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Abstract. In this article we consider nonlinear differential equations with -exponential
and p-ordinary dichotomous linear part in a Banach space. By the help of the fixed
point principle of Banach sufficient conditions are found for the existence of -bounded
solutions of these equations on R and R.
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1 Introduction

The problem of y-boundedness and y-stability of the solutions of differential equations in fi-
nite dimensional Euclidean spaces has been studied by many auhtors, as e.g. Akinyele [1],
Constantin [6]. In these papers, the function 1 is a scalar continuous function (and increasing,
differentiable and bounded in [1], nondecreasing and such that ¥(t) > 1 on R4 in [6]). In
Diamandescu [8-15] and Boi [2—4] ¢ is a nonnegative continuous diagonal matrix function.

Inspired by the famous monographs of Coppel [5], Daleckii and Krein [7] and Massera and
Schaeffer [17], where the important notion of exponential and ordinary dichotomy is consid-
ered in detail, Diamandescu [8-12] and Boi [2—-4] introduced and studied the y-dichotomy for
linear differential equations in finite dimensional Euclidean space.

In our paper [16] we introduced the concept of -dichotomy for arbitrary Banach spaces,
where ¢ is an arbitrary bounded invertible linear operator.

In this paper nonlinear perturbed differential equations with ¢-dichotomous linear part are
considered in an arbitrary Banach space. We will show that some properties of these equations
will be influenced by the corresponding i-dichotomous homogeneous linear equation. Suffi-
cient conditions for the existence of ¥-bounded solutions of this equations on R and IR in case
of ip-exponential or -ordinary dichotomy are found.
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2 Preliminaries

Let X be an arbitrary Banach space with norm | - | and identity I. Let LB(X) be the space

of all linear bounded operators acting in X with the norm || - ||. By J we shall denote R or
IR+ = [0,00)
We consider the nonlinear differential equation
j’t“ — A(H)x + (1, %), 2.1)

the corresponding linear homogenous equation

dx

= 22
T A(t)x 22)
and the appropriate inhomogeneous equation
d
G = ADx+f), 23)

where A(-): ] — LB(X), f(-): ] = X are strongly measurable and Bochner integrable on the
finite subintervals of J and F(+,-): ] x X — X is a continuous function with respect to ¢.

By a solution of equation (2.1) (or (2.2) or (2.3)) we will understand a continuous function
x(t) that is differentiable (in the sence that it is representable in the form x(t) = f; y(T)dT of a
Bochner integral of a strongly measurable function y) and satisfies (2.1) (or (2.2) or (2.3)) almost
everywhere.

By V (t) we will denote the Cauchy operator of (2.2).

Let RL(X) be the subspace of all invertible operators in LB(X) and ¢(-): ] — RL(X) be
continuous for any ¢ € | operator-function.

Definition 2.1 ( [16]). A function u(-): ] — X is said to be -bounded on ] if ¢(f)u(t) is
bounded on .

Let Cy(X) denote the Banach space of all -bounded and continuous functions with values
in X with the norm

£ lle, = sup [p(6)f(B)].

Definition 2.2 ([16]). The equation (2.2) is said to have a i-exponential dichotomy on ] if there
exist a pair of mutually complementary projections P; and P, = I — P; and positive constants
N1, N>, v1, 15 such that

Iy VOPVT ()~ ()] < Nie ™9 (s <t s,t€]) (24)

)V (EPV T (s)p(s)]| < Npe 2670 (¢ <55t € ]) (2.5)

The equation (2.2) is said to have a y-ordinary dichotomy on ] if (2.4) and (2.5) hold with
v1 =1 =0.

Remark 2.3. For (t) = I for all t € ] we obtain the notion of exponential and ordinary
dichotomy in [5,7,17].
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Let us introduce the principal Green function of (2.3) with the projections P; and P, from
the definition for {-exponential dichotomy

Glt,s) = {V(t)Plvl(s) (t>s;t,s€]) 2.6)

~V(H)PV~(s) (t<s;tse]).
Clearly G is continuous except at t = s where it has a jump discontinuity.

Definition 2.4. Let r > 0 be an arbitrary number. We say that the conditions (H) are fulfilled if
there exist positive functions m(t), k(t) such that

HL [p(OF(,x) <m(t)  (p(Hx] <r te])

H2. () (F(t,x1) = F(t, x2))| < k()| (8)(x1 — x2)| - ([p(O)xal, [$(8)xa] <7, £ €])

Definition 2.5. The nonnegative function m(t) is said to be integrally bounded on ] if the fol-
lowing inequality holds:
t+1
B(m(t)) = sup m(s)ds < oo.
te] Jt

Definition 2.6. We say that the function F(t, x) belongs to the class EDy(ay, a2, ) if the con-
ditions (H) are fulfilled, the functions m(t), k(t) are integrally bounded on | and B(m(t)) <
al,B(k(t)) S ar.

For each integrable on J function m(t) we introduce the notation
L(m(t)) = /m(s) ds.
J

Definition 2.7. We say that the function F(t, x) belongs to the class Dy (a1, a2, 1) if the conditions
(H) are fulfilled, the functions m(t), k(t) are integrable on J and L(m(t)) < a1, L(k(t)) < aa.

3 Main results

Theorem 3.1. Let the following conditions be fulfilled:

1. The linear part of (2.1) has y-exponential dichotomy on R with projections Py and Ps.

2. The function F(t, x) belongs to the class EDy (a1, az, 7).

Then for an arbitrary r > 0 for sufficient small values of a1, ay the equation (2.1) has a unique
solution x(t), which is defined for t € R and for which |p(t)x(t)| <r (t € R).

Proof. Let ] = IR. We consider in the space Cy(X) the operator Q: Cy(X) — Cy(X) defined by
the formula

Qx(t) = /]G(t,T)F(T,x(T)) dr (3.1)

where G is defined by (2.6).
Let x(t) be a solution of equation (2.1) that remains for t € | in the ball

Sy ={x: lxlllc, <7}
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Then the function F(t,x(t)) is -bounded on | and it follows (see [16, Theorem 3.6]) that such
solution satisfies the integral equation

x(t) = Qx(t). (3.2)

The converse is also true: a solution of the integral equation (3.2) which remains for t € | in the
ball Sy, satisfies the differential equation (2.1) for t € J.

Now we shall show that the ball Sy, is invariant with respect to Q and the operator Q is
contracting.

First we shall prove that the operator Q maps the ball Sy, into itself. Indeed we have

() 0x(8)] < \wm [ 60 () ar.

We have
[p(£)Qx(t)] < 'lP(t)/]G(t,T)F(T,x(T))dT
< /IHsb(t)G(t DY (Ol (1) F(r, x(7))| dT
= |_llw®Gt D)y~ ()] [9p(r)F(r,x(7))| d7
+ | G DY (0] [9(r)F (T, x(7))| dT

<N / e (D (1) dr + Ny / e (1) dr
t<t

t>1

<N, / e "*m(t+s)ds+ Ny / e"*m(t+s)ds
Js>0

s<0
Noaq Niaq
l—e2  1—en’

[ee] [ee]
< Noaq Z e vk + Niap Z e vk =
k=0

1— e*VZ

N, )\t -
+ 1781%) we obtain

Hence by a; < r(

<r.

‘gb(t)/jG(t,T)F(r,x(T))dr

Thus the operator Q maps the ball Sy, into itself.
Now we shall prove that the operator Q is a contraction in the ball Sy ,. Let x1,x2 € Sy
We obtain

#(Q0(0) = p(OQR()] < [90) [ Gt T(F(E 1 (r) - Flrxa(r)dr
< [prc @] o EE D) - Frx@)] o
< [[pr6t 97 @) KO (o) - xa(o)lde
< [ Ipwo oo k@ dr suplpe (o) ()

< < Naap + : Ijlﬂzm) sup |1IJ(T)(x1(T)) - XQ(T))|-
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Hence N N
202 142
llox = Qlle, < (7222 + r ot ) s — el

-1
Thus by a; < <1_1>]73V2 + 171\!1_” ) the operator Q is a contraction in the ball Sy, ;.
From Banach’s fixed point principle the existence of a unique fixed point of the operator Q

follows. O

Corollary 3.2. If the conditions of Theorem 3.1 are fulfilled and if, moreover, F(t,0) = 0 (t € R) then
x = 0 is a unique solution of (2.1) in Cy(X).

Proof. Let F(t,0) = 0 (t € R). Then from H2 it follows

[Y(OF(E ()] < k(B)[p(t)x(t)]  (t € R).

Thus every solution x(t) except x(t) = 0 (t € R) will leave any ball Sy, (11 < r) byt — co or
t — —oco. O

Theorem 3.3. Let the following conditions be fulfilled:

1. The linear part of (2.1) has p-ordinary dichotomy on R with projections P and P,.

2. The function F(t, x) belongs to the class Dy(ay, a2, 7).

Then for each r > 0 for sufficient small values of ay, ay the equation (2.1) has a unique solution x(t),
which is defined for t € R and for which |p(t)x(t)| < r (t € R).

Proof. Let ] = R. In the proof of Theorem 3.1 it was mentioned that each solution x(t) of
equation (2.1) that remains for ¢ € | in the ball Sy, satisfies the integral equation

ﬂﬂ:%G@ﬂHnﬂﬂmr

and vice versa.
We consider again in the space Cy(X) the operator Q: Cy(X) — Cy(X) defined in (3.1).
For |(t)Qx(t)| we obtain the following estimate:

[p(H)Qx(8)] < 'Il’(f)/]G(f,T)F(T,x(T))dT

With a; < rmax{Nj, N} we have

() Qx(1)| < \w) | G () de
< [[pweenp @] p@F ()l

PGP ()| [p(D)F(Tx(r)|dr

| |pwct e @ p@F@ )] de

gmlqmﬂh+M/ m(t) dt

t>T

t<t

+

< max{Nl,Nz}/m(T) dt < max{Nj, Ny }a; <r.
J

Thus the operator Q maps the ball Sy, into itself.
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Now we shall prove that the operator Q is a contraction in the ball Sy ,. Let x1,x2 € Sy,
We obtain

[9(£)Qx1(t) — p(£)Qua(t)] < ’lP(f)/]G(f,T)(F(T/xl(T)) — F(7,x2(7)) dt
PG TP ()| () (F(T, 21(7)) — F(T, 22(7)) | dT
PG TP (T) | k(D]P(T)(201(7) — x2(7)) | dT

IN

IA
—

< [ eGP (7)|| k(1) dr sup [ (7) (x1(7)) = x2(7))]
< (max{Ny, Na}az) sup [(7) (x1(7)) — x2(7)) |-

Tef

Hence
1Qx1 — Qxallle, < (a2 max{ Ny, No}) [lx1 — el

Thus by a; < (max{Ny, N,}) " the operator Q is a contraction in the ball Syr-
From Banach’s fixed point principle the existence of a unique fixed point of the operator Q
follows. O

Theorem 3.4. Let the following conditions be fulfilled:

1. The linear part of (2.1) has p-exponential dichotomy on IR with projections Py and Ps.

2. The function F(t, x) belongs to the class EDy/(a1, a,1).

Then for any v > 0 by sufficient small a1, a there exists p < r such that the equation (2.1) has
foreach & € X3 = Py X with |¢(0)¢| < p a unique solution x(t) on Ry for which Pyx(0) = & and
PO <7 (FER,).

Proof. Let ] = Ry and x(f) be a solution of equation (2.1) that remains for ¢t € ] in the ball
Spr = {x : [Ixll¢, < r}. From the results obtained in [16, Theorem 3.6 and Remark 3.8] it

follows that such x(t) satisfies the integral equation
x(t) = V(£)E + / G(t,7)F(t, x(1)) dt (3.3)
J
where ¢ = P1x(0). The converse is also true: a solution of the integral equation (3.3) satisfies
the differential equation (2.1) for ¢t € J.

Let § € X; and |¢(0)¢| < p < r. We consider in the space Cy(X) the operator Q: Cy(X) —
Cy(X) defined by the formula

Qx(t) = V(D& + / G(t,7)F(t, x(1)) dt (3.4)
J
First we shall prove, that the operator Q maps the ball S, into itself. Indeed we have
[p()Qx()| < [p()V(£)E] + ‘Ab(t) /]G(t/ T)F(7,x(7)) d7|.
For the first addend with p < ﬁ we obtain

’w(t)v(t)g‘ S NleiVlt‘l/J(O)g‘ S Nlefl/ltp S

N =
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Using the same technique and notations as in the proof of Theorem 3.1 we obtain for the second
addend the estimate

‘¢(t)/]G(t,T)F(T,x 7))dt| < Noay Nyay

T l—e  l—ew

-1
Hence by a; < 5 ( Ny -+ DL > we obtain

1—e "2 l—e™™

<

‘w(t)/jG(t,T)P(T,x(r))dT

r
5
Thus the operator Q maps the ball Sy, into itself.

Now we shall prove that the operator Q is a contraction in the ball Sy,,. Let x1,x2 € Sy
We obtain as in the proof of Theorem 3.1 the estimate

Nzaz N1a2
llox - Qulle, < (1222 + 1ot )l —alle

e e

-1
By ay < (1 n 17]\8]1_% ) the operator Q is a contraction in the ball Sy,.

From Banach’s fixed point principle the existence of a unique fixed point of the operator Q
follows. B

Theorem 3.5. Let the following conditions be fulfilled:

1. The linear part of (2.1) has -ordinary dichotomy on R4 with projections Py and P,.

2. The function F(t, x) belongs to the class Dy (a1, az, 7).

Then for any r > 0 by sufficiently small ay,ay there exists p < r such that the equation (2.1) has
foreach ¢ € X1 = P X with |¢(0)¢| < p a unique solution x(t) on Ry for which Pyx(0) = ¢ and
p(Ox(t)] <7 (t€R,).

Proof. Let ] = Ry, ¢ € X; and [p(0)¢| < p < r. We consider again in the space Cy(X) the
operator Q: Cy(X) — Cy(X) defined by the formula (3.4).
First we shall prove, that the operator Q maps the ball S, into itself. We have

p(HQx(1)] < [p(O)V( c|+] ) [ 6t 0R( () ar).

For the first addend with p < ﬁ we obtain

W)V (£)E] < Ni|p(0)&] < Nip < %

For the second addend with a; as in the proof of Theorem 3.3 we have

r
< 2max{Nj,N,}

‘W) /] G(t, T)E(t, x(7)) dt| < max{Ni, Na}a; <

N =

Thus the operator Q maps the ball Sy, into itself.
Let x1, x2 € Sy,. Asin the proof of Theorem 3.3 we obtain the estimate

1Qx1 — Quzflle, < (a2max{Ny, Na}) [llx1 — x2fllc, -

Hence by a; < (max{N;, N;}) " the operator Q is a contraction in the ball Syr-
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From the fixed point principle of Banach it follows the existence of a unique fixed point of
the operator Q.

In the proof of Theorem 3.4 it was already mentioned that every solution of the differential
equation (2.1) which lies in the ball S, fulfil the equality

x(t) = Qx(t)
and vice versa. O

Corollary 3.6. Let the conditions of Theorem 3.5 hold and let x1(t) and x,(t) be two solutions whose
initial values fulfil P1x1(0) = ¢ and Pyx2(0) = 5. Let N = max{Ny, N, }.
Then for Nay < 1 the following estimate holds

B0 - 2] < Ty WOE -] Ry,

Proof. Applying the presentation (3.3) for the solutions x; and x, we obtain

x(t) — xa(t) = V() (§ — ) + /Ooo G(t, T)(F(t, x1(7)) = F(7, x2(7))) d.

From here and the conditions of Theorem 3.5 for u(t) = (t)(x1(t) — x2(t)) we obtain

()] < NIOE =) +N [ Kru(r)dr.

Let us consider the equation
u(t) =a+ N / k(7)u(t) dr, (3.5)
0

where « = N|(0)(¢ — 77)|. Let us introduce the functional ®: C — R, where C is the space
of all bounded functions on R4 with values in IR by the formula

(u)(t) = N /O “ k(T)u(t) dr.

For the norm of ® we obtain the estimate
[P < N/ k(t)dt < Nay.
0

For sufficiently small a, we have || ®|| < 1.

Let Ic be the identity of the space C. Then the equation (Ic — ®)u = « has a bounded
solution u(t), i.e. there exists a constant ¢ = sup, g [u(t)| < co. We shall estimate the constant
c from equation (3.5):

c§zx+Nc/ k(t)dt < a+ Ncay,
0

ie.
c <

1—N 112.
Finally we obtain

lp() (x1(t) — x2(1))] < N|¢1(0_) S\Cla_z ml
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