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1 Introduction

In this paper we study positive non-symmetric (i.e. non-even) solutions of the
problem
W'(@) = a(z), @ e (-L1), "
o' (+l) = Fui(+])

for p € (-1,1), ¢ > 1%1, a,l > 0. (The choice of these conditions will soon be
clarified.)

The first systematic study of positive solutions of (1) was done by M. Chipot,
M. Fila and P. Quittner in [5]. They also studied the N-dimensional version of (1),
but they were interested mainly in global existence and boundedness or blow-up
of positive solutions of the corresponding /N-dimensional parabolic problem

uy = Au — au? in 2 x (0, 00),
g—z =y in 982 x (0, 00), (2)
u(+,0) = up in (2,

where 2 C R” is a bounded domain, n is the unit outer normal vector to 942,
ug : 2 — [0,00), p,q > 1 and a > 0. The same questions were independently
studied in [13] for N = 1.

The reader can find the complete answer to the question of the existence
and multiplicity of positive symmetric solutions of (1) for p,q > 1 in [5]. It was
also proved there that (1) can possess positive non-symmetric solutions only for
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q > 7%1, but their existence and multiplicity was determined only under some
additional condition. The solvability of (1) in the class of positive symmetric solu-
tions was examined in [15] for all p > —1, ¢ > 0 and p = —1, ¢ = 0. The results of
[5] concerning positive non-symmetric solutions were extended in [16] to all p > 1,
q >

In view of the cited studies it is natural to ask the question of the existence
and number of positive non-symmetric solutions of (1) for p € (—1,1), ¢ > 2.
This is what we investigate in this article.

It is known from [16] that given any p > 1, ¢ > ’%1 and a > 0, (1) has either two
or no positive non-symmetric solutions, depending on the value of [ > 0. Here we
prove that (1) possesses at least four positive non-symmetric solutions for certain
pe(—1,1),¢> l%l and a,l > 0, and even infinitely many for some special choices
of p, q, a and [. Moreover, the sets of (p, ¢) for which (1) has different multiplicity
of solutions are separated by line segments and also some implicitly given curves.
See Theorems 3.2 and 3.10 for the exact formulations.

Some further extensions and generalisations of the results from [5] can be found
in the following studies: In [17], the behaviour of positive solutions of (2) was
determined for all p, ¢ > 1. Sign-changing solutions of the parabolic problem were
considered in [6] for p > 1, ¢ > 1-—in that case, uP and u? are replaced by |ul[P~1u
and |u|?"'u respectively. The results from [6] regarding sign-changing stationary
solutions for N = 1 were completed in [16]. Positive solutions of the elliptic problem
with —A\u + w? on the right-hand side of the equation were dealt with in [14] for
A €R,p,g>1,and later in [11] for A € R, p,q > 0, (p,q) ¢ (0,1)% In [12] and [18],
positive and sign-changing solutions of the parabolic problem with more general
non-linearities f(u), g(u) instead of au?, u? were studied, while f(x,u), g(x,u)
were considered in [2]. Many results concerning elliptic problems with non-linear
boundary conditions were summarised in [19]. See also [1, 3, 4, 7, 8, 9, 10].

2 Preliminaries

In this section we recall the shooting method from [5] and [15].
Let p,q € R, a,l > 0. If u is a positive solution of (1), then u'(—1) < 0 < u'(I),
therefore u has a stationary point xy € (—[,[). So the function u(- + xy) solves

U<O) =m, (3)
uw'(0)=0

for some m > 0. Since u — au? is locally Lipschitz continuous on (0, 00), (3) has
a unique maximal solution, which is apparently even and strictly convex. We will
denote it by s, pq and its domain by (—Apmp.a; Ampa)-

Let us also introduce the notation N'(1) = N (I;p, q, a) for the set of all positive
non-symmetric (i. e. non-even) solutions of (1). Obviously, N () consists of all such
functions wmpo(- — (I — l2)/2) |-y that I + 1y =21, [} # 1y and 0 < I; < Ay pa,
ul, () =ud (1) for i =1,2.

m,p,a m,p,a
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2.1 Lemma (see [5, pp. 53-55] for p,q > 1 or [15, Lemma 2.4] for p,q € R).
Let p,q € R, a > 0. Then the following statements are equivalent for arbitrary
m,l > 0:

(i) I < Appa and u;n,pﬂ(l) = ug%p@(l),

(ii) the equation

qu l.p+1 mp-‘rl

s ip# -1,
2 +1 +1
0=F(m,z) = Fpga(m,z) = g} p p
— —Inz+1nm ifp=—1
2a
(4)
with the unknown x > 0 has some solution R > m, and
me R
[ = L{— ),
v 2a p(m>
where
Y 1
[y i
1 e+l 1
Ip(y) = y (5)
/ dVv f ]
ifp=—
1 VInV P
fory > 1.
From now on we will consider only
1
p>—1,q>pJ2r , a>0. (6)

However, the definition and the properties of I_; will be needed for the proofs of
Lemmata 3.8 and 3.9—that is the reason why we formulated Lemma 2.1 for p € R.

2.2 Lemma (see [5, pp. 57-58] for p > 1 or [15, Lemma 2.5 (iv)] for p > —1).
Assume (6) and m > 0, and let us introduce

M =M

2q—p—1 NN
e =T ) )

If m > M, then F(m,-) has no zero. If m = M, then the only zero of F(m,-)
18
a\ T
(E) =Ry ga(M)=R(M)> M.

If m < M, then F(m,-) has two zeros, which will be denoted by R;pqq(m) =:
R;(m), i = 1,2, and which satisfy

m < Ry(m) < R(M) < Ry(m).
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2.3 Definiton. Let (6) hold and put
Li(m) == Ligpga(m) == m%l Ripga(m)
? T LDpg,a T \/% p m

for i = 1,2 and m € (0, M). We introduce Ly ,4(M) =: L(M) analogously. Func-
tions L, L; and Ly will be called time maps (associated with (3)).

Using Lemmata 2.1 and 2.2, we can describe A/ (1) by means of the time maps:

2.4 Lemma. If (6) holds, then

N(l) = {um,p,a ( 4 La(m) g Ll(m))

 Li(m Lo(m) =21
¢ ) ) }

for all 1 > 0.

Thus, to determine the number of positive non-symmetric solutions of (1) for
given p, q, a, [, one needs to calculate the limits of L; + L, at 0 and M, to examine
its monotonicity and to estimate its possible relative extrema. In doing so, we will
use

l(y) =2y — 1, (7)
2v/2
Iap(y) = S VWV L(yy +2) (8)

((8) can be obtained by substituting vV — 1 in (5)) and other properties of I,
from [15], as well as the following theorem.

2.5 Theorem. The function (y,p) — I,(y) is continuously differentiable on the
set (1,00) X (—1,00), while

9 Iy(y) - 1/y VrHnV B
opp+1  2), (Verl—1)3/2 dV = Jp(y) 9)

forally>1,p>—1.

Proof: Firstly, we prove that p — I,(y)/+/p + 1 is continuously differentiable on
(—=1,00) for any y > —1, and fulfils (9). So chose arbitrary y > 1 and py > —1. We
have

L(y) /y 1
= ——dV >
N re
—_——
=:u(Vip)
with 0 ViV
" L n
a_p(v7p) - 2(Vp+l — 1)3/2 <0, Ve (Ly)a P Z Po-
Since
Ou Ve Vet 4 2) In* v
a_pg(vap) = 4(Vp+1 _ 1)5/2 > U, Ve (Ly)» P 2 Do,
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—g—';(',pg) is a majorant of {g—g(-,p)}pzm. And it is also integrable because

o yrotln vV 1

—_ ‘/, = — ~
3}9( pO) 2(Vp0+1 _ 1)3/2 2(p0 + 1) V=1

, V-1

(Taylor polynomials can be used). Consequently, p — I,(y)/+/p + 1 is differentiable
on (pg,00), and (9) holds. Moreover, p — J,(y) is continuous on (pg, c0) due to
the continuity of g—Z(V, ) forall Ve (1,y).

In order to obtain the continuous differentiability of (y,p) — I,(y)/v/p+1
(or equivalently of (y,p) — I,(y)), we have to validate the continuity of its par-
tial derivatives: Since J,(y) is continuous in p, and is apparently continuous and
decreasing in y, it is indeed continuous. And the continuity of

0 L) 1
Oy+/p+1 VyPtt —1
is obvious. O

3 The results

The following is known about p > 1:

3.1 Lemma (see [16, Lemmata 2.5 and 2.8)). If (6) holds with p > 1, then
limmﬁo(l—/l + L2)<m> = 0Q, (Ll + LQ), <0 on (O, M) and llmm*)M(Ll + LQ)(?TL) =
2L(M).

In view of Lemma 2.4, it means that supposing (6) and p > 1, N (])| = 2 for
[ > L(M), and N(I) =0 for | < L(M).

The situation is much more complicated for p < 1, and we have succeeded only
in describing the behaviour of L; + Ly near 0 and M, except two special cases
dealt with in the following theorem.

3.2 Theorem
(i) Ifp=0,q=1, a> 0, then (1) has infinitely many positive non-symmetric
solutions for I =1 and none for | # 1.

(i) If p = —%, q= %, a > 0, then (1) possesses infinitely many positive non-
symmetric solutions for | = % and none for | # %—“.
Proof: We have to calculate L, + Lo, and the statement of the theorem will follow
from Lemma 2.4.
In the case of ¢ = p+1 > 0, (4) is quadratic in x4, so one can solve it explicitly,

obtaining
Ria(m) = <g>;(l F4/1— %jmq)é, m e (0, M) = (0, (2%)1> (10)
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(i) If p=0 and ¢ = 1, then by virtue of (7) and (10), we have

L1,2(m):\/Q—E:F%/l—?:l?\/l—?

for m € (0, M) = (0, ). Consequently, Ly + L, = 2.
(ii) Similarly, if p = —% and ¢ = %, then

LLQ(m):é—a(l:H/l—@) (1;\/1—@+@>

o )

a

2+

373
for m € (0, M) = (0,a?) due to (8) and (10), ensuring that L; + Ly

16a
Ga,

]

3.3 Lemma (see [15, Lemmata 8.3 and 8.4]). Assume that (6) holds with p < 1.

Then
lim L;(m) =0,

m—0
q—1

. 2 (p+1)\2>rt
Tlnl£n>0 Ly(m) = Tp( %24 ) =: Lpq.a(0) =: L2(0),

lim L;(m)= L(M), i=1,2.

m— M

In the rest of this article we determine the values of (p, ¢) for which L; + Lo is
greater than lim,, ,o(L; + Lo)(m) near 0 and for which it is less. The same will be
done for the neighbourhood of M.

Standard asymptotic notations will be used: If f, g are functions defined in
some punctured neighbourhood of a point a € R U {£o0}, then

~g(x), T a means imm:

f@) ~ g(), = lim =1,
=o(g(x)), * — a means imm:
f(@) = olg(x)), © — lim 5 =0,
f(z)

g

f(z) =O(g(z)), * - a means limsup
T—a

g9()

3.4 Lemma. Assume that (6) holds with p < 1. Then

(i) ifp>00rp=0,9g>1orq<—porp> —%, q = —p, then L1+ Ly < Ly(0)
i some neitghbourhood of 0,

(ii)) and if p=0,qg<1lorp<0,qg>—-porp< —%, q= —p, then Ly + Ly >
Ls(0) in some neighbourhood of 0.

See Figure 1 showing these two sets in the (p, q)-plane.
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Figure 1: The two sets from Lemma 3.4 (i), (ii).

Proof: It is clear from Lemma 3.3 and [15, Lemma 8.5] that Ly + Ly > Ly(0) near
0 if either p <0, g > —por p < —%, q = —p. The statement of the lemma for the
remaining pairs (p,q) can be verified finding the second term of the asymptotic
expansion of (L; 4+ Ly)(m) for m — 0 and determining its sign. For this purpose,
we will join

1
Li(m) = qu_p + o(m?7?), m — 0

from [5, Lemma 3.3] (its proof was done only for p > 1, but it holds for all p > —1)
with several equalities from the proof of [15, Lemma 8.5].
All the asymptotic expansions will concern m — 0.

If p € (0,1), then m?? = o(m~P)/2), so by means of step 1. of the proof
of [15, Lemma 8.5] we have

(L1 + Lo)(m) = Ly(0) + \/%Bpmlf + o(ml%f’), (11)

while B, < 0 (see [15, Lemma 3.4]).
If p = 0, then according to step I. of the proof of [15, Lemma 8.5],

(Lt La)m) = £a(0) — 5.2 (5 )™t ofm)

for ¢ > 1, and
1
(L1 + Lg)(m) = Ly(0) + —m? + o(m?)

for g < 1.

Now consider ¢ < —p (and consequently, p < —%) Using the asymptotic
expansion of Ly(m) from step 3. of the proof of [15, Lemma 8.5] and realising
that m9? = o(m?™!), we obtain

(L1 + Ly)(m) = Ly(0) + Cp g o mP™ + o(m?t).
~——

<0
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e Finally, if —¢ = p € (—3,—1), then the equality m?? = o(m*"#/2) and
step 3.(a) of the proof of [15, Lemma 8.5] yield the asymptotic expansion

of the form as in (11) with B, < 0 due to [15, Lemma 3.4]. O
To determine the behaviour of L; + Ly near M is much more difficult. For
this purpose, the second term of the corresponding asymptotic expansion will be

investigated, the finding of which requires the following lemma:

3.5 Lemma. If (6) holds, then

Ry 5(m) VM —m p+2q—2
’ =1 — M — M — M—.
ROM) T Jadl ogrr M mm) oM —m), - m =

Proof: Assume (6). From [15, Lemma 8.1] we already know the first term of the
asymptotic expansion of Ry o(m)/R(M) for m — M —. Before calculating the next
two terms, let us notice that (4), as an equation in m, has the explicit solution

1, 0\
m = x(l P e 1) =: Tpqa(T) = 7(2), z € (0, Ry(0)),

which determines the inverse functions of R; and Ry, and will be an important
tool of this proof.

All the asymptotic expansions appearing below will concern m — M— or
z— 0.

1. We search for such dy,d, > 0 and ¢; < 0, ¢ > 0 that
R;(m)

R(M)

for i = 1,2. (According to [15, Lemma 8.1], R;/R(M) is increasing for i = 1

and decreasing for ¢ = 2, which explains the choice of the sign of ¢;.) Using
the substitution

-1~ C,L(M — m)di

1=z, (12)

one obtains

Ri(m) 4
A; = lim L = lim
m—sM— (]\4_Tn)dZ 2—0F (M—T(R(M)(l—i—z)))
where z — 0F means z — 0— for ¢ = 1 and z — 0+ for « = 2. This limit
(which should be finite and non-negative, determining the value of ¢;) will
be calculated using the asymptotic expansion of the denominator of the last
fraction. Therefore, it is convenient to derive the equality

M — T(R(M)(l + z))

z

d;

1

2q p+1 o0p_1 )7
— M- M(1 _ 1 4+ 2)20P
( +Z>(2q—p—1 2q—p—10 177
p+1 2g—p—1 2
~Ml1-(1 1—————{1 a-p —Q .
[ e e G
e
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Approximating (1 + 2)?~?~! with its 2nd order Maclaurin polynomial, one
obtains
h(z) = qz° + o(2*),
which results in
A= lim ———
b e0F (M) 2|2
Consequently, d; = % and ¢; = A; = F1//gM.
2. Now we seek ¢; # 0 and d; > % fulfilling
Rm) VM —m
R(M) VaqM

~ ¢;(M —m)%

for i = 1,2. So we have to calculate the corresponding limit

Ri(m) _ vVM—m h(z)
B, = lim 2 R lim FEVL
ComaM- (M — m)di 2—0F (q]\/[)dz ~|2d:

((12) was used again), which requires the knowledge of one more term of
the asymptotic expansion of h(z). Therefore, we derive that

2¢ — 5q+ 3
2> Pq+ q3 q+ 23+0(23)>

h(z):l—(1+z)<1—z+(1—q)z

2q — 2
= gz (1—1—%2—1—0(2)),

which yields
_p+2g=2.2 o(zQ)

B' = hm 6 I
R == (qM)di |Z|2di
meaning that d; = 1 and ¢; = —”—*63322- -

The next step is to calculate the expansion of L; + L.

3.6 Lemma. If (6) holds, then

(L1 + Lg)(m)

_oL(M) 4+ (‘/5(;7;*2) (R<M )> -, <R<M ))> Mmoo (M—=m)

for m — M—. Recall that

RE\Z/\[/[) ( 2 )

B 2g—p—1

Proof: Assume (6). Unless otherwise stated, all the asymptotic expansions within
this proof will concern x := % — 0+4. So we have

Li(m) = ]‘\4@ (1 + B 5 L o(x))fp(%) (13)
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for i = 1,2. By means of Lemma 3.5 and

2 —p—1)*7
) = () + 20— 5~ 1y — o)~ P2y )2 oty - ),
which holds for y — yo := %M) (and follows from the definition of the Taylor

polynomial), we obtain

2g—p—1 V2g—p—1(g—p+2
= [p(yo) F Tyo\/i —+ 6q( )y(ﬂ? + 0(33)
It can be inserted in (13), resulting in
T
Li(m) = L(M) 3 —YE
aRP=Y(M)
V2(q—p+2) 152 ) x
+ | —y? +(p— 1)1 — +0o(2),
( 3\/5 Yo (p ) p(yO) QW ( )
which confirms the conclusion of the lemma. O

3.7 Lemma. Assume that (6) holds with p < 1. There exist continuously differen-
tiable functions q¢: (—1,1) > R and g : (—1, —%) — R such that ¢ > 1 on (—1,0),

q(p) > 5= forp € [0,1), B2 < q(p) <p+2p(p—1) forp € (—1,—1), and the
following holds:

(i) If ¢ > q(p) orp < —%, ¢ < q(p), then Ly + Ly > 2L(M) in some neigh-
bourhood of M.

(i) If p>—2%, g <qp) orp < —12,q(p) <q<q(p), then Ly + Ly < 2L(M) in
some neighbourhood of M.

In addition, for all p € [—%, 1), g = q(p) is given as the only solution of

mq:%_—/;mglz”(p, 0)+ (0= DI(9(p.9) = f(p,q) =0 (14)

Tl 50), where

m (T,

1

) =(—22 )"
o=\ =, 7)) -

Similarly, for all p € (—1, —%), q = q(p) and q = q(p) are the only solutions of

(14) in [p+ \/2p(p — 1), 00) and (B2, p+ /2p(p — 1)] respectively.

See Figure 2 showing the graphs of ¢ and G, as obtained by numerical solution

of (14).

Proof: It is clear from Lemma 3.6 that Ly + Ly > 2L(M) near M if f(p,q) > 0,
while Ly + Ly < 2L(M) near M if f(p,q) < 0. Obviously,

lim f(p, q) =00, pe(=11). (15)

In the sequel we

EJQTDE, 2013 No. 69, p. 10



b
q=q(p)-
q="
g=p+
2p(p—1)-
q=1(p)- Z
< 3/7
|
|
|
' >
_ 1
1 ~10 1

Figure 2: The graphs of ¢, g and the two sets from Lemma 3.7 (i), (ii).

1. find limq_)LJ; f(p,q),
2. examine the monotonicity of f(p, )
3. and prove that f(p,1) <0 for all p € (—1,0),

which will make us able to describe the sets of (p,q) where f is positive, zero or
negative.

1. Let p € (—1,1). Since limqﬁ%l g(p,q) = oo, [15, Lemma 3.4] can be used.
We need only the first term of the asymptotic expansion of I,(y) for y — oo

to calculate
fp,q) _ =Tp—1

lim —= ,
5 g2 (pq)  3VP T

thus limqﬁ%l f(p,q) is equal to oo for p < —%, and —oo for p > —%.

Now assume that p = —%, and set r := 2¢g — p — 1. Approximating I,(y)
with its two-term asymptotic expansion for y — 0o, we obtain that

f<_1 q) o Tr+36 26 94/7(_1 q) —%B,1/7+0(1)
7 3vT7(Tr +6) V7 7 ™7
o =0 C'zl/s )
8v/6
— ——\/_B_m <0
™7

for r — 0+.
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To sum up,

2. Let p € (—1,1) again. One can calculate that

of q+p—2 (1-p)(g—p+2)v/2q—p—10g
a_ M ) + a_ MW
90 = 3q\/—m 9(p: ) 60 9, P9
p+1 dg
V2q—p—1 9
= q6—q2p ((p+q—2)g(p, q) + Q(p—l)(p+5q—2)a—g(p, q))
and 5 ( )
g ~ 9(pgq
&J(p’ )= q2¢—p—1)’
consequently,
of 9(p,q)
—(p,q —9 +2
9 (p.q) = (¢° — 2pg — p* + 2p) 37 W
—&(p q)

>O

It is easy to see that
£(p,9) =0 <= p<Oandg=p=+/2pp—1),
while p — \/2p ) < p“ forallp < 1,and p+/2p(p—1) > p“ only

ifp<—=
So We conclude that

pt1

e if pe [—1,1), then f(p,-) increases on (2=, 00),

o if pe (—1,-1), then f(p,-) decreases on (2, p+ /2p(p — 1)] and
increases on [p+ 1/2p(p — 1), 00

3. In this step we prove that f(p,1) < 0 for all p € (—1,0), or equivalently,

S((2)7) - S )T e o

Our method is to gradually derive simpler and simpler sufficient conditions
for (16), the last of which will be proved directly.

(a) Since p — I,(y) decreases on R for all y > 1 according to [15,
Theorem 3.5], a sufficient condition for (16) can be obtained replacing
I, on its left-hand side with I, (see also (7)). After squaring, this new
inequality reads

1 2 1-p

9\ e 1/ 2 9\ rri
_c s — (=41 (= € (—1.0).
(1—1?) 18<1—p+)<1—p) . pe(L0)

EJQTDE, 2013 No. 69, p. 12



Denoting %p =: x, it simplifies to

! (:L‘—i—l)Zacﬁ
\/x-xﬁ—1>1—8, z € (1,2).

It is convenient to introduce the notation w(z) := 2@~V by means
of which the last inequality transforms to

_$w(@ . (x;;i) Wiz)>1, we(1,2). (17

Let us prove that

—w(z) > 1, x € (1,2). (18)
Equivalently, it can be written as
((z) :==znz+ (z — 1)(In(4 — z) — In8), z € (1,2).
We have

22% — 15z + 16
1 —

and one can see that ¢” is positive on [1, zy) and negative on (zo, 2],
while zg = (15 — v/97)/4. Consequently, ¢’ > ¢/(1) = In3 > 0
on (1, zo], and since ((1) = 0, the positivity of ¢ on (1, z] follows.
Therefore, the concavity of ¢ on [xg,2] with ((2) = 0 ensures its
positivity on [z, 2), and (18) is verified.

Replacing the right-hand side of (17) with the left-hand side of
(18), we obtain a sufficient condition for (17), which can be simplified

to

9(x* + 20z — 8)

< 1,2). 19
wi@ w0 TeLY (19)
Our next auxiliary inequality is
6 9(z% + 20x — 8
( ), z € (1,2),

<
x+1 2(x + 1)4

which is equivalent to
P(x) :=42° + 92 — 48z +28 <0,  z € (1,2),

and which can be proved realising that P(1) = =7 < 0, P(2) =0
and P” > 0 on (1,2). It provides a sufficient condition for (19) in the
form of

6
x+1

w(x) <

z € (1,2),
or equivalently,

n(z) ==z + (z —1)(In(z + 1) — In6) <0, z € (1,2),
which is a true inequality, since (1) = n(2) = 0 and

(x —1)(2x* 4+ 3z + 1)
x2(x + 1)?

n'(x) = >0, r € (1,2).
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Define
p+v2p(p—1) if pe (-1,-1),

¢ (p) = 1%1 ifp e [_%71).

As a consequence of 1., 2. and 3., limg_,4,(») f(p,q) <0 for all p € (—1,1). Taking
(15) and the increase of f(p,-) on (g1(p), 00) into account as well, we obtain that

Vpe (—-1,1): 3qp) € (ai(p),00):  f(p,ap)) = 0.

Clearly, if p € (—=1,1), ¢ > q(p), then f(p,q) > 0 and consequently, L; + Ly >
2L(M) near M. On the other hand, if p € (—1,1), ¢ € [¢1(p), q(p)), then f(p,q) <
0, and Ly + Ly < 2L(M) near M. Furthermore, ¢ > 1 on (—1,0) due to 3., while
the continuous differentiability of ¢ follows from the implicit function theorem and
the continuous differentiability of f (see Theorem 2.5).

Similarly, since f(p,q1(p)) <0 for p € (—1,—12), 1. and 2. imply that

e (-1,-1): Fap) e (BEa®): flpap) =0
Again, f(p,q) is positive for p € (=1,—1), ¢ € (’%,ﬁ(p)), and negative for p €
(—=1,-1), ¢ € (@(p), a1 (p)], making clear the behaviour of L; + Ly near M for these
values of p and ¢, and obviously, g is continuously differentiable. O

The next lemma describes the basic properties of .

3.8 Lemma. The limit

lim §(p) = G(~1) € (1,00),

p—r—

exists and it is the only solution of the equation

p(q) = ﬁéq—ﬁei - 2Ll<ei> =0 (20)

in [1,00). Furthermore, ¢ > 1 on (—1,0), g(—3) = g, q0)=1,g< 1 on (0,1),
and lim,_,; q(p) = 1.

Proof: It is a part of Lemma 3.7 that ¢ > 1 on (—1,0). We also know from it
that Ly + Lo # 2L(M) near M for p = 0, g € (0,00) \ {g(0)}, which, in view of
Theorem 3.2 (i), yields g(0) = 1. It remains to

1. prove the existence and properties of lim, , 1 g(p),
2. compute g(—3)
3. and prove that g < 1 on (0, 1).

We will obtain lim,_,; g(p) as a direct consequence of 3. and q(p) > 1%1.

1. [15, Theorem 3.5] and some simple calculations yield that lim,, 1 f(p,q) =
©(q) for any g > 0 (see Lemma 3.7 for the definition of f).
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Clearly, lim,_,« ¢(q) = oo. Since I_1(e'/??) = O(,/q)e*/*® for ¢ — 0 due
to [15, Lemma 3.6],

©(q) = %ei (1+0(g)) — oo, g — 0.

It is not hard to derive that

oy @=1@+3) L
@(Q)—We )

which implies that ¢ is decreasing on (0, 1] and increasing on [1, c0). Fur-
thermore,

go(l):%L\/Q_—QI1(\/5)<§\/2_—2IO(\/5):4(@—\/\/5—1> <0

q>0,

3

(see [15, Theorem 3.5] and (7)).

So one can see that ¢|(1,.) has a unique zero, which will be denoted by
qo- Since ¢ = lim,,_; f(p,-), and it increases on (1,00), we have that for
arbitrary € € (0,¢qo — 1) there exists § > 0 such that

Vpe (=1,-1+4): flp.qo—¢) <0< f(p,q+e)
and therefore,
Vpe (—=1,-140): qo—e<qp) <q+e,
following from the increase of f(p,-) on (1,00) (see step 2. of the proof of
Lemma 3.7). Consequently, lim, , 1 g(p) = qo.
. One can calculate that

f( 1 )_4\/§q(2q+5) 3 1/2(( 4q >2>:2\/§(4q2—8q+3)

2 4g—1 3(4q — 1)3/2

T 3(4g—1)32 2

2>q

for ¢ > i, which vanishes only for ¢ = % and ¢ = %, meaning that Q\(—%) = %

. Now we prove that f(p,1) > 0 for all p € (0,1), guaranteeing that § < 1 on
(0,1). It is equivalent to

() ST o @

which will be gradually simplified, similarly to step 3. of the proof of
Lemma 3.7.

(a) The first sufficient condition for (21) is

2 —Tr+1
_— W
9

(z + 1)4 2

(x) — 39 w(zr) < 1, T > 2 (22)

(again, w(x) = £%/@V), which can be derived in a way completely
analogous to the corresponding part of the proof of Lemma 3.7.
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(b) The opposite inequality of (18) does not hold for all z > 2. Instead,

%ﬁj)<1, T > 2 (23)

will be used, which is equivalent to
k() :=(r—1)In2 —Inz >0, x> 2,

and the validity of which follows from the facts that x(2) = 0 and

1 1
K(z)=In2—=>In2—-- >0, x> 2.
T 2

Due to (23), 1 can be replaced with w(z)/2 on the right-hand side of
(22), yielding a sufficient condition for (22), which can be rewritten

as
18(22° — Ma +11)

(x4 1)%
(c¢) The final simplification will be done by virtue of the inequality

w(z) > , x> 2.

6 18(222 — 14z + 11)
> = )
r+1 (x+1)4

T > 2,

equivalent to
Q(z) := 2° + 92 — 39z + 34 > 0, T > 2,

which holds since Q(2) = 0 and @’(z) > 9 > 0 for x > 2. So now the
only assertion to prove is

w(z) >

And to do so, we just have to recall part (c) of step 3. of the proof of
Lemma 3.7, and to realise that n(x) > 0 for x > 2 because 7/(2) =
2 —In2>0andn” > 0on (2,00). O

6

_ T > 2.
x+1’

-~

As suggested by numerical calculations, g(—1) ~ 2.151, and ¢ seems to be
convex, having min g ~ 0.822 ~ ¢(0.495). It can be proved that setting g(1) := 1,
¢'(1) = 5 holds.

Recall that the line ¢ = —p forms the border between those sets of (p, q) where
Ly + Ly < Ly(0) and Ly + Ly > Ly(0) near 0 (see Lemma 3.4). According to
Lemma 3.7, the graph of g plays a similar role in the behaviour of L; + Ly near
M. Therefore, if we are interested in the behaviour of Ly + Ly on (0, M), we have
to know the mutual position of these to curves.

3.9 Lemma. The limit

lim g(p) =:q(=1) € (0,1),

p——1

exists and it is the only solution of the equation (20) in (0,1]. Furthermore, q(p) <
opforp € (-1, —3),(—3) = 5, 4(p) > —p forp € (-3, —3) and lim,, _1/77(p) =

7
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Proof: The existence and properties of lim, , ; g(p) can be validated the same
way as it is done in step 1. of the proof of Lemma 3.8 for lim,,_ 121\( ). And
it is clear from step 2. of the same proof and from the deﬁmtlon of g (or from
Theorem 3.2 (ii)) that g(—3) = %. Further, since p; <q(p) <p++/2p(p—1) for
p € (—1,—1) (see Lemma 3.7), the value of lim,_,_1,7g(p) is evident.

It remains to determine the sign of g(p)+p for p € (=1, —3). (For p € [—3,—1)
we obviously have —p < 222 < g(p).) Let

I'(p) ::g(p,—p)Z( &L )i

3p+1

1
ORI () B 704 () BN Y By pe(-1-3)
p=DvP+1 VP+T  3y/=plp+1)
We prove soon that
1. @ decreases on [—2, —3),
2. & < 0on (—%, —%]
3. and & > 0 on (—1,—3).
It will mean that f(p, —p) is positive for p € (—%,—%) and negative for p €
(=1, —3). Since for all p G (—1,—3): —p e ( p+1,P+ V2p(p — 1)), f(p,-) decreases

(p+1 p++/2p(p — 1)) (see step 2. of the proof of Lemma 3.7) and f(p, q(p)) =0,
the assertion of the lemma regarding the relationship between g(p) and —p will

follow.

1. Let p € (—1,—31). We have
F,(p):(( L S )F(p)

pBp+1) p+1 3p+1/)p+1

/
(V5 )
:< l-p 1 .2 )\/Wf(p)'
2p(3p+1) p+1 3p+1 2p p+1
Thanks to Theorem 2.5, @ is differentiable, and

2p+1  3p+2 2p ) —3p—1 I'(p)
@' (p) = J,(I'(p)) — + 1 N .
#) = ST1P)) <§p+1 3(p+1) n3p+1/ vV op+1 plp+1)

<0

and

(rm)

TV Vv
=:H(p) <0

Numerical calculations indicate that @ is decreasing. If we could prove it,
the proof would be complete (since we know that &(—3) = 0). The non-
positivity of H is a sufficient condition for it.

Instead of H, we will investigate h, defined as

h(p) : = 3?()5 i ;) H(p)

C3(p+1)(2p+ 1) 2 pe(-1.-35)~ {3},
T GprGr+2) Mt
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because it has a simpler derivative:

15p% + 15p + 4
h(p) = < 0.
W) = G+ 2

Since lim,, 1 h(p) = 0, h < 0 on (—1,—2). One can also derive that
lim, ,_9/34 h(p) = oo and lim, ,_1/3- h(p) = —oo. Consequently, h > 0
on (—2,pg) and h < 0 on (pg, —3) for some py € (—%, —1%). It means that
the sufficient condition for the decrease of @ is met only for p € (po, —%)

Since h(—2) = In3 — ¢ < 0, we have py < —2. (According to numerical

calculations, py =~ —0.434.)

. The proof of & < 0 on (—%, —%] is based on the method of gradual simpli-

fication from step 3. of the proof of Lemma 3.7.
(a) Let

= Lap((p)  2v2 - —1,-1
o) = VP+1l 3 —p(p+1)F @ pelhs)

Due to [15, Theorem 3.5], &(p) < 0 is a sufficient condition for @(p) <
0 for p € (—3, —2]. (Naturally, the same holds even for p € (-3, —3),
but numerical calculations suggest that ® < 0on (—%, p1) and P >0
on (py, —%) with p; &~ —0.338. This explains why we have executed
step 1.) Using (8), the condition we want to verify can be rewritten

as

2 ey 9 TeEsy] 2 1 9 oy
p+ p+ p+
3p+1 3p+1 p\3p+1

pe (=37l

or equivalently as

o - 2 — 9
<£L=4:2:t—§) — 1) (a’;fzx—?) + 2) < 3$ 5 21’%7 T € (2’3]7

x
L 2p . .
where z := i1 After introducing
3zx—2
7(x) = M1 x> 1,

we can rearrange it into the form
3r7(x) + 70(2) + —5— 7" (x) < 4, x € (2,3]. (24)
x
(b) Now the inequality
273(x)
2

< 4, x € (2,3] (25)
will be used. Its validity follows from its equivalent form

((z) :=(x+2)lnz— (z—1)4In2 < 0, x € (2,3,
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after realising that ((2) =0, ((3) =In 22 <0 and ("(z) = %2 > 0
for x € (2,3). So the right-hand side of (24) can be replaced by the
left-hand side of (25), yielding a sufficient condition for (24), which
can be simplified to

292 2—3
TS+ @) < -3, ze (23], (26)

x
Let us now prove that
20+ 5
3z
The given inequality can be rearranged into

n(z) == (2—z)nz+4(z —1)(In(2z + 5) —In9) > 0, x € (2,3].

T(x) < =3, x € (2,3]. (27)

One can derive that
oy - Pla)
22(2x + 5)?
with
P(x) = 122° 4 682 — 65z — 50.
Apparently, P(z) > 75 > 0 for = € (2,3) and consequently, 7 is
strictly convex on (2, 3]. And since 7(2) = 0 and 7/(2) = 5 —1In2 > 0,
we have that n > 0 on (2, 3].
Thanks to (27), a sufficient condition for (26) follows, namely

522 + 5z — 6
> — € (2,3].
It is easy to see that
3v+4 Hx’+5r—6
x + e+ ox v e (2,3

>
5 33z —2)
because it is equivalent to
Q(z) :==22° — Tz +6 > 0, r € (2,3],
while % and 2 are the roots of (). So proving
3r +4
5 Y
will finish step 2. Let us express (28) in the form
k() == Bz —2)Inz+4(1 —2)(In(3z +4) —In5) >0, z € (2,3].
We have

T(z) > x € (2,3], (28)

" S(x)
W) = 22(3z +4)%’
where

S(z) = 92° + 422 — 962 — 32.
Since S(2) = 16 > 0 and S’(z) > 180 > 0 for x > 2, k is strictly
concave on (2, 3], which together with x(2) = 0 and x(3) = In % >
0 yields that x > 0 indeed on (2, 3].
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3. Parts (a), (b) and (c) of step 2. are applicable for the proof of the positivity
of & on (—1,—3) with minor changes.

(a) It suffices to prove that @ >0 on (—1,— ) which is equivalent to
2 _
2
(b) Since (1) = ¢(2) =0 and ¢"(x) < 0 for z € (1,2), ¢ > 0 on (1,2),
yielding a sufficient condition for (29) in the form

2% —2 2 -3z
" T(x) + p *(x) > -3, xr € (1,2). (30)

372(z) + 7 () + ™(x) > 4, r € (1,2). (29)

(¢) We have P(1) = =35 < 0, P(2) = 183 > 0 and P'(z) > 107 > 0
for z > 1. Consequently, P has a unique root zo in (1,2), and 7 is
strictly concave on (1, z0] and strictly convex on [xg,2). However,
n(1) =n(2) =0, and 7/(1) = 1+4In§ < 0, which ensure that n < 0

n (1,2), and
(2) < 52% + 5 — 6
() < ————
33z —2) ’
is a sufficient condition for (30).
(d) As we have seen, Q(2) = 0 and therefore, we cannot proceed as in
part (d) of step 2. Instead, let us prove that
8x +4 _ 522 4+ 5x — 6
x+8 33xr —2) '
The desired inequality is equivalent to
T(x) := 5% — 272% + 462 — 24 > 0, r € (1,2).

Let us notice that 7”7 < 0 on (1,2) and 7” > 0 on (£,2). And since
T(1) =T(2) =0 and 7"(2) = —2 < 0, the positivity of 7" on (1, 2)

z € (1,2).

follows.
Consequently, it suffices to prove that
8r 44
< , € (1,2).
) <=L we(12)

Let us reformulate it as
p(z) :=4(z —1)(In4 + In(2z + 1) — In(z + 8)) — 3z — 2)Inz > 0,
€ (1,2).
After differentiating we obtain that
U(z)
22(x + 8)2(2x + 1)%’

() = -
where
U(z) = 122° + 2122* — 1612° — 5222% + 7362 + 128.

We have that U(1) = 405 > 0, U'(1) = 117 > 0, U"(1) = 774 > 0
and U"'(z) > 4842 > 0 for x > 1, meaning that p is strictly concave
n (1,2). The last fact we have to realise is that p(1) = p(2) =0. O
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Numerical calculations indicate that g(—1) ~ 0.624, it has a unique stationary
point (~ —0.185, while g(—0.185) ~ 0.421) as well as a unique inflection point
(= —0.400). One can prove that defining g(—%) := 2, (%) = 3 holds.

Joining Lemmata 3.3, 3.4, 3.7 and 3.9 with Lemma 2.4, and using the continuity
of L1 + Lo, we obtain Theorem 3.10.

3.10 Theorem. Assume that (6) holds withp < 1 and q ¢ {q(p),q(p)}. (Functions
q and q are defined by (14).) Then there exist 0 < 1} <ly <3 <y <00, l; <ly
such that the number of all positive non-symmetric solutions of (1) is

>2  ifle (i),
IN(l)I{ =0 ifle(0,)U (I, 00).

(Recall that [IN'(1)| is even.)

Moreover:
(i) If p< 0, g>q(p) orp< —=2, —p < q¢ < q(p), then I3 <1y and
4 Zfl S (lg,l4),
NG 2 {2 ne 1)
(i) fO<p<1,qg<q(p) orp<—=i, qlp) <q<—p, thenly <l and
4 Zfl € (ll,lg),
N > 32

(See Figure 3 showing the graphs of q, G and the sets from assertions (i) and
(ii)—the green and the cyan sets Furthermore, we have l; = inf%, lo =
m1n{L2(0 L(M)}, L(M)} and ly = sup 2422 See Definition 2.3
and Lemmata 2.1, 2.2 for the deﬁmtwn of Ly, Ly and L(M), and Lemma 3.3 for
the definition of L2(0).)

For p < 1 we have succeeded in describing the behaviour of Ly 4+ Lo only near
0 and M, except p=0,q¢=1and p = —%, q= %, for which L, + L, is constant,
and except p € (—=1,0)U (0,1), ¢ = q(p) and p € (=1,—3) U (=3, —7), ¢ = 7(p),
for which we know only the limits of L; + Lo at 0 and M.

However, using numerical calculations, one can observe that L; + Lo has prob-
ably at most one relative extremum for any p € (—1,1), ¢ > pgl, (p,q) ¢
{(0,1), ( £, 3)}. If it is true, the behaviour of Ly + Ly on (0, M) is clear for all

€ (—1,1), ¢ ¢ {q(p),q(p)}, and the statement of Theorem 3.10 can be modified

in the following way:
A: (31) and (32) hold with “=" instead of “>”,

B: IN(I)| =2 for all p, ¢, a and | € (I1,14) such that the exact value of |N (1)
does not follow from A,

C: Iy =y and N(l;) = 0 hold for all (p,q) not dealt with in (ii),
D: I3 =1, and N (I4) = () hold for all (p,¢) not dealt with in (i).
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L (0)
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—IL]'+L2 \~~ L1+L2
//’ \\\ 5\\\
QL(M)lr= - - - - - S S
Oy . LA - - - - - - 3
L,(0) [ [
| |
L L 5
0 M m 0 M m m
p<0,q??ﬁ(p) 05p<11,q>qA(p) p=1
orp< —z, —p<q<q(p) orp>—5,¢g<—p
orp< —3,q<q(p)
l/\ l/\ ll\
L,(0)
2L(M) _______ 7| \\ L L
——— 2L(M)_\______/_| 2L(M) 1
,/ L1+L2 \\__,’ |
Ly(0) | Ly + Ly, |
| \ | \ | \
0 M m 0 M m 0 M m
—%SlpSO,q1<6(p) 0<p<11,q<6(p) p=0,¢=1
or—§Spl<—7,6(p)<q<?ﬁ(p) orp<—3,q(p) <g<-p orp=—3,q=1%
orp<—3,—p<q<qp)

Figure 3: The behaviour of L; + Ly for p > —1, ¢ > 1%1, a > 0 according to
Theorem 3.2 and Lemmata 3.1, 3.3, 3.4, 3.7, 3.8 and 3.9.

The dashed graphs mean that for those values of p and ¢ the behaviour of L; + Lo
has been examined only near 0 and M, and the graph has been plotted assuming
that L1 + Lo has at most one stationary point. (This assumption is consistent with

numerical calculations.)
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The properties of L; 4+ Ly are summarised in Figure 3, which shows the graphs
of Ly + Ly and the corresponding sets of (p, q). Let us notice that the graphs of ¢
and ¢ in it are the output of the numerical solution of (14).
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