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ABSTRACT. This paper deals with the existence result of viable solutions of
the differential inclusion
&(t) € f(t, (1) + F(x(t))
z(t) € K on [0,T],
where K is a locally compact subset in separable Hilbert space H, (f(s,+))s is
an equicontinuous family of measurable functions with respect to s and F is
an upper semi-continuous set-valued mapping with compact values contained

in the Clarke subdifferential 0.V (x) of an uniformly regular function V.
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1. INTRODUCTION

Existence result of local solution for differential inclusion with upper semi-conti-
nuous and cyclically monotone right hand-side whose values in finite-dimensional
space, was first established by Bressan, Cellina and Colombo (see [6]). The authors
exploited rich properties of subdifferential of convex lower semi-continuous function;
in order to overcome the weakly convergence of derivatives of approximate solutions,
they used the basic relation (see [7])

—V(a(t) = &)

Later, Ancona, Cellina and Colombo (see [1]), under the same hypotheses as the
above paper, extend this result to the perturbed problem

@(t) € ft,x(t) + F(x(t))

where f(-,-) is a Carathéodory function.

This program of research was pursued by a series of works. In the first one (see
[9]), Truong proved a viability result for similar problem, where the perturbation
f is replaced by a globally continuous set-valued mapping G with values in finite-
dimensional space. This result was extended by Bounkhel (see [4]) for a similar
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problem, where F' is not cyclically monotone but contained in the Clarke subdiffer-
ential of locally Lipschitz uniformly regular function. However under very strong
assumptions namely, the space of states is finite-dimensional and the following tan-
gential condition

(G(t, )+ F(:c)) C Tw(z)
where T (x) is the contingent cone at x to K.
Recently, Morchadi and Sajid (see [8]) proved an exact viability version of the
work of Ancona and Colombo assuming the same hypotheses and the following

tangential condition
V(t,z) € R x K,3Jv € F(x) such that

1 t+h
h}ir(r)hinfﬁd;( z+hv+/t f(s,z)ds | =0. (1.1)

Remark that in all the above works, the convexity assumption of V' and/or the
finite-dimensional hypothesis of the space of states were widely used in the proof.

This paper is devoted to establish a local solution of the problem

i(t) € f(ta) + Fab), F(a(t) < 0.V (a(t)
x(t) e K C H,

where K is a locally compact subset of a separable Hilbert space H, F' is an upper
semi-continuous multifunction, 0.V denotes the Clarke subdifferential of a locally
lipschitz function V' and the set {f(s,.) : s € R} is equicontinuous, where for each
x € K, s+— f(s,x) is measurable and the same tangential condition (1.1). One case
deserves mentioning: when f is globally continuous, the condition (1.1) is weaker
than the following

(f(t.2) + P@)) N Tic(2) #0.
To remove the convexity assumption of V' and the finite-dimensional hypothesis of

H, we rely on some properties of Clarke subdifferential of uniformly regular function
and the local compactness of K.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULT

Let H be a real separable Hilbert space with the norm ||-|| and the scalar product
< +->.Forz € H and r > 0let B(z,r) be the open ball centered at x with radius
r and B(z,7) be its closure and put B = B(0,1).

Let us recall the definition of the Clarke subdifferential and the concept of reg-
ularity that will be used in the sequel.

Definition 2.1. Let V : H — RU{+o0} be a lower semi-continuous function and
x be any point where V is finite. The Clarke subdifferential of V' at x is defined by
oV(z):={yeH :<yh>< VI(z,h), forall h € H},

where V1 (x, h) is the generalized Rockafellar directional derivative given by

"R — ’
Vi(z,h) = lim sup f Ve’ +th) = Vi )
o' —z,V(z')—V (z),t—0 h'—h t
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Definition 2.2. Let V : H — R U {400} be a lower semi-continuous function
and let U C DomV be a nonempty open subset. We will say that V' is uniformly
regular over U if there exists a positive number 3 such that for all x € U and for

all € € 9,V (x) one has
<&a'—x > V(@)= V(x)+ B2’ —x||* forallz' € U.

0,V (z) denotes the proximal subdifferential of V' at z which is the set of all
y € H for which there exist §, o > 0 such that for all 2’ € z + B

<y —x><V(E@)-V@)+ola —x|?.

We say that V is uniformly regular over closed set S if there exists an open set
U containing S such that V is uniformly regular over U. For more details on the
concept of regularity, we refer the reader to [4].

Proposition 2.3. [3, 4] Let V : H — R be a locally Lipschitz function and S a
nonempty closed set. If V is uniformly reqular over S, then the following conditions

holds:

(a) The proxzimal subdifferential of V' is closed over S, that is, for every x, —
x € S with x, € S and every &, — & with &, € 9,V (xy,) one has € €
0V ().

(b) The prozimal subdifferential of V' coincides with the Clarke subdifferential
of V' for any point x.

(¢) The prozimal subdifferential of V' is upper hemicontinuous over S, that is,

the support function x — o(v, 0,V (x)) is u.s.c. over S for every v € H.

Now let us state the main result.

Let V : H — R be a locally Lipschitz function and f-uniformly regular over
K C H. Assume that
(H1) K is a nonempty locally compact subset in H;
(H2) F : K — 2" is an upper semi-continuous set valued map with compact
values satisfying

F(z) C 0.V(x) for all x € K;

(H3) f:R x H — H is a function with the following properties:
(1) For all z € H, t — f(t,x) is measurable,
(2) The family {f(s,.) : s € R} is equicontinuous,
(3) For all bounded subset S of H, there exists M > 0 such that

| f(t,2) |< M, V(t,z) €R X S;
(H4) (Tangential condition) V(t,z) € R x K,3v € F(x) such that

1 t+h
lim infEdK :c—f—hv—i—/ f(s,z)ds | =0.
t

h—0t
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For any xp € K, consider the problem:
@(t) € f(t,x(t)) + F(x(t) ae;
x(0) = xo; (2.1)
x(t) € K.
Theorem 2.4. If assumptions (H1)-(H}) are satisfied, then there exists T > 0
such that the problem (2.1) admits a solution on [0,T).

3. PROOF OF THE MAIN RESULT

Choose 7 > 0 such that Ko = K N (zo + rB) is compact and V is Lipschitz
continuous on xg + rB with Lipschitz constant A > 0. Then 9.V (x) C AB for every
x € Ky. Let M > 0 such that

| f(t,2) |< M, ¥(t,x) € R x (xg +rB). (3.1)

Set
r

T=—-——.

20+ 1+ M)

In the sequel, we will use the following important Lemma. It will play a crucial
role in the proof of the main result.

(3.2)

Lemma 3.1. If assumptions (H1)-(H4) are satisfied, then for all0 < & < inf(T,1),
there exists 1 > 0 (n < &) such that
V(t,z) € [0,T)x Ko, Fhey € €], u € Fla)+ 2 [’

e 7 f(s @) ds+ 5B, yr € Ko
and v € F(yt ) such that

t"l‘ht,a:
(m+ht7zu)€KﬂB(x+ht,mv+/ f(s,x)ds,)\—i—M—i—l).
t

Proof. Let (t,x) € [0,T] x Ky, be fixed, let 0 < & < inf(T,1). Since F' is u.s.c
on x, then there exists d,, > 0 such that
F(y) C F(z) + %B, for all y € B(x,d).
Let (s,y) € [0,T] x Ko. By the tangential condition, there exists v € F(y) and

hs,y €]0, €] such that

s+hs,y €
dx | Y+ hsyv +/ f(T,y)dT < h&yﬁ'

Consider the subset
t+hsy -
N(s,y) =1 (t,2) € R x H/dg (z+ hsyv —|—/ f(r,2)dr) < hs7yﬁ .
t
Since

I f(m.2) [I< M, ¥(r,2) € R x B(zo,7),
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then the dominated convergence theorem applied to the sequence (X[t.,tJrhs,y]f(" )t
of functions shows that the function

l+hs,y
(I,2) = z+ hg yv + / f(r,z)dr
l

is continuous. So that, the function

l+hs,y
(I,2) — dg (z + hyv+ / f(r, z)d’r)
l

is continuous and consequently N(s,y) is open. Moreover, since (s,y) belongs to
N(s,y), there exists a ball B((s,y),ns,y) of radius n,, < d, contained in N(s,y),
therefore, the compact subset [0,7] x Ky can be covered by ¢ such balls B((s;,v;),
Ns; ;). For simplicity, we set

Ps; s i=hi and m; == 0, 4,, 1 =1,...,¢q.
Put n = min{h;/1 <i < g} and let i € {1,...,q} such that (¢t,z) € B((si,yi),m),
hence (t,2) € N(s;,y:). Then there exists v; € F(y;) such that

t+h; c
dx z+hivi+/t f(r,x)dr <hiﬁ.

Let x; € K such that

1 tthi 1 t+h; -
h_i zi — |+ hiv; +/t flryx)dr ||| < h—idK T+ h;v; +/t f(r,x)dr +E'
Hence

Ti — X 1 t+h; e
I <Ui + h_z/t f(T,x)dT) < 5T
Set
r; — X
u =
hi

then z; = x + h;u € K and

1 [t £
= h_z/t f(T,l')dT+F(yi)+ﬁB .

Since ||  — y; ||< 7 < 6z we have

3
Fly)) C F — B,
(3) © F(a) + 57

t+h;
u € <hiz/t f(T,.T)dT-l—F(x)-l—%B).

On the other hand, since z € K, we have

t+h; t+h; c
z; — | =+ hyv; + / flr,x)dr < drg|z+ hwv; + / flryz)dr | + T
t t
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t+h;
< ||hiv; +/t f(r,x)dr|| + iT
< hiA+M)+1< A+ M+1.
Thus z; € B (z +hivi + [T (r 2)dr A+ M+ 1) . 0

Now, we are able to prove the main result. Our approach consists of construct-
ing, in a first step, a sequence of approximate solutions and deduce, in a second
step, from available estimates that a subsequence converges to a solution of (2.1).

Step 1. Approximate solutions. Let zp € Ky and 0 < ¢ < inf(7T,1). By

Lemma 3.1, there exist n > 0, hg € [, €], ug € (hio foh(’ f(s,x0)ds + F(xo) + %B),
yo € Ko and vy € F(yp) such that

ho
1'11'0+h0U0€KﬂB<1‘0+h0’U()+ f(S,SCo)dS,A+M+1>
0
Then by (H2), (3.1) and (3.2), we have
H T1 — Xg ||:H houg ||§ ()\+1+M)T <r

and thus z; € Ky. Set h—; = 0. By induction, for ¢ > 2 and for every p =
1,...,q — 1, we construct the sequences (hy,), C [n,¢], ((zp)p, (Yp)p) C Ko x Ko
and ((up)p, (vp)p) C H x H such that Zz_i h, <T and

Tp = Tp—1 + hp—1up—1;

g hi
t, € KNB | ap_1+hp_1vp-1+ [ f(s,zp_1)ds, \+ M +1 |;
Tio hi

Xioohi
up € h—lp | f(s,xp)ds+ F(zp,) + =B | ;
oLyl

vp € F(yp).
Since h; > 1 > 0 there exists an integer s such that

s—1 s
S hi <T <Y hi
i=0 i=0

Then we have constructed the sequences (hy), C [n,€], ((2p)p, (yp)p) C Ko x Ko
and ((up)p, (vp)p) C H x H such that for every p=1,...,s, we have
(i) @p = 2p-1 + hp_1up—1;
TPg b
(i) 2p e KNB | p_1 + hp_1vp—1+ [ [f(s,zp_1)ds, \+ M +1];
S iZo b
EJQTDE, 2007 No. 7, p. 6



Zzij:o hi

(i) up € F(xp) + % | f(s,xp)ds + =B;
Y20 ha

(iv) vp € F(yp).

By induction, for all p =1,...,s we have

p—1
Tp = X0 + Z h;u;.
i=0
Moreover by (iii), (H2), (3.1), (3.2) and because 3?0 h; < T, we have

p—1
g hius
i=0

l[zp = zol| =

p—1 p—1
< hilluil €Y hiA+ 14 M) <, (3.3)
1=0 1=0

hence z, € K.

For any nonzero integ k and for every integer ¢ = 0,...,s — 1 denote by h’; a

real associated to € = % and x = z, given by Lemma 3.1. Consider the sequence

(18)r defined as the following

0 =0,7t =T,
Tg:h§+...+h§71 ifl1 <q<s,

and define on [0, T the sequence of functions (zx(.))r by
z(t) = xgo1 + (t — T,g_l) ug_1, Vte [t l);
2, (0) = xo.

Step 2. Convergence of approximate solutions. By definition of z(.), for all
t € 7771, 78] we have @ (t) = ug—1. By (iii), (H2), (3.1), for a. e. t € [0,T], we
have

e ]| < A4+1+ M.

On the other hand, by (ii), (iv), (H2), (3.1) and (3.3) we have

s
ool < o= a4 B+ [ fGsia0)as)
Tk
s
+ :qul + hl;flvqfl +/ . f(S, :L'q71>d8
T
7
< A+MA+1+||zg— (mo — g—1) + hl;_lvq,l +/ ) f(s,xq—1)ds
T
< A M+ 1+ [lzoll + llwo =zl + hg_illvg—1ll + hg_1 M
< A+MA1+ |zl +r+ X+ M
< 2(A+ M +1)+ ||xol| +7 = R.

Then z, € Ko N B(0, R) = K. By construction, for all t € [r{~"

, 1] we have
-1
i)

T(t) = Tg1 + (t— 7 g1 = g1 + oF (g — Tg-1)-

q—1
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. -1 -1
Alsosince 0 <t -7 <7l —71"" = hk_. we have

q—1>
-1
o< U= )
Then .
t—r1"
( hk . )(xq —x¢-1) € co{{0} U (K1 — Ko)},
q—1

hence z(t) € Ko + ¢o{{0} U (K1 — K0)} which is compact. Therefore, we can
select a subsequence, again denoted by (z(.))r which converges uniformly to an
absolutely continuous function z(.) on [0,T], moreover & (.) converges weakly to
#(.) in L?([0,T], H). The family of approximate solution xy/(.) satisfies the following

property.

Proposition 3.2. For every t € [0,T], there exists ¢ € {1,...,s+ 1} such that

q

1imOo dgrr <(:Ek(t),x'k(t) - h%l /Tk1 f(s,qu)ds)> =0.

o o

Proof. Let t € [0, 7], there exists ¢ € {1,...,s + 1} such that ¢ € [7/~', 7] and
limg— 400 7-1371 = t. Since

, 1 [T 1
0) = / F(s2-1)ds € Flag1) + 7B, (3.4)
we have
, 1 [T 1 1
dgrr | (wk(t), 2r(t) — -5 f(s,2q-1)ds) | < |lzi(t) — zp(m )+ =,
hq_1 it kT
hence
. . 1
lim dgrr | (2k(t), 2x(t) — - f(s,zq-1)ds) | = 0.
k——+00 hqfl 7'1371
O
Claim 3.3. \
. 1 T
kgr-lr-loo hk_l /7—‘1*1 f(sa xq—l)ds = f(t,.’L'(t))
q i
Proof. Fix any t € [0,T], there exists ¢ € {1,...,s+ 1} such that t € [r{"", 7],

limg 400 7-]3_1 = limg— 0o 74 =t and limy_ 4o .Tk(Tg_l) = z(t). Put

G(t,y) = /O f(s,y)ds.

Note that the function G is differentiable on ¢ and

e

E(tay) = f(t’y)'
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We have

G(rfx(t) = G(r{ " x(t) Ft,2(0)
T — Tg_l
G(rfa(t) = Gl a(t)  Gt,a(t) - Gl a(t) ‘
- T Tg_l t— T,g_l
Gt.a) = G 0) _
T

G(rla(t) = G a(t) Gt a(t) — G a(t) ‘
7 —Tg_l 15—7',3_1
||t <G(T;3 () = Gt a(t) G x(t) - Gt z(t))) H
7-];1_7-];1—1 T —t Tg_l —t
o |cetmy-Gesw) g,
k
e L (e )
T —
Hence
G(Tg7x(t)2 - G;(j?i :C(t)) f(t,:c(t))
T — 7]
< H G(TIZ 56(12]; : f(t :L'(t)) f(tax(t))H
4o | GO =G o0) _ i, o)
t—T,
As (t.
. Gl x(t) - G(t,x(t)  dG B
Jim k - — (b)) = f(t,2(t))

and .

i TR ) - () = 150)
we have

i GO Z GO W) iy, (35)
— 400 T — 1]

Put

Glri,2lt) = Gri™ o(t) f(t,z(t))H :
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On the other hand we have

wr | S s t.20)

Gl an(rf ™) = G (i) e

= 7_]3 . q—1 t,l‘(t)) ‘

< Gl an(rf™ ) — G L an(7 ™) G x(t) — G x(t)) n

= L4 _ a1 L4 _ a1 Pk
k k k

+ Pk-

1 i
= R f(s,x a1 — f(s,x(t)))ds
e [ )~ S0

Since the family {f(s,-) : s € R} is equicontinuous, then there exists ko such that
1
£ (s, (771)) = f(s,2(1)]| < z for all k > ko and for all s € R,

consequently we have for k > kg

—1 —1 -1
G(Tg,xk(Tq )3 - G;(jlq ,SCk(TIZ )) _ f(t,l‘(t)) < % +pk-
T =T,

By (3.5), the last term converges to 0. This completes the proof of the Claim.
O

The function z(.) has the following property
Proposition 3.4. For allt € [0,T], we have ©(t) — f(t,z(t)) € 3.V (x(t)).

Proof. The weak convergence of i (.) to #(.) in L?([0,7], H) and the Mazur’s
Lemma entail

x(t) € ﬂc?){jcm(t) :m >k}, for a.e. on [0,T].
k

Fix any t € [0,77], there exists ¢ € {1,...,s + 1} such that ¢ € [r{"'

limg 4 o0 7'271 =t. Then for ally € H

, 1] and

<y, &(t) ><inf sup < y,zi(t) >.

m k>m

Since F(z) C 0.V (z), then by (3.4), one has

, 1 [T 1
Ei(t) € 0V (xg—1) + E - f(s,xq—1)ds + k—TB.

Thus for all m
=

1
) f(s,xq—1)ds + ﬁB> ,

<y,i(t) >< sup o (y,c?cV(fcq-l) +—

k>m qg—1 7'137
from which we deduce that

: . 1 (7 1
< yvx(t) >< lllcTili}a)O— <y7 acv(xqfl) =+ E /Tgl f(S,Squl)dS + k_TB>
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By Proposition 2.3, the function = — o(y, 9.V (x)) is u.s.c and hence we get
<y, d(t) >< oy, 0V (w(t) + f(t,2(1)))-
So, the convexity and the closedness of the set 9.V (z(t)) ensure

z(t) — f(t,z(t)) € 0.V (x(t)).

Proposition 3.5. The application z(.) is a solution of the problem (2.1).

Proof. As z(.) is an absolutely continuous function and V is uniformly regular
locally Lipschitz function over K (hence directionally regular over K (see [5])), by
Theorem 2 in Valadier [10, 11] and by Proposition 3.4, we obtain

%V(m(t)) < (1), i) — f(t2(t)) > a. e on [0,T],

therefore,
T T
V(x(T)) = V(xo) = /0 | 2(s) ||? ds /0 < z(s), f(s,z(s)) > ds. (3.6)

On the other hand, by construction, for all g =1,...,s+ 1, we have

, 1 1
ZCk(t) — m /q71 f(S,.’L'q_l)dS S 8CV(xq_1) + ﬁB
—_ T

Let bq such that

1

. i 1
B(0) ~ o / L Fls,wg1)ds + by € 0V (g )
—1 ‘rg

Since V is f—uniformly regular over K, we have
V(ap(r) = View(mf™h) = <a(rl) —an(r ™), ()
1

d 1
_m o f(s,xq-1)ds + ﬁbq >

6 [feer) — x|

Il

A
S
‘ ity

L ka (S)dS, Sbk (t)

|
S~
2
A\
=-
ol
=
8
ol
—
3
~—
\Y
U
)

™ ' 1 [
f/r < Tk (s), K/‘rql f(r,xq—1)dT > ds
- k
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1o
+ﬁ B <$k(8),bq>d8

2

*5H$k(ﬁ§)*$k(ﬁgfl)u :
By adding, we obtain
V(D) = Vizo) 2 Jy ()| ds q
,ZS“ q L < :ck( ),h%lf:ézl (1, 04—1)dT > ds
+kTZS+1 i < (s),bg > ds
>l xk(Tk) G

(3.7)

Claim 3.6.
s+1

1 7 T
kEIfooZ/ < k(s E /T,jkl f(ryzg_1)dr > ds = /0 < x(s), f(s,z(s)) > ds.

Proof. We have
4

%/T < k(s / flrzq- 1)d’f>d5/OT<:'E(S),f(s,x(s))>ds

s+1

= Z/ (< Zr(s / f(ryzg_1)dr > — < i(s), f(s,z(s)) >)ds

s+1

Z/ (< Zr(s / f(ryzgm1)dr > — < @x(s), f(s,z(s)) >)ds

s+1

Z/ (< dn(s), f(s,2(s)) > — < @(s), f(s,x(s)) >)ds

IN

/ (7 3q1)dr > — < ix(s), £(5,2(s)) >| ds

IN
i\
\
7
§

+ / (< Zk(s), f(s,2(s)) > — < &(s), f(s,2(s)) >)ds|| .

0

Since

léx()l] <A+ M 41, lim _1)ds = f(t,2(t))

and Z(.) converges weakly to z(.), the last term converges to 0. This completes
the proof of the Claim. O

Claim 3.7.
s+1

lim Zﬂll (7)) — ap(r87Y) 2=

k—+o0

EJQTDE, 2007 No. 7, p. 12



Proof. By construction we have

—1 —1
Il k() — e () |l I (7 =7 ug—1 |

< (=7 ug— |l
< (- +1+M).
Hence
| or(rd) —zr(rT )12 < (=72 A+ 1+ M)?
< (rf - q‘l)h’“ LA+ 1+ M)?
< (-7 )E(A+1+M)
Then .
s+ 9
TAN+1+M
Zﬁ” w () — wr(T] H2 ﬂ(f),
hence
s+1
kkglooZﬁll wr(rf) — () |P=
O
Note that

s+1

k+ kTZ/ < &(s),bg > ds =0.

By passing to the limit for & — oo in (3.7) and using the continuity of the function
V on the ball B(zg,r), we obtain

T T
V(x(T)) — V(zg) > limsup/o | 2r(s) ||* ds /0 < z(s), f(s,z(s)) > ds.

k— 400
Moreover, by (3.6), we have

|4 (13> limsup || & |3

k—+4o00
and by the weak [.s.c of the norm ensures
. 2< I . 2 ]
I & 3< timinf | ax 3
Hence we get
.12 . . 2
=1 .
I & I3= tim | I3

Finally, there exists a subsequence of (&(.))r (still denoted (&(.))x) converges
pointwisely to 4(.). In view of Proposition (3.2), we conclude that

dgrr(((t), &(t) — f(t x(t)))) =0

and as F has a closed graph, we obtain

x(t) € f(t,z(t)) + F(x(t)) a.e on [0,T].
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Now, let ¢ € [0, 7], there exists ¢ € {1,...,s + 1} such that t € [r{"", 7] and
limg— 400 Tlg_l = t. Since

. —1
Jim [ a(t) = en(rf ) 1= 0,

2, (m87") € Koy and K is closed we obtain z(t) € Ko C K. The proof is complete.
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