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Abstract

We study resonances of the semi-classical Schrodinger operator
H = —h?A+V on L?(IRY). We consider the case where the potential
V have an absolute degenerate maximum Then we prove 1 that H has
resonances with encrgies E = Vp + ¢ o+ h0+1k + (’)(h ey ), where
k; is in the spectrum of some quartic oscillator.

1 Introduction and main results.

We are interested in this paper to study the asymptotic behavior for Schrodinger
operator:

H=—-hA+V (1)

on L?(IRY), where V is a bounded real function having an absolute maximum
Vo realized at a unique point that we suppose to be x = 0. Under some
assumptions on V, one can define on L?(IR"™) the operator Hy(x, hD) with
domain the Sobolev space W2(IR™) obtained by analytic dilation :

Hy(x,hD) = UgH (2, hD)U_g = e **h2D?* 4+ V (2€").
Here U, denotes the group of unitary operators on L*(IRY), given by Upu(z) =

e~ u(e?z), for 6 in IR such that 0 <6 < 6y < Z. D denotes the differen-

tial operator (— ai 822 oy g 9_). Isolated elgenvalues of Hy with finite
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multiplicities which are not discrete eigenvalues of H are called resonances
of H.

In [2] and [3] Ph.Briet, J.M.Combes and P.Duclos consider the same problem
with V' having a non degenerate maximum at x = 0. They prove existence of
resonance values of H near 0. They prove too that these values are located
outside a ball of radius O(h). In the second paper they give the first factor in
the asymptotic expansion of resonance values of H. We are interested here
to generalize results of [2] and [3] to cases of degenerate potential barrier
of order o i.e V(z) ~ —(M23 + ... + Ayz3?) + O(2?° ™) as . — 0 in RV,
Here o > 1 is an integer and A, ... Ay some strictly positive real constants.
We prove that resonance values of H are located outside a ball centered at
0 and of radius (’)(h;_frfl). This power of h exists already in the results of
Martinez-Rouleux [5]. The authors study there asymptotic of eigenvalues of
the operator H in the case of degenerate minimum of order o for V. They
prove that H has no eigenvalue inside a ball centered at 0 and of radius
O(haz_fl). In fact this result is closely related to the Taylor expansion of V/
near 0. Our second aim is to get more precise result under more precise
assumption on the Taylor expansion of V. We notice that in a recent paper
[1] we study the resonances of H in the one dimensional case where the po-
tential V' have a degenerate maximum of quartic type. We give in that paper
the full asymptotic expansion of resonance values near the barrier maximum.
The method used there is the BKW techniques. This method is specific to
the one dimensional case. Here we use local analysis on the resolvent of the
operator. To state the results assume the following hypothesis on V:

(A1) V is a bounded real function having an absolute degenerate maximum
of order o at x = 0.

(A) Va(x) = V(e’x),0 € IR has an analytic continuation to complex 6 in
Se =40 €@, | Imf |< a} as a family of bounded operators.

(A3) 309 = i5p,0 < By < a,Vd > 0,3C5 > 0, such that

Ve, |z |> 6, Im(e*™V,) < —Cs .
(A4) Near x = 0, Vj has the Taylor expansion :
Vo(z) = —e® (A2 + ...+ Ay2) + O(2* ™)

for all 6 € S,,, with A1, ...Ay non vanishing positive real constants.
Consider the operator given by :

K=—-A+ (M2 + ...+ Ayad).
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It is well known that the spectrum of K is discrete. We use (k;);>1 for
eigenvalues of K. We recall that the operator Hy has a domain D(Hy) =
W2(IRYN) independent of #. This operator has an analytic continuation to an
analytic family of type A in S, (see [4] and [6], section XIII). We get :

Théoréme 1 Consider the operator Hy, = —h%e 2% A+Vj,, and assume the
hypothesis (A1234) on'V. For all k; € o(K) there exits a ball B(h) centered
at e T htt k; with radius (’)(h%fg—rll) such that for h small enough , Hy, has
purely discrete spectrum inside B(h) with total algebraic multiplicity equal to
the multiplicity of k;.

In the direction to get the full asymptotic expansion of resonance values of
H, we try more subtle approach and we get the following result: Assume
(As) Near x = 0, Vj has the Taylor expansion :

Vo(x) = =2 (A2 + .. + Ay22?) + O(2%7P)
with p > 0 an integer.

Théoréme 2 Assume (A1235). For all k; € o(K) there exits a ball B(h)
centered at e~ o+t hcf_flkj with radius O(h%) such that for h small enough,
Hy, has purely discrete spectrum inside B(h) with the same algebraic multi-
plicity as k;.

Finally to interpret the eigenvalues of Hy, mentioned in the Theorem 1
as resonance values of H we state the following theorem :

Théoréme 3 Let ¢ be in the domain D of analytic dilation dense in L?(IRY).

For all C > 0 and h small enough ((H — z)"'¢,¢) has meromorphic con-
tinuation from @ = {z € @,Imz > 0} into a complex disk centered at 0
with radius Ch=+1. The poles of this continuation belong to the set of the
eigenvalues of Hy, given in theorem 1.

This theorem shows in particular that there is no other part of the spectrum
of Hy, in the disk other than the eigenvalues mentioned in the Theorem 1.
The authors of [2] and [3] established the same result in the case o = 1.
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2 Localisation Formula

To prove theorems we decompose the operator H into a direct sum of an
interior operator and an exterior one. To do this we use j; and j, € C®(IRY),

with j; = 0 outside the ball B(0, h7+16;) et j, = 0 inside the ball B(0, h7+16,),
satisfying to j2 + j2 = 1. Here 0 < §. < §; are two positive constants
to be chosen later. The support of Vj; and Vj. is located in g = {x €
RY,0 < h#16, <| x |< h#715;}. Let H = L2(RM) and Hy = L2(RN) &
L?( support of j.), we define the application J by

J Hd — H

J(u @) = jiu+ jev.

We have JJ* = idy.
For Imf # 0, we define Hf = H} & Hf where

Hy=—h*e A — " (Mai” + .. + Ayady) @)
on L?(IRY) and
Hf = —h?e ™A +V

on L?( support of j,) with Dirichlet conditions on the boundary of the sup-
port of j.. Hence we have J(D(Hg)) C D(Hy) and we can write the resolvent
equation:

(Hp—2)"' = J(Hf — 2) ' J* — (Hy — 2) 'I(H§ — 2)" ' J* (3)
where II is the operator given by Il = HyJ — JH§ acting on Hy, as follows:
M(u @ v) = wu—"e ™ ([A, jiJu + A, je]v)

where

w= Vo4 e®? (M2 4+ ... 4+ Ana20))ji.
For the study of the interior operator H} one prove the following lemma:
Lemme 1 Let Hj defined by (2) with domain D(H}) = W2(IRN) N D(2*)
we have :
i) {H},0 < Imf < St 4s an analytic family of type A of sector-operators

with sector
Y={zel,—7m+2Imf < argz < —2Imb}.
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ii) The spectrum of H} is 0 independent, purely discrete and given by :

o(Hy) = o(H =) = ¢ '#Tho710(K).
Proof : The proof of i) can be reduced to prove the same properties for the
one dimensional operator :

2

0
h’@ — _h26729 o 6200.7720.

0x?
the domain of hy is D(hg) = W2(IR) N D(z*"). To prove that the family (hg)
is analytic of type A, one proves that hg is closed for all 6, 0 < Im(6) < -
For this we have to establish for all §# = i3 such that 0 <| 5 —
the following inequality :

s s
2042 ‘< 20427

I how 1+ 1| w P> e(A® || u” 12 + || 2*7u [*) (4)
on D(hy), where c is a positive constant. We have:
[hou))® = R*|u”||? + || 2% u||® + 2R%Re(e 28 (1" 2270))
We write
R (v, 2% u) = —h? /xQUu'ﬂ'dx — h2/20x2(’_1u’ﬂdx. (5)
One can estimate the second integral in this equation as follows :
h?| / 20227 ude| < B2 |)? + || 2022 ull?.
By integration by parts we get:
122 < RSl + [l (6)

Let B(R) denotes the ball centered at 0 with radius R > 0 and B(R) the
complementary set of this ball. We write :

|20z tu||? = / (202% N 2uuds
B(R)UB(R)e

_ 402
S 40_2R4a 2"“"24‘?"3720“”2-
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This yields in combination with (6):
o2

o leeult. (1)

h2|/20'l‘20 1 'ud:p| <h8||u”||2+ ||u||2+402R4" 2||u||2
For the first integral in the equation 5 :
2h2|/x2" | < W) + |22 u|? + 282 /20—:520 Wadz].  (8)

We now write :

Hh9UH2 h4Hu//H +Hx2"u|] —I—QRG[ z(2+20)ﬁ<_h2/ 20 T do— h2/20'l’20 1 'udx)]

> h4||u"||2+||a;2<fu||2—2|cos((2+za)5)|h2/x%u'a'da;—zh2|/2ax% L'Tde|
Therefore by (7) and (8)we get :

houl[* = [1 = [ cos((2 + 20)8)| — 2k (| cos((2 + 20)B)] + 1] [ A*u”|[*+
él — [ cos((2 + 20)B)| — 8(] cos((2 + 20) )| + 1) ) |2*7u|*~

(lcos((2+ 20)8)] + 1)(1 + 40 R Jul|.

Finally choosing R big enough we get (4).
To prove ii), notice that Hj has a compact resolvent for 0 < Imf <

—7- By analyticity of (H})g the spectrum of H} is independent of @, hence

o(H})) = o(H! o ). Using the scaling of order ho+T we get:

. .o 20
H' «~ =e 'orihot1 K.

'3o12

Therefore: ‘ ‘ ,
o(H)) = e sriheio(K).

In the exterior domain our operator H here has the same shape as this
one studied in [3]. Here we localize more closely to the boss of the barrier.
So we get more precise results than lemma II-5 in [3].

Lemme 2 Under assumptions (Ay234) and for 6y =i, we have :
i) The resolvent set of Hg contains a complex neighborhood T of 0 in the
form:

Y = {z €@, Im(e*(—2)) < CByh=t1}.
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Here C' > 0 is h-independent constant.
ii) For all z € T we have,

1

e _ N\—1 < ]
I (He =2 1= iz om)

Proof: We first notice that by assumption A4 there exists € > 0 independent
of h such that for 8y = i3y with By > 0 small enough we get for all | z |< e

Im(e?0Vy, (z)) —sin((20 + 1)Bo)(Mz? + ... + Anad?) + O(z* )

< —isin((20 +1)Bo) (Mz?” + ... + Aya%)).
Therefore we get Vo such that h#+14, <|lz|<e:
Im(e20Vy,) < —Coh#+T,

for a convenient C' > 0 independent of h. Hence by this and assumption As
we get:
vz, |z |>he+16,, Im(e*Vp,) < —CBohe+1. (9)

Let v € D(Hg, ) be such that || v ||= 1, and let z € T. Since (Au,u) has a
real value, we get by (9):

Im(e*P(Hf, — z)u,u) = Im(e*(Vy, — 2)u, u)
< Tm(—€%%; — CByh71)
< —dist(z,07)

where (.,.) denotes the inner product in L?*(IR"Y). Hence we get:

I (H5, — z)u || =] Tm(e*™ (Hg, — 2)u, u) |

> dist(z,07). (10)

This proves that Ker(Hg — z) = {0} and (Hg — z) has a closed image. On
the other hand (Hg — z)" = Hj — Z, and we get by the same way:

| (Hg, — 2)"u ||> dist(z,07).

Therefore Ker(Hj —z)* = {0}, and hence the image of (Hj —z) is the whole
L?(supportj.). This leads to 7). For 7) it is immediately given by (10). =
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This lemma means that the operator valued function z — (Hg — z)~" is
holomorphic inside T. By the same argument one gets the following:
Lemme 3 Let g € C(IRYN) with support(g) C {z € RY,0 < =) <| x|
}. The operator valued functions z — g(Hg — z)~*J* and z — (Hp, — 2)'g
have no poles inside Y for a convenient C.

Let now k; € o(K) and 7 denotes the closed curve given by:
v={2€Q,|z— E"|= ph7i1}. (11)

Here E¢ = eii#lhf_flkj and p > 0 is a constant independent of h to be
chosen later small enough. We have:

Lemme 4 Let~y be the closed curve defined by (11), then for p small enough
we have by assumptions (A1234) :

i) 7y is in the resolvent set of Hg,.

i) || (Hgy — 2)71 ||= (’)(h;_ﬁ) uniformly for z € v as h — 0.

By our localization formula close to the boss of the barrier, the proof of this
lemma seems to be much more complicated than if we do this using standard
localization formula as in [3]. This is largely due to the contribution of the
commutator part in IT in the equation (3). The estimation of this contribution
becomes here not precise. By the same way as in [3] we get the same results.
To avoid needless repetition we shall not rewrite proof.

3 Proof of Theorems

The following lemma shows that the spectrum of Hy, is discrete inside . The
total algebraic multiplicity is equal to the multiplicity of £ as an eigenvalue
of Hy,.

Lemme 5 Let vy be the closed curve given by (11), with p small enough but
independent of h. Then under assumptions (A1 23.4) for h small enough, Py,
and P}, have the same rank. where Py, and Pj denote the projectors defined
respectively by:

1
PGO = _%%;KHGO — Z)ildz
and .
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Proof : The lemma 4 shows that the operator Py, is well defined for h small
enough. By (3) we get
pis L -l d _ _\—1 7
Pay = jiPiyji = = 7{ (Hp, — ) T(HL — )71 J*dz.
im Jy

We have for s =i and s = e, [A, js] = (Ajs+2V V) is supported in €. Let
g € C*(IRN) with support(g) C {z € RY,0 < h#15 <| z |}, with § < 6,
and satisfying to g(x) = 1 inside €. We have [A, js] = g[A, js]g. Then by
lemma 3 the commutator part in the expression of II has no contribution to
this integral. We get

- i 1 — i -1
Poy = jiPiyji = =5 7§(H90 — ) \w(H, — 2)Vidz.
T Jy
Let us now prove that :
. . 1—20
| (Hoy — 2) " w(Hg, — 2)7"ji [|= O(h'=) (12)

uniformly for z € v. We have:
| (Hyy — 2)" w(Hg, — 2) ™" ji ||| (Hoy — 2)" || - [ w(Hg, —2) g || -

By lemma 1 i) one can choose p such that dist(vy,o(Hg,)) > ch#%1. Hence
one gets
I (H5, — 2)~" |= O(h7+1) (13)

uniformly for z € 7. Now by (A4) we have w = O(h%) on the support of
7i- Then we get:

| w(t, =)™ ||= O(h7). (14)
This equation in combination with lemma 4 i) leads to (12). Since | v |=
O(hvz_fl), we get :
Py, — jiPiyji = O(h7).

This leads to : ' )
Py, — Py, = O(h=+1),

and then smaller than 1 for A small enough, and the lemma is proved. [ ]
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To finish the proof of theorem 1, let £ be an eigenvalue of Hy, inside 7,
and let ¢ be the corresponding normalized eigenvector. We have :

(B~ B = (Hay = B0 =~ [ (2 = B)(Ha, — 2) o=

By equation (3) and the fact that the commutator part has no contribution
to the integral we get:

(E— EY¢ = 1 L(z — EY(Hg, — 2) " 'w(Hj, — 2) " jipdz. (15)

2ir
Then \ A
| B~ E" |< p*h#T sup||(Ho, — 2)~w(Hy, — )~ jil.
zey
Therefore equation (12) leads to

|E-E'| <phnO(haT)
1420

= O(h7o+r).

This proves the theorem 1.
To prove theorem 2, Assuming moreover (As), the equation (14) becomes

lw(Hy, —2)7" [|= O(h#7+1).
Then equation (12) becomes

),

| (Ho, — 2) " w(Hy, — 2) "' |= O(h

Hence by equation (15) the following holds true:

p+20

| E— E|= O(ha+1).

Therefore all eigenvalues of Hy, inside « are inside the ball centered at E?

and of radius (’)(h%). This in combination with the theorem 1 proves the
theorem 2.
The proof of theorem 3 is similar to the proof of theorem (2.4) in [3], we

have only to replace h by Bt
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