds. On the other hand, since w;(t) = ug + f(f ;(s)ds, we know that for a.e. t € (0,7,
¢
Jua(®) = wa®)lly < [ Jins) = ia(s) v (3.40)
0

Applying Young’s and Hélder’s inequalities, (3.38) becomes, via (3.39) and (3.40)
1A (2 (8), A (2), 1 () — A° (2 (t), Aa(B), pi2 (1)) I3

<0( [ (lints) = o) + s ()~ wa (o) I, (3.41)
+1101(5) = 02() 3 + 11 (5) — 2(s)]12 )ds) ave. t € (0,T).

Furthermore, we find by taking the substitution 7 = 11, n = 72 in (3.10) and choosing v = 4 — 49 as
test function

(pliiy () — tiz(t)) + At (t) — Atg(t), 1 (t) — d2(t))vrxv
=n2(t) = m(t),u1(t) — u2(t)vxv ae te€(0,7T).

By virtue of (2.17) and (2.24), this equation becomes

— Nl () = ax ()1 + mallan (t) = az @115 < In2(t) = (@) lh Il (t) — da (@) llv-
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Integrating this inequality over the interval time variable (0,t), Young’s inequality leads to

(02 i (£) — ()13 + g / lin (5) — ia(5)|2ls < m% / 12 (5) — ()3 ds.

Consequently,

/||u1 — (s ||Vds<C/ () — na(s)|2ds  ae. t € (0,T), (3.42)

which also implies, using a variant of (3.40), that

lur(8) = ua ()3 < C/O In1(s) = m2(s)l5ds  ace. t € (0,7). (3.43)

Moreover, if we take the substitution A = A;, A = A2 in (3.21) and subtracting the two obtained
equations, we deduce by choosing w = 05, — 0, as test function

@ual(w = 0200y + 1 [ 100(5) = Ba(e) s

/ I21(8) = Aa(8)llv 101 (5) — Ba(s) lvds e t € (0,T).

Employing Hélder’s and Young’s inequalities, we deduce that

163, (8) = 052 (1)1 22 +/ 16, (5) — Ox, (5)II3-ds
0 (3.44)

<c/ M (s) = Aa(s)|Zds ae. t e (0,T).

Substituting now {u = p1,£ =Sy}, {1 = p2,€ =S, } in (3.26) and subtracting the two inequalities,
we obtain

[STORSSIO1 +/0 I50(s) = & ()7 ds

t
SC/ lle ™t (uy(s) — ua(s))||3ds ae. t € (0,T),
0

from which also follows that

i (t) = 2()| 720 +/0 l<a () = <2(s) 1V ds

(3.45)
<c/ 1 (5) = pa(s)|2ds ae. t € (0,T).
We can infer, using (3.41)—(3.45), that
1A (1 (), A (2), pa (£)) — A°(m2(t), Az (t), 2 (2)) |3
(3.46)

<C(Ilns () = m@OI% + A1 (t) = Ao + [l () = 2 @®I7)-
From hypothesis (2.20), (3.29) and (2.21) it follows
1A (1.(8) Ax (1), pa (1)) = A (m2(8), Mo (8), 12 (1)) I3
=l (o1 (t),e(ur(1)), 01(t), 1 () — v (o2(t), e(ua(t)), ba(t), <2(1)) [}
<C(Jlur(t) — u2 (O3 + 101(1) — 2D} + [ls1 () — s2(8)[I3)  ae. t € (0,T).
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This permits us to deduce, via (3.42), (3.44) and (3.45), that
AT (1 (), Ax (8), 1 () = A (m2(1), Ao (), (D)) |13
<C (Il (®) = m@®I + A (t) = Ao + la () = p2(F).-
Similarly, using (3.29), (3.43), (3.44) and (3.45), we obtain the following estimate for A2
1A (12(£), Ax (t), 11 (£)) = A2 (2 (2), Aa(t), 2 ()T
=llé(o1(t), e(ur(t), 01(t),1(t)) — ¢(02(t), e(ua(t)), ba2(t), 2(t)) I (3.48)
<C (Il (t) = m@®I% + A1 (t) = Ao + Nl () = 2 @®IF)-
From (3.46), (3.47) and (3.48), we conclude that there exists a positive constant C' > 0 verifying

(3.47)

1A G, Ay 1) = A2, Ay k2) [ svrcvr < Cllm =12, A = Xy pir = p2) 5 sevrseyr- (3.49)
We generalize this procedure by recurrence on m. Then we obtain the formula

IA™ (1, Axs 1) — A7 (12, Az, p2) |72 0 70 v v
o (3.50)
(1 = 25 Ar = Az, i1 — p2) 720 7007 v vy -

Thus, for m sufficiently large, A™ is a contraction on L2(0,7;V" x V' x V'). Hence, Banach’s fixed
point theorem shows that A admits a unique fixed point (7%, \*, u*) € L2(0,T; V' x V' x V). O

Now, we have all the ingredients to prove Theorem (3.2).

Proof. Let (n*, \*,u*) € L?(0,T; V" x V' x V') be the fixed point of A defined by (3.33)—(3.36) and
denote by

(@) u=1ty, (b) O=0x, (c)s=cur, (3.51)
(a) 0= AE(U) + O (b) B = ﬁn*- (3.52)

We prove that (u,0,0,¢, 3) satisfies (2.35)-(2.40) and (3.1)—(3.9). Indeed, we write (3.28) for n = n* ,
A = X* and p = p* using (3.51) and (3.52)(a) to obtain that (2.35) is satisfied. Now we consider
(3.10) for n = n* and using (3.51)(a) to find

(pii, v) vy + (Ae(@(t))), (V) + (0" (1), v)vixy = (F(E), v)vrxv

3.53
Yo e Vyaet € (0,T). (3:53)

Equalities A*(n*, \*, u*) = n* , A2(n*, \*, u*) = X* and A?(n*,\*,u*) = p* combined with (3.34)—
(3.36),(3.51) and (3.52) show that

(" (1), V’><V = (E(e(u(®))), (V) +3(B(t), u(t),v)
+(Jy G(ots A(E(U(S)))ﬁ(U(S))’€(5))d5 E( v))y YUEV,

AT(t) = (0( ) — A(e(a(t))), e(u(t)), (1), <(1)), (3.55)

pr(t) = ¢(o(t) — Ale(i(t))), e(u(t)), 0(t),<(t))- (3.56)
Now we substitute (3.54) in (3.53) and use (2.35) to see that (2.36) is satisfied. We write (3.21) for
A = A* and use (3.51)(b) and (3.55) to find that (2.37) is satisfied, also we write (3.23) for p = p* and
using (3.51)(c) and (3.56) to find that (2.38) is satisfied. We consider now (3.19) for n = n* and use
(3.51)(a) and (3.52)(b) to obtain that (2.39) is satisfied. Next (2.40) and the regularities (3.1)—(3.3),

(3.5)—(3.9) follow lemmas (3.3), (3.4), (3.5) and (3.6). The regularity (3.4) follows from lemma (3.7).
The uniqueness part of theorem (3.2) is a consequence of the uniqueness of the fixed point of the

(3.54)

EJQTDE, 2013 No. 71, p. 15



operator A defined (3.34)-(3.36) and the unique solvability of the problems PV,, PVs, PVy, PV, and
PV, x,, which completes the proof. O
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