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Abstract

The fractional calculus (integration and differentiation of fractional-order) is a one of
the singular integral and integro-differential operators. In this work a class of fractional-
order non-autonomous systems will be considered. The stability (and some other prop-
erties concerning the existence and uniqueness) of the solution will be proved.
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1 Introduction

Let Lj]a,b] denotes the space of all Lebesgue integrable functions on the interval [a, b],
0<a<b<oo.

Definition 1.1 The fractional (arbitrary) order integral of the function f € Ljla,b] of
order 3 € RT is defined by (see [2] and [4] - [6])

B tt — 5)5_ 1
I f(t) = / T (s

where I'(.) is the gamma function.
Definition 1.2 The Riemann-Liouville fractional-order derivative of f(t) of order a € (0, 1)
is defined as (see [2] and [4] - [6])

D f(t) = %I;—a (t), t € [a,b].

Definition 1.3 The (Caputo) fractional-order derivative D® of order a € (0,1] of the
function ¢(t) is defined as (see [4] - [6])

Dg g(t) = I; = g(t)v t e [avb]'
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Now consider the non-autonomous linear system:

with the initial condition
z(ty) = 2% t > to,

where A(t) is a continuous n by n matrix on the half-axis ¢ > 0. We know that (see [1])
the solution of system (1) is given by:

x(t,to,2°) = X(t) X L(tg) 2%, t > 0,

where X (t) is an arbitrary fundamental matrix of the system (1) defined on the whole
half-axis ¢ > 0.

Now we shall present the main definitions (see [1]) related to the concepts of stability of
the solution z = 0 of (1).

Definition 1.4 The solution x = 0 of (1) will be called stable if to any € > 0, ¢, > 0 there
corresponds §(g,tg) > 0 such that ||z(t,tp, 2%)|| < e for t >ty as soon as ||2°]| < 6.
Definition 1.5 The solution x = 0 of (1) will be called uniformly stable if d(e,ty) from
definition 1.4 can be chosen independent of to : d(g,ty) = d(e).

Definition 1.6 The solution z = 0 of (1) will be called asymptotically stable if it is stable
in the sense of definition 1.4 and there exists y(tp) > 0 such that tllglo || (t, to, z°)|| = 0 for
every x(t,tg, 2°) with ||2°]] < 7.

Definition 1.7 The solution = 0 of (1) will be called uniformly asymptotically stable if
it is uniformly stable in the sense of definition 1.5 and moreover, for any € > 0 there exists
T(¢) > 0 such that ||z(¢,tg,2°)|| < € for every t > tog + T(¢) and all 2° with ||2°]| < o,
where 7y is independent of ¢g.

In other words, = 0 of (1) will be called uniformly asymptotically stable if it is uniformly
stable and lim||z(t,tp,2°)|| = 0 as t — tg — +oo uniformly with respect to (tg,2°),tq >
0, 121 < 7o-

Theorem 1.1

Let X (t) be a fundamental matrix of the system (1). A necessary and sufficient condition
for the stability of the solution x = 0 is the boundedness of X (¢) on t > 0:

IX@OI < M, ¢t >0.
A necessary and sufficient condition for the asymptotic stability of the solution x = 0 is
Jim [|IX(0)]| = 0.
Theorem 1.2

Let X(t) be a fundamental matrix of the system (1). A necessary and sufficient condition
for the uniform stability of the solution z = 0 is the existence of a number M > 0 such
that:

1X(#) X~ Hto)|| < M, t >ty > 0.
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A necessary and sufficient condition for the uniform asymptotic stability of the solution
x = 0 is the existence of two positive numbers M and 7 such that:

1X(8) X~ '(to)l| < M exp[-n (¢t — to)], t > to > 0.

Here in this work, we study the stability (and some other properties concerning the existence
and uniqueness) of the solutions of the non-autonomous linear systems:

Dy xz(t) = A(t) =(t) + f(t), o € (0,1]

and J
H(t) = AW 5 I3 2 + S0, o € (0.1)
with the initial condition
z(ty) = 20

Also the special cases:
D x(t) = Az(t), o € (0,1, x(to) = 2°

and p
2(t) = A pr I x(t), o € (0,1], x(t)) = 20

will be studied.

2 Existence of solution

Here the space Bltg, T] denotes the space of all n vector functions y such that e=V|y;(t)| €
Liltg,T], T < oo, N > 0, and the space C*[tg, T] denotes the space of all n vector functions
x such that e=Nt|x;(t)| € Cltg, T], T < 0o, N > 0, while the space AC*[to, T] denotes the
space of all n vector absolutely continuous functions, in addition the norm on Blty, T will
be denoted by ||.||1, that s, for y € Blto, T, [lylly = Y1y [lysllr = Xiy [y, € lwils)| ds,
while the norm on C*[ty,T] will be denoted by ||.||2, that is, for = € C*[ty,T],||z||2 =
S il = Sy sup, e V2;(¢)|. Throughout this paper we define an n x n matrix
function A(t) = (a;;(t)), 4,7 =1,2,...,n such that A : [ty,T] — R, T < oo, also define
?

147N = lafll = supla(®)]  and  [IA]l = |layll = sup laj;(¢)]

Consider firstly the problem:
D a(t) = A@) a(h) + f(), a € (0,1, a(to) = (2)

Theorem 2.1
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Let f(t) € AC*[to,T]. If A(t) € AC*[tg,T], then there exists a unique solution of problem
(2).

Proof. Problem (2) is equivalent to the equation

d d d
y(t) = o® ZI8 AW + o I AW Tyl + 2 I £, 3)

Indeed: let z(t) be a solution of (2) and take y(t) = 2/(t) = x(t) = 2° + I y(t), then
Ly~ “y(t) = A@t) (2° + Ty(t)) + f(1)
Operating by I{¥ on both sides of the last equation, we obtain
Ly(t) = a° If A(t) + If At) Ty(t) + I f(D),

differentiating both sides, we get (3). Conversely Let y(¢) be a solution of (3), take y(t) =
2'(t) = x(t) = 2° + I y(t) and x(tg) = 2, then

d d d
2t = 2° - I At) + - I A®R) (2(t) — 2% + - I (1)
d (6% d (6%
= 7 I A(t) =(t) + o7 Iy f(1).

Operating by Itlo ~ “ on both sides of the last equation, we obtain

d d

L, “a'(t) = L, " g I A a() + L, 5 I f()
l—-a 0 (t — to)ail el / d 1 - a ja
= I Alto) « Tla) Liy (A@) =) | + = Ly~ " Ly f(1)

— Alte) 2® + AW lt) — Alto) 20 + £,
then
Di x(t) = A(t) =(t) + f(t).

Which proves the equivalence.
Now define the operator /' : B — B by

d d d
Fy(t) = a° I A + — I AW Ty(t) + — I5 f(1), (4)

Let y;, z; € B, then

Fylt) = Failt) = % T oy(0) T (s(t) — 5(1)
= Iy ag(t) T (y;(t) — 2(8) + If ai(t) (y;(8) — 2(t),

¢ - 8§~ 1 ]
% |ai;(s)] /to ly;(8) — z;(8)] b ds

¢ — g1
+ e M o % |aij(s)] lyj(s) — 2(s)| ds

e N Fy;(t) — Fait)]

N
® |
z
—
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IN

IN

and

/t e Ns |Fy;(s) — Fzi(s)| ds

to

therefore

[|Fyi — Fzilh

n
Z I[Fy; — Fzlli
i=1

1Fy — Fz||

Now choose N large enough such that

IN

IN

t

il e [
to

t

+ Jagll e [
to

t

gl e [
to

t (t— S)afl

\raij\r/
il [ e

t — 5)o - 1
i (8) — z(9)] /9 =" s

I'(«)
(t — s)* 1!
T lyj(s) — 2(s)] ds
(t — )~
ly;(0) — z;(0)] TTa) do

F(a) ’yj(s) - Zj(S)‘ ds,

N [ l) = 50 S do ds

s (g — a — 1
e [ o) — ) s s

T(a)
— t —N(s— (S - 6)0{
M lyy(0) = @) [N T ds do
_ t_ . (8_9)0471
Ne |yj<e>—zj<e>|/9 e Bl s ap

« du

=N |y (8 9 T U df
e Y (0) — 2;( )’/ e mﬁ

t=0) w1 du
—No ly;(0) — 2 (0 |/ e — df

No-1T(a) N
[|as]| |la;|
leia ly; — 2l + Na ly; — zilh
llaill el
(el 0 s~ s

[la |

IN
A/

|

1

(2

||aij||
Moty Sy = #lh

fall Nl
foal - 2 ) s — sl

(VAN
A/

]\I,IﬂL + HNQ < 1, then we get

AL 04Ty =g
Nltao N« Yy 1

A|

[y = Fzlli < lly = =,

therefore the map F' : B — B is contraction and (4) has a unique fixed point y € Blto, T,
therefore we deduce that the problem (2) has a unique solution = € AC*[ty, T].
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Consider secondly the problem

d) = A I at) 4 F0), o e (01, alt) = o)
Theorem 2.2

Let f(t) € Blto,T]. If A(t) be an n x n matrix function which is bounded and measurable,
then there exists a unique solution of problem (5).
Proof. Problem (5) is equivalent to the equation

o (8 = t)* 1

y(t) = o) A(t) + A(t) Iy y(t) + f(1), (6)
Indeed: let z(t) be a solution of (5) and take y(t) = 2/(t) = x(t) = 2° + I y(t), then
W) = AW TG+ Ty() + 50
= 2 % At) + At % IIg y(t) + f(t)
= 2° (t = to)r A(t) 4+ A(t) IE y(t) + f(b).
() ’

Conversely Let y(t) be a solution of (6) and take y(t) = 2/(t) = z(t) = 2° + I y(t) and
z(tg) = 2, then

)
I'(«)

Iy =(t) + f(2).

2'(t) At) + A() Iy 2'(t) + f(1)

— AW C‘;t

Which proves the equivalence.

Now define the operator F': B — B by
o (t — tg)* !

Fy(t) = 2 S A0) + AW I 9(t) + ) @
Let y;, z; € B, then
Fyi(t) — Fzi(t) = a;(t) Iy (y;(t) — z(t)),
t — 5o - 1
NP0 - Pa)] < M oyl [T ) — 5] ds
t t s e 1
/to NS Pyi(s) — Fagls)| ds < HafjH/tO e~ Ns /t (STOB) 1y:(8) — =;(0)| df ds
t t a—1
ot e N0 (0) — 2. o~ N(s—0) (s—0) s
< el | els0) ~ ) | Ty
N(t—0) w w1 du
< o [
< By, —
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therefore

|la;|
[Py — Fzil[i < e lly; — zlh,
n |la;|
> |IFy; — Fzilh < vo 19— zlh
i=1 i=1
||A*||

|Fy — Fzlli <

ly — =l
Now choose N large enough such that ||A*|| < N®, then we get
[Py — Fzlli < lly — 2,
therefore the map F' : B — B is contraction and (7) has a unique fixed point y € Bltg, T,
therefore we deduce that the problem (5) has a unique solution z € AC*[to,T].
3 Stability of non-autonomous systems

In this section we study the stability of the solution of the initial-value problems (2) and
().
Theorem 3.1

The solution of the initial-value problem (2) is uniformly stable
Proof. Let y(t) be a solution of

W) = o0 Dap e - S A Ty + oI p
= A(tg) 2° % + 2% I A + I A Tyt) + I A®) y(t) + %Igg (1),

and let 7(t) be a solution of the above linear system such that g(t) = 2°, then

_ a—1
W) = 0 = (@) - 2 eyl CT @ - ) 15 a0
b a0 1) — BE) + 1 ag®) w0 - ).
_ a—1
N ) -0 < N - 3] lato)] o —
t — s a—1
+ e N2 — &) ; {t = 9" ]_“(03 |ai;(s)| ds
—Nt t (t B S)ail I s ~
+oe [ @) [ o) - 50)) a0 ds

t — g a—1
+ e M /to % laij ()] ly;(s) — wi(s)| ds
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and

t
| tuts) -
to

then

gi(s)] ds <

<l e g - ag) LT ||aij||e*Nt e s
bl e [ o) - o [
bl e[S ) - )
< gl e jah - 2y L il e o - Lol
# e [ ) - 5Ol e

Lt - s

* —Nt
sl e [

[lafjll e |3

—Nto ’1’

t S (8 _ 9)0471
+ ;k / —Ns / > ;)
|lag]| € W T(a)

0 0 N(t—to)

* ~ _

< llalllag = &l [ e
N(t—to)

+ llEgll e - @Bl [ e

t
1l [ e ()
0

t
gl [ e o) - 50 [ e
lagll o o Nl
< S Y - &l + e Nl

t

Nl [ e 1y;0)
to
! —N6§

+ llajll [ e Iy (o)
to

a1

~0
Na H”U] - %H

lyi — willh <

-5 [ e

|| |
Nl—i—oz

lyi(s) — yi(s)| ds

to)afl

t
0 ~0 —N(s—to) (s —
— I e — = ds
P, ey
_ 0 —N(S to) — ) d
i /to (1+a) °

+ gl / e e /to lv;(0) = 9;(0)] }(%{j)

df ds

ly;(0) — 9;(0)] do ds

e du
Ne=lT(a) N
u® du

NeT(1+a) N
~N(s—p) (8 = 0)"

F(1+a) ds df
a—1
7N(s 9 9) ds da
- T(a)
— Tl

_ Ni-=0) u® du
o) [ e e

NeT(14+a) N

N(t—0) a—1
— 5;(0)] / e W du g,

Ne-1T(a) N

a7 = #ll2
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||as]| . |lag; || N
+ e 19— Bl + i Ml — il

gll _ lla ) lagll 1) )
(1= bl B0 s - e < (Tl ) - e
-1
_ llag]|  llag;ll llai;l| - Jlag]]
= - ol < (1o - ) (Bl Jel) gy -

Now, since
z(t) = 2% + Iy(),

then
t
zi(t) — () = =) — 7 + (yi(s) — wi(s)) ds,
to
t
e Mai(t) — () < e M) — F| 4+ M /t lyi(s) — wi(s)| ds
0

< e Mo — B+ e /t: eN® e N Jyi(s) — Gi(s)] ds,
oo — Tlla < [laf — &2 + llvi — wll
< g — e
N (1 _ J”ﬁi” _ ”f?i”)l <||]c?£|| N ﬁi”) 10— 2,
< (1 U ”ﬁi">_l 122 — &l
Therefore

IN

lagll el ™
iJ 1] 0 ~0
(1 T Nlta T Ne ) |z — 2,
~ —1
~ || Al || A*|] ~
o — Z|ls < (1 ~ Nte T na 2% — 2%

Therefore, if ||2° — 7% < d(¢), then ||z — Z||2 < &, which complete the proof of the
theorem.

n
S llw — Fll2
=1

n

)

[y

Theorem 3.2

The solution of the initial-value problem (5) is uniformly stable.
Proof. Let y(t) be a solution of

o (t — t)* !

y(t) = = Ta)

A(t) + A(t) Iy y(t) + f(t)
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e N Jyi(t) — ()]

[ lusto) = 3(9)] s

to

then

Now, since

then

and let 7(t) be a solution of the above linear system such that g(tg) = 2°, then
~ 0 oy (E—t0)* ! a ~
) = Bt = (25 = ) Ty w® + e I (50 - g50),
~Nt 1,0 _ =0 (t — to)*!
< eV |T| |aij (2)|
B ( S)O‘ 1 _
4 a0 e [ E I ) — ) ds
to (a)
Nt 0 o (B = o)
t a—1
-N (t — s)
+ gl e [ W\yj(s) 3(s)| ds.
< lak]| e Nt |20 — 0\ / (s=to) t)* "
- Y ’ to F(04)
t s (s — 0)~
+ a’ﬁ/e_Ns/i (0) — g;(0)] do ds
|lag; ] A . () ly;(0) — 5;(0)]
N(t—to) uo—l du
0 ~0 —
< llall ey = &l [ e m v
* t —N6 0)0{ !
I A e
[|ai; | ~
< TRy — s
t (t—0) a—1
* —NG6O U du
il e Juy(0) 5,06 r/ T N
[|ai; | - |laZ; ]
< Na 1) — &l + = il
_ |laZ; ] |laZ; ] _
lyi — willh < ]\;fl |9 — = ly; — gl
~ |laZ; ] N
) ly; = g5l < 5 g — &l
a3 a1\~
R (S I T
||ai}|| 0 ~0
— * ||,I - $||2
<Na - ||aij|| ! !
z(t) = a° + T y(t),
Tl <l = Fllo + v — Gl

||
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IN

||;,;0 _ 550|| + % ||;,;Q _ 50||
P AN —legll) Y

NOé
< N\ v ) g — @l
(NO‘ - IIGE}H) T

n
S llw — Tl
=1

_ N N
e =l < () e - ke

Therefore

AN
N
=
Q
=
:Q
*
~_
B
<o
)
SO
=

Therefore, if |29 — Z°||3 < §(¢), then ||z — Z||2 < &, which complete the proof of the
theorem.

4 Autonomous systems
Now we study the problems:
D x(t) = Az(t), a € (0,1, x(ty) = 2° (8)

and
J(1) = A % I at), a e (0,1, a(t) = a° )

which are the special cases of the initial-value problems (2) and (5) when A(t) = A, where
A is a real constant matrix and f(¢) is the zero vector.

Theorem 4.1

The solution of the initial-value problem (8) or (9) is given by the formula

o0

z(t) = Z (A I%)k 0
k=0
_ 0 Ak (t _ to)ka
N Z 'l + ko) '

k=0

Proof. Firstly we prove that the two problems are equivalent to each other, indeed: Let

x(t) be a solution of (8), then

_ o dx
Itl() E = Ax(t),

operating by If; on both sides of the last relation, we get

z(t) = 20 + A Iy x(t),
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differentiating both sides, we obtain (9) and when t = ¢ , we obtain z(tg) = z°.
Conversely let z(t) be a solution of (9), operating by I}, ~ ® on both sides of it, we get

Now since

1 -«
I,

:>ng

dx

dt

e N ag I z(t)] <

llai; Ity jl[2

then

n
> ai
=1

1A I ]2

IN

IN

IN

Iy zjll2

Arql—@ <m0 % + I x'(t))

z(t) = A@® 4+ z@t) — 2% = A=z().

t _Soz—l
gl e [ T T s

t a—1

- —N(t — s) (t — S) —Ns )
a e — e zi(s)| ds,
| | o) 25(5)

N(t—to) u® ! du
|aij| |z;]2 /0 e m N
|aij|
Sl sl
< Z laij| [|z;]l2, 1 = 1,2,....n,
||A||

< e el < lellz,

where ||A|] < N¢, it follows that [|[A If[|> < 1, then from Neumann expansion (see [3])

we complete the proof.

Theorem 4.2

If A is a real constant matrix with the characteristic roots all having negative real parts,
then the solution of the initial-value problem (8) (or (9)) is uniformly asymptotically stable.

Proof.
|lzi(t) — Zi(t)]

IN

e (t —

>

k=0

eaij (t — to

\Z ”

|lzi(t) — et = t0) x? — F(t) + etult — ) %?
) x? — euii(t — to) 5?‘
[(2a(t) — el =) ad) — (@) — et 1) 50)
W @ - )
k _ ka
alj (t to) ﬂjo _ eal'j(t — tO) xo)
'l + ka) J J
ak; (t —to)r™
v] ~Q _ ai~(t7t0) ~Q ai~(t7t0) 0_ 0
F(1+ka) K ) e (e =)l
o) k k
1+ ka) = T+ k) J J
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+ el T ) g0 39

o gk
2Ry (1 - Pr((lljlg) (t_tO)ka_k) (¢ = t0)"] 2 - 35
k=0

+ it~ o) ]w? — %3[

Let ka = k — 3, a € (0,1], 8 > 0, then

< af (1 + k)
zi(t) — z;(t)] < |— ¢<1——t—t _6> t—1 x—x
+ e“"f(t_ ) |20 — &)
< ak. (t — to)*
< Y 0 _ 70 aij(t —to) 1,0 _ 70
— |]€Z:0 P(l + k) | |x] 'Ij | + € |x] 'Ij
= ¢t~ t) \x? - fg[ + eilt = t0) ]w? — %9[
= 2¢m(t—t) ]w? — %9[

Since A is a real constant matrix with the characteristic roots all having negative real parts,
then there exists positive constants K and o such that

eAt S K e—at

)

therefore
N n(t) — F(D)] < 2K e €0 N D 5
< 2K e @t~ t) N |x? — §?|,
lzi — Tlle < 2K e @ &~ Jjz) — 395,
n n
Sollw = F@ille < 2K e 0N ) — a3,
i=1 j
o = 3l < 2K e €0 g0 _ 50,

Therefore, we deduce that the solution is uniformly asymptotically stable.
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